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PREFACE. 


flattering  manner  in  whidb  tlie  Oktsgam  BdUum  of  Newton^  Prin- 
cipia  has  been  received,  a  second  impression  being  already  on  iIm  twge 
of  pnblicatioB,  has  induced  the  projectors  and  editor  ct  that  work,  to 
render,  as  they  humbly  conceive^  their  labours  still  more  acceptable^  by 
presenting  these  additional  Tohimes  to  the  public  From  amongst  the 
several  testimonies  of  the  esteem  in  which  their  former  endeaTonrs  hare 
been  held,  it  may  suiRce^  to  avoid  the  chai^ge  of  self-eulogy,  to  select  die 
fo&owing,  which,  coming  from  die  high  authority  of  Fmnek  mathematical 
criticism,  must  be  considered  at  once  as  the  more  decisive  and  impartiaL  , 
It  has  been  said  by  one  of  die  first  geometers  of  France,  f  bat  ^  L'edition 
de  Glasgow  fait  honneur  aux  presses  de  cette  ville  industrieuse.  On  pent 
affirmer  que  jamais  Fart  typographique  ne  rencfit  on  plus  bel  bommage 
a  la  memoire  de  Newton.  Le  m&rite  de  I'impression,  quoique  tres«remar- 
quable,  n'est  pas  ce  que  les  editeurs  ont  recherchfe  avec  le  plus  da  soin, 
pour  tant  le  materiel  de  leur  travail,  ils  pouvaient  s'en  rapporler  k  Phab^ 
lite  de  leur  artistes:  maisle  choix  des  meilleures  MiUcms,  la  revision  la 
plus-  scrupuleuse  du  texte  et  des  ^preuves,  la  recherche  itttentive  des  fiiutes 
qui  pourraient  ^happer  meme  au  lecteur  studienx,  et  passer  inaper^ues 
ce  travail  consciendeux  de  Ilntelligence  et  du  savoir,  voiU  ce  qui  £Idve 
cette  edition  au-dessus  de  toutes  celles  qui  ?ont  prdcMfc. 

^  Les  editeurs  de  Glasgow  ne  s^etaient  charg^  que  d'un  travaO  de  re- 
tision.     S^ils  avaient  confu  I0  prtyet  famUunrr  et  cowpUttr  Tawore  des 
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commentaieurSf  Us  aufweni  sans  dotUe  empkyS,  comme  eux^  les  travaus  des 
suceesseurs  de  Newton  sur  les  questions  traitSes  dans  le  livre  des  Principes. 

^'Les  descendans  de  Newton  sent  nombreuxy  et  leur  genealogie  est 
prouv^e  par  des  titres  incontestibles ;  ceux  qui  vivent  aujourd'bui  verraient 
sans  doute  avec  satisfaction  que  Ton  format  un  tableau  de  leur  familley  en 
reunissant  les  productions  les  plus  remarquables  dont  Touvrage  de  Newton 
a  foumi  le  germe :  que  ce  livre  immortel  soit  entour^  de  tout  ce  Ton  peut 
regarder  comme  ses  deyeloppemens :  voila  son  meilleur  commentaire* 
Uedition  de  Glasgow  pourrait  done  lire  continuSe,  et  prodigieusement 
enrichieJ* 

The  same  philosopher  takes  occasion  again  to  remark,  that  "  Le  plus 
beau  monument  que  Ton  puisse  Clever  a  la  gloire  de  Newton,  c'est  une 
bonne  edition  de  ses  ouvrages :  et  il  est  etonnant  que  les  Anglais  en  aient 
laiss&'ce  soin  aux  nations  etrangSres.  Les  presses  de  Glasgow  viennent 
de  reparer,  en  partie,  le  tort  de  la  nation  Anglaise :  la  nouvelle  edition 
des  Principesest  effectivement  la  plus  beUe^  la  plus  correcte  et  la  plus  com* 
mode  qui  ait  parujusqiiici.  La  collation  des  anciaines  editions,  la'  revi- 
sion des  calculs,  &c.  ont  etk  confiees  i  un  habile  mathematicien  et  rien 
n'a  kt&  neglige  pour  feviter  toutes  les  erreurs  et  toutes  les  omissions. 

*^  II  &ut  esperer  que  les  editeurs  eontinueronl  leur  heUe,  entreprisef  et 
qtiUs  y  seront  assez  encouragis  pour  nous  donner,  nan  seulement  torn  les 
outrages  de  Newton^  mats  ceux  des  savans  qui  ont  complSti  ses  travaus^* 

The  encouragement  here  anticipated  has  not  been  withheld,  nor  has 
the  idea  of  improving  and  completing  the  comments  of  **The  Jesuits*, 
contained  in  die  Glasgow  Newton,  escaped  us,  inasmuch  as  long  before 
these  hints  were  promulgated,  had  the  following  work,  which  is  composed 
principally  as  a  auccedaneum  to  the  former,  been  planned,  and  partly  writ- 
ten. It  is  at  least,  however,  a  pleasing  confirmation  of  the  justness  of  our 
own  conceptions^  to  have  encountered  even  at  any  fime  with  these  after- 
suggestions.  The  plan  of  the  work  is,  nevertheless,  in  several  respects, 
a  deviation  firom  that  here  so  forcibly  recommended. 
The  object  of  the  first  volume  is,  to  make  the  text  of  the  Principiay  ^7 
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sappljing  numerous  steps  in  the  very  concise  demonstrations  of  the  pro* 
pofiitioQS,  and  illustrating  them  by  every  conceivable  device,  as  easy  as 
can  be  desired  by  students  even  of  but  moderate  capacities.  It  is  univer« 
sally  known,  that  Newton  composed  this  wonderful  work  in  a  very  hasty 
manner,  merely  selecting  from  a  huge  mass  of  papers  such  discoveries  as 
would  succeed  each  other  as  the  connecting  links  of  one  vast  chain,  but 
without  giving  himself  the  trouble  of  explaining  to  the  world  the  mode  of 
&bricating  those  links.  His  comprehensive  mind  could,  by  the  feeblest 
exertion  of  its  powers,  condense  into  one  view  many  syllogisms  of  a  pro- 
position  even  heretofore  uncontemplated*  What  diflSculties,  then,  to  him 
woald  seem  his  own  discoveries?  Surely  none;  and  the  modesty  for 
which  he  is  proverbially  remarkable,  gave  him  in  his  own  estimation  so 
little  the  advantage  of  the  rest  of  created  beings,  that  he  deemed  these 
difficulties  as  easy  to  others  as  to  himself:  the  lamentable  consequence  of 
which  humility  has  been,  that  he  himself  is  scarcely  comprehended  at  this 
day — a  century  from  the  birth  of  the  Principia. 

We  have  had,  in  the  first  place,  the  Lectures  of  Whiston,  who  des- 
cants not  even  respectably  in  his  lectures  delivered  at  Cambridge,  upon 
the  discoveries  of  his  master.  Then  there  follow  even  lower  and  less 
competent  interpreters  of  this  great  prophet  of  science— for  such  Newton 
mast  have  been  held  in  those  dark  days  of  knowledge— whom  it  would  be 

« 

time  mis-spent  to  dwell  upon*  But  the  first,  it  would  seem,  who  properly 
estimated  the  Principia,  was  Glairaut  After  a  Japse  of  nearly  half  a  cen- 
tury, this  distinguished  geometer  not  only  acknowledged  the  truths  of  the 
Principia,  but  even  extended  the  domun  of  Newton  and  of  Mathematical 
Science.  But  even  Clairaut  did  not  condescend  to  explain  his  views  and 
perceptions  to  the  rest  of  mankind,  farther  than  by  publishing  his  own 
discoveries.  For  these  we  owe  a  vast  debt  of  gratitude,  but  should  have 
been  still  more  highly  benefited,  had  he  bestowed  upon  us  a  sort  of  run- 
ning Commentary  on  the  Principia.  It  is  generally  supposed,  indeed, 
that  the  greater  portion  of  the  Commentary  called  Madame  Chastellet's, 
was  due  Co  Clairaut    The  best  things,  however,  of  that  work  are  alto- 
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gether  unwortby  of  00  greats  master ;  at  the  mostr  showing  the  perform* 
anoe  was  not  one  oF  his  own  seekixig*  At  any  rate^  this  work  does  not 
ileaerve  Itie  napse  of  a  Commentary  on  the  Principia,  The  same  may 
safely  be  affirmed  of  many  other  productions  intended  to  fiiciUtate  New- 
ton*     Pemberton's   View,  although  a  bulky  tomc^  is  little  more   than 

* 

a  eulogy.  Maclaurin's  speculations  also  do  but  little,  elucidate  the 
dark  passages  of  the  Principia,  although  written  more  immediately  for 
chat  piupo^e*  This  is  also  a  heavy  unreadable  performance,  and  not 
worthy  a  place  on  the  same  shelf  with  the  otb^r  works  of  that  great 
g^meten  Anodier  great  mathematician,  scarcely  inferior  to  Madaurin, 
has  also  laboured  unprofitably  in  the  same  field.  Emerson's  C!omments 
is  a  book  as  small  in  value  as  it  is  in  bulk,  affording  no  helps  worth  the 
perusal  to  the  student*  Thorpe's  notes  to  the  First  Book  of  the  Princi- 
pia, however,  are  of  a  higher  character,  and  in  many  instances  do  really 
ftcilitate  the  reading  of  Newton.  Jebb's  notes  upon  certain  sections  deserve 
the  same  commendation ;  and  praise  ought  not  to  be  withheld  from  several 
other  commentators,  who  have  more  or  less  succeeded  in  making  small 
portions  of  the  Principia  more  accessible  to  the  student— such  as  the  Rev. 
Mr.  Newton's  work,  Mr.  Carr's,  Mr.  Wilkinson's,  Mr.  Lardner's,  &a 
It  must  be  confessed,  however,  that  all  these  foil  &r  short  in  value  of  the 
very  learned  labours,  contained  in  the  Glasgow  Newton,  of  the  Jesuits 
Le  Seur  and  Jacquier,  and  their  great  coadjutor.  Much  remained,  how- 
ever, to  be  added  even  to  this  erudite  production,  and  subsequently  to  its 
first  appearance  much  has  been  excogitated,  principally  by  the  mathema- 
ticians of  Cambridge,  that  focus  dT  science,  and  native  land  of  the  Princi- 
pia, of  which,  in  the  composition  of  the  following  pages,  the  author  has 
liberally  availed  himself.  The  most  valuable  matter  thus  afforded  are  the 
Tutorial  MSS.  in  circulation  at  Cambridge.  Of  these,  which  are  used  in 
explaining  Newton  to  the  students  by  the  Private  Tutors  there,  the  author 
confesses  to  have  had  abundance,  and  also  to  have  used  them  so  far  as  seem- 
ed auxiliary  to  his  own  resources.  But  at  the  same  time  it  must  be  remark- 
ed, that  little  has  been  (he  assistance  hence  derived,  or,  ind^d^  from  all 


odier  kneirii  gooroeib  whi^  from  tbe  &r§i  have  been  constandy  ai  com- 
maiid. 

The  phn  of  the  work  being  %o  make  thoae  perta  of  Newton  easy  whiak  * 
are  required  to  ba  read  at  Cambridge  and  Dublin,  tbat  portion  of  the 
Principia  which  is  better  read  in  the  elementary  works  on  Mechanics^ 
fiiL  ibe  prdimuiary  Dafinitionsy  Laws  of  Motion,  and  their  CoroUariesi 
hsB  been  disrq^aided.  For  like  reasons  the  fourth  and  fifth  sections  have 
been  bnt  little  dwelt  opon.  The  deventh  aeetion  and  third  book  have 
not  met  with  the  attention  their  importance  and  intricacy  would  seem  to 
demand,  partly  irovi  the  circumstance  of  an  exodent  Treatise  on  Physics, 
hj  Mr.  Air^,  having  superseded  (he  necessity  of  sach  labours;  and 
partly  because  in  the  second  Tolume  the  reader  wiU  find  the  same  subjects 
treated  after  the  easier  and  more  comprdiensive  methods  of  Laplace. 

The  first  section  of  the  first  book  has  been  explained  at  great  length, 
and  it  is  presumed  that,  for  the  first  time,  the  true  princiides  of  what  has 
been  so  long  a  subject  of  contention  in  the  scientific  world,  have  there 
bean  fatly  establislied*  It  is  humbly  thought  (for  in  these  intricate  specu- 
ladons  it  is  foUy  to  be  proudly  confident),  that  what  has  been  considered 
in  so  many  lights  and  so  variously  denominated  Fluxions,  Ultimate  Ratios, 
Differential  Calculus,  Calculus  of  Derivations,  &c.  &c.  is  here  laid  down 
on  a  basis  too  firm  to  be  shaken  by  future  controversy.  It  is  also  hoped 
that  the  text  of  this  section,  hitherto  held  almost  impenetrably  obscure,  is 
now  laid  open  to  the  view  of  most  students.  The  same  merit  it  is  with  some 
confidence  anticipated  will  be  awarded  to  the  illustrations  of  the  2nd,  3rd, 
6th,  7th,  8th,  and  9th  sections,  which,  although  not  so  recondite,  require 
mach  explanation,  and  many  of  the  steps  to  be  supplied  in  the  demon- 
stration of  almost  every  proposition.  Many  of  the  things  in  the  first 
Tolume  are  new  to  the  author,  but  very  probably  not  original  in  reality — 
so  vast  and  various  are  the  results  of  science  already  accumulated.  Suffice 
it  to  observe,  that  if  they  prove  useful  in  unlocking  the  treasures  of  the 
Principia,  the  author  will  rest  satisfied  with  the  meed  of  approbation, 
which  he  will  to  that  extent  have  earned  from  a  discrimiq^tijig  and  im« 
partial  public. 
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The  second  Yolume  is  designed  to  form  a  sort  of  Appendix  or  Supple- 
ment to  the  Principia.  It  gives  the  principal  discoveries  of  Laplace,  and, 
indeed,  will  be  found  of  great  ^service,  as  an  introduction  to  the  entire 
perusal  of  the  immortal  work  of  that  author — the  Mecanique  Celeste. 
This  yolume  is  prefaced  by  -much  useful  matter  relative  to  the  Integra^ 
tion  of  Partiid  Di0erences  and  other  difficult  branches  of  Abstract  Ma- 
thematics, those  powerful  auxiliaries  in  the  higher  departments  of  Physical 
Astronomy,  and  which  appear  in  almost  every  page  of  the  Mecanique 
Celeste.  These  and  other  preparations,  designed  to  &dlitate  the  com- 
prehension of  the  Newton  of  these  days,  will,  it  b  presumed,  be  found 
fully  acceptable  to  the  more  advanced  readers,  who  may  be  prosecuting 
researches  even  in  the  remotest  and  most  hidden  receptacles  of  science ; 
and,  indeed,  the  author  trusts  he  is  by  no  means  unreasonably  exorbitant 
in  his  expectations,  when  he  predicates  of  himself  that  throughout  the 
undertaking  he  has  proved  himself  a  labourer  not  unworthy  of  reward. 

THE  AUTHOR. 
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NEWTON'S    PRINCIPIA. 


SECTION  I.    BOOK  I. 

1.  Tnrs  section  is  introductory  to  the  succeeding  part  of  the  work.  It 
comprehends  the  Bobstaaoe  of  the  method  of  Exhaustions  of  the  Ancients» 
and  also  of  the  Modem  Theories,  variously  denominated  Fluxions^  D^ 
firenUal  Calculus^  Calculus  qf  DerivaiionSf  Functions^  &c  &c*  Like 
thesi  it  treats  of  the  relsdons  which  Indefinite  quantities  bear  to  one  ano- 
ther, and  condacts  in  general  by  a  nearer  route  to  precisely  the  same 
results.  4' 

2.  In  what  precedes  this  section,  ^finite  quantities  only  are  considered, 

sach  as  the  spaces  described  by  bodies  moving  uniformly  m  ^finite  times 

with  ^nite  velocities ;  or  at  most,  those  described  by  bodies  whose  mo- 

tions  are  wuformly  accelerated*     But  what  follows  relates  to  the  motions 

of  bodies  accelerated  accordii^  to  various  hypotheses,  and  requires  the 

consideration  of  quantities  indefinitely  small  or  great,  or  of  such  whose 

Batioa,  by  their  decrease  or  increase,  ccmtinually  ^proximate  to  certain 

ILimidng  VaLoes,  bat  which  they  cannot  reach  be  the  quantities  ever  so 

much  diminished  or  augmented.     These  Limiting  Ratios  are  called  by 

Newton^  ^  Prime  and  Ultimate  Ratios,"  Prime  Ratio  meaning  the  Limit 

finom  which  the  Ratio  <^  two  quantities  diverges^  and  Ultimate  Ratio  that 

cowards  which  the  Ratio  converges*    To  prevent  ambiguity,  the  term  Li" 

mUi9tg  JBatio  will  iiibseqnently  be  used  throughout  this  Commentary. 
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3.  Quantities  and  the  Ratios  of  Quantities.]  Hereby  Newton 
would  infer  the  trath  of  the  Lemma  not  only  for  quantities  mensurable 
by  Integers^  but  also  for  such  as  may  be  denoted  by  Vulgar  Fractions. 
The  necessity  or  use  of  the  distinction  is  none ;  there  being  just  as  much 
reason  for  specifying  all  other  sorts  of  quantities.  The  truth  of  the  Lemma 
does  not  depend  upon  the  species  of  quantities,  but  upon  their  confor- 
mity with  the  following  conditions,  viz. 

4.  That  they  tend  continually  to  equality^  and  approach  nearer  to  each 
other  than  by  any  given  difference*  They  must  tend  continually  to  equa- 
lity, that  is,  ev^ry  Ratio  of  their  successive  corresponding  values  must  be 
nearer  and  nearer  a  Ratio  of  Equality,  the  number  of  these  convergen- 
cies  being  without  end.  By  given  difference  is  merely  meant  any  that  can 
be  assigned  or  proposed. 

6.  Finite  Time.]  Newton  obviously  introduces  tlie  idea  of  time  in  this 
enunciation,  to  show  illustratively  that  he  supposes  the  quantities  to  con- 
verge continually  to  equality,  without  ever  actually  reaching  or  passing  that 
state ;  and  since  to  fix  such  an  idea,  he  says,  "  before  the  end  of.  that 
time,"  it  was  moreover  necessary  to  consider  the  time  Finite.  Hence 
our  author  would  avoid  the  charge  of  "  Fallacia  SuppositioniSy*  or  of 
"  shifting  the  hypothesis"  For  it  is  contended  that  if  you  frame  certain 
relations  between  actual  q^^iantities,  and  afterwards  deduce  conclusions 
from  such  relations  on  the  supposition  of  the  quantities  having  vanished, 
such  conclusions  are  illogically  deduced,  and  ought  no  more  to  subsist 
than  the  quantities  themselves. 

In  the  Scholium  at  the  end  of  this  Section  he  is  more  explicit.  He 
says.  The  ultimate  Ratios^  in  which  quantities  vanish^  are  not  in  reality  the 
Ratios  of  Ultimate  quantities  ,-  but  the  Limits  to  which  the  Ratios  ofquau" 
tities  continually  decreasing  always  approach ;  which  they  never  can  pbss 
beyond  or  arrive  at^  unless  the  quantities  are  contintially  and  indefinitely 
diminished.  After  all,  however,  neither  our  Author  himself  nor  any  of 
his  Commentators,  though  much  has  been  advanced  upon  the  subject,  has 
obviated  this  objection.  Bishop  Berkeley's  ingenious  criticisms  in  the 
Analyst  remain  to  this  day  unanswered.  He  therein  facetiously  denomi- 
nates the  results,  obtained  from  the  supposition  that  the  quantities,  before 
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considered  finite  and  real,  have  vanished,  the  ^'  Ghosts  of  Departed 
Quaniities ;"  and  it  must  be  admitted  there  is  reason  as  well  as  wit  in  the 
appellation.  The  fact  is,  Newton  himself,  if  we  may  judge  from  his  own 
vords  in  the  above  cited  Scholium,  where  he  says,  *^  If  two  quantities, 
whose  DIFFERENCE  IS  GIVEN  are  augmented  continually,  their  Ultimate 
Ratio  will  be  a  Ratio  of  Equality,"  had  no  knowledge  of  the  true  nature 
of  his  Method  of  Prime  and  Ultimate  Ratios.  If  there  be  meaning  in 
words,  he  plainly  supposes  in  this  passage,  a  mere  Approximation  to  be 
the  same  with  an  Ultimate  Ratio.  He  loses  sight  of  the  condition  ex- 
pressed in  Lemma  I.  namely,  that  the  quantities  tend  to  equality  nearer 
than  by  any  assignable  dijfference^  by  supposing  the  difference  of  the  quan- 
tities continually  augmented  to  be  given^  or  always  the  same.  In  this 
sense  the  whole  Earth,  compared  with  the  whole  Earth  minus  a  grain  of 
sand,  would  constitute  an  Ultimate  Ratio  of  equality ;  whereas  so  long  as 
any,  the  minutest  difference  exists  between  two  quantities,  they  cannot  be 
said  to  be  more  than  nearly  equaL     But  it  is  now  to  be  shown,  that 

6.  If  two  quantities  tend  continual^  to  equality^  and  approach  to  one 
another  nearer  than  by  any  assignable  difference^  their  Ratio  is  ULTIMATE^ 
LTa  Ratio  of  ABSOLUTE  equality.  This  may  be  demonstrated  as  fol- 
lows, even  without  supposing  the  quantities  ultimately  evanescent 

It  is  acknowledged  by  all  writers  on  Algebra,  and  indeed  self-evident,  that 
if  in  any  equation  put  =  0,  there  be  quantities  absolutely  different  in  kind, 
the  aggregate  of  each  species  is  separately  equal  to  0.     For  example,  if 
A  +  a  +  B  V"2  +  b  V"2  +  C  VUTI  =  0, 


since  A  +  &  is  rational^  (B  +  b)  \/  2  surd  and  C  \^  —  1  imaginary^ 
they  cannot  in  any  way  destroy  one  another  by  the  opposition  of  signs, 
and  therefore 

A  +  a  =  0,  B  +  b  =  0,  C  =  0. 
In  the  same  manner,  if  logarithms^  exponentials,  or  any  other  quantities 
differing  essentially  from  one  another  constitute  an  equation  like  the  above, 
they  must  separately  be  equal  to  0.  This  being  premised,  let  L,  \J  de- 
note the  Limits,  whatever  they  are,  towards  which  the  quantities  L  +  I9 
L'  +  V  continually  converge,  and  suppose  their  difference,  in  any  state  of 
Ae  convergence,  to  be  D.     Then 

L  +  1  — L'— 1'  =  D, 
or  L  —  U  +  1  —  r  —  D  =  0, 
and  since  L,  U  are  fixed  and  definite,  and  1,  F,  D  always  variable,  the 
former  are  independent  of  the  latter,  and  we  have 

A8 
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L 

L  —  L'  =  0,  or  T->  =  1,  accurately.     Q.  €•  d. 

This  way  of  considering  the  qnestiony  it  is  presumed,  will  be  deemed 
free  from  e^ery  objection.  The  principle  upon  which  it  rests  depending 
upon  the  nature  of  the  variable  quantities,  and  not  upon  their  evanescence, 
(as  it  is  equally  true  eren  for  constant  quantities  provided  th^  be  of  diP* 
ferent  natures),  it  is  hoped  we  have  at  length  hit  up<xi  the  true  and  lo- 
gical method  of  expounding  the  doctrine  of  Prime  and  Ultinuite  Batiosj 
or  of  FluxionSf  or  of  die  Differential  Calculus,  &c. 

It  may  be  here  remarked,  in  passing,  that  the  Method  of  Inddermnate 
Coefficients,  whidi  is  at  bottdm  the  same  as  that  of  Prime  and  Uldmate 
Ratios,  is  treated  illogically  in  most  books  of  Algebra.  Instead  of 
"  shifting  the  hypothesis,"  as  is  done  in  Wood,  Bonnycastle  and  others, 
by  making  x  =  0,  in  the  equation 

a  +  bx  +  cx«+dx»+ =  0, 

it  is  sufficient  to  know  that  each  term  x  bdng  indefinitely  variable,  is  he- 
terogeneous compared  with  the  rest,  and  consequently  that  each  term 
must  equal  0. 

7.  Having  estabUshed  the  truth  of  Lbmma  I.  on  incontestable  prind* 
pies,  we  pitxseed  to  make  such  applications  as  may  produce  results  useful 
to  our  subsequent  comments.  As  these  amplications  relate  to  the  Limits 
of  the  Ratios  of  the  Diffbrenees  of  Quantities,  we  shall  term,  after  Leib- 
nitz, the  Method  of  Prime  and  Ultimate  Ratios, 

THE  DIFFERENTIAL  CALCULUS. 

8.  According  to  the  established  notation,  let  a,  b,  c,  &c.,  oenote  con- 
stant quantities,  and  z,  y,  x,  &c.,  variable  ones.  Also  let  A  z,  A  y,  A  x, 
&c.,  rq)resent  the  difference  between  any  two  values  of  z,  y,  x,  &c.,  re* 
spectively. 

9.  Required  the  Limiting  or  UUimate  Baiio  ^  A  (a  x)  and  A  x,  i.  e. 
the  Limit  cf  tie  Difference  of  a  Rectangle  having  one  side  (a)  constant,  and 
the  other  (x)  variable,  and  cf  the  Diffference  of  the  variable  side*  - 

Let  L  be  the  Limit  sought^  and  L  -f  1  any  vahie  whatever  of  the  va* 
rying  Ratio.     Then 

T     .         1  ^  (^  ^)         a  (x  +  A  x)  —  a  X  u    T^     ly 

L  =  a. 
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In  this  iastaiice  the  Rttio  is  the  same  for  aU  valuM  of  X.    Bat  if  in  the 
Ldmit  we  change  the  cfasracteriiitic  A  into  d,  we  have 
d(az) 


d  (ax) 
d  (a  x),  d  X  being  called  the  Diffkrentidls  of  »  x  and  x  refpeedvely. 

10.  Bequired  the  Limit  of  "Xx  . 

Let  L  be  the  Limit  required,  and  L  +  1  the  yalue  of  the  Ratio  gene- 
rally.   Then 

1^  +  1  —      AX      "-  AX  "■ 

2XAX   +  AX^ 

^ =2X  +  AX. 

.-.  L  — 2x  +  1  —  AX  =0 

and  since  L  —  2  x  and  1  —  a  x  are  heterogeneous 
L  —  2  X  =  0, 
or. 
L  =  x2 
and .'. 

d(x«) 
dx    =  ^* 
or 

d(x')  =:2xdx (c) 

A(X") 

11.  GeneraUy^  required  the  Limit  of    ^  ^% 

Let  L  and  L  +  1  be  the  Limit  of  the  Ratio  and  die  Ratio  itself  re* 
^)ectivel7.     Then 

T    _..  1    -  ^(^°)  ^  (3C  +  AX)»  — X"^ 
^  +  *   —      AX      ^  AX 

n.  (n  —  1)  .  .    ^ 

=  n  x»->  +  — ^-g '  ^  """    ^  ^  +  *"^ 

and  L  —  n  X  ""'  being  essentially  difierent  firom  the  other  terms  of 
the  series  and  from  1»  we  have 

^^^  =  L  =  nx»-»Qrd(x»)  =  nx»-*dx (d) 


or  in  words, 

AS 
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The  Hifferential  of  any  patoer  or  root  of  a  variable  ^tantity  is  equal  to 
the  product  of  the  Differential  of  the  quantity  itself  the  same  patoer  or 
root  MINUS  one  of  the  quantity,  and  the  index  of  the  p&ooer  or  root. 

We  have  here  supposed  the  Bmomial  Theorem  as  fully  established  by 
Algebra.  It  may,  however,  easily  be  demonstrated  by  the  general  prin- 
ciple explained  in  (7). 

12*  From  9  and  11  we  get 

d  (a  X  ")  =  n  a  X  "  -  *  d  X    .     .     .     .     .     .     (e) 

^  ^        ^  ^  A  (a  +  bx»  +  c  X"  +  exP  +  &c.) 

13.  Required  the  Limit  of -^^ 

Let  L  be  the  Limit  sought,  and  L  +  1  the  variable  Ratio  of  the  finite 
differences;  then 

A(a  +  bx°  +  cx°  +  &c.) 
^  +  *  =  AX 

a  +  b(x  +  Ax)°  +  c(x  +  Ax)"  +  &c.— a— bx°  — ex"— &c. 

^  Ax 

=  nbx»~»  +mcx'*-»  +&C.  +  Pax  +  Q(Ax)*  +&C. 

P,  Q,  &c.  being  the  coefficients  of  A  x,  A  x  ^  +  &c.     And  equating  the 

homogeneous  determinate  quantities,  we  have 

d(a  +  bx°+cx»+&c.)     ^         ,  ,  .  .      ^ 

-^— ^^ -^ '  =  L  =  nbx*'-'  +  mcx»-*  +  pexP-»  +&c. ..  (f) 

^A(a  +  bx"  +  cx"»  +  &c.) ' 

14.  Required  the  Limit  of -^-^ • 

By  11  we  have 

d.  (a  +  bx»  +  cx»  +  &c) ' 

d  (a  +  b  X  -  +  &c.) =r(a  +  bx«  +  cx»  +  &c.)  '-> 

and  by  13 

d(a  +  bx»  +  cx»  +  &c.)  =  (nbx°-»  +  mcx"»-»  +  &c.)  d  x 

dfa + bx° + ex™ + &C.)' 
•'•  dx ' =r(nbx«-*+mcx~->  +&c)(a+bx«+&c.)'-'..  (g) 

the  Limiting  Ratio  of  the  Finite  Differences  A(a  +  bx^+cx"»  +  &c.), 
A  X,  that  is  the  Ratio  of  the  Differentials  ofa  +  bx'^+cx'^-f  &c., 
and  X. 

15.  Required  the  Ratio  of  the  Differentials  g/'a4-bx>4-Cx^4>& — ' 
and  X,  or  the  Limiting  Ratio  of  their  Finite  Differences. 

Let  L  be  the  Limit  required,  and  L  +  ^  the  varying  Ratio.     Then 
T    ,   ,  _  A  +  B(x  +  Ax)°+C(x  + Ax)"  +  &c      A  +  Bx°  +  &c 
"^  a  +  b(x  +  Ax)'  +  c(x  + Ax)A»  +  &c.  ~  a  +  bx'  +  &cr 
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which  being  expanded  by  the  Binomial  Theorem,  and  properly  reduced 
gives 

Lx(a  +  bx'  +  &c.)'  +  LxJP.  Ax  +  Q(Ax)»+&c.  +  lX{a+bx'  +  &c. 
+  P- Ax  +  Q(Ax)«  +  &c.}  =  (a  +  bx'  +  cx^  +  &c.)  X  (nBx»-* 
+  m  C  X  "'-I  +  &c.)  —  (A  +  Bx"  +  Cx»+  &c.)  X  (n  b  x  •  -  > 
+  A*  c  x  M-»  +  &C.)  +  F.  A  X  +  Q'  (a  x) »  +  &C- 

P)  Q,  P,  Q'  &c.  being  coefficients  of  a  x,  (a  x) '  &c.  and  independent  of 

them. 
Now  equating  those  homogeneous  terms  which  are  independent  of  the 

powers  of  a  x,  we  get 

L(a  +  bx'  +  &c.)*  =  (a  +  bx'  +  &c.)  — (nBx»-*+mCx«-'+&c.) 

—  (A  +  Bx»  +  Cx"  +  &c.)  — (I'bx''-*  +  fibcxf*-^  +'&c.) 

A  +  B  x°  +  C  x  »  +  &c. 
and  putting  u  =  ^  +'hli7+l^xf^+~8i^  ^«  ^*^^  *"^"3^ 

da  d  u 

2~  =  L,  and  therefore  j-^  = 

(a+bx'+&c.)(nBx+"^^mCx°'-'+&c.HA+Bx°+&c.)(i>bx^~'+A^cx^"'+&c.) 

(a  +  bx'  +  cxA»  +  &c.) « 

the  Ratio  required. 

16.  Hence. and  from  1 1  we  have  the  Ratio  of  the  Differentials  of 

(a  +  bx>+  cxA*  +  &c.)  q  ^<*  ^  >  ^^  ^  short,  from  what  has  al- 
ready been  delivered  it  is  easy  to  obtain  the  Ratio  of  the  Differentials  of 
any  Algebraic  Function  whatever  of  one  variable  and  of  that  variable. 

N*  B.  By  Function  of  a  variable  is  meant  a  quantity  anyhow  involving 
that  variable.  The  term  was  first  used  to  denote  the  Powers  of  a  quan- 
tity, as  X  %  X  ^  &c.     But  it  is  now  used  in  the  general  sense. 

The  quantities  next  to  Algebraical  ones,  in  point  of  simplicity,  are  Ex- 
ponential Functions;  and  we  therefore  proceed  to  the  investigation  of 
their  Differentials. 

17.  Required  the  Ratio  of  the  Differentials  of  a^  and  x ;  or  the  Limit-' 
ing  Ratio  of  their  Differences, 

Let  Ij  be  the  required  Limit  and  L  +  1  the  varying  Ratio ;  then 

A(a*)       a*  +  A*— a* 

^  AX  AX 

a^'—J 


=  a*  X 


A  X 
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Bat  since 

a»  =  (l+a  —  l)y 

=  1  +  y  (a  _  1)  +  ^-^^~P^\  (a  -  1)  *  + 

it  is  easily  seen  that  the  coefficient  of  y  in  the  expansion  is 


(a-  1)»   .   (a— 1) 


3 


a  —  1  — 2 +         3 —  ^^* 

Hence 

a»  (a^l)*      (a— 1)»  ,  ^        v* 

L  +  1  =^{(a— 1—      2       +       3— —  &cO  AX  +  P(AX)«  +  &c.| 

and  equating  homogeneous  quantities,  we  have 

d>  (a ^)       ^        _         ^       (a~l)«       (a~l)«  ^ 

-j^=L=  Ja— 1  — 2 + 3 —  &c.}a^ 

=  Aa« (h) 

or  the  Ratio  of  the  Differentials  of  any  Exponential  and  its  exponent  is 
equal  to  the  product  of  the  Exponential  and  a  constant  Quantity. 

Hence  and  from  the  preceding  articles,  the  Ratio  of  the  Differentials  qf 
any  Algebraic  Function  qf  Exponentials  having  the  same  varuMe  index^ 
may  be  found.     The  Student  may  find  abundance  of  practice  in  the  C0I-' 
lection  of  Examples  of  the  Differential  and  Integral  Calculus,  by  Messrs. 
Peacock,  Herschel  and  Babbage. 

Before  we  proceed  &rther  in  Differentiation  of  quantities}  let  us  inves- 
tigate the  nature  of  the  constant  A  which  enters  the  equation  (h). 

For  that  purpose,  let  (the  two  first  terms  have  been  already  found) 

a*  =  l  +  Ax  +  Px*  +  QxV+8tc. 

Then,  by  IS, 

d  (a«) 

~j^=  A  +  2Px  +  3Qx*  +  4Rx»  +  &c. 

But  by  equation  (h) 

-TT  also  =  A  a  * 

=  A  +  A«x+'aP  x\+  a  Q  X  »  +  &c- 

.-.  A  +  2Px  +  3Qx*  +  4Rx»  +  &c.  =  A  +  A«x  + APx»  +  &c, 

and  equating  homogeneous  quantities^  we  get 

2  P  =  A*,  3  Q  =  A  P,  4  R  =  A  Q,  &c.  =  8cc. 
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whence 

r-2,«-     3    -2.  8***^  =  "IT  =  2.  8.  4  *^-  *^- 
Therefor^ 

A»  A»  A* 

a-=:  1  +  Ax  +  -2-x*  +  2;3X»  +  2rs74X*  +  8cc. 

Agam,  put  A  X  =  1,  then 

i       ,        ,        1  1  1 

a     =  1  +  1  +  2  +  2-3  +  5-3-^  +  &c. 

=  2.718281828459  as  is  easily  calculated 
=  e 
by  supposition.     Hence 

loff.  a 

A=i4i (^) 

.._1       (a-D*       (a-l)»       _      _l£g:a_ 

for  the  system  whose  base  is  e,  I  being  the  characterisdc  of  that  system* 

This  system  b^g  that  which  gives 

(e— 1)»       (e  — 1)» 
e--l  — ^^ — 2        +^ — 3-^  — &c.  =  l 

is  called  Natural  from  bong  the  most  simple. 
Hence  the  equation  (h)  becomes 

-j^  =  laxa» (1) 

17  a.  Required  the  Ratio  'of  the  Differentials  of  1  (x)  and  x. 
Let  1  X  =:  u.     Then  e  "  =  x 
.-.  d  X  =  d  (e  «)  =  1  e  X  e  «  d  u  =  e  «  d  u,  by  16 

•*•    d  X    ""  e "  "■  X ^^ 

Ix 
In  any  other  system  whose  base  is  a»  we  have  log.  (x)  =  y-^. 

d  loff.  X         1         1 


We  are  now  prepared  to  differentiate  any  Algebraic,  or  Exponential 
Fancdons  of  Logarithmic  Functions,  provided  there  be  involved  but 
one  variable. 

Before  we  differentiate  circular  fimctions,  viz.  the  sines,  cosines,  tan- 
gents, &c.,  of  circular  arcs,  we  shall  proceed  with  our  c<»nments  on  the 
text  as  far  as  Lemma  VIII. 
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LEMMA  II. 

18.  In  No.  69  calling  L  and  U  Limits  of  the  circumscribed  and  inscribed 
rectilinear  figures^  and  L  +  1,  L'  +  1'  any  other  values  of  them,  whose 
variable  difference  is  D,  the  absolute  equality  of  L  and  U  is  clearly  de- 
monstrated, without  the  supposition  of  the  bases  A  B,  B  Q  C  D,  D  £, 
being  infinitely  diminished  in  number  and  augmented  in  magnitude.  In 
the  view  there  taken  of  the  subject,  it  is  necessary  merely  to  suppose  them 
variable. 

LEMMA  III. 

19.  This  Lemma  is  also  demonstrable  by  the  same  process  in  No.  6, 
as  Lemma  II. 

Cor*  L  The  rectilinear  figures  cannot  possibly  coincide  with  the  curvi- 
linear figure,  because  the  rectilinear  boundaries  albmcndoE, 
aKbLcMdDE  cut  the  curve  a  b  E  in  the  points  a,  b,  c,  d,  E  in 
finite  angles.  The  learned  Jesuits,  Jacquier  and  Le  Seur,  in  endeavour- 
ing to  remove  this  difficulty,  suppose  the  four  points  a,  1,  b,  K  to  coincide, 
and  thus  to  form  a  small  element  of  the  curve.  But  this  is  the  language 
of  Indivisibles,  and  quite  inadmissible.  It  is  plain  that  no  straight  lincy 
or  combination  of  straight  lines,  can  form  a  curve  lincy  so  long  as  we  un- 
derstand by  a  straight  line  ^^  that  which  lies  evenly  between  its  extreme 
points,"  and  by  a  curve  line^  "  that  which  does  not  lie  evenly  between  its 
extreme  points;"  for  otherwise  it  would  be  possible  for  a  line  to  be 
straight  and  not  straight  at  the  same  time.  The  truth  is  manifestly  this. 
The  Limiting  Ratio. of  the  inscribed  and  circumscribed  figures  is  that  of 
equality,  because  they  continually  tend  to  a  fixed  area^  viz.  that  of  the 
given  intermediate  curve.  But  although  this  intermediate  curvilinear 
area,  is  the  Limit  towards  which  the  rectilinear  areas  continually  tend  and 
approach  nearer  than  by  any  difference ;  yet  it  does  not  follow  that  the 
rectilinear  boundaries  also  tend  to  the  curvilinear  one  as  a  limit  Tlie 
rectilinear  boundaries  are,  in  fact,  entirely  heterogeneous  witli  the  interme* 
diate  one,  and  consequently  cannot  be  equal  to  it,  nor  coincide  therewith. 
We  will  now  clear  up  the  above,  and  at  the  same  time  introduce  a  strik- 
ing illustration  of  the  necessity  there  exists,  of  taking  into  consideration 
the  nattire  of  quantities,  rather  than  their  evanescence  or  infinitesimality. 
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Take  the  simplest  example  of  Lemma   IL^    in  the  case  of  the  right* 
angled  triangle  a  E  A,  having  its  two  legs  A  a,  A  £  equal. 

The  figare  being  constructed  as  in  the  text  of  Lemma  II,  it  fol- 
lows from  that  Lemma,  that  the  Ultimate  Ratio  of  the  inscribed  and  cir- 
cuinscribed  figures  is  a  ratio  of  equality ;  and  moreover  it  would  also 
follow  firom   Cor.  1.   that  either  of  these 
coincided    ultimately    with    the    triangle 
a£  A.  Hence  then  the  exterior  boundary 
albmcndoE  coincides   exactly  with 
a  £  uUimately^  and  they  are  consequently 
equal  in  the   Limit      As  we  have  only 
straight  lines  to  deal  with  in  this  example, 
let  us  try  to  ascertain  the  exact  ratio  of 
a  £  to  the  exterior  boundary. 

If  n  be  the  indefinite  number  of  equal 
bases  A  B,  B  C,  &c.,  it  is  evident^  since 
A  a  =  A  £y  that  the  whole  length  of 
albmcndoE=:2nxAB.     Also  since 
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\ 

m 

b^ 
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n 
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0 
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D 


E 


b  =  b  c  =   &c. 


=  V  a  1*  +  b  1  *  =  \/  2.  A  B,  we  have  a  E  =  n  V  2.  A  B. 

Consequently,  

a  1  b  m  c  n  d  o  E  :  a  E  :  :  2  :  V  2  :  :  V  2  :  1. 
Hence  it  is  plain  the  exterior  boundary  cannot  possibly  coincide  with 
a  E.  Other  examples  might  be  adduced,  but  it  must  now  be  sufficiently 
dear,  that  Newton  confounded  the  ultimate  equality  of  tlie  inscribed  and 
circumscribed  figures,  to  the  intermediate  one,  with  their  actual  coinci- 
dence, merely  from  deducing  their  Ratios  on  principles  of  approximation 
or  rather  of  Exhaustion,  instead  of  those,  as  explained  in  No.  6 ;  which 
relate  to  the  homogeneity  of  the  quantities.  In  the  above  example  the 
boundaries  being  heterogeneous  inasmuch  as  they  are  incommensurable^ 
cannot  be  compared  as  to  magnitude,  and  unless  lines  are  absolutely  equal, 
it  is  not  easy  to  believe  in  their  coincidence. 

Profound  as  our  veneration  is,  and  ought'  to  be,  for  the  Great  Father 
of  Mathematical  Science,  we  must  occasionally  perhaps  find  fault  with 
his  obscurities.  But  it  shall  be  done  with  great  caution,  and  only  with 
the  view  of  removing  them,  in  order  to  render  accessible  to  students  in 
general,  the  comprehension  of  «  This  greatest  monument  of  human  ge- 
nius.** 

20.  Cor.  2.  8.  and  4.  will  be  explained  under  Lemma  VII,  which  re- 
lates to  the  Limits  of  the  Ratios  of  the  chord,  tangent  and  the  arc 
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LEMMA  IV. 

21.  Let  the  areas  of  the  parallelograms  inscribed  in  the  two  figures  be 
denoted  by 

P,  Q,  R,  &c. 
p,  q,  r,  &c. 
respectively ;  and  let  them  be  such  that 

P  :  p  :  :  Q  :  q :  :  R :  r,  &c.  :  :  m  :  n. 
Then  by  compounding  these  equal  ratios,  we  get 

P  +  Q+  R  +  ....:p  +  q  +  r  +  ....  :  :  m:  n 
But  P  -f  Q  -f  R  . .  •  .  and  p  +  q  +  i*  +  •  •  •  •   ^^^  ^th  the  curvili- 
near areas  an  ultimate  ratio  of  equality.     Consequently  these  curvilinear 
areas  are  in  the  given  ratio  of  m  :  n. 

Hence  may  be  found  the  areas  of  certain  curves,  by  comparing  their 
incremental  rectangles  with  those  of  a  known  area. 

Ex.  1.  Required  the  area  of  the  common  Apollonian  parabola  comprised 
between  its  vertex  and  a  given  ordinate. 

Let  a  c  E  be  the  parabola, 
whose  vertex  is  E,  axis  E  A  and 
LatuS'Rectum  =  a.  Then  A  A' 
being  its  circumscribing  rectan- 
gle, let  any  number  of  rectan- 
gles vertically  opposite  to  one 
another  be  inscribed  in  the  areas 
a  E  A,  a  E  A',  viz.  A  b,  b  A' ; 
B  c,  c  B',  &c. 


a 
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\^ 

I 
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\^ 
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c 
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A 

A' 
F 
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And  since 


A     .  B 
Abs  AK.AB 

A'b  =  A'  1.  A  B'  =  ^^.  A'  B' 


D 


E 


from  the  equation  to  the  parabola. 

A  b  a.  A  B 

•'•Sn5  =  AK.  A'B' 
Also 

(Aa)*— Bb*=:a  XAE— aXBEsaXAB 
or 

(A  a  +  B  b)  X  A'  B'  =  a  X  A  B 
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j^f  g.—  =  A  a  +  B  b 
Ab      Aa+Bb       2Bb+Ka 


Ka 
=  «  +  Bb 


Ab-         Bb        -  Bb 

A  b 
Hence,  since  in  the  Limit  ^jr^  becomes  fixed  or  of  the  same  nature  with 

the  first  term,  we  have 

ultimately. 

And  the  same  may  be  shown  of  all  other  corresponding  pairs  of  rec* 
tangles ;  consequently  by  LEifMA  IV. 

a  £  A  :  a  £  A'  :  :  2  :  1 
.-.  a  £  A  :  rectangle  A  A'  :  :  2  :  8. 

CT  the  area  of  a  parabola  is  equal  to  trvo  thirds  of  its  cireumseribing  reC" 
tangle, 

Ex.  2.   To  compare  the  area  of  a  semidlipse  with  that  of  a  semicircle 
described  on  the  same  diameter. 


a 

^^ — 1 

r        *'\ 

^ 

^^^^ 

r'      "^^ 

\ 

« 

M       V 


Taking  any  two  corresponding  inscribed  rectangles  P  N,  P'  N ;  we 
hare 

P  N  :  P  N  :  :  P  M  :  F  M  :  :  a  :  b 
a  snd  b  being  the  semiaxes  major  and  minor  of  the  ellipse ;  and  all  other 
corresponding  pairs  of  inscribed  rectangles  have  the  same  constant  ratio ; 
consequently  by  Lemma  IV,  the  semicircle  has  to  the  semidlipse  the  ratio 
({f  the  major  to  the  minor  axis. 

As  another  example,  the  student  may  compare  the  area  of  a  cycloid 
widi  that  of  its  circumscribing  rectangle,  in  a  manner  very  similar  to 
Ex.  1. 

This  mediod  of  squaring  curves  is  very  limited  in  its  application.  In 
the  progress  of  our  remarks  upon  this  section,  we  shall  have  to  exhibit  a 
general  way  cS  attaining  that  object 
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LEMMA  V. 

22.  For  the  definition  of  similar  rectilinear  figures,  and  the  truth  of  this 
Lemma  as  it  applies  to  them;  see  Euclid's  Elements  B.  VI,  Prop.  4,  19 
and  20. 

The  farther  consideration  of  this  Lemma  must  be  deferred  to  the  ex- 
planation of  Lemma  VII. 


LEMMA  VL 

23.  In  the  demonstration  of  this  Lemma,  ^*  Continued  Curvatttr^*  at 
any  point,  is  tacitly  defined  to  be  suck,  that  the  arc  does  not  make  "with  the 
tangent  at  that  point,  an  angle  equal  to  ajinite  rectilinear  angle. 

In  a  Commentary  on  this  Lemma  if  the  demonstration  be  admitted, 
any  other  definition  than  this  is  plainly  inadmissible,  and  yet  several  of 
the  Annotators  have  stretched  their  ingenuity  to  substitute  notions  of 
continued  curvature,  vi^hoUy  inconsistent  with  the  above.  The  fact  is, 
this  Lemma  is  so  exceedingly  obscure,  that  it  is  difficult  to  make  any 
thing  of  it  In  the  enunciation,  Newton  speaks  of  the  angle  between  the 
chord  and  tangent  ultimately  vanishing,  and  in  the  demonstration,  it  is 
the  angle  between  the  arc  and  tangent  that  must  vanish  ultimately.  So 
that  in  the  Limit,  it  would  seem,  the  arc  and  chord  actually  coincide. 
This  has  not  yet  been  established.  In  Lemma  III,  Cor.  2,  the  coinci- 
dence ultimately  of  a  chord  and  its  arc  is  implied ;  but  this  conclusion  by 
no  means  follows  from  the  Lemma  itself,  as  may  easily  be  gathered  from 
No.  19.  The  very  thing  to  be  proved  by  aid  of  this  Lemma  is,  that  the 
Ultimate  Ratio  of  the  chord  to  the  arc  is  a  ratio  of  equality,  it  being 
merely  subsidiary  to  Lemma  VII.  But  if  it  be  already  considered  that 
they  coincide^  of  course  they  are  equal,  and  Lemma  VII  becomes  nothing 
less  than  "  argumentum  in  circulo.'* 

Newton  introduces  the  idea  of  curves  of  **  continued  curvature"  or 
such  as  make  no  angle  with  the  tangent,  to  intimate  that  this  Lemma  does 
not  apply  to  curves  of  non^continued  curvature,  or  to  such  as  do  make  a 
Jinite  angle  with  the  tangent.  At  least  this  is  the  plain  meanwg  of  his 
words.  But  it  may  be  asked,  are  there  any  curves  whose  tangents  are 
inclined  to  them  ?  The  question  can  only  be  resolved,  by  again  admitting 
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the  arc  to  be  ultimately  coincident  with  the  chord ;  and  by  then  showings 
that  curves  may  be  imagined  whose  chord  and  tangent  ultimately  shall  be 
inclined  at  a  finite  angle.  The  Ellipse,  for  instance,  whose  minor  axis 
is  indefiniteh/  less  than  its  major  axis,  is  a  curve  of  that  kind;  for  taking 
the  tangent  at  the  vertex,  and  putting  a,  b,  for  the  semiaxes,  and  y,  x,  for 
the  ordinate  and  abscissa,  we  have 
b« 


y«  =  — ,  X  (2ax  — x«) 


and 


.-.  since  b  is  indefinitely  smaller  than  a  V  x,  x  is  indefinitely  greater  than 
y,  and  supposing  y  to  be  the  tangent  cut  oflF  by  the  secant  x  parallel  to 
die  axis,  x  and  y  are  sides  of  a  right  angled  a,  whose  hypothenuse  is  the 
chord.  Hence  it  is  plain  the  z.  opposite  x  is  ultimatdy  indefinitely 
greater  than  the  Z-  opposite  to  y.  But  they  are  together  equal  to  a  right 
angle.  Consequently  the  angle  opposite  x,  or  that  between  the  chord  and 
tangent,  is  ultimately  finite.  Other  cases  might  be  adduced,  but  enough 
has  been  said  upon  what  it  appears  impossible  to  explain  and  establish  as 
logical  and  direct  demonstration.  We  confess  our  inability  to  do  this, 
and  feel  pretty  confident  the  critics  will  not  accomplish  it 

24.  Having  exposed  the  fallacy  of  Newton's  reasoning  in  the  proof  of 
this  Lemma,  we  shall  now  attempt  somethmg  by  way  of  substitute. 

Let  AD  be  the  tangent  to  the  curve  at  the 
paint  A,  and  A  B  its  chord.  Then  if  B  be 
supposed  to  move  indefinitely  near  to  A,  the 
angle  BAD  shaU  indefinitely  decrease,  pro^ 
Tided  the  curvature  be  not  indefinitely  great. 

Draw  R  D  passing  through  B  at  right  an- 
gles to  AB,  and  meeting  the  tangent  AD  and 
normal  A  R  in  the  pohitsD  and  R  respective- 
ly.  Then  since  the  angle  BAD  equals  the 
angle  A  R  B,  if  A  R  B  decrease  indefinitely 
when  B  approaches  A ;  that  is,  if  A  R  be- 
come indefinitely   greater  than   A  B;    or 

which  is  the  same  thing,  if  the  curvature  at  A,  be  not  indefinitely  great; 
the  angle  BAD  also  decreases  indefinitely.     Q.  e.  d. 

We  have  already  explained,  by  an  example  in  the  last  article,  what  is 
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meant  by  curvature  indefinitely  great.  It  is  the  same  with  Newton's  ex- 
pression "  continued  curvature/'  '  The  subject  will  be  discussed  at  length 
under  Lemma  XI. 

As  vanishing  quantities  are  objectionable  on  account  of  their  nothing 
ness  as  it  has  already  been  hiated,  and  it  being  sufficient  to  consider  va- 
riable quantities,  to  get  their  limiting  ratios,  as  capable  of  indefinite  dimitn^ 
tiofif  the  above  enunciation  has  been  somewhat  modified  to  suit  those 


views. 


LEMMA  VIL 

25.  This  Lemma,  supposing  the  two  jn-eceding  ones  to  have  been  JuUy  e$ta^ 
bUshedf  would  have  been  a  masterpiece  of  ingenuity  and  elegance.  By 
the  aid  of  the  proportionality  of  the  homologous  i^ides  of  similar  curves, 
our  author  has  exhibited  quantities  evanescent  by  others  of  any  finite 
magnitude  whatever,  apparently  a  most  ingenious  device,  and  calculated 
to  obviate  all  objections.  But  in  the  course  of  our  remarks,  it  will  be 
shown  that  Lemma  V  cannot  be  demonstrated  without  the  aid  of  this 
Lemma. 

First,  by  supposing  A  d,  A  b  always  finite,  the  angles  at  d  and  b  and 
therefore  those  at  D  and  B  which  are  equal  to  the  former  are  virtually 
considered  finite,  or  R  D  cuts  the  chord  and  tangent  at  finite  angles. 

Hence  the  elaborate  note  upon  this  subject  of  Le  Seur  and  Jacquiexwis 
rendered  valueless  as  a  direct  comment. 

Secondly.  In  the  construction  of  the  figure  in  this  Lemma,  the  de- 
scription of  a  figure  similar  to  anp  given  one,  is  taken  for  granted.  But 
the  student  would  perhaps  like  to  know  how  this  can  be  efiected. 

Lemma  V,  which  is  only  enunciated,  from  being  supposed  to  be  a  mere 
corollary  jto  Lemma  III  and  Lemma  IV,  would  afibrd  the  means  immedi- 
ately,  were  it  thence  legitimately  deduced.  But  we  have  clearly  shown 
(Art.  19.)  that  rectilinear  boundaries,  consisting  of  lines  cutting  the  inter- 
mediate curve  ultimately  atjinite  angles^  cannot  be  equal  ultimately  to  the 
curvilinear  one,  and  thence  we  show  that  the  boundaries  formed  by  the 
chords  or  tangents,  as  stated  in  Lemma  III,  Cor.  2  and  3,  are  not  ulti- 
mately equal,  by  consequence  of  that  Lemua,  to  the  curvilinear  one. 

Newton  in  Cor.  1,  Lemma  III,  asserts  the  ultimate  coincidence,  and 
therefore  equality  of  the  rectilinear  boundary  whose  component  lines  cut 
the  curve  at  finite  an^es,  and  thence  would  establish  the  succeeding  cor^ 
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oUaries  a  fortiori.  But  the  truth  is  that  the  curvilinear  boundary  is  tlie 
limit,  as  to  magnitude,  or  length,  of  th^  tangential  and  chordal  bounda- 
ries; although  in  the  other  case,  it  is  a  limit  merely  in  respect  of  area^ 
Yet,  we  repeat  it,  that  X^emma  V  cannot  be  made  to  follow  from  the 
Lemmas  preceding  it  According  to  Newton's  implied  definition  of  simi- 
lar curves,  as  explained  in  the  note  of  Le  Seur  and  Jacquier,  they  are  the 
curvilinear  limits  of  similar  rectilinear  Jigures.  So  they  might  be  consi- 
dered, if  it  were  already  demonstrated  that  the  limiting  ratio  of  the  chord 
and  arc  ig  a  ratio  of  equality ;  but  this  belongs  to  Lemma  VII.  Newton 
himself  and  all  the  commentators  whom  we  have  peru»ed,  have  thus 
committed  a  solecism.  Even  the  best  Cambridge  MSS.  and  we  have 
seen  many  belon^ng  to  the  most  celebrated  private  as  well  as  college  tu- 
tors in  that  learned  university,  have  the  same  error.  Nay  most  of  them 
are  still  more  inconsistent.  They  give  definitions  of  similar  curves  wholly 
differeut  from  Newton's  notion  of  them,  and  yet  endeavour  to  prove 
Lemma  V,  by  aid  of  Lemma  VII.  For  the  verification  of  these  asser- 
tions, which  may  else  appear  presumptuously  gratuitous,  let  the  Cantabs 
peruse  their  MSS.  The  origin  of  all  tliis  may  be  traced  to  the  falsely 
deduced  ultimate  coincidence  of  the  curvilinear  and  rectilinear  boundaries, 
in  the  corollaries  of  Lemma  III.     See  Art.  19. 

We  now  give  a  demonstration  of  the  Lemma  without  the  assistance  of 
similar  curves,  and  yet  independently  of  quantities  actually  evanescent. 

By  hypothesis  the  secant  R  D  cuts  the  chord  .and  tangent  at  finite  an- 
gles.   Hence,  since 

A  +  B  +  D  =  \W   ' 

.-.  B  +  D  =  180°  —  A 

orL  +  l  +  L'+l'=  180«  — A 

L  and  "L'  being  the  limits  of  B  and  D  and  1,  V  their  variable  parts  as  in 
Art.  6 ;  and  since  by  Lemma  VI,  or  rather  by  Art.  24,  A  is  indefinitely 
diminutive,  we  have,  by  collecting  homogeneous  quantities 

L  +  L'  =  180° 

But  A  B,  A  D  being  ultimately  not  indefinitely  greats  it  might  easily 
be  shown  from  Euclid  that  L  =  L',  and  .•.  *A  B  =  A  D  ultimately,  (see 
Art.  6 )  and  the  intermediate  arc  is  equal  to  either  of  them. 
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OTHERWISE,. 

If  we  refer  the  curve  to  its  axis, 
A  a,   B  b  being   ordinates,  &c.  as 
in  the   annexed  diagram.     Then,      _ 
by  Euclid,  we  have 

AD*  =  AB«+BD«  +  2BD.Bd 


^ 

D 

.^r   J 

A 

^ 

B 

/ 

<i 

T 

a            h 

AD 


=  1  +  B  D- 


BD  +  2Bd 


AB*  "  '    "^ AB* 

Now,  since  by  Art  24  or  Lemma  VI,  the  ^  B  A  D  is  indefinitely  less 

than  either  of  the  angles  B  or  D,  .*.  B  D  is  indefinite  compared  with  A  B 

A  D 
or  A  D.     Hence  L  being  the  limit  of  .—p.  and  1  its  variable  part,  if  we 

extract  the  root  of  both  sides  of  the  equation  and  compare  homogeneous 
terms,  we  get, 

L  =  1  or  &c.  &c, 

2Q.  Having  thus  demonstrated  that  the  limiting  Matio  of  the  chord,  arc 
and  tangent^  is  a  ratio  of  equality ^  when  the  secant  cuts  the  chord  and  tangent 
at  FINITE  angleSj  we  must  again  digress  from  the  main  object  of  this  work, 
to  take  up  the  subject  of  Article  17.  By  thus  deriving  the  limits  of  the  rati- 
os of  the  finite  differences  of  functions  and.their  variables,  directly  from  the 
Lemmas  of  this  Section,  and  giving  to  such  limits  a  convenient  algorithm 
or  notation,  we  shall  not  only  clear  up  the  doctrine  of  limits  by  nume- 
rous examples,  but  also  prepare  the  way  for  understanding  the  abstruser 
parts  of  the  Principia.     This  has  been  before  observed. 

Required  to  Jind  the  Limit  of  the  Finite  Differences  of  the  sine  of  a  cir^ 
adar  arc  and  of  the  arc  itself  or  the  Ratio  of  their  Differentials. 

Let  X  be  the  arc,  and  a  x  its  finite  variable  increment     Then  L  being 
the  limit  required  and  L  +  1  the  variable  ratio,  we  have 
L  4-  1  —  ^Lil5!_?  «-  sin,  (x  +  A  x)  —  sin,  x 

""        AX        ~  AX 

_  sin.  X.  cos,  (a  x)  +  cos.  x.  sin.  (a  x)  — sin.  x 


=  cos.  X. 


sin.  (a  x) 


A  X 


A  X 

sin.  X.  cos.  A  X        sin.  x 

AX     "  AX 


Now  by  Lemma  VII,  as  demonstrated  in  the  preceding  Article,  the  li- 


mit of 


sm.  A  X 

A  X 


.     ,         J   cos.  (a  x)        sin.  X  ,  ,_^  .     ,.    . 

IS  1,  and  ^ -f have  no  dtfinUe  lunits. 


A  X 


A  X 
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CoDsequeotly  putting 

sin.  (a  x)  ,, 

COS.  X.  i '  rz  COS.  X  +  r, 

AX  ^     ' 

we  have 

T    .   1               ^    ■    V   I   s^'  X*  COS-  ^  z       sin.  X 
L  4-  1  ==  COS.  X  +  r  + — 

AX  AX 

and  equating  homogeneous  tenns 

L  =  COS.  X 
OT  adopting  the  differential  symbols 

d.  sin.  X 

^*  ^  (a) 


d.  sm.  X  ^ 

_j^-=:co8X  J 

or  f 

d  sin.  X  =  d  X.  cos.  x  J 


27.  Hence  and  from  the  rules  for  the  differentiation  of  algebraic,  expo* 
nential,  &c«  functions,  we  can  differentiate  all  other  circular  functions  of 
one  variable,  viz.  cosines,  tangents,  cotangents,  secants,  &c« 

Thus, 

d  sin.  ( ;r  —  X  J 

s  cos.  f     —  X 1   =  sm.  X 


or 


d.  COS.  X 


:=  sm.  X 


or 


or 


I.  COS.  X  ^ 

—5 =  —  sm.  X  I 

d  X  f 

I.  COS.  X  s  —  d  X.  sin.  x  J 


—  dx 

d.  COS.  X 

=  —  sm.  X  f 

(b) 

d. 
Again,  since  for  radius  1,  which  b  generally  used  as  being  the  most  simple, 

1  +  tan.  •  X  =  sec.  ■  x  = r— 

COS.  ■  X 

.  .                   ,1            —  2  COS.  X.  d.  COS.  X 
/.  2  tan.  X.  d.  tan.  x  =  d.  - — r—  =  1 

COS.  *  X  COS.  *  X 

See  12  (d).     Hence  and  from  (b)  immediately  above,  we  have 

,    ^               d  X.  sin.  X 
tan.  X.  d.  tan.  x  = • — 

COS.     X 

.'.  d.  tan.  X  =  xl  X. =-" W 

COS.  ■  X  ^ 

Agam, 

cot  X  =  — i— 
tan.  X 

B8 
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Therefore, 


Again, 


J      ^           J       1           —  d.  tan.  X 

(12.  d) 

tan.  X            tan.  ^  x 

—  d  X               —  d  X 

~  tan.  *  X.  COS.  *  x  ~"  sin. '  x 

1 
sec  X  =  

COS.  X 

.-.  d.  sec.  X  =  d       ^       -        ^  ^'''- "" 

(12.  d) 

cos.  X               COS.  *  X 

d  X.  sin.  X 

.     .     (e) 

COS.  *  X 

.     .     ^-vf 

and  lastly  since  cosec.  x  =  sec.  (-  —  x^ 
we  have 

^'  (i  - "")  ^°-  (i  -  ^) 


d.  cosec.  X  =  d.  sec.  (—  —  x)  = 


—  d  X.  cos.  x 


sin.  *  X 


(0 


Any  function  of  sines,  cosines,  &c.  may  hence  be  differentiated. 

28.  In  articles  8,  9,  10,  11,  12,  13,  14,  15,  16,  17,  26  and  27,  are  to 
be  found  forms  for  the  differentiation  of  any  function  of  one  variable, 
whether  it  be  algebraic,  exponential,  logarithmic^  or  circular. 

In  those  Articles  we  have  found  in  short,  the  limit  of  the  ratio  of  the 
first  difference  of  a  function,  and  of  the  first  difference  of  its  variable. 
Now  suppose  in  this  first  difference  of  the  function,  the  variable  x  should 
be  increased  again  by  a  x,  then  taking  the  difference  between  the  first 
difference  and  what  it  becomes  when  x  is  thus  increased,  we  have  the  dif- 
ference of  the  first  difference  of  a  function,  or  the  second  difference  of  a 
function,  and  so  on  through  all  the  orders  of  differences,  making  a  x  al* 
ways  the  same,  merely  for  the  sake  of  simplicity.  Thus, 
A  (x')  =  (x  +  ax)' — X* 

=  3X*AX   +  3XAX"  +  AX' 

and  a'  (x)'  =  3  (x  +  ax)«  ax  +  3  (x  +  ax)  ax«  +  ax»  — 3x«  ax 

—  3  X  A  X*  —  ax' 
=  3.  2xax=  +  3ax' 
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denoting  by  a  '  the  second  difference. 
Hence, 


^— S-   =  3.  2.  X  +  3  A  X 

AX* 


and  if  the  limiting  ratio  of  A '  (x^)  and  Ax',  or  the  ratio  of  the  second 
differential  of  x^  and  the  square  of  the  differential  of  its  variable  x,  be 
required,  we  should  have 

L  +  I  =  8.  2,x  +  3ax 

and  equating  homogeneous  terms 

do        2^    Xj   ST    9«  3b»  X 
X* 

In  a  word,  without  considering  the  difiereDce^  we  may  obtain  the  se« 
cond,  diird,  &c.  differentials  d'  u,  d'  u,  &c,  of  any  function  u  of  x  im« 

mediately,  if  we  observe  that  -i —  is  always  a  function  itself  of  x,  and 

make  d  x  constant.     For  example,  let 

u  =  ax"  +  bx°*  +  &c. 
Then,  from  Art  13.  we  have 

-i —  =  nax"-*  +  mbx*-*  +  &c. 
a  X 

du 


^•(dx)       d(du)       d«u,.        ^    .    , 
-ri-  =  -T¥*^  =  dT^  (by notation) 


=  n.  (n  —  1)  ax»  -  *  +  m  (m  —  1)  b  X  «  -  *  +  &c. 
Similarly, 

|1^  =  n.  (n—  1).  (n^2)  ax«-'  +  &c. 

&c.  =  &C. 

Having  thus  explained  the  method  of  ascertaining  the  limits  of  the  ra- 
tios of  all  orders  of  finite  differences  of  a  function,  and  the  corresponding 
powers  of  the  invariable  first  difference  of  the  variable,  or  the  ratios  of  the 
differentials  of  all  orders  of  a  function,  and  of  the  corresponding  power 
of  the  first  differential  of  its  variable,  we  proceed  to  explain  the  use  of 
these  limiting  ratios,  or  ratios  of  differentials,  by  the  following . 


B3 
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APPLICATIONS 

OV    THE 

DIFFERENTIAL  CALCULUS. 

29.  Let  it  be  required  to  draw  a  tangent  to  a  given  curve  at  any  given 
point  of  it. 

Let  P  be  the  given  point,  and  A  M 
being  the  axis  of  the  curve,  let  P  M 
=  y,  A  M  =  X  be  the  ordinate  and 
abscissa.  Also  let  P  be  any  other 
point;  draw  P  N  meeting  the  ordi- 
nate P'  M'  in  N,  and  join  P  P'.  Now 
let  T  P  R  meetmg  M'  F  and  M  A  in 
R  and  T  be  the  tangent  required. 

Then  since  by  similar  tiiangles 

F  N  :  P  N  :  :  P  M  :  M  T' 

.%  M  T'  =  M  T  +  T  T'  =  y.  — 

■  •'Ay 

Now  y  being  supposed,  as  it  always  is  in  curves,  a  function  of  x,  we  have 

seen  that  whether  that  function  be  algebraic,  exponential,  &c. 

in  the  limit,  or  t —  is  always  a  definite  Junction  of  x.     Hence  putting 

AX  ^  dx.       J 
Ay  ""  Jy  "^ 
we  have 

M  T  +  T  T'  =  y  ( j^  +  1) 

and  equating  homogeneous  terms, 

y 

which  being  found  from  the  equation  to  the  curve,  the  point  T  wiU  be 
known,  and  therefore  the  position  of  the  tangent  P  T.  M  T  is  called 
the  subtangent 

Ex.  1.  In  the  common  parabola, 


MT  =  ig^ (e) 


y*  =  a  X 
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Therefore, 

dx        2j 
dy  ""    a 
and 

MT  =  -f^  =  2x 

a 

or  die  subtangent  M  T  is  equal  to  twice  the  abscissa. 
Ex.  2.  In  the  eUipse, 

b« 

y«=:^(a«-x«) 

and  it  will  be  found  by  differentiating,  &c.  that 

_(a«  — X*) 
MT=       -^- ^^ 

Ex.  d«  In  the  logarithmic  curve, 

y  =  a* 

dy 

-    .••  g-^  =  L  a  X  y         (see  17.) 

...MT  =  p^ 

which  is  therefore  the  same  for  all  points. 

The  above  method  of  deducing  the  expression  for  the  subtangent  is 
strictly  logical,  and  obviates  at  once  the  objections  of  Bishop  Berkeley 
relative  to  the  compensation  of  errors  in  the  denominator.  The  fact  is, 
these  supposed  errors  being  different  in  their  very  essence  or  nature  from 
the  other  quantities  with  which  they  are  connected,  must  in  their  aggre- 
gate be  equal  to  nothing,  as  it  has  been  shown  in  Art.  6.  This  ingenious 
critic  calls  ?'  R  =  z ;  then,  says  he,  (see  fig.  above) 

^  '^  ="  dy  +  z  accurately ; 
whereas  it  ought  to  have  been 

yAx  y 


MT  = 


i^  y  +  z       Ay  z 


AX     ■    A  X 


the  finite  differences  being  here  considered.  Now  in  the  limit,  -r^z  becomes  a 

d  y 
definite  function  of  x  represented  by  j-rr     Consequently  if  1  be  put  for 

Ay 
the  variable  part  of  ^--,  we  have 
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MT  = 


and  it  is  evident  from  Lemma  VII  and  Art.  25,  that  z  is  indefinite  com- 

z  ,  .  d  y 

pared  with  ax.     .•.  ^~   is  indefinite  compared  with  M  T,  j-—,  and  y ; 

and  1  is  also  so ;  hence 

MT.||  +  (l  +  ^)MT  =  y 

gives 

y.  dx  z 

MT=%^,andl  +  —  =  0 

which  proves  generally  for  all  curves,  what  Berkeley  established  in  the 
case  of  the  common  parabola;  and  at  the  same  time  demonstrates,  as  had 
been  already  done  by  using  T  T^  instead  of  P  R,  incontestably  the  ac- 
curacy of  the  equation  for  the  subtangent. 

30.  If  it  were  required  to  draw  a  tangent  to  any  point  of  a  curve,  re- 
ferred to  a  center  by  a  radiuS'Vector  ^  and  the  z.  6  which  g  describes  by 
revolving  round  the  fixed  point,  instead  of  the  rectangular  coordinates 
X,  y ;  then  the  mode  of  getting  the  subtangent  will  be  somewhat  different. 
Supposing  X  to  originate  in  this  center,  it  is  plain  that 

X  =  f  cos.  ^  "I 
y  =  f  sin.  0  i 
and  substituting  for  x,  y,  d  x,  d  y,  hence  derived  in  the  expression  (29. 
e.)  we  have 

.  dfcos.^  —  p  d  ^  sin.  ^ 

MT  =  esin.«x  dj8i„.tf  +  jd*oos.«    •     •     •     •    (0 

Ex.  In  the  parabola 

2  a         • 

^  ■"   1  COS.  tf ' 

where  a  is  the  distance  between  the  focus  and  vertex,  or  the  value  of  ^  at 
the  vertex.     Then  substituting  we  get,  after  proper  reductions 

**  r^  I  +  cos.  rf 

MT  =  2aX  i_^3., 

and  the  distance  from  the  focus  to  the  extremity  of  the  subtangent  is 

/I   +  cos.  tf  COS.  tf      \ 

M  T  -  e  cos.  ^  =  2  a  (,i-rr7osr^  "  1  —  cos.  J 
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_         2a 

""   1  —  COS.  #  ^  ^ 

as  is  well  known. 

SO.  a.  The  expressioD  (f)  b^g  too  complicated  in  practice,  the  following 
one  may  be  substituted  for  it 

Let  P  T  be  a  tangent  to  the  ^ 

cunre,  referred  to  the  center  St 
at  the  point  P,  meeting  S  T 
drawn  at  right  angles  to  S  P, 
in  T;  and  let  P  be  any  other 
point  Join  P  P  and  produce 
it  to  r,  and  let  T  P  be  pro- 
doced  to  meet  S  P  produced  in 
R,  &c    Then  drawing  P  N  parallel  to  S  T,  we  have 

PN 

But 

PN  =  ^tan.  Atf,   SFsf  +  Af 

and 

NF  =  SF_SN  =  f  +  .Wf-i5;:^. 

Therefore,  substituting  and  equating  homogeneoua  terms,  after  having 
ipplied  Lemma  VII  to  ascertain  their  limits,  ire  get 

ST  =  ^ (g) 

Ex.  L  In  the  spiral  of  Archimedes  we  have 

;  =  atf; 

A  S  T  =  ^- 

a 

£x.  2.  In  the  hyperbolic  spiral 

a 

«  =  T'' 

.-.  S  T  =  —  a 
31.  It  is  sometimeB  useful  to  know  the  ang^  between  the  tangent  and 

^      ^       PM       d,y 

Tan.T  =  5jT  =  dx i^) 

See  fig.  to  Art  29. 
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Again,  in  fig.  Art  30  a. 

SP 

Tan.  T  = 


(k) 


ST  "  ^d^ 

32.  It  is  frequently  of  great  use,  in  the  theory  of  curves  and  in  many 
other  collateral  subjects,  to  be  able  to  expand  or  develope  any  given  func- 
tion of  a  variable  into  an  infinite  series,  proceeding  according  to  the 
powers  of  that  variable.  We  have  already  seen  one  use  of  such  develop- 
ments in  Art  17.  This  may  be  effected  in  a  general  manner  by  aid  of 
successive  differentiations,  as  follows. 

If  u  =  f  (x)  where  f  (x)  means  any  function  of  x,  or  any  expression 

involving  x  and  constants ;  then,  as  it  has  been  seen, 

d  u  =  u'  d  X 

(u^  being  a  new  function  of  x) 

Similarly 

d  u'  =  u^'  d  X 

d  u"  -  u'''  d  X 

&c.  =  &C. 

But 

,    ,        ,    /du\        d'uxdx  —  d«xxdu     ^    ,^ 

&C.    =   &C. 

denoting  d.  (d  u),   d.  (d  x)  by  d  *  u,  d  *  x,   and  (d  x)  •  by  d  x  ', 
according  to  the  received  notation ; 

Or,  (to  abridge  these  expressions)  supposing  dx  constant,  and  .*.  d'  x=0, 

d«u 


^"   =  d: 

K 

du             ^ 

•••    dx  =  «' 

d«u 

j — ;  =  u" 
d  X* 

>       .••••••• 

d'u 

—    11 W 

dx»  -  ^     J 

&c.  =  &c 

which  give  the  various  orders  of  fluxions  required* 

Ex.  1.     Let  u  =  X ' 

A 

w 


Then 


du 
d  X 


=  n  X 


a  — 1 


u 


=  n.   (n— l)x»-« 
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j-p  =  n.  (n— 1).  (n— 2)x«-> 
&c.  =  &c. 

j-^  =  n.  (n  —  1),  (n  —  2) 3.  2.  L 

Ex.  2.  Let  u  =  A  +  B  X  +  C  x«  +  D  x«  +  E  X*  +  &c. 

d«u 

j^,  =  2  C  +  2.  3  D  X  +  3.  4  E  x«  +  &c, 

d'u 

3-^3  =  2.  3  D  +  2.  3,  4  E  X  +  &c. 

Hence,  if  «  be  known,  and  the  coefficients  A,  B,  C,  D,  &c.  be  un- 
known, the  ktter  may  be  found ;  for  if  U,  tJ',  U'',  U''',  &c.  denote  the 

d  u   d'  u   d'  u 

valuesofu,  j-,g^„jY3,&c. 

when  X  =  0,  then 

A  =  U,  B  =  U,  C  =  |-  U'',  D  =  2;^;  U-    E  =  2^^-  U- 

&c  =  &c. 

and  by  substitution, 


x«        __      x^ 


u  =  U  +  U'  X  +  U''  Y  +  U'"  273  +  *^ (^^ 

This  method  of  discovering  the  coefficients  is  named  (after  its  inventor), 

MACLAURIN*S  THEOREM. 

The  uses  of  this  Theorem  in  the  expansion  of  ftmctions  into  series  are 
many  and  obvious. 

For  instance,  let  it  be  required  to  develope  sin.  x,  or  cos,  x,  or  tan.  x, 
or  L  (1  -f  x)  into  series  according  to  the  powers  of  x.     Here 
u  =  sin.  X,  or  =:  cos.  x,  or  =  tan.  x,  or  =  L  (1  +  x), 

du  11" 

-.g-i  =  cos.  X,  or  =  —  sin.  x,  or  =  ^^^;t^»  o*"  =  r+  x 

d'q  .  2  sin.  X  1 

dj,  =  —  sm.  X,  or  =  —  COS.  x,  or  =  ^^^^J^'  or  =  —  (i  +x)* 
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tPu  2  +  4>  sin. '  X  2 

j^,  =  —  COS.  X,  or  =  sin,  x,  or  =        ^^^T^      '  or  =  ^j  _j_  ^y 

&c.  =  &c. 

.«.  U     =0,       or  =  1,       or  =  0,  or  =  0 

U'    =1,       or  =  0,       or  =  1,  or  =  1 

U"   :=  0,        or  =  —  1,  or  =r  0,  or  =  —  I 

V'  =  —  1,  or  =  0,       or  =  2,  or  =  2 

8cc  =  &c 

Hence 

x'  x^ 

sin,  X  =  X  — g^-g  +  2.  3.  4.  5  —  &c 

x«  x^ 

cos.x=  !--§■  +0:4—*^^ 

x»       2x^        ITx^ 
tan.x  =  x  +  ^+3;y  +  ^r^  +  &a 

X*       x' 

1.  (1  +  x)  =  X  —  y  +  -3  —  &c. 

Hence  may  also  be  derived 

TAYLOR'S  THEOREM. 

For  let 

f(x)  =  A  +  Bx  +  Cx«  +  Dx'  +  Ex*  +  &c. 
Then 
f  (x  +  h)  =  A  +  B.  (x  +  h)  +  C.  (X  +  h)«  +  D.  (X  +  h)»  +  &c. 
=  A  +  Bx  +  Cx'^  +  Dx'  +  &c. 
+  (B  +  2Cx  +  3Dx»)h 
+  (C  +  3Dx  +  6  Ex«)  h* 
+  (D  +  4  Ex  +  10  Fx«)  h^ 
+  &c. 

d«f(x)    h» 

+  ~ai^*2:s  +  ^ <<^) 

the  theorem  in  question,  which  is  also  of  use  in  the  expansion  of  series. 

For  the  extension  of  these  theorems  to  functions  of  two  or  more  varia- 
bleSf  and  for  the  still  more  effective  theorems  of  Lagrange  and  Laplace, 
the  reader  is  referred  to  the  elaborate  work  of  Lacroix.     4to. 

Having  shown  the  method  of  finding  the  differentials  of  any  quanti* 
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ties,  and  moreover,  entered  in  a  small  degree  upon  the  practical  applica* 
don  of  such  differentials,  we  shall  continue  for  a  short  space  to  explain 
tbeir  farther  utility. 

tS.  To  Jind  the  MAXIMA  and  Minima  of  quantities. 

If  a  quantity  increase  to  a  certain  magnitude  and  then  decrease,  the 
state  between  its  increase  and  decrease  is  its  maa:imum.  If  it  decrease 
to  a  certain  limit,  and  then  increase,  the  intermediate  state  is  its  mi- 
nimum.  Now  it  is  evident  that  in  the  change  from  increasing  to  decreas- 
ing, or  vice  versa^  which  the  quantity  undergoes,  its  differential  must  have 
changed  signs  from  positive  to  negative,  or  vice  versa^  and  therefore  (since 
moreover  this  change  is  continued)  have  passed  through  zero.  Hence 
When  a  quantity  is  a  MAXIMUM  or  MINIMUM^  its  differential  =  0.  •  .  (a) 

Since  a  quantity  may  have  several  different  maxima  and  minima,  (as  for 
instance  the  ordinate  of  an  undulating  kind  of  curve)  it  is  useful  to  have 
some  means  of  distinguishing  between  them. 

34.  To  distinguish  between  MAXIMA  and  MINIMA. 

Lemma.  To  show  that  in  Taylor's  Theorem  (32.  c.)  any  one  term  can 
be  rendered  greater  than  the  sum  of  the  succeeding  ones,  supposing  the 
coefficients  of  the  powers  of  ^  to  be  finite. 

Let  Q  h  " "-  *  be  any  term  of  the  theorem,  and  P  the  greatest  coefficient 
of  the  succeeding  terms*     Then,  supposing  h  less  than  unity, 

P  h*  (I  +  h  +  h«  + ininfin.)  =  Ph»  X  YITh 

is  greater  than  the  sum  (S)  of  the  succeeding  terms.  But  supposing  h  to 
decrease  in  irvfin. 

1 

"  '^' '  \        h  =  P  h  ■  ultimately.     Hence  ultimately 

Ph«>S 
Now 

Qh"~»:  Ph*^  :  :  Q:  Ph, 
and  since  Q  and  P  are  finite,  and  h  infinitely  small ;  therefore  Q  is  >  P  h, 
Hence  Qh»-*is>Ph%anda  fortiori  >  S. 
Having  established  this  point,  let 

u  =  f  (x) 
be  the  function  whose  maxima  and  minima  are  to  be  determined ;  also 
when  u  =  max.  or  min.  let  x  =  a.     Then  by  Taylor's  Theorem 

f(a-h)=f(a)-^^h  +  _._-^,_  +  &c. 
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and 

f(a  +  h)  =  f (a)  +^^h  +  j^..  n  +  dT'-  2:^  +  *^" 

and  since  by  the  Lemma,  the  sign  of  each  term  is  the  sign  of  the  sum  oi 
that  and  the  subsequent  terms, 

.•.f(a— h)  =  f(a)  — ^.  M 
^  ^  da 

f(a  +  h)=f(a)  +  ^.  N 

Now  since  f  (a)  =  max.  or  min.  f  (a)  is  >  or  <  than  both  f  (a  —  h) 
and  f  (a  -f  h),  which  cannot  be  unless 

da  -  " 


Hence 

f(a-.h)  =  f(a)+^.    M'^ 

f(a  +  h)  =  f(a)  +  Jl^.    N') 


da 

and  f  (a)  is  max.  or  min.  or  neither,  according  as  f  (a)  is  ^,  ^  or  =  to 
both  f  (a  —  h)  and  f  (a  +  h),  or  according  as 

d*u  . 

-3 — J  IS  negative,  positive,  or  zero. .... 

If  it  be  zero  as  well  as  -= — ,  we  have 

d  a 

d»u 


f(a-h)  =  f(a)-J^.  M"l 

f(a  +  h)=f(a)  +  ^^.  N"  3 
and  f  (a)  cannot  =  max.  or  min.  unless 


da' 
which  being  the  case  we  have 


f(a  — h)  =fa  +  llj?.  M'''J 
f(a  +  h)  =  fa  +  ^^.  N'-) 


da 
and  as  before,' 
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d^  u 
f  (a)  is  max.  or  min.  or  neither^  according  as  -^ — -  is  negativej  positive^  or 

u  a 

zerOf  and  so  on  continually.  • 

Hence  the  following  criterion. 

Ifinu:=z(  (x),  -r—   =  0,  the  resulting  value  of  x  shall  give  u  =  max. 

d*  u 
or  UIN.  or  NElTBERf  according  as  -« — ^  >5  negative^  posUtvCy  or  2^0. 

ijf  T —  =  0,  -r— Tj  =  0,  and  -^ — ^  =r  0,  /A^n  Me  resulting  value  of  u 

shall  be  a  MAX.j  MIN.  or  NEITHER  according  as  -c — ;  is  NEGATIVE^  P(h 

siTiVEj  or  ZERO  s  and  so  on  continually. 

Ex.  1.   Tojlnd  the  MAX.  and  MIN.  of  the  ordinate  of  a  cofnmon  para- 
bola. 


y  =  V  a  X 

d  y         1      ^/  a 

•       *   •^—  __^    _^^^^_ 

dx        2      ^  X 
which  cannot  =  0,  unless  x  =  a . 
Hence  the  parabola  has  no  maxima  or  minima  ordinates. 
Ex.  2.    Tojind  the  MAXIMA  and  MINIMA  of  y  in  the  equation 

y*  — 2axy  +  x*  =  b*. 
Here 

"y^^y  —  *  "/_      dx     ^dx/ 

dx""y  —  ax'dx*""  y  —  ax 

I        .      d  y 
aiid  putting  -r^  =  0,  we  get 

-.         ±ab  _  +b  d _  +  1 

^  -   V  (1— a«)''^  ■"  V  (1  — a«)'  dx*  ■"  b  ^/  (1  — a«) 

which  indicate  and  determine  both  a  maximum  and  a  minimum. 

Ex.  3.   To  divide  a  in  such  a  manner  that  the  product  of  the  nfi^  ponoer 
of  the  one  part,  and  the  n^  power  of  the  other  shall  be  a  maximum. 
Let  X  be  one  part,  then  a  —  x  =  the  other,  and  by  the  question 
u  =  X ".  (a  —  x)  ■  =  max. 

d  u 

A  T—  =  X  » - *.  (a  —  x)  "  -*  X  (m  a  —  x.  m  +  n) 
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and 


u 


d3^ 


=  x"-«  (a  — x)°-«  X  (m  +  n—  1.  m  +  n.  x«  — &c.) 


Put^—  =  0;  then 
d  X 


ma 
X  =  0,  or  X  =  a,  or  X  = 


m  +  n 

the  two  former  of  which  when  m  and  n  are  even  numbers  give  minima, 
and  the  last  the  required  maximum. 

Ex.  4.  Let  u  =  X  *. 

Here 

d  u  1  —  1.  X 

g—   r=  u.  — —J —  =  0,    .'.  1.  X  sr  1,  and  x  =  e  the  hyperbolic  base 

=  2.71828,  &c. 

Innumerable  other  examples  occur  in  researches  in  the  doctrine  of 
curves,  optics,  astronomy,  and  in^  short,  every  branch  of  both  abstract  and 
applied  mathematics.  Enough  has  been  said,  however,  iully  to  demon- 
strate the  general  principle,  when  applied  to  functions  of  one  independent 
variable  only. 

For  the  maxima  and  minima  of  functions  of  two  or  more  variables,  see 
Lacroixy  4to. 

35.  If  in  the  expression  (30  a.  g)  ST  should  be  finite  when  g  is  infinite, 

then  the  corresponding  tangent  is  called  an  Asymptote  to  the  curve,  and 

since  ^  and  this  Asymptote  are  both  infinite  they  are  parallel.     Hence 

To  find  the  Asymptotes  to  a  curve^ 

d6 
In  S  T  =  f '  "^ — ,  make  ^  =  a ,  then  each^nzV^  value  of  S  T  gives  an 

Asymptote ;  which  may  be  drawn,  by  finding  from  the  equation  to  the 
curve  the  values  of  tf  for  g  =  a,  (which  will  determine  the  positions  of  ^), 
then  by  drawing  through  S  at  right  angles  to  ^,  S  T,  S  T',  S  T",  &c.  the 
several  yalues  of  the  subtangent  of  the  asymptotes,  and  finally  through 
T,  T',  T",  &c.  perpendiculars  to  S  T,  S  T',  S  P',  &c  These  perpen- 
diculars  will  be  the  asymptotes  required. 
Ex.  In  the  hyperbola 

_  b^ 

^  ""  a  (1  —  e  cos.  ^Y 

Here  ^  =  a ,  gives  1  —  e  cos.  tf  =  0,     .*.  cos.  ^  =  — 

.\  +  ^  =z  A.  whose  COS.  is  —  • 

e 
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Also  S  T  = 


=  b ;  whence  it  will  be  seen  that 


a  e  SID.  3       a  V  e '  —  ] 
the  asymptotes  are  equally  inclined  (yiSi  by  ^  tf)  to  the  axis,  and  pass 
through  the  center. 

The  expression  (29.  e)  will  also  lead  to  the  discovery  and  construction 
of  asipnpMes. 

Since  the  tangent  is  the  nearest  straight  line  that  can  be  drawn  to  the 
curve  at  the  point  of  contact,  it  affords  the  means  of  ascertaining  the  in- 
clination of  the  curve  to  any  line  given  in  position ;  also  whether  at  any 
point  the  curve  be  in/lected,  or  firom  concave  become  convex  and  vice  ver- 
sa; also  whether  at  any  point  two  or  more  branches  of  the  curve  meet, 
L  e.  whether  that  point  be  double,  triple,  &c. 

36.  To  Jlnd  the  inclination  of  a  curve  at  any  point  of  it  to  a  given  line ; 
jmd  that  of  the  tangent  at  that  given  point,  which  voill  be  the  inclination 
required. 

Hence  if  the  inclination  of  the  tangent  to  the  axis  of  a  curve  be  zero, 
the  ordinate  will  then  be  a  maximum  or  minimum ;  for  then 


tan.  T  =  ^  =  0 
dx 


(31.  h) 
37.  Tojind  the  points  of  Inflexion  of  a  curve. 


A  B  A        B 

Let  y  =  f  (x)  be  the  equation  to  the  curve  a  b ;  then  A  a,  B  b  being 
aay  two  ordinates,  and  ana  ttfi^ent  at  the  point  a,  if  we  put  A  a  s:  y, 
and  A  B  =  h,  we  get 
A  a  =  f  X 

bb=f(x  +  h)=y  +  5^h  +  J^.      ri  +  ««-     (32.  c) 


dx 


1.8 


d»y 


Bat  B  n  =  y  4*  m  n  =  y.  +  j^.  h.    Consequently  B  b  is  <  or  >  B  n 

d'  y 
according  as  -j-~  is  negative  or  positive,  i.  e.  the  curve  is  concave 


or  con- 


c 
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d  *  y 
vex  tOGMrds  its  axis  according  as  -= — =^  is  negative  or  positive. 

Hence  also,  since  a  quantity  in  passing  from  positive  to  negative,  and 

vice  versay  must  become  zero  or  infinity,  at  a  point  of  inflexion 

d*y 

5-^  =  0  or  a 

d  X* 

Ex.  In  the  Conchoid  ofNicomedes 

X  y  =  (a  +  y  )  V  (b  «  —  y  «) 

which  gives,  by  making  d  y  constant, 

d'x  _  2  b  ♦  a  —  bj  yj_—  Sb'ay  « 
d  y  «  •"    (b  «  y  «  —  y  *)  V{h «  —  y  «)" 

and  putting  this  =  0,  and  reducing,  there  results 

y»  +  3ay«  =  2b*a 
which  will  give  y  and  then  x. 

These  points  of  inflexion  are  those  which  the  Theory  of  (34)  indicates 
as  belonging  to  neither  maxima  nor  minima ;  and  pursuing  this  subject 
still  farther,  it  will  be  found,  in  like  manner,  that  in  some  curves 


d*v        .  d 


6 


V  u    y 

.i — 4  =  0  or  a  ,  T— =75  =  0  or  a  ,  &c.  =  &c. 
d  x*  '  d  X® 

also  determine  Points  o(  Inflexion, 

38.  To  find  DOUBLE^  triple^  S^c.  points  of  a  curve. 

If  the  branches  of  the  curve  cut  one  another,  there  will  evidendy  be  as 
many  tangents  as  branches,  and  consequently  either  of  the  expressions. 

Tan.  T  =  ^  (81.  h) 

d  X  ^ 

M  T  =  ^^    '      (29.  e) 
d  y 

as  derived  from  the  equation  of  the  curve,  will  have  as  many  values  as 
there  are  branches,  and  thus  the  nature  and  position  of  the  point  will  be 
ascertained. 

If  the  branches  of  the  curve  touch,  then  the  tangents  coincide,  and  the 
method  of  discovering  such  mtdtiple  points  becomes  too  intricate  to  be  in- 
troduced in  a  brief  sketch  like  the  present  For  the  entire  Theory  of 
Curves  the  reader  is  referred  to  Cramer's  express  treatise  on  that  subject, 
or  to  Lacroix's  Different,  and  Integ.  Calculus,  4to.  edit 

39*  We  once  more  return  to  the  text,  and  resume  our  comments.  We 
pass  by  Lemma  VIII  as  containing  no  difficulty  which  has  not  been  al- 
ready explained. 

As  similar  figures  and  their  properties  are  required  for  the  demonstra- 


Book  L]  NEWTON'S  PRINCIPIA.  85 

tion  of  Lemma  IX,  we  shall  now  use  Lemma  VII  in  establishiDg  Lemma 
V,  aod  shall  thence  proceed  to  show  what  figures  are  simitar  and  how  to 
construct  them. 

According  to  Newton^s  notion  of  similar  curvilinear  figures,  we  may 
define  two  curvilinear  Jtgures  to  be  similar  when  any  rectilinear  jpdygon 
being  inscribed  in  one  qftheiHy  a  rectilinear  polygon  similar  to  the  former^ 
may  ahtays  he  inscribed  in  the  other. 

Hence,  increasing  the  number  of  the  sides  of  the  polygons,  and  dimi- 
nishmg  their  lengths  indefinitely,  the  lengths  and  areas  of  the  curvilinear 
figures  will  be  the  limits  by  Lemmas  VII  and  III,  of  those  of  the  recti- 
linear polygons,  and  we  shall,  therefore,  have  by  Euclid  these  lengths 
sod  areas  in  direct  and  duplicate  proportions  of  the  homologous  sides 
respectively. 

40.  To  construct  curves  similar  to  given  ones. 

If  y,  X  be  the  ordinate  and  abscissa,  and  x^  the  corresponding  abscissa 
of  the  required  curve,  we  have 

X  :  y  :  :  X'  :  ^  X  X'  =  y' (a)        , 

the  ordinate  of  the  required  curve,  which  gives  that  point  in  it  which 
corresponds  to  the  point  in  the  given  curve  whose  coordinates  are  x,  y ; 
and  in  the  same  manner  may  as  many  other  points  as  we  please  be  de- 
termined. 

In  such  curves,  however,  as  admit  a  practical  or  mechanical  construc- 
tion, it  will  firequently  be  sufficient  to  determine  but  one  or  two  values  of  y^ 

Ex.  L  In  the  circle  let  x,  measured' along  the  diameter  from  its  extre- 
mity, be  r  (the  radius) ;  then  y  =  r,  and  we  have 

y'  =  -2^  X  x'  =  x' 
^  X 

where  y^  may  be  of  any  magnitude  whatever.  Hence,  all  semicircles^  and 
therefore  cirdeSy  are  similar  J^ures. 

i^  2.  In  a  circular  arc  (2  a)  let  x  be  measured  along  the  chord  (2  b), 
and  suppose  x  =  r  sin.  a ;  then  y  =  r  .  vers,  a 

vers,  a 
y  =  -, X  x' 

^  sm.  a 

which  gives  the  greatest  ordinate  to  any  semichord  as  an  abscissa,  of  the 
required  arc,  and  thence  sinpje 

y'  =  r'  —  ^/  r' «  —  x' « 
it  will  be  easy  to  find  the  radius  r'  and  centre,  and  to  describe  the  arc 
required. 
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or 


But  since 

y'  ^  T*  vers,  a' 

=r 

vers.  «'       vers.  « 

x'  ""   r'  sin,  a' 

sin.  a'    ""    sin.  a 

srciore 

ft 
2  sin.  *  -rr 
1  —  COS.  a                        .    2 

s= 

ft' 

2sin.  '-rr 
1  -^  COS.  A                                     2 

sin.  a               „           a     .      a 
2  COS.  ^  sin.  -^ 

sin.  cs'       ""  _           «'    . 
2  COS.  ~  sin. 

of 
2 

a                    a' 

tan.  —  =  tan.  — , 

and 

,*.  a  =  a' 

which  accords  with  Euclid,  and  shows  that  similar  arcs  of  circles  subtend 
equal  angles* 

Ex.  3.  Given  an  arc  qfaparabola^  'whose  latus^ecttini  is  p^  to  Jind  a 
similar  one,  whose  latus-rectum  shall  be  p^. 

In  the  first  place,  since  the  arc  is  given,  the  coordinates  at  its  extremi- 
ties are ;  whence  may  be  determined  its  axis  and  vertex ;  and  by  the  usual 
mode  of  describing  the  parabola  it  may  be  completed  to  the  vertex. 
Now,  since 

y  *  =  p  X 
X,  7s!  being  measured  along  the  axis,  and  when 

4  '  y         2 

.-.  y-  =  1. .  x'  =  ^  .  X'  =  2  X' 
X  y 

which  shows  that  all  semi-parabolasj  and  therefore  parabolas^  are  similar 
figures.  Hence,  having  described  upon  the  axis  of  the  given  parabola, 
any  other  having  the  same  vertex,  the  arc  of  this  latter  intercepted  be- 
tween the  points  whose  coordinates  correspond  to  those  of  the  extremi- 
ties of  the  given  arc  will  be  the  arc  required. 

Ex.  4.  In  the  ellipse  whose  semi-diameters  are  a,  b,  if  x  be  measured 
along  the  axis,  when  x  =  a,  y  =:  b.     Hence 

y'  s=  — .  X 
^         a 

and  x'  or  the  semi-axis  major  being  assumed  any  whatever,  this  value  of 

y'  will  give  the  semi-axis  minor,  whence  the  ellipse  may  be  described. 

This  being  accomplished,  let  (a,  jS)  (a',  P)  be  the  coordinates  at  the 
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extremities  of  any  given  arc  of  the  given  ellipse,  then  the  similar  one  of 
the  ellipse  described  will  be  that  intercepted  between  the  points  whose 
coordinates,  (x',  y')  (x",  y")  are  given  by 

y'   =  ^  V  (2  a    x'  —  x' «) 
a  :  ^  :  :  x'  :  y^         '^         a        ^  ' 

a   ,  iJ  ,    .  X     .  >    J  y"  =  ~  V  (2  a"  X"  ~  x" «) 

a 

In  like  manner  it  may  be  found,  that 

AH  cycloids  are  similar. 

Epicycloids  are  so,  uohen  the  radii  of  their  wheels  a  radii  of  the  spheres. 

Catenaries  are  similar  when  the  bases  a  tensions^  Sfc.  S^c. 

40.  If  it  were  required  to  describe  the  curve  A  c  b  (fig.  to  Lemma 
VII)  not  only  similar  to  A  C  B,  but  also  such  that  its  chord  should  be  of 
the  given  length  (c) ;  then  having  found,  as  in  the  last  example^  the  co- 
ordinates (x^,  y^)  (x^^,  y^')  in  terms  of  the  assumed  value  of  the  abscissa 
(as  a'  in  Ex.  4),  and  (a,  /3),  {tt\  ff)  the  coordinates  at  the  extremities  of 
the  ^ven  arc,  we  have 

c  =  V  (x'  —  x'O «  +  (y'  —  fy  =  f  («') 

a  function  of  a^ :  whence  a^  may  be  found. 

£x.^  In  the  case  of  a  parabola  whose  equation  is  y '  =  a  x,  it  will  be 
found  that  (y' '  =  a^  x'  being  the  equation  of  the  required  parabola) 


c  =  -,.  (8-/30  V(P +  /?')'  +  «' 
a 

whence  (a^)  is  known,  or  the  latus-rectum  of  the  required  parabola  is  so 
determined,  that  the  arc  similar  to  the  given  one  shall  have  a  chord  =  c* 

41.  It  is  also  assumed  in.  the  construction  both  to  Lemma  VII  and 
Lemma  IX,  that.  If  in  similar  Jigures^  originating  in  the  same  pointy  the 
chords  or  axes  coincide^  the  tangents  at  that  origin  will  coincide  also. 

Slice  the  chords  A  B,  A  b  (fig.  to  Lemma  VII),  the  parallel  secants 
B  D,  b  d,  and  the  tangents  A  D,  A  d  are  corresponding  sides,  each  to 
each,  to  the  similar  figures,  we  have  (by  Lemma  V) 

A  B  :  B  D  :  :  A  b  :  b  d 

and  z.  B  =  Z.  b.  Consequently,  by  Euclid  the  ^BAD  =  ilbAd, 
or  the  tangents  coincide. 
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To  make  this  still  clearer.  Let 
M  B,  M  B'  be  two  similar  carves, 
and  A  B,  A'  W  similar  parts  of  them. 
Let  fall  from  A,  B,  A',  B',  the  or- 
dinates  A  a,  B  b,  A'  a',  B'  b'  cut- 
ting ojS*  the  corresponding  abscissas 
M  a,  M  b>  M  a',  M  b^  and  draw 
the  chords  A  B,  A'  B^;  also  draw 
A  C,  A'  C  at  right  angles  to  B  b,  B'  C. 

Then,  since  (by  Lemma  V) 

Ma:  Mb: 

Ma'  :  Mb' 

.*•  M  a  :  a  b  : 
M  a'  :  a'  b' 

AC 

A'C 


.  • 


BC  : 
:  B'C 


A  a  :  B  b 

:  A'  a'  :  B 

A  a  :  B  C 

:  A'a'  :  B 

M  a  :  A  a 
:  Ma'  :  A 


'b'i 
'C'J 

'a'i 


But 


A' a' 
:  B'C 


M  a  :  A  a  :  :  M  a' 
.-.  A  C  :  B  C  :  :  A'  C 

and  the  Z.  C  =  ^  C 

.-.  the  triangles  A  B  C,  A'  B'  C  are  similar,  and  the  ^  B  A  C  = 
z.  B'  A'  C,  i.  e.,  A  B  is  parallel  to  A'  B'. 

Hence  if  B,  B'  move  up  to  A,  the  chords  A  B,  A'  B'  shall  ultimately 
be  parallel,  i.  e.  the  tangents  (see  Lemma  III,  Cor.  2  and  3,  or  Lemma 
VI,)  at  A,  A'  are  parallel. 

Hence,  if  the  chords  coincide,  as  in  fig.  to  Lemma  VII,  the  tangents 
coincide  also. 

The  student  is  now  prepared  for  the  demonstration  of  the  Lemma. 
He  will  perceive  that  as  B  approaches  A,  new  curves,  or  parts  of  curves, 
A  c  b  similar  to  the  parts  A  C  B  are  supposed  continually  to  be  described, 
the  point  b  also  approaching  dy  which  may  not  only  be  at  ajlnite  distance 
from  A,  but  absolutely  fixed.  It  is  also  apparent,  that  as  the  ratio  be- 
tween A  B  and  A  b  decreases,  the  curve  A  c  b  approaches  to  the  straight 
line  A  b  as  its  limit 

42.  Lemma  XI.  The  construction  will  be  better  understood  when 
thus  effected. 

Take  A  e  of  any  given  magnitude  and  draw  the  ordinate  e  c  meeting 
A  C  produced  in  c,  and  upon  A  c  describe  the  curve  Abe  (see  39) 
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A  D 

similaT  to  A  B  C.     Take  A  d  =  A  e  X  -^-^  and  erect  the  ordinate  d  b 

meeting  A  b  c  in  b.  Then,  since  A  d,  A  e  are  the  abscissae  corre- 
spoodiog  to  A  D,  A  £,  the  ordinates  d  b,  e  c  also  correspond  to  the 
ordinates  D  B,  E  C,  and  by  Lemma  V  we  have 

d  b  :  D  B  :  :  e  c  :  E  C  :  :  A  e  :  A  E 
:  :  A  d  :  A  C  (by  construction) 
and  the  ^  D  =  Z.  d.     Hence 
b  is  in  the  straight  line  A  B  produced,  &c.  &c. 

43.  This  Lemma  may  be  proved,  without  the  aid  of  similar  curves,  as 
follows : 

A  B  D  =  ^ .  (D  F  +  F  B) 


and 


.  -^,    tan.  «    ,    A  D.  B  F 
=  AD«.-^  + 2 

ACE=.AE'.^-g^"  +  ^^;,^^ 

where  a  =  z-  D  A  F. 

A  BD  _  AD',  tan,  tt  +  AD.  BF 
•'ACE  "  A  E« .  tan.  a  +  A  E  .  C  G 

Now  by  Lemma  VII,  since  z-  B  A  F  is  indefinite  compared  with  F  or  B ; 
therefore  B  F,  C  G  are  indefinite  compared  with  A  D  or  A  £.     Hence 

if  L  be  the  limit  of  ,    , ,  ,  „  and  L  +  1  its  varying  value,  we  have 

A  C  ill 

-  AD',  tan,  g  +  AD.  B  F 
•     ^  +  *  ■"  AE'.tan.  a  +  A  E.CG 

and. multiplying  by  the  denominator  and  equating  homogeneous  terms 

we  get 

L .  A  E* .  tan.  a  =  A  D « .  tan.  a 

-.    .     .ABD       AD« 

...  Limit  of  ^^^^^  =  ^-^.. 

44.  Lemma  X.  "  Continually  increased  or  duninished."  The  word 
"  continuaUi/^  is  here  introduced  for  the  same  reason  as  "•  continued 
curvature*  in  Lemma  VI. 

If  the  force,  moreover,  be  not  ^^Jinite^'  neither  will  its  effecU  be ;  or 
the  velocity,  space  described,  and  time  will  not  admit  of  comparison. 
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45.  Let  the  time  A  D  be  divided  into  several  portions^  such  as  D  d, 
A  b  B  being  the  locus  of  the  extremities  of  the  ordinates  which  D  repre- 
sent, the  velocities  acquired  D  B,  d  b,        b 

&c.  Then  upon  these  lines  D  d,  &c. 
as  bases,  there  being  inscribed  rect* 
angles  in  tlie  figure  A  D  B,  and  when 
their  number  is  increased  and  bases 
diminished  indefinitely,  their  ultimate 
sum  shall  =  the    curvilinear    area        D    d    D'  A 

A  B  D  (Lemma  IIL)  But  each  of  these  rectangles  represents  the  space 
described  in  the  time  denoted  by  its  base ;  for  during  an  instant  tlie  ve- 
locity may  be  considered  constant,  and  by  mechanics  we  have  for  constant 
velocities  S  =  T  X  V.  Hence  the  area  A  B  D  represents  the  whole 
space  described  in  the  time  A  D. 

In  the  same  manner,  ACE  (see  fig.  Lemma  X)  represents  the  time 
A  E.  But  by  Lemma  IX  these  areas  are  ^^  ipso  motus  initio,"  as  A  D ' 
and  A  E '  Hence,  in  the  very  beginning  of  the  motion,  the  spaces  de- 
scribed are  also  in  the  duplicate  ratio  of  the  times. 

46.  Hence  may  be  derived  the  differential  expressions  for  the  space 
describedy  velocity  acquired^  &c. 

Let  the  velocity  B  D  acquired  in  the  time  t  (A  D)  be  denoted  by  v, 
and  the  space  described,  by  s. 
Then,  idtimcUelyf  we  have 

Dd  =  dt,Bn  =  dv, 


and 


Hence 


Dnbd  =  ds  =  Dd  Xdb  =  dtX 

d  s     ,  ,      ,  d  s 

v=  T-Tj  ds  =  v  dt,dt  =  —    .     .     . 
d  t  V 


V. 


(a) 


Again,  if  D  d  =  d  D^  the  spaces  described  in  these  successive  instants^ 
are  D  b,  D^  m,  and  therefore  ultimately  the  fluxion  of  the  space  repre- 
sented by  the  ultimate  state  of  D'  m  is  b  n  r  m  or  2  b  m  B'.     Hence 

d  (d  s)  =  2  X  b  m  B'  ultimately, 
and  supposing  B^  to  move  up  to  A,  since  in  the  limit  at  A,  B'  coincides 
with  A,  and  B^  m  with  A  D,  and  therefore  b  m  B^  or  d  (d  s)  represents 
the  space  described  ^^  in  the  very  beginning  of  the  motion." 

Hence  by  the  Lemma, 

d(ds)  a2dt*  a  dt* 
or  with  the  same  accelerating  force 


s  ex 


dt 


(b) 
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With  different  accelerating  forces  d '  s  must  be  proportionably  increased 
or  dimimshed,  and  .*.  (see  Wood's  Mechanics) 

d«8a   Fdt» 
Hence  we  have,  after  properly  adjusting  the  units  of  force,  &c. 

d«s  =  Fdt«- 

aud.*. 


(c) 


Hence  also  and  by  means  of  (a)  considering  d  t  constant, 

F  =  ^,  vdv  =  Fds    .    .     .    . 
a  t 


(d) 


all  of  which  expressions  will  be  of  the  utmost  use  in  our  subsequent 
comments. 

47.  Lemma  X.  Cor.  I.  To  make  this  corollary  intelligible  it  will  be 
useful  to  prove  the  general  principle,  that 

If  a  body^  mooing  in  a  curve^  be  acted  upon  by  any  new  accelerating 
force,  the  distance  between  the  points  at  which  it  would  arrive  WITHOUT 
and  WITH  the  nea>  force  in  the  same  time,  or  "  error,'*  is  equal  to  the  space 
that  the  new  Jbrce,  acting  solely,  wotdd  cause  it  to  describe  in  that  same 
iiae. 


Let  a  body  move  in  the  curve  ABC,  and  when  at  B,  let  an  additional 
force  act  upon  it  in  the  direction  B  b.  Also  let  B  D,  D  £,  £  C ; 
B  F,  F  G,  G  b  be  spaces  that  would  be  described  in  equal  times  by  the 
body  moving  in  the  curve,  and  when  moved  by  the  sole  action  of  the  new 
force.  Then  draw  tangents  at  the  points  B,  D,  £  meeting  D  d,  £  e,  C  c, 
each  parallel  to  B  b,  in  P,  Q,  R.  Also  draw  F  M,  G  R,  b  d  parallel  to 
BP;  MS,  RN,  de  parallel  to  D  Q;  and  S  V,  N  T,  c  c  parallel  to 
ER. 
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Now  since  the  body  at  B  is  acted  upon  by  forces  which  separately 
would  cause  it  to  move  through  B  D,  B  F,  or,  when  the  number  of 
the  spaces  is  increased  and  their  magnitude  diminished  in  infinitum^ 
through  HP,  B  F  in  same  time,  therefore  by  Law  III,  Cor.  1,  when 
these  forces  act  together,  the  body  will  move  in  that  time  through  the 
diagonal  up  to  M.  In  the  same  manner  it  may  be  shown  to  move  from 
M  to  N,  and  from  N  to  C  in  the  succeeding  times.  Hence,  if  the  num- 
l)er  of  the  times  be  increased  and  their  duration  indefinitely  diminished, 
the  body  will  have  moved  through  an  indefinite  number  of  points  M,  N, 
&c.  up  to  C,  describing  a  curve  B  C.  Also  since  b  d,  d  e,  e  c  are  each 
parallel  to  the  tangents  at  B,  D,  E,  or  ultimately  to  the  curve  B  D  E  C  ; 
.*.  b  d  e  c  ultimately  assimilates  itself  to  a  curve  equal  and  parallel  to 
B  D  E  C ;  moreover  C  c  is  parallel  to  B  b.  Hence  C  c  is  also  equal 
toBb. 

Hence,  then,  The  Eiror  caused  by  any  disturbing  force  acting  upon  a 
body  mooing  in  a  curve,  is  equal  to  the  space  that  woidd  be  described  by 
means  of  the  sole  action  of  that  force,  and  moreover  it  is  'parallel  to  the 
direction  of  thai  force.  Wherefore,  if  the  disturbing  force  be  constant,  it  is 
easily  inferred  from  Lemmas  X  and  IX,  and  indeed  is  shown  in  all  books 
on  Mechanics,  that  the  errors  are  as  the  squares  of  the  times  in  'which  they 
are  generated.  Also,  if  the  disturbing  forces  be  nearly  constant,  then  the 
errors  areas  the  squares  of  the  times  quamproxime.  But  these  conclusions, 
the  same  as  those  which  Note  118  of  the  Jesuits,  Le  Seur  and  Jacquier, 
(see  Glasgow  edit  1822.)  leads  to,  do  not  prove  the  assertion  of  Newton 
in  the  corollary  under  consideration,  inasmuch  as  they  are  general  for  all 
curves,  and  apply  not  to  similar  curves  in  particular. 

48.  Now  let  a  curve  similar  to  the  above  be  constructed,  and  completing 
the  figure,  let  the  points  corresponding  to  A,  B,  &c.  be  denoted  by 
A',  B^  &c.  and  let  the  times  in  which  the  similar  parts  of  these  curves, 
viz.  B  D,  B'  ly ;  D  E,  D'  E' ;  EC,  E'  C  are  described,  be  in  the  ratio 
t  :  t'.  Then  the  times  in  which,  by  the  same  disturbing  force,  the  spaces 
B  F,  B'  F;  F  G,  F'  G';  G  b,  G'  b'  are  described,  are  in  the  ratio  of 
t  :  t'.     Hence,  "  in  ipso  motus  initio"  (by  Lemma  X)  we  have 

B  F  :  B'  F'  :  :  t«  :  t'« 

FG  :  F'G'  :  :  f^  :  t'- 

&c.  &c. 

and  therefore, 

B  F  +  F  G  +  &c.  :  B'  F'  +  F  G'  +  &c.  :  :  t«  :  t'* 
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But,  (by  15,) 

B  F  +  F  G   +  &c.  =  the  error  C  c, 
and 

B'  F  +  F  G'  +  &c.  =r  the  error  C'c', 

and  the  times  in  which  B  C,  B^  C  are  described,  are  in  the  ratio  t  :  t'. 
Hence  then 

Cc  :  a  &  :  :  t*  :  t'« 

or  7%f  Eeboss  arising  from  equal  Jbrcesy  applied  at  corresponding  poifUs, 
disturbing  the  motions  of  bodies  in  similar  curves,  which  describe  similar 
parts  of  those  curves  in  proportional  times,  are  as  the  squares  of  the  times 
in  which  they  are  generated  EXACTLY,  and  not  "  quam  proximer 

Hence  Newton  appears  to  have  neglected  to  investigate  this  corollary. 
The  corollary  indeed  did  not  merit  any  great  attention,  being  limited  by 
several  restrictions  to  very  particular  cases. 

It  would  seem  from  this  and  the  last  No.  that  Newton's  meaning  in 
the  forces  being  ^^  similai'ly  applied,"  is  merely  that  they  are  to  be  applied 
at  corresponding  points,  and  do  not  necessarily  act  in  directions  similarly 
situated  with  respect  to  the  curves. 

For  explanation  widi  regard  to  the  other  corollaries,  see  46. 

49.  Lemma  XL  "  Finite  Curvature.'*  Before  we  can  form  any  precise 
notion  as  to  the  curvature  at  any  point  of  a  curve's  being  Finite,  Infinite  or 
Infinitesimal,  some  method  of  measuring  curvature  in  general  must  be  de- 
vised. This  measure  evidendy  depends  on  the  ultimate  angle  contained  by 
the  chord  and  tangent  (A  B,  AD)  or  on  the  angle  of  contact.  Now,  although 
this  angle  can  have  no  finite  value  when  singly  considered,  yet  when  two 
such  angles  are  compared,  their  ratio  may  be  finite,  and  if  any  known 
curvature  be  assumed  of  a  standard  magnitude,  we  shall  have,  by  the 
equality  between  the  ratios  of  the  angles  of  contact  and  the  curvatures,  the 
curvature  at  any  point  in  atay  curve  whatever.  In  practice,  however,  it 
is  more  commodious  to  compare  the  subtenses  of  the  angles  of  contact 
(which  may  be  considered  circular  arcs,  see  Lemma  VII,  having  radii  in 
a  ratio  of  equality,  and  therefore  are  accurate  measures  of  them),  than  the 
angles  themselves. 

50.  £x.  1.  Let  the  circumference  of  a  circle  be  divided  into  any  num- 
ber of  equal  parts  and  the  points  of  division  being,  joined,  let  there  be  f 
tangent  drawn  at  every  such  point  meeting  a  perpendicular  let  fall  from 
the  next  point ;  then  it  may  easily  be  shown  that  these  perpendiculars  or 
subtenses  are  all  equal,  and  if  the  number  of  parts  be  increased,  and  theii 
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magnitude  diminished,  in  infinitum,  they  will  have  a  ratio  of  equality. 
Hence,  the  circle  has  the  same  curvature  at  every  pointy  or  it  is  a  curoe 
of  uniform  curvature. 

51.  Ex.  2.  Let  two  circles  touch  one 
another  in  the  point  A,  having  the 
common  tangent  A  D.  Also  let  B  D 
be  perpendicular  to  A  D  and  cut  the 
circle  A  D  in  B'.  Join  A  B,  A  B'. 
Then  since  A  B,  A  B'  are  ultimately 
equal  to  A  D  (Lemma  VII)  they  are 
equal  to  one  another,  and  consequently 
the  limiting  ratio  of  B  D  and  B'  D,  is 
that  of  the  curvatures  of  the  respective 
circles  A  C,  A  D   (by*  17.) 

But,  by  the  nature  of  the  circle, 

AD«  =  2R  X  DB'  — DB'*  =  2r  X  DB  — DB« 
R  and  r  being  the  radii. of  the  cirdes. 
Therefore 

T   a.  1  -  5^  -  2  R  —  D  B^ 
"*■  D  B'  ~  2  r  — DB 

I 

and  equating  homogeneous  terms  we  have 

r 

i.  e.   The  curvatures  of  circles  are  inversely  as  their  radii. 

52.  Hence,  if  the  curvature  of  the  circle  whose  radius  is  1,  (inch,  foot, 
or  any  other  measure,)  be  denoted  by  C,  that  of  any  other  circle  whose 
radius  is  r,  is 

C 

r 

53.  Hence,  if  the  radius  r  of  a  circle  compared  with  1,  he  Jinitey  its 
curvature  compared  with  C,  is  Jlnite ,-  if  r  be  infinite  the  curvature  is 
infinitesimal  ,•  if  r  be  infinitesimal  the  curvature  is  infinite,  and  so  on  through 
all  the  higher  orders  of  infinites  and  irifinitesimals.  By  infinites  and  in- 
finitesimals are  understood  quantities  indefinitely  great  or  small. 

The  above  sufficiently  explains  why  curvature,  compared  with  a  given 
standard  (as  C),  can  be  said  to  hejfnite  or  indefinite.  We  are  yet  to  show 
the  reason  of  the  restriction  to  curves  otjinite  airvature,  in  the  enuncia- 
tion of  the  Lemma. 

54.  The  circles  which  pass  through  A,  B,  G ;  a,  b,  g,  (fig.  Lemma  XI) 
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baye  the  same  tangent  A  D  with  the  curve  and  the  same  subtenses.  Hence 
(49.  and  52.)  these  circles  uUimately  have  the  same  curvature  as  the  curve, 
i.  e.  A I  is  the  diameter  of  that  circle  which  has  the  same  curvature  as  the 
curve  at  A.  Hence,  according  as  A  I  is  finite  or  indefinite,  the  curvature 
at  A  is  so  likewise,  compared  with  that  of  circles  of  finite  radius. 
Now  A  G  ultimately,  or 

^^  ""  BD 

whether  A  I  be  finite  or  not  If  finite,  B  D  a  A  B  %  as  we  also  learn 
from  the  text. 

A  iB* 

55.  If  the  curvature  be  infinitesimal  or  A I  infinite ;  then  since   ^  ^ 

ismfinite,  B  D  must  be  infinitely  less  than  A  BS  or,  'A  B  being 
always  considered  in  its  ultimate  state  an  infinitesimal  of  the  first  order, 
B  D  is  that  of  the  third  order,  i.  e.  B  D  a  A  B  ^  The  converse  is 
also  true. 

Ex.  In  the  cubical  parabola,  the  abscissa  a  as  the  cube  of  the  or- 
dinate; hence  at  its  vertex  the  curvature  is  infinitely  small.  At  other 
points,  however,  of  this  curve,  as  we  shall  see  hereafter,  the  curvature  is 
finite. 

To  show  at  once  the  different  proportions  between  thb  subtenses  of  the 
angles  of  contact  and  the  conterminous  arcs,  corresponding  to  the  differ- 
ent orders  of  infinitesimal  or  infinite  curvatures,  and  to  make  inteUigible 
this  intricate  subject,  let  A  B  ultimately  considered  be  indefinitely  small 

A  B* 
compared  with  1 ;  then  since    .  ^   =  A  B,  A  B*  is  infinitesimal  com- 

A  B" 
pared  with  A  B ;  and  generally   a   p  n  ~  i  =  A  B,  shows  that  A  B  ■  is 

infinitdly  small  compared  with  A  B  **  —  *  so  that  the  different  orders  of  in- 
Jnitesimals  may  be  correctly  denoted  by 

AB,  ABS  AB',  AB%  &c. 

Also  since  1  is  infinite  compared  with  the  infinitesimal  A  B,  and  A  B 
compared  with  A  B  ^>  &c.  the  differerU  orders  of  irifinites  may  be  repre- 
sented by 

-1-       -i-       -1-      -i-      &c 
AB'    AB«'     AB»'    AB*'   * 

56.  Hence  if  the  curvature  at  any  point  of  a  curve  be  infinitesimal  in 
the  second  degree 
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A  B-         1 

■^^   a  -T-77-. ,  and  B  D  a   A  B *,  and  conversely. 
BD       AB*'  ^ 

And  generally,  if  the  curvature  be  infinitesimal  in  the  n***  degree, 

A  B'  1 

—  ^   a  T-yr-  9  and  B  D  a  A  B  '*+S  and  conversely. 
BD       AB"  ^ 

Again,  if  the  curvature  be  infinite  in  the  n^^  degree, 

A  B* 

-^-^  «  A  B  °,  and  B  D  a  A  B  *-°,  and  conversely. 

The  parabolas  of  the  different  orders  will  afford  examples  to  the  above 
conclusions. 

57.  The  above  is  sufiicient  to  explain  the  first  case  of  the  Lemma. 
Case  2.  presents  no  difficulty ;  for  b  d,  B  D  being  inclined  at  any  equal 

angles  to  A  D,  they  will  be  parallel  and  form,  with  the  perpendiculars  let 
fall  firom  b,  B  upon  A  D,  similar  triangles,  whose  sides  being  prc^or- 
tional,  the  ratio  between  B  D,  b  d  will  be  the  same  as  in  Case  1. 

Case  3.  If  B  D  converge,  i.  e.  pass  through  when  produced  to  a  given 
point,  b  d  will  also,  and  ultimately  when  d  and  D  move  up  to  A,  the 
difierence  between  the  angles  A  d  b,  A  D  B  will  be  less  than  any 
that  can  be  assigned,  i.  e.  B  D  and  b  d  will  be  ultimately  parallel; 
which  reduces  this  case  to  Case  2.  (See  Note  125.  of  PP.  Le  Seur  and 
Jacquier.) 

Instead  of  passing  through  a  given  point,  B  D,  b  d  may  be  supposed 
to  touch  perpetually  any  given  curve,  as  a  circle  for  instance,  and  B  D 
will  still  a  AD';  for  the  angles  D,  d  are  ultimately  equal,  inasmuch  as 
from  the  same  point  A  there  can  evidently  be  but  one  line  drawn  touch- 
ing the  circle  or  curve. 

Many  other  laws  determining  B  D  might  be  devised,  but  the  above 
will  be  sufficient  to  illustrate  Newton's  expression,  ^^  or  let  B  D  be  deter- 
mined by  any  other  law  whatever."  It  may,  however,  be  farther  observed 
that  this  law  must  be  definite  or  such  as  willj£r  B  D.  For  instance,  the 
Lemma  would  not  be  true  if  this  law  were  that  B  D  should  cut  instead  of 
touch  the  given  circle. 

58.  Lemma  XI.  Con.  II.  It  may  be  thus  explained.  Let  P  be 
the  given  point  towards  which  the  sagittse  S  G,  s  g,  bisecting  the  chords 
A  B,  A  b,  converge.  S  6,  s  g  shall  ultimately  be  as  the  squares  of 
A  B,  A  b,  &c. 
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For  join  P  B,  P  b  and  produce 
them,  as  also  P  G,  P  g,  to  meet  the 
tangent  in  D,  d,  T,  t     Then  if  B 
and  b  move  up  to  A,   the  angles 
TPD,  t  P  d^  or  the  differences  be- 
tween the  angles  ATP  and  A  D  P, 
and  between  A  t  P  and  A  d  P,  may 
be  diminished  without  limit;  that  i^ 
(Lemma  I),  the  angles  at  T,  D  and 
at  t,  d  are  ultimately  equal     Hence 
the  triangles   A  T  S,   A  D  B   are 
similar^  as  likewise  are  A  t  s,  A  d  b. 

Consequently 


and 


s  t  :   d  b 
and 

.-.  S  T  :  s  t  : 
Also  by  Lemma  VII, 

ST  :  St  : 
and  by  Lemma  XI,  Case  3, 

D  B  :  d  b 
.*.  S  G  :  s  g  : 


S  G  :  8  g 


t  T  d'  D'  d 


ST:DB::AS:AB::l:S 


A  s  :  A  b  :  :  1  :  2 


D  B  :  d  b 


:  AB«  :  Ab« 

:  AB«  :  Ab« 

Q,  e.  d. 

Moreoyer,  it  hence  appears,  that  the  sagitUe  which  cut  the  chords^  in 
ANY  GIVEN  RATIO  WHATEVERj  and  tend  to  a  given  pointy  have  uUimatehf 
the  same  ratio  as  the  subtenses  of  the  armies  of  contact^  and  are  as  the  squares 
of  the  corresponding  arcs^  chords j  or  tangents. 


59.  Lemma  XL  Coiu  III.  If  the  velocity  of  a  body  be  constant  or 
'^  given,**  the  space  described  is  proportional  to  the  time  t  Hence 
ABa  t,and.-.  SG«  AB««  t«. 


60.  Lemma  XL  Cor.  IV.  Supposing  B  D,  b  d  at  right  angles  to 
A  D  (and  they  have  the  same  proportion  when  inclined  at  a  given  angle 
to  A  D,  and  also  when  tending  to  a  given  point,  Sec.)  we  have 
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.ADB:AAdb::^^-f^^:Al^ 

^®  X  AD :  Ad 


•  db 
AD* 


X  AD :  Ad 


Also 


A  d^ 
:  :  AD«  :  Ad^ 


AADB-.AAdb:  :  45  x  D  B  :  d  b 


A  d 
V  DB 


X  D  B  :  d  b 


•  •    V  db 

:  :  (DB)^:  (db)* 

It  may  be  observed  here,  that  the  tyro,  on  reyerting  to  Lemma  IX, 
usually  infers  from  it  that 

A  A  D  B  a  A  D'  and  does  not  ol  A  D», 

but  then  he  does  not  consider  that  A  D,  in  Lemma  IX,  cuts  or  makes  a 
Jinite  angle  with  the  curve,  whereas  in  Lemma  XI  it  touches  the  curve. 

61.  Lemma  XI.  Cor.  V.  Since  in  the  common  parabola  the  ab- 
scissa (X  square  of  the  ordinate,  and  likewise  BDorACoc  AD' or 
C  D ',  it  is  evident  that  the  curve  may  ultimately  be  considered  a 
parabola. 

This  being  admitted,  we  learn  from  Ex.  1,  No.  4,  that  the  curvilinear 
area  A  C  B  =  f  of  the  rectangle  C  D.  Whence  the  curvilinear  area 
A  B  D  =  ^  of  C  D  =  f  of  the  triangle  A  B  D,  or  the  area  A  B  D  a 
triangle  A  B  D  a  A  D',  &c.  (by  Cor.  4.)  So  far  B  D,  b  d  have  been 
considered  at  right  angles  to  A  D.  Let  them  now  be  inclined  to  it  at  a 
given  angle,  or  let  them  tend  to  a  given  point,  or  ^^  be  determined  by  any 
other  law ;"  then  (Lemma,  Case  3,  and  No.  25)  B  D,  b  d  will  ultimately 
be  parallel.  Hence,  B  D,  b  d'  (fig.  No.  26)  being  the  corresponding 
subtenses  perpendicular  to  AD,  it  is  plain  enough  that  the  ultimate  dif- 
ferences between  the  curvilinear  areas  A  B  D,  A  B  IX  and  between 
A  b  d,  A  b  d'  are  the  similar  triangles  B  D  D^  b  d  d',  which 
differences  are  therefore  as  B  D  *,  b  d*,  or  as  A  B  *,  A  b  *,  i.  e. 
BDD'a  AB\ 

But  we  have  shown  that  A  B  D  oc  A  B  '. 
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Consequently 

ABiy  =  ABD+BDD'  =  axAB«  +  bxAB*=AB'(8  +  bxAB) 
and  b  X  A  B  being  indefinite  compared  with  a,  (see  Art.  6,) 

ABiy  =  a  X  AB»a   A  B». 

Q.  e.  d. 


SCHOLIUM  TO  SECTION  I. 

62.  What  Newton  asserts  in  the  Scholium,  and  his  commentators  Le 
Sear  and  Jacquier  endeavour  {unsuccessfully)  to  elucidate,  with  regard  to 
the  different  orders  of  the  angles  of  contact  or  curvatures,  may  be  briefly 
explained,  thus. 

Let  D  B  at  A  D  °^.     Then  the  diameter  of  curvature^   which  equals 

-g~*  (see  No.  22  and  24),  ot  A  D'"  ~.     Similarly  if  D  B  ot  A  D  »,  the 

diameter  of  curvature  ot  A  D'**^.  Hence  D  and  D'  represents  these 
diameters,  we  have 

Br  =  a^  X  AD'-°  ^  i  ^  D"*--  (aand  a'  being  finite) 

and  if  n  =  2  or  D'  hejinitcy  then  D  will  heJlnUey  infinitesimal^  or  infinite, 
according  as  m  =  2,  or  is  any  number,  (whole,  fiiactional,  or  even  transcen- 
dental) less  than  2,  or  any  number  greater  than  2.  Again,  if  m  ==  n 
then  D  compared  with  IK  is  finite,  since  D  :  IK  :  :  a  :  a^  If  m  be  less 
than  n  in  any  finite  degree,  then  n  —  m  is  positive,  and  D  is  always  in- 
finitely less  than  TV,     If  m  be  greater  than  n,  then 

Da.  1 


D'  ~  a'  ^  AD™- 


tt 


and  m  —  n  being  positive,  D  is  always  infinite  compared  with  jy. 

Hence  then,  there  is  no  limit  to  the  orders  of  diameters  of  curvature, 
with  regard  to  infinite  and  infinitesimal,  and  consequently  not  to  the 
cunatures. 

63.  In  this  Scholium  Newton  says,  that  ^<  Those  things  which  have 
been  demonstrated  of  curve  lines  and  the  surfaces  which  they  comprehend 
are  easily  applied  to  the  curve  surfaces  and  contents  of  solids."  Let  us 
attempt  this  application,  or  rather  to  show, 

1st,  TJuit  if  am/  number  of  paraUelopipeds  of  equal  bases  be  inscribed  in 

ofy  sdidf  and  the  same  number  having  the  same  bases  he  also  circumscribed 
Vou  I.  D 
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abotU  it ;  then  the  number  of  these  parallehpijpeds  being  increased  and  their 
magnitude  diminished  IN  INFINITUM,  the  ultimate  ratios  'which  the  aggre- 
gates of  the  inscribed  and  circumscribed  parallelopipeds  have  to  one  another 
and  to  the  solid,  are  ratios  of  equality. 


LetASTUVZYXWAbeany  portion  of  a  solid  cut  off  by  three 
planes  A  A'  V,  A  A^  Z  and  Z  A'  V,  passing  through  the  same  point  A\ 
and  perpendicular  to  one  another.  Also  let  the  intersections  of  these 
planes  with  one  another  be  A  A',  A'  V,  A'  Z,  and  with  the  surface  of  the 
solid  be  A  U  V,  A  Y  Z  and  Z  1  V.  Moreover  let  A'  V,  A'  Z  be  each 
divided  into  any  number  of  equal  parts  in  the  points  B',  T',  U';  ly,  X',  Y\ 
and  through  them  let  planes,  parallel  to  A  A'  Z  and  A  A'  V  respectively, 
be  supposed  to  pass,  whose  intersections  with  the  planes  A  A'  V,  A  A'  Z 
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shaU  be  S  B',  T  T',  U  U';  WD',  X  X',  Y  Y',  and  with  the  plane 
A'  Z  V,  1 B',  m  T',  n  U' ;  t  ly,  s  X',  o  Y',  respectively.  Again,  let  the 
intersections  of  these  planes  with  the  curve  surface  be  S  P  1,  T  Q  m, 
URn;  WPtjXQs,  YRo  respectively.  Also  suppose  their  several 
mutual  intersections  to  be  P  C,  P  E',  F'x,  F''  G',  Q  F',  Q'H',Q''K', 
&c;  those  of  these  planes  taken  in  pairs  and  of  the  plane  A'  Z  V,  being 
the  points  C,  E',  x,  G',  F',  H',  K',  I',  &c.  and  those  of  these  pairs  of 
planes  and  of  the  curve  surface,  the  points  P,  F,  P",  F'',  Q,  Q',  Q",  R,  &c. 

Now  the  planes,  passing  through  B^  T',  U^  being  all  parallel  to 
A  A'  Z,  are  parallel  to  one  another  and  perpendicular  to  A  A'  V.  Also 
because  the  planes  passing  through  IK,  X',  Y'  are  parallel  to  A  A'  V, 
tfaey  are  parallel  to  one  another,  and  perpendicular  to  A  A^  Z.  Hence 
(Euc.  B-  XI.)  S  B',  T  T;  U  U',  W  D',  X  X',  Y  Y',  as  also  P  C,  F  E', 
Px,  F"  C,  Q  F',  Q'  H',  Q''  K',  &c.  &c  are  paraUel  to  A  A'  and  to 
one  another.  It  is  also  evident,  for  the  same  reasons,  that  B'  1,  T'  m,  U'  n, 
are  parallel  to  A^  Z  and  to  one  another,  as  also  are  IV  t,  X'  s,  Y'  o  to 
A'  V  and  to  one  another.  Hence  also  it  follows  that  A'  B'  C  D', 
B'  C  'E/  T^  &c.  are  rectangles,  which  recti^ngles,  having  their  sides  equal, 
are  themselves  equal. 

Again,  from  the  points  A,  P,  Q,  R  in  the  curve  surface,  draw  A  B, 
A  D;  P  E,  P  G;  Q  H,  Q  K;  R  L,  R  N  parallel  to  A'  B',  A'  IV; 
G  E',  C  G^;  F  H',  T'  K',  V  o,  V  n  and  meeting  B'  S,  ly  W;  E'  F, 
G'  F";  H'  Q',  K'  Q^'  produced  in- the  points  B,  D;  E,  G;  H,  K,  re- 
q^ectively.  Then  complete  the  rectangles  A  C,  P  F,  Q  I  which,  being 
equal  and  parallel  to  A'  C,  C  F\  F'  T,  will  evidently,  when  C  P,  F'  Q, 
r  R  are  produced  to  C,  F,  I,  complete  the  rectangular  parallelopipeds 
A  C,  P  F',  Q  r.  Moreover,  supposing  F'  I'  the  last  rectangle  wholly 
within  the  curve  Z  V  produce  K'  T,  H'  V  and  make  V  L',  P  N'  equal 
K'  r,  H'  r,  and  complete  the  rectangle  I'  M'.  Also  complete  the 
parallelepiped  R  M^. 

Again,  produce  E  P,  G  P,  H  Q,  K  Q;  L  R,  N  R  to  the  points  d,  b ; 
g)  e;  k,  h,  and  complete  the  rectangles  Pa,  Q  p,  R  q  thereby  dividing 
the  parallelopipeds  A  C,  P  F',  Q  P,  each  into  two  others,  viz.  A  P, 
aC';PQ,pF;  Q  R,  q  P. 

Now  the  difierence  between  the  sum  of  the  inscribed  parallelopipeds 
a  C,  p  F,  q  P,  and  that  of  the  circumscribed  ones  A  C,  P  F',  Q  P,  R  M', 
is  evidently  the  sum  of  the  parallelopipeds  A  P,  P  Q,  Q  R,  R  M' ;  that 
is,  since  their  bases  are  equal  and  the  altitudes  P  R^  R  I,  Q  F,  PC 
are  together  equal  to  A  A',  this  difference  is  equal  to  the  parallelopiped 
A  C^    In  the  same  manner  if  a  series  of  inscribed  and   circumscribed 
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rectangular  parallelepipeds,  having  the  bases  B'  E',  E'  H',  H''  L',  be 
constructed,  the  difference  between  their  aggregates  will  equal  the  paral- 
lelppiped  whose  base  is  B^  £'  and  altitude  S  B',  and  so  on  with  every 
series  that  can  be  constructed  on  bases  succeeding  each  other  dtagonaUi/. 
Hence  then  the  difference  between  the  sums  of  all  the  parallelepipeds 
that  can  be  inscribed  in  the  curve  sur&ce  A  Z  V  and  circumscribed  about 
it,  is  the  sum  of  the  parallelopipeds  whose  bases  are  each  equal  to  A'  C 
and  altitudes  are  A  A',  S  B',  T  T,  U  U',  W  IK,  X  X',  Y  Y\  Let 
now  the  number  of  the  parts  A'  B',  B'  T',  T  U\  U'  V,  and  of  the  parts 
A  ly,  ly  X^  X'  Y^  Y'  Z  be  increased,  and  their  magnitude  diminished 
in  infinitum^  and  it  is  evident  the  aforesaid  sum  of  the  parallelopipeds, 
which  are  comprised  between  the  planes  A  A'  Z,  S  BM  and  between  the 
planes  A  A'  V,  W  D^  t,  will  also  be  diminished  without  limit ;  that  i?,  the 
difference  between  the  inscribed  and  circumscribed  whole  solid  is  ulti- 
mately less  than  any  that  can  be  assigned,  and  these  solids  are  ultimately 
equal,  and  a  fortiori  is  the  intermediate  curve-surfaced  solid  equal  to  either 
of  them  (see  Lemma  I  and  Art  6.)     Q.  e.  d. 

Hitherto  only  such  portions  of  solids  as  are  bounded  by  three  planes 
perpendicular  to  one  another,  and  passing  through  the  same  point,  have 
been  considered.  But  since  a  complete  curve-^surfaced  solid  will  consist  of 
four  such  portions,  it  is  evident  that  what  has  been  demonstrated  of  any 
one  portion  must  hold  with  regard  to  the  whole.  Moreover,  if  the  solid 
should  not  be  curve-surfaced  throughout,  but  have  one,  two,  or  three  plane 
faces,  there  will  be  no  difficulty  in  modifying  the  above  to  suit  any  parti- 
cular case. 

2dly,  If  in  two  curve-surfaced  solids  there  be  inscribed  two  series  of  far  air 
lelopipedsy  each  of  the  same  nwnber ;  and  ultimately  these  parallelepipeds 
have  to  each  other  a  given  ratio^  the  solids  themselves  have  to  one  another 
that  same  ratio* 

This  follows  at  once  from  the  above  and  the  composition  of  ratios. 

Sdly,  jIU  the  corresponding  edges  or  sides^  rectilinear  or  curvilinear^  of 
similar  solids  are  proportionals  ;  also  the  corresponding  surfaces^  plane  or 
curved^  are  in  the  duplicate  ratio  of  the  sides ;  and  the  volumes  or  contents 
are  in  the  triplicate  ratio  of  the  sides. 

When  the  solids  have  plane  surfaces  only,  the  above  is  shown  to  be 
true  by  Euclid. 

When,  however,  the  solids  are  curve-sur&ced,  wholly  or  in  part,  we 
must  define  them  to  be  similar  when  any  plane'Surfaced  solid  whatever 
being  inscribed  in  any  one  qfthem^  similar  ones  may  also  be  insa'ibed  in  the 
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others.  Hence  it  is  evident  diat  the  corresponding  plane  sur&ces  are 
umilar,  and  consequently,  by  Lemma  V,  the  corresponding  edges  are 
proportional,  and  the  corresponding  plane  surfaces  are  in  the  duplicate 
ratio  of  these  edges  or  sides.  Moreover,  if  the  same  number  of  similar 
pandlelopipeds  be  inscribed  in  the  solids,  and  that  number  be  indefinitely 
increased,  it  follows  from  6a  1  and  the  composition  of  ratios,  that  the 
carved  sur&ces  are  proportional  to  the  corresponding  plane  surfaces,  and 
therefore  in  the  duplicate  ratio  of  the  corresponding  edges ;  and  also  that 
the  contents  are  proportional  to  the  corresponding  inscribed  parallelepi- 
peds, or  (by  Euclid)  in  the  triplicate  ratio  of  the  edges. 

These  three  cases  will  enable  the  student  of  himself  to  pursue  the  ana- 
logy as  £ur  as  he  may  wish.  We  shall  <<  leave  him  to  his  own  devices," 
after  cautioning  him  against  supposing  that  a  curved-surface,  at  any  point 
of  it,  has  a  certain  fixed  degree  of  curvature  or  deflection  from  the  tangent- 
plane,  and  therefore  that  there  is  a  sphere,  touching  the  tangent-plane  at 
that  point,  whose  diameter  shall  be  the  limit  of  the  diameters  of  all  the 
spheres  that  can  be  made  to  touch  the  tangent-plane  or  curved-surface 
— analogously  to  A I  in  Lemma  XI,  Every  curvilinear  section  of  a  curved- 
sorfiuse,  made  by  a  plane  passing  through  a  given  point,  has  at  that  point 
a  different  curvature,  the  curved-surface  being  taken  in  the  general  sense; 
and  it  is  a  problem  of  Maxinui  and  Minima  To  determine  those  sections 
iMch  present  the  greatest  and  least  degrees  ^curvature. 

The  other  points  of  this  Scholium  require  no  particular  remarks.  If 
the  student  be  desirous  of  knowing  in  what  consists  the  distinction  be- 
tween die  obsolete  methods  of  Exhaustions,  Indivisibles,  &c.  and  that  of 
PRIME  AND  ui^TiMATE  RATIOS,  let  him  go  to  the  original  sources — to  the 
works  of  Archimedes,  Cavalerius,  &c. 

64.  Before  we  close  our  comments  upon  this  very  important  part  of  the 
Prmcipioj  we  may  be  excused,  perhaps,  if  we  enter  into  the  detail  of  the 
Principle  delivered  in  Art.  6,  which  has  already  afibrded  us  so  much 
illustration  of  the  text,  and,  as  we  shall  see  hereafter,  so  many  valuable 
resalts.  We  have  thence  obtained  a  number  of  the  ordinary  rules  for 
deducing  indefinite  forms  from  given  definite  functions  of  one  variable ; 
and  it  will  be  confessed,  by  competent  and  candid  judges,  that  these  ap- 
plications of  the  principle  strongly  confirm  it.  Enough  has  indeed  been 
already  developed  of  the  principle,  to  prove  it  clearly  divested  of  all  the 
metaphysical  obscurities  and  inconsistencies,  which  render  the  methods  of 
Fluxions,  Differential  Calculus,  &c.  &c.  so  objectionable  as  to  their  logic, 
and  which  have  ^ven  rise  to  so  many  theories,  all  tending  to  establish 
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the  same  rules.     It  is  incredible  that  the  great  men,  who  successively  in- 
troduced their  several   theories,   should   have  been  satisfied  with-  the 
reasonings  by  which  they  attempted  to  establish  them.     So  many  con* 
flicting  opinions,  as  to  the  principles  of  the  science,  go  only  to  show  that 
all  were  founded  in  error.     Although  it  is  generally  difficult,  and  often 
impossible,  for  even  the  most  sharp*sighted  of  men,   to  discern  truth 
through  the  clouds  of  error  in  which  she  is  usually  enveloped,  yet,  when 
she  does  break  through,  it  is  with  such  distinct  beauty  and  simplicity  that 
she  is  instantly  recognized  by  ail.     In  the  murkiness  around  her  there  are 
indeed  false  lights  innumerable,  and  each  passing  meteor  is  in  turn,  by 
many  observers,  mistaken  for  the  real  presence ;  but  these  instantly  vanish 
when  exposed  to  the  refulgent  brightness  of  truth  herself.     Thus  we  have 
seen  the  various  systems  of  the  world,  as  devised  by  Ptolemy,  Tycho 
Brahe,  and  Descartes,  give  way,  by  the  unanimous  consent  of  philoso* 
phers,  to  the  demonstrative  one  of  Newton.     It  is  true,  the  principle  of 
gravitation  was  received  at  first  with  caution,  firom  its  non-accordance 
widi  astronomical  observations ;  but  the  moment  the  cause  of  this  discre- 
pancy, viz.  the  erroneous  admeasurement  of  an  arc  of  the  meridian,  was 
removed,  it  was  hailed  universally  as  truth,  and  will  doubtless  be  coeval 
with  time  itself.     The  Theories  relative  to  quantities  indefinitely  variable, 
present  an  argument  from  which  may  be  drawn  conclusions  directly  op- 
posite to  the  above.     Newton  himself,  dissatisfied  with  his  Fluxions,  pro- 
duces PRIME  AND  ULTIMATE  RATIOS,  and  again,  dissatisfied  with  these,  he 
introduces  the  idea  of  Moments  in  the  second  volume  of  the  Principia, 
He  is  every  where  constrained  to  apologize  for  his  obscurities,  first  in  bis 
Fluxions  for  the  use  of  time  and  velocities,  and  then  again  in  the  Scholium, 
at  the  end  of  Sect.  I  of  the  Principia,  (and  in  this  instance  we  have  shown 
how  little  it  avails  him)  for  reasoning  upon  nothings.     After  Newton  comes 
Leibnitz,  his  great  though  dishonest  rival,  (we  may  so  designate  him,  such 
being  evidently  the  sentiments  of  Newton  himself),  who,  bent  upon  oblite- 
rating all  traces  of  his  spoil,  melts  it  down  into  another  form,  but  yet  falls 
into  greater  errors,  as  to  the  true  nature  of  the  thing,  than  the  discoverer 
himself.    From  his  Infinitesimals,  considered  as  absolute  nothings  of  the  dif- 
ferent orders,  nothing  can  be  logically  deduced,  unless  by  Him  (we  speak 
with  reverence)  who  made  all  things  from  nothing.     Such  Jlats  we  mortals 
cannot  issue  with  the  same  effect,  nor  do  we  therefore  admit  in  science,  finite 
and  tangible  consequences  deduced  from  the  arithmetic  of  absolute  no- 
things, be  they  ever  so  many.     Then  we  have  a  number  of  theories  pro- 
mulgated  by  D'Alembert,  Euler,  Simpson,  Marquise  L'Hopital,  &c.  &c. 
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all  more  or  less  modifications  of  the  others — all  struggling  to  establish 
and  iUostrate  what  the  great  inventor,  with  all  his  almost  supernatural 
genius,  £iiled  to  accomplish.  All  these  diversities  in  the  views  of  philo- 
sophers make,  as  it  has  been  already  observed,  a  strong  argument  that 
truth  had  not  then  unveiled  herself  to  any  of-them.  Newton  strove  most 
of  any  to  have  a  full  view,  but  he  caught  only  a  glimpse,  as  we  may  per- 
ceive by  his  remaining  dissatisfied  with  it.  HeAce  then  it  appears,  to  us 
at  least,  that  the  true  metaphysics  of  the  doctrine  of  .quantities  indefinitely 
variable,  remain  to  this  day  undiscovered.  But  it  may  be  asked,  after 
this  sweeping  conclusion,  how  comes  it  that  the  results  and  rules  thence 
obtained  all  agree  in  form,  and  in  their  application  to  physics  produce 
consequences  exactly  in  conformity  with  experience  and  observation? 
The  answer  is  easy.  These  forms  and  results  are  accurately  true,  al- 
though illogically  deduced,  from  a  mere  compensation  of  errors.  This  has 
been  clearly  shown  in  tlie  general  expression  for  the  subtangent  (Art  29), 
and  all  the  methods,  not  even  Lagrange's  Calcul  des  Fonctions  excepted, 
are  liable  to  the  paralogism.  Innumerable  other  instances  might  be 
adduced,  but  this  one  we  deem  amply  sufficient  to  warrant  the  above 
assertion* 

After  these  preliminary  observations  upon  the  state  of  darkness  and 
error,  which  prevails  to  this  day  over  the  scientific  horizon,  it  may  per- 
haps be  expected  of  us  to  shine  forth  to  dispel  the  fog.  But  we  arrogate 
to  ourselves  no  such  extraordinary  powers.  All  we  pretend  to  is  self- 
uUisfaction  as  to  the  removal  of  the  difficulties  of  the  science.  Having 
engaged  to  write  a  Commentary  upon  the  Principia,  we  naturally  sought 
to  be  satisfied  as  to  the  correctness  of  the  method  of  Prime  and  Ultimate 
Ratios.  The  more  we  endeavoured  to  remove  objections,  the  more  they 
continually  presented  themselves ;  so  that  after  spending  many  months  in 
the  fruitless  attempt,  we  had  nearly  abandoned  the  work  altogether; 
when  suddenly,  in  examining  the  method  of  Indeterminate  Coefficients  in 
Dr.  Wood's  Algebra,  it  occurred  that  the  aggregates  of  the  coefficients  of 
the  like  powers  of  the  indefinite  variable,  must  be  separately  equal  to  zero, 
not  because  the  variable  might  be  assumed  equal  to  zero,  (which  it  never 
is,  although  it  is  capable  of  indefinite  diminution,)  but  because  of  the 
different  powers  being  essentially  difierent  from,  and  forming  no  part  of 

one  another. 

From  this  a  train  of  reflections  followed,  relative  to  the  treatment  of 
homogeneous  definite  quantities  in  other  branches  of  Algebra.  It  was 
soon  perceptible  that  any  equation  put  =  0,  consisting  of  an  aggregate  of 

U4 
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different  quantities  incapable  of  amalgamation  by  the  opposition  of  plm 
and  minus,  must  give  each  of  these  quantities  equal  to  zero.  Reverting  to 
indefinites,  it  then  appeared  that  their  whole  theory  might  be  developed 
on  the  same  principles,  and  making  trial  as  in  Art  6,  and  the  subsequent 
parts  of  the  preceding  commentary,  we  have  satisfied  ourselves  most  fully 
of  having  thus  hit  upon  a  method  of  clearing  up  all  the  difficulties  of 
what  we  shall  henceforth,  contrary  to  the  intention  expressed  in  Art.  7, 
entitle 

THE  CALCULUS 

OF 

INDEFINITE  DIFFERENCES. 

65.  A  constant  quantity  is  such,  that  from  its  very  nature  it  cannot  be 
made  less  or  greater. 

Constants,  as  such  quantities  may  briefly  be  called,  are  denoted  generally 
by  the  first  letters  of  the  alphabet, 

a,  b,  c,  d,  &c. 

A  definite  quantity  is  a  given  value  of  a  quantity  essentially  variable. 
Definite  quantities  are  denoted  by  the  last  letters  of  the  alphabet,  as 

z,  y,  X,  w,  &c. 

An  INDEFINITE  quantity  is  a  quantity  essentially  variable  through  all 
degrees  of  diminution  or  of  augmentation  short  (^  absolute  NOTHINGNESS  or 

INFINITUDE. 

Thus  the  ordinate  of  a  curve,  considered  generally,  is  an  indefinite, 
being  capable  of  every  degree  of  diminution.  But  if  any  particular  value, 
as  that  which  to  a  given  abscissa,  for  instance,  be  fixed  upon,  this  value  is 
definite.  All  abstract  numbers,  as  1,  2,  3,  &c.  and  quantities  absolutely 
fixed,  are  constants. 

66.  The  difference  between  two  definite  values  of  the  same  quantity  (y)  is 
a  definite  quantity,  and  may  be  represented  by 

^y     •     • (a) 

adopting  the  notation  of  the  Calculus  of  Finite  (or  definite)  Differences. 

In  the  same  manner  the  difference  between  two  definite  values  of  a  y  is 
a  definite  quantity,  and  is  denoted  by 

A  (Ay) 
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or  more  amply  by 
and  so  OD  to 


A*y 


^■y 


(b) 


67.  The  difference  between  a  Definite  value  and  the  Ind^nite  value  of 
any  quantity  y  islnd^lnitef  and  we  call  it  ibeLtdefinite  Difference  of  y,  and 
denote  it»  agreeably  to  the  recdved  algorithm,  by 

dy (c) 

In  the  same  manner 

d(dy) 


or 


d«y 


the  Ind^nite  Difference  of  the  Indefinite  Difference  of  y,  or  the  second  in- 
definite difference  of  y. 
Proceeding  thus  we  arrive  at 

d^y (d) 

which  means  the  n*'^  indefinite  difierence  of  y. 

68.  Definite  and  Indefinite  Differences  admit  of  being  also  represented 
by  lineS)  as  follows : 


r 

(A 

^ 

i>*^^ 

U 

T 

a 

s 

^ 

o 

§ 

R 

/ 

Q 

1 

p 

lU 

/ 

F 

Q' 

R' 

S' 

T 

U' 

Let  P  P  =  y  be  any  fixed  or  definite  ordinate  of  the  curve  A  U,  and 
taking  F  Q'  =  Q'  R'  =  R'  S'  =  &c.  let  ordinates  be  erected  meeting 
the  curve  in  Q,  R,  S»  T,  &c.  Join  P  Q,  Q  R,  R  S,  &c  and  produce 
them  to  meet  the  ordinates  produced  in  r^  s,  t,  &c     Also  draw  r  s',  s  t', 
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&c.  parallel  to  R  S,  S  T,  &c.  and  draw  s  \!\  8cc,  parallel  to  s  t',  &c. ;  and 
finally  draw  P  m,  Q  n,  R  o,  &c.  perpendicular  to  the  ordinates. 

Now  supposing  not  only  P  P'  but  also  Q  Q^,  R  R'9  &c.  fixed  or  defi- 
nite; then 

QmsQQ'— PF  =  APF  =  Ay 
Rr  =nr  —  uR±:Qm  —  Rn=iAQm 

=  a(aPF)  =  A*PF  =  A*y 
8s'  =Ss  — Ss'zrSs— Rr=ARr 

=  A^y 

t  t''  =  t  t' t'  t''  =  t  f  S  S'  =  A  S  S' 

=  A  (A'y)  =  A*y 
and  so  on  to  any  extent 

But  if  the  equal  parts  P'  Q',  Q'  R',  &c  be  arbitrary  or  indefinite,  then 
Q  m,  R  r,  s  s',  t  Xf'j  &c.  become  so,  and  they  represent  the  several  Inde-- 
finite  Differences  of  y,  viz. 

dy,  d^y,  d'y,  d*y,  &c 

69.  The  reader  will  henceforth  know  the  distinction  between  Definite 
and  Indefinite  Differences.  We  now  proceed  to  establish,  of  Indefinite 
Differences^  the 

FUNDAMENTAL  PRINCIPLE. 

It  is  evidently  a  truth  perfectly  axiomatic,  that  Ifo  aggregate  of  INDEFI- 
NITE quantities  can  he  a  definite  quantity^  or  aggregate  of  definite  quanti- 
ties, unless  these  aggregates  are  equal  to  zero. 

It  may  be  said  that  (a  —  x)  +  (a  +  x)  =  2  a,  in  which  (x)  is  indefinite, 
and  (a)  constant  or  definite,  is  an  instance  to  the  contraiy ;  but  then  the 
reply  is,  a  —  x  and  a  +  ^c  are  not  indefinites  in  the  sense  of  Art.  65. 

70.  Hence  if  in  any  equation 

A  +  B  X  +  C  x«  +  D  x'  +  &c.  =  0 

A,  B,  C,  &c.  be  definite  quantities  and  x  an  indefinite  quantity  g  then  we 
have 

A  z=  0,  B  =  0,  C  =  0,  &c.  * 

For  Bx  +  Cx*  +  Dx'-f  &c.  cannot  equal  —  A  unless  A  =  0. 
But  by  transposing  A  to  the  other  side  of  the  equation,  it  does  =  —  A. 
Therefore  A  =  0  and  consequently 

Bx  +  Cx*  +  Dx»  +  &a  =  0 
or 

x(B+Cx  +  Dx«  +  &c.)  =  0 
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But  X  bdng  indefinite  cannot  be  equal  to  0 ;  .*. 

B+Cx  +  Dx«  +  &c  =  0 
Hence,  as  before,  it  may  be  shown  that  6  =  0,  and  therefore 

X  (C  +  D  X  +  &c.)  =  0 
Hence  C  =  0,  and  so  on  throughout 
71.  Again,  if  in  the  equation 

A+Bx+B'y  +  Cx«+C'xy+CV+I>x'+D'x*j+D"xy«+D'"y«+&c. 
A,  B,  B',  C,  C,  C",  D,  &c  be  definite  quantities^  and  x,  y  INDEFINITES  ,- 

then 

A  =  0% 

B  X  +  B'  y  =  0  yiDhen  y  is  a  Junction  ofsi. 
Cx«+  C'xy  +  C"y*  =  oj 

&c.  =  0 
For,  let  y  =  z  x,  then  substituting 

A  +  X  (B  +  B'  z)  +  x«  (C  +  C  2  +  C'  z«) 
+  x^(D+  lyz  +  iy'z»  +  D'''z')  +  &c.  =  0 
Hence  by  70,  « 

A  =  0,  B  +  B'  z  =  0,  C  +  C  z  +  C  z»  =  0,  &c. 

and  substituting  —  for  z  and  reducing  we  get 

A  =  0,  B  X  +  B'  y  =  0,  &c 

In  the  same  manner,  if  we  have  an  equation  involving  three  or  more 
indefinites,  it  may  be  shown  that  the  aggregates  of  the  homogeneous  terms 
must  each  equal  zero. 

This  general  principle,  which  is  that  of  Indeterminate  Coefficients 
legitimately   established   and   generalized,    (the   ordinary   proofs   divide 

Bx+  Cx«  +  &c.  =  0  by  X,  which  gives  B  +  Cx  +Dx«  +  &c.  =  — 

and  not  0 ;  x  is  then  put  =  0,  and  thence  truly  results  B  =  — ,  which 

instead  of  being  0,  may  be  any  quantity  whatever,  as  we  know  from  alge- 
bra ;  whereas  in  70,  by  considering  lUt^nature  of  x,  and  the  absurdity  of 
making  it  =  0  we  avoid  the  paralogism)  conducts  us  by  a  near  route  to 
the  Indefinite  Differences  of  Junctions  <f  one  or  MORE  variables^ 

72.  Tojind  the  Indefinite  Difference  of  any  Junction  qfx. 

Let  u  =  f  X  denote  the  function. 

Then  d  u  and  d  x  being  the  indefinite  differences  of  the  function  and 

ofx  itself,  we  have 

u  +  du  =  f(x  +  dx)    • 

Assume 

f  (X  +  d  x)  =  A  +  B   d  x  +  C   d  x'  +  &c. 
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A,  Bf  &a  being  independent  of  d  x  or  definite  quantities  involving  x  and 
constants;  then 

u  +  du=A  +  B   dx  +  C  dx^^  +  Stc. 
and  by  71,  we  have 

u  =  A,  duzzB.dx 
Hence  then  this  general  rule, 

The  INDEFINITE  DIFFERENCE  of  a  fly  Junction  g^  x,  f  x,  is  the  second 
term  in  the  developement  of{{x^  +  dx)  according  to  the  increasing  powers 
qfd  X. 

Ex.  Let  u  =  X  ".  Then  it  may  easily  be  shown  independently  of  the 
Binomial  Theorem  that 

(x  +  dx)«»  z=x°  +n.x»-»dx  +  Pdx« 
.".  d  (x°)  =  n.x  **-*  dx 
The  student  may  deduce  the  results  also  of  Art  9,  ]  0,  &c.  from  this  general 
rule. 

73.  To  find  the  indefinite  difference  of  the  product  of  two  variables. 
Let  u  =  X  y.     Then 

u  +  du=(x  +  dx).(y  +  dy)  =  xy+x  dy  +  y  dx  +  dx  dy 
.". du  =  x   dy  +  y  dx  +  dx  dy 
and  by  71,  or  directly  from  the  homogeneity  of  the  quantities,  we  have 

du  =  xdy  +  ydx      .     .     .     .     .     .     .     .     (a) 

Hence 

d  (x  y  z)  =  X  d  (y  z)  +  y  2  d  x 

=  xzdy  +  xydz  +  yzdx      .     .     .     (b) 

and  so  on  for  any  number  of  variables. 

X 

Again,  required  d  .  —  . 
Let  —  =  u.     Then 

y 

X  =  y  u,  and  dx  =  u   dy  +  y   du 

J  X         .           d  X        u  J 
.•.  d  —  =du  = dy 

y  y       y     •^ 


(c) 


—  y  dx  —  X  dy 

"       T'         

Hence,  and  from  rules  already  delivered,  may  be  found  the  Indefinite 
Differences  of  any  functions  whatever  of  two  or  more  variables.  We 
refer  the  student  to  Peacock's  Examples  of  the  Differential  Calculus  for 
practice. 

The  result  (a)  may  be  deduced  geometrically  from  the  fig.  in  Art  21. 
The  sum  of  the  indefinite  rectangles  A  b,  b  A^  makes  the  Indefinite 
Difference. 
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We  might,  in  this  place,  investigate  the  second,  third,  &c.  Indefinite 
Difierences,  and  give  rules  for  the  maxima  and  minima  of  functions  of  two 
or  more  variables,  and  extend  the  Theorems  of  Madaurin  and  Taylor  to 
such  cases.  Much  might  also  be  said  upon  various  other  applications^ 
but  the  complete  discussion  of  the  science  we  reserve  for  an  express 
Treatise  on  the  subject.  We  shall  hasten  to  deduce  such  results  as  we 
shall  obviously  want  in  the  course  of  our  subsequent  remarks ;  beginning 
with  the  research  of  a  general  expression  for  the  radius  of  curvaiure  of  a 
given  curve,  or  for  the  radius  of  that  circle  whose  deflection  from  the 
tangent  is  the  same  as  that  of  the  curve  at  the  point  of  contact 

74.  Bequired  the  radius  of  curvature  Jor  any  point  of  a  given  curve. 
Let  A  F  Q  R  be  the  given 


curve,  referred  to  the  axis  A  O 
by  the  ordinate  and  abscissa 
P  M,  A  M  or  y  and  X.  P  M 
bemg  fixed  let  Q  N,  O  R  be 
any  other  ordinates  taken  at 
equal  indefinite  intervals  M  N, 
N  O.  Join  P  Q  and  produce 
it  to  meet  O  R  in  r ;  and  let 
P  t  be  the  tangent  at  Pdrawn 
by  Art  29,  meeting  Q  N,  O  R 
in  q  and  t  respectively.  Again 
draw  a  circle  (as  in  construc- 
tion of  Lemma  XI,  or  other- 
wise) passing  through  P  and  Q  and  touching  the  tangent  P  t,  and  there- 
fore touching  the  curve ;  and  let  B  D  be  its  diameter  parallel  to  A  O. 

Now 

Qn  =  dy,    Pn  =  dx,    Pq=PQ  (Lemma  VII)   = 
V  (d  X*  +  d  y*)  or  d  s,  if  s  =s  arc  A  P. 

Moreover  let 

PM'  =  /; 

R  d  X 
then  it  readily  appears  (see  Art.  27)  that  d  s  = ,  R  being  the 

dius  of  the  circle. 
Again 


Pq*  =  Qq  X  (Qq  +  2QN0 

=  Qq(Qq  +  2dy  +  2yO 
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or 

(d8)'  =  Qq(Qq  +  2dy  + -2-^-15) 

But  since 

R  t  :  Q  q  :  :  P  r«  :  P  Q«  :  :  4.  :  1  {Lemma  XI) 

and 

Q  q  :  t  r  :  :  1  :  2 

.•.  Rt  =  2tr,  orRr=ztr  =  2Qq 

.•.Qq='J:  =  ^(byArt.68.) 

Consequently 

,,       tl*yd'y.„,       .2Rdxv 

^y-M.  +  dy  d'y+  — d^ 
and  equating  Homogeneous  Indefinites 

d  s 

..  R  =      ds»       _  (dx'  +  dy')^ 
dx  d*y  dx  d*  y 


0  +  d^V' 


(d) 


d^  

dx" 
the  general  expression  for  the  radius  of  curvature. 
Ex.  L  In  the  parabola  y  '  =  a  x* 

d  y  ^    a 
"  dx  "■  2y 
and  since  when  the  curve  is  concave  to  the  axis  d  *  y  is  negadve, 

d*y_  a        dy__         a*^ 

•••1^  =  0  +  47)  ^^ 

Hence  at  the  vertex  R  =  — ,  and  at  the  extremity  of  the  latus  rectum, 

R=r-|-!as=aV2. 
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Ex.  2.  If  p  be  the  parameter  or  the  double  ordinate  passing  through 
the  focus  and  2  a  the  axis-major  of  any  conic  section,  its  equation  is 


Hence 


y  =  pxt^x. 


2ydy  =pdx±.-i-xdx 


and 

2dy«  +  2yd*y  =  +  ^dx» 


a 


•  •  Jl  "  2  y  ~ 

and 

.ill  .^('^t)'=^^'z' 

{4y*  +  p.(l±|)*}* 


.'.  R  = 


«{p'('tf)'=ii;^^'} 


which  reduces  to 


R  = 


|pt  +  ?^^2a  +  p)x  +  j^,(p+2a)x«} 


I 


2p* 
Ex.  3.  In  the  cycloid  it  is  easy  to  show  that 

d  y  _      /  2  r  —  y 
Sfx  "  V        y 
r  being  the  radius  of  the  generating  circle,  and  x,  y  referred  to  the  base 
or  path  of  the  circle. 

'•dx«""       y« 

.".  R  =  2  V  2  r  y  =  2  the  normal. 

Hence  it  is  an  easy  problem  iojlnd  the  equation  to  the  locus  of  the  centres 
of  curvature  Jor  the  several  points  of  a  given  curve. 

If  y  and  x  be  the  coordinates  of  the  given  curve,  and  Y  and  X  those  of 
the  required  locus,  all  referred  to  the  same  origin  and  axis,  then  the  stu- 
dent will  easily  prove  that 
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and        • 

dy' 

dx 


Y  =  y  + 


1  +  ._, 


d'y 
dx' 

which  vill  give  the  equation  requred,  by  substituting  by  means  of  the 
equation  to  the  given  curve. 
In  the  (peloid  for  instance 

X  =  x+  V(2ry-.y«) 
Y  =  -y 
whence  it  easily  appears  that  the  locus  required  is  the  same  cycloid,  only 
difiering  in  position  from  the  given  one. 

75.  Required  to  express  the  radius  of  curvature  in  terms  of  the  polar  co- 
ordinates of  a  curve,   viz.   in  terms  of  the  radius  vector  ^  and  traced- 

angle  6. 

X  =:  ^  cos.  & 

and 

y 

.*•  taking  the  indefinite  differences,  and  substituting  in  equation  (d)  of  Art. 
74,  we  get 

which  by  means  of  the  equation  to  the  curve  will  give  the  radius  of  curva- 
ture required. 

Ex.  1.  In  the  logarithmic  spiral 

f  =  a  ; 
.-.  -ji  =  la  X  a'  (Art  17.) 

.  p  -.    (g'+aa)'g«)^    _gMl+(la)«)' 
•  2(la)«^«-(la)V+^  ->«(!  +  (!  a)  «)" 

=  ^{1  +  (la)«}^ 
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Ei.  2.  In  tie  spinU  ^Jrchmedes 

and 

'2a*  +  e'  * 
£x.  3.  In  the  hfperbolic  spiral 

a 


.  R-dil±i!)! 

•  •  **  —  TIF • 


a 

Ex.  4.  In  the  Lituus 

f 


.%  R  = 


_    i 


(4aM-f*)* 


2a*  '    4  a  *  —  ^ 


4 


Ex.  5.  /n  the  Epicycloid 

^  =  (r  +  r') «  —  2  r  (r  +  r')  cos.  ^ 
r  and  r'  beiDg  the  radius  of  the  wheel  and  globe  respectively. 
Here 

R  ^  (r  +  r^)  (3  r«  —  2  r  r^  —  r^'  +  2  g)* 
""  2(3r*  — 2rr'  — r'*)  +  3^        ' 

Having  already  given  those  results  of  the  Calculus  of  Indefinite  Differ^ 
eoces  which  are  most  useful,  we  proceed  to  the  reverse  of  the  calculus, 
wUcb  consists  in  the  investigation  of  the  Indefinites  themselyes  firom  their 
indefinite  differences*  In  the  direct  method  we  seek  the  Indefinite  Difier- 
enoe  of  a  given  function.  In  the  inverse  method  we  have  given  the  Inde^ 
finite  Difference  to  find  the  function  whose  Indefinite  Difference  it  is.  This 
inverse  method  we  call 


THE  INTEGRAL  CALCULUS 

or 

INDEFINITE    DIFFERENCES. 

76.  Hie  integral  of  d  x  is  evidently  x  +  C,  since  th 
oice  of  X  +  C  is  d  X. 

77.  Bepdred  the  integral  oftL  d  x  ? 
By  Art.  9,  we  have 

d  (a  x)  =:  a  d  X. 

Vol.  I.  E 
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Hence  reversely  the  int^al  of  a  d  x  is  a  x.     This  is  only  one  of  the  in> 

numerable  integrals  which  there  are  of  a  d  x»     We  hare  not  only  d  (a  x) 

=  a  d  X  but  also 

d(ax  +  C)  =  adx 

in  which  C  is  any  constant  whatever. 

/.  ax  +  C  =/a  dx  =  a/d  X    -.      .     .     (a)     (see  76) 

generally,y*being  the  characteristic  of  an  integral. 

78.  Required  the  integral  of 

a  X  P  d  X. 
By  Art  12 

d(ax°  +  C)=nax"-»dx 

..ax"  +  C  =yn  a  x»-*d  X 

=  n  X/ax"-*dx  (77) 

.-.  7  a  X  "  -*  d  X  = +  — . 

•^  n  n 

C 

But  since  C  is  any  constant  whatever  —  may  be  written  C. 

.•./ax«'-»dx  =  ^-^  +  C 

n 

Hence  it  is  plain  that 

/axPdx  =  iiL-^+C 

P  +  1 

Or  To  find  the  integral  of  the  product  of  a  constant  the  p**  paaxr  of  the 
variable  and  the  Indefinite  Difference  of  that  variable^  let  the  index  of  the 
pamer  be  increased  by  1,  sttppress  the  Indefinite  Difference^  mtdtiply  hf  the 
constant,  divide  by  the  increased  index,  and  add  an  arbitrary  constant. 

79.  Hence 

/(a  xPdx  +  bx«dx  +  &c.)  = 

p  +  1  q  +  1 

80.  Hence  also 

/aX""dx  =  7 rr r r  +   C  . 

•^  (n  —  1)  x"-^  ^ 

81.  Required  the  integral  of 

ax«»-»dx(b  +  ex")P. 
Let 

u  =  b  +  e  x°° 

.".  du  =;  mex""*'dx 

.*.  a  X"  ~'  d  X  = .  d  u 

m  e 


.•./ax»-*dx(b+  ex»)P  =y*— u^du 
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= ^—r-i< .  u  P+»  +  C  (78) 

m  e .  (p  +  1)  '         ^     ' 

= /   ,    ,v  .  (b  X  e  x»)P+«  +  C, 

m  e  (p  +  1)     ^  '         ^ 

d  X 

82,  Bequired  the  integral  qf —  • 

Bj  80  it  would  seem  that 
and  if  when 

But  by  Art.  17  a.  we  know  that 

•  d.  1  X  =  — 

X 

Therefore 

J      X 

Here  it  may  be  cooTenient  to  make  the  arbitrary  constant  of  the  form  1  C 
Therefore 

f—  =  Ix  +  IC  =  ICx 
•^      X 

Hence  the  integral  of  a  fraction  whose  numerator  is  the  Indefinite  Differ"- 

aice  qfthe  denominator^  is  the  hyperbolic  logarithm  of  the  denominator  TLtrS 

on  arbitrary  constant. 

83.  Hence 

/ax"^~Mx^     a      f  m  x*""*  d  x 
b  X™  +  e   ""  Fm  /  m    .     ® 

/        x«  +  Y 

and  so  on  for  more  complicated  forms. 

84.  Required  the  integral  o^a*  d  x. 
By  Art.  17 

d.  a'  =  1  a.  a*  d  X  , 


.•./a»dx  =  j^./da« 


£  2 
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85.  If  y,  X,  t,  s  denote  the  sine,  cosine,  tangent,  and  secant  of  an  angle 
3;  then  we  have,  Art  26,  27. 

,  d  y _       — dx  d  t     _  ds 

"  v7r-^«)  ""  V  (1  —  x«)  =  1  +  t«  "  s  V2s  — s» 

/vif^j  =  '  +  ^  =  ^-"^^+^ 

•      /|^  =  ^+C  =  tan.-'t+C 
f  — =-  =  ^  +  C  =  sec.-'s+  C 

^  S  V  28  —  s* 

sin, " '  y,  COS. " '  x,  &c.  being  symbols  for  the  arc  whose  sine  is  y,  cosine  is 
X,  &c.  respectively. 

86.  Hence,  more  generally. 


~  Vb* '"*•"'"  V7  + ^    •    •    ^"^ 


1  /  b 

or  ==  -^j-r  X  angle  whose  sine  is  u  ^  —  to  rad.  1  +  C. 


Also 


Again 


/V(a-bu^)=  V^-^'-"'"Vr  +  ^    •    •    <^> 


^^du 


J  1  /■  V  — du 

/d  u  _      1         /        a 

a  +  bu*  "■  VT^J    J  .  _b^« 


=  ::7Tr*-"'-'"Vt+^  •  •  <'^> 


and 


V^- 


^     da      ^  _i_  /        vr^" 

yuV(bu'-a)        ^a/^^|^^^^b^._jj 

=  :77-sec.-«u^-  + C    .    .    (d) 
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Moreover,  if  u  be  the   versed   sine  of  an  angb  if  tben  the  sine 
=  V(2u  —  u*)and 

du  =  d(l  —  cot.0  =  dtf.sin.tf  (Art  27.) 

=  dtf.  V(2u— .u«) 

du 


dtf  = 


V'(2u— u*) 


Hence 


y  v(2u— u«)""  ■♦■^ 


=  vers.'"'u  +  C 


and  genelraUy 


/V(au_bu.)  =  /    ^i,7(8.^«-(i.^).u.) 


=  Vb ^^"' ""   T"  +  ^      .     .    .     (e) 


87.  Required  the  integrals  of 

dx  dx  d  X 

a+Ti'     a  — bx'     a— bx«' 

dx      _  1     /d.  (a  +  bx) 


/q  X      ^  1      /'Q.  (a  ■ 
JL  +  bx"^*'/      a  + 


bx 


=  ■^.  l.(a  +  bx)  +  C (f) 


and 


/>    dx      _       i^d(a^-bx) 
a— bx*"       b-'     a — bx 


=  — -g-.l.(a  — bx)  +  C    .    •    •         (g) 


see  Art  17  a. 
Hence, 


fA    I       ^        ,         ^       1  —  r   gadx 


=;^.l.(a  +  bx)  — ^.1.  (a— bx)  +  C 
_  1     ,    a  +  bx      p 


b  *    '  a  —  bx 

£3 
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Hence  we  easily  get  by  analogy 

/dx       _       1        J    V  SL  +  V  h  .X 
a— bx  __ 


^"Vab  Va  — bx«      +  ^f 

«        ^         1    ^a  +  Vb.x    .   pf  •  " 


2  Vab        V  a  —  Vh.  x 
88.  Required  the  integral  of 

dx 

a  X*  +  b  X  +  c' 
In  the  first  place 

Hence,  putting 

X  +  --.  =  u 

Is  a  V 

we  have 

d  X  =  d  u 
and 

d  X  d  u 


b* — 4ac^ 


.x.  +  bx  +  o      .(u--ir=l£5) 

which  presents  the  follpwing  cases. 

Case  1.  Let  a  be  negative  and  c  be  positive  ;  then 

d  X  d  il 


-ax'  +  bx  +  c       _a(^i±±l^  +  u«) 

.  f 1? _V^  .        /      2a  p 

•••^-ax^  +  bx+c     _Va\^(b«+4.ac)  "V  b'+iac"*" 

(seeArt86)=—    /■       J        , ,  tan.-'rx+ j-)    /  ^Jj—+C 

'V   a(b*+4ac)  \   ^ga/ V  b«+4ac^ 

Case  8.  Z«f  c  be  negative  and  a  positive ;  then 

r  dx  _     /-  d  u 

^ax'+.bx  — c        /        /.        b*  +  4ac\ 


(i) 


/ 


2a 

du 


b*  +  4ac 


/b«+4ac  .  _  ,   b 
-V  2a(b'+4ac)-'-     /bTM^   _      b 


—    /  ^         W2a"+^+2a^^     ^..^ 


2  a         *     2a 

see  Art  87, 
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Case  3.  het  b '  £«  >  4  a  c  and  a^  c  be  boik  positive ;  thai 
r  dx r    du 


—  a  /     b*  —  4  a  c  , 

/     — sn: " 


2a 

/V— 4ac  h^ 

-  /  1  1  V       2  a     "^^"^ga 

"""  V  2a(tf— 4acr       b«— 4ac     "Hb  +^"  <*) 

N       2a         *     2a 

Case  4.  Let  b '  6^  <  4  a  c  and  a,  c  be  both  positive  ; 
Then 


f       dx 1   /"  d  u 

•^  ax*+bx+c""a/    4ac — b*  .    , 

=   Va(4aLb')-*"-~'('^a)V4l|z:b-i  +  ^-H 

Case  5.  ijTb'  Ae  >  4  a  c  aiul  a,  c  ioM  negative ; 
Then 

/*        dx  «.    ^      /"  d  u 

•^ — ax'+bx — c""^^  /    b^ — 4ac  ,    , 

/    —ST — +» 


2a 


—Ji<0hii)<^-i^*T:)J^irc+''-  (»' 


.(b«_4ac) 

Case  6.  Jfh  ^  be  ^  4  a  c  and  a  amf  c  both  negative  g 
Then 


r         dx  ^1    r  da 

■^  — ax*+bx — c""li  /    4ac — b*       , 

/    — oT " 


2a 


/4ac— b'  .      .  b 


/  1  ,  ^<        2  a       ■      ■  2a  .  ^ 

~  V  2a(4ac— b')-''     ;  4ac^=Ei~        b;"*"^-*'-  ^°> 

N        2a  2a 

89.  Required  the  integral  of  any  rational  Jimction  whatever  of  one 
variiMey  multiplied  by  the  indefinite  difference  of  that  variable. 
Every  rational  function  o(x  is  comprised  under  the  general  form 

Ax»  +  Bx»7^  +  Ox"-'  +  &c.  Kx  +  L 

ax°  +  bx"-»  +  cx»-*+  &c.  kx  +1 

E4 


72  A  COMMENTARY  ON  [Sect.  I. 

in  which  A,  B,  C,  &c.  a,  b,  c,  &c.  and  m,  n  are  any  constants  whatever. 

If 

n  =  0, 

then  we  have  (Art.  77) 

/(Ax-+ Bx-*  +  &c.)  — =  (-j^^p^  + -j^ 

C  X  "  ""*  \  1 

^ ^  &c.)—  +  constant. 

m — 1  /a 

Again,  if  m  be  >  n  the  above  can  always  be  reduced  by  actual  division 

to  the  form 

A'x«— +  B'x--n->  +  &c.  +  ^^''Tlt^'l^'^t^'^ 

ax»+bx»-^  +  &c. 

and  if  the  whole  be  multiplied  by  d  x  its  integral  will  consist  of  two  parts, 

one  of  which  is  found  to  be  (by  77) 

A'                          m        „^1      .      B'.X»~»    .      Q 
-— z   .  X  "  -  "  +  *   + h   &C. 

m  —  n  +  1  m  —  n 

and  the  other 

A// ^0-^1^  B^^x°-'+  &c.  , 
J        ax°+  bx»->+  &c.  ^' 

Hence  then  it  is  necessary  to  consider  only  functions  of  the  general 

form 

x°-^  +  Ax°-'+  Bx°-^+  &c.  _  U 

x'^^- ax"-*  +  b  x"-*+ &c       ""V 
in  order  to  integrate  an  indefinite  difference,  whose  definite  part  is  any 
rational  function  whatever. 

Case  1.  Let  the  denominator  V  consist  qfn  unequal  realfacton^  x  —  a, 
X  —  j3,  &c.  according  to  the  theory  of  algebraic  equations.     Assume 

V        X  —  a        X  —  B       X  —  7 

and  reducing  to  a  common  denominator  we  shall  have 

U  =  P.x  —  jS.x  —  7...to(n—  1)  terms 


+  Q.X  —  a.x  —  7 

+  R  .  x"^  a  .  X — /3 

=  (P  +  Q  +  R  +  &C.)tl''-' 

_  JP.(S— a)  +  Q.(S— ^)  +  &c.}x»-» 

+  JP.(S  — «.S=i)  +  Q.(S  — /3.S=:h3)+&c.Jx»-' 


1.  S  1  1.  f 

—  &C 


where  S,  S  &c.  denote  the  sum  of  a,  j8,  7  Sic  the  sum  of  the  products  of 
1  1.1 

every  two  of  them  and  so  on. 
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But  by  the  theory  of  equati<His 

S=  — a 

S=  b 

l.S 

.',  U  =  (P  +  Q  +  R  +  Ac)  X  •-• 

+  {a  (P  +  Q  +  R  +  &C.)  +  P  a  +  Q  (3  +  Ry  +  &C.}  X  x»-» 

+  {b  (P  +  Q  +  R  +  &c)  +  a  (P  «  +  Q  (5  +  &c.)  + 
(P«»  +  Q-j3«+  Rr'  +  &c)}x»-»  +  &c 

Hence  equating  like  quantities  (6) 

P  +  Q  +  R  +  &C.  =  1 

a  +  P«  +  Q|8+  R7  +  &c.  =  A 

b  +  a(A  — a)  +  P«»+Q|8»+R7'  +  &c  =  B 

givii^  n  ind^iendent  equations  to  determine  P,  Q,  R,  &c. 
Ex.l.LetH=-     ^*  +  «^  +  8 


Here 


Hence 


V""  x'  +  6x*+  llx  +  6 


P+      Q+      R=  1-v 
6  +  P4.2Q  +  SR  =  6  Whence 
11  +  P+4Q  +  9R  =  SJ 

P=—  1,  Q  =  6andR  =  --S 

/*Udx  _  ^ —  d  X        i*  5  dx  i«  8  dx 


=  C  —  L  (x  +  1)  +  5  I.  (X  +  2)—  3L  (x  +  8). 
P)  Q,  R,  &c.  may  be  more  easily  found  as  follows : 
Since 

x«-'  +  Ax«-»&c  =  P  (x  — ^).  (x  — y).  ate. 

+  Q  (x  —  «).  (x  —  y).  &€• 
+  R  (x  —  «).  (X  —  fi).  &c. 
+  &c 
let  X  =  a,  )3,  7,  &C.  successiTely ;  we  shall  then  have 

«»--»  + A  «■-*  +  &€.  =  P.(«  — jS)  .  («  — 7)&c.'v 
•  /S«»->  + Ai3«-«  +  8cc  =  Q-O  — a).  (P— y)&c.  V.  ..(A) 
7*-»  + Ay'^-^  +  Scc-s  R.(7  — a),  (7— i8)atc) 

&c  =  &c. 
In  the  above  example  we  have 

«  =  —  1,  i8  =  —  2,  7  =  —  3andn  =  3 
A  =  6  and  B  =  3. 
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• P- 1— 6+S_ 
"*^  ~         1.  2. * 

_  4  —  6.  2  +  3       _ 

Q  =        -  1.  1         =  ^ 

„  _  9  —  6.8  +  8  - 

as  before. 

Hence  then  the  factors  of  V  being  supposed  all  unequal,  either  of  the 
above  methods  will  give  the  coefficients  P,  Q,    R,   &c.   and   therefore 

enable  us  to  analyze  the  general  expression  -rr  into  the  partial  fractions 

as  expressed  by 

S  =  -^  +  -^  +  &c. 

V        X  —  ax  — p 
and  we  then  have 

/^^  =  p.  1  (X  -  a)  +  QL  (X  -  ^)  +  &c.  +  C. 

•£    ft    /*a'  +  b  x'  _    y^a  dx       a  +  b  i»  d  x     a  +  b  ^  d  x 

V  a«x  — x^  "■•/  ^x"  "*        2~~-/  a  — X  2     •'a  +  x 

=  alx-^^l(a-x)-^^-+-^l.(a  +  x)  +  C 


=  a  1  X  —(a  +  b)  1  V  a«  —  x«  +  C 
by  the  nature  of  logarithms. 

Ex.  8./-»^^p«       dx  =  -i/-^  +  i/-^  +  C 

=  J  .  1  (x  —  4)  —  i  1.  (x  —  2)  +  C. 

TTv^y  xdx  /-Pdx,    /-Qdx        .-5  1/      •     \ 

^'Vx>  +  4ax-b^=/x+^+/x+l=P^^^+"^ 

+  Ql.(x  +  /S)  +  C 

where 

a  =  2a+  V(4a«  +  b«),  ^  =  2  a  —  -•  (4  a*  +  b«) 
and 

p  _      «      _  2a  +  V  (4a'  +  b') 
-a  —  ^-      2V'(4a«  +  b*) 

Q_    — /8     _  V  (4a«  +  b«)  —  2a  • 

^^a  — ^""        2V(4a«  +  b«) 
Case  2.  Z>/  off  the  factorz  ofyhe  real  and  equal,  or  stippose  a  =  P 
=  7  =  &c. 

Then 

U  _  x°-'+  A  X  " - '  +  &c. 

V  ""  (X  —  a)""       .   ~  ' 
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and  since 

a  —  /3  =  0,  «  —  7  =  0  &c. 

the  fonns  marked  (A)  will  not  give  us  P,  Q,  R,  &c.     In  this  case  we 

must  assume 

U__P_     .   _Q_  R  .    „ 

V  -  (X  — a)  «  "*■  (X  — a)  «-»"*"  (X  — «)  «-«+**'• 

to  n —  1  terms,  and  reducing  to  a  common  denominator,  we  get 

U  =  P  +  Q.  (X  —  a)  +  R  (X  —  «)  *  +  &c. 
now  let  X  =  a,  and  we  have 

«"-*+  A««-«+  8cc.  =P. 

Also 

jl?  =  Q  +  2  R  .  (x  —  «)  +  3  S  .  (X  —  a)«  +  &c. 

^1^=  2R+  S.2.S.(x  — «)+  4.3.T(x  — a)*+  &c. 
dx* 

4^=  2.3.  S+  4.3.2T(x  — «)  +  &c. 
dx' 

&c  =  &a 

and  if  in  each  of  these  x  be  put  =  ob,  we  have  by  Maclaurin's  theorem 
the  values  of  Q,  R,  S,  &c. 
r    1    T  .U       X'— 3x+  2 

JJJC.  1.   L<et  C7   =  7 TTT —  • 

V  (x  —  4)' 

Then 

U  =  x«  — Sx  +  2 

=  2x  —  3 


dx 
d«U 


=  2 


dx« 

.-.  P  =  6 

Q  =  8  —  3  =  5 
R  =  ^.2  =  1 


.'.  /•  U  d  X  _  /•    ^d  X  /•    5  d  X  />  d  X 

^   v~  -/  (x  —  4)»  +  ^  (X  — 4)«"*'*/^r=: 


=  C  — 3 


4 
6 


or=l5«-5Eir-4 +  !(—*) 
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Here 

U  =  x«  +  x* 

i5  =  5x*  +  3x« 

dx 

5-Ji^  =  20x»  +  6x 
d  X* 

.-.P  =  3»  +  8»  =  27  X  10  =  270 
Q  =  27  X  16  =  432 

jj  ^  20Xj7_t±XS  =  279 

_  9  xeo  +  e _ 

^  -       2X3       -  ** 
2.3.4. 

w  =  5J^=i. 

2.3w4.5 

Hence 

which  admits  of  farther  reduction. 

Here 

U  =  x«+x 

dx  ^ 

and 
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Hence 

P  =  2 

Q  =  8 

-r_4i        ^  1  1 

"  ^'{x  — 1)*      {X— l)»~*-(x— 1)« 

iif  appears  from  this  example^  and  indeed  is  otherwise  evident^  that  the 
number  of  partial  fractions  into  which  it  is  necessary  to  split  the  fitfiction 
exceeds  the  dimension  qf-s.  in  U,  hy  unity. 

This  IS  the  first  time,  unless  we  mistake,  that  Maclaurin^s  Theorem 
hiS  been  used  to  analyze  rational  fractions  into  partial  rational  fractions. 
It  produces  them  with  lesd  labour  than  any  other  method  that  has  fidlen 
under  our  notice. 

Case  3.  Let  the  factors  of  the  denominator  V  be  alt  imaginary  and  un^ 
ejuaL 

We  know  then  if  in  V,  which  is  real,  there  is  an  imaginary  factor  of 
tbe  form  x  +  h-fkV^—  1,  then  there  is  also  another  of  the  form 

X  -I-  h— k  V  —  1.     Hence  V  must  be  of  an  even  number  of  dimensions, 
and  must  consist  of  quadratic  real  factors  of  the  form  arising  fcom 

(X  +  h  +  k  V"^^)  (X  +  h  —  k  \/"=T) 

orofthefinrm 

(x  +  h)«  +  k*- 
Hence^  assuming 

U_      P  +  Qx  F  +  <yx 

T  -  (x  +  «)«  +  i3«+(x  +  «0*  +  i3''^ 
and  reducing  to  a  common  denominator,  we  have 

U  =  (P  +  Qx)  f(x  +  aO*  +  P^*l  {(x  +  a'O*  +  P"']  X  &c 
+  (F+  Q'x)J(x  +  «)«  +  /3«J  Hx+a'V  +  ^'^  X&c 

+  (F'+Q"x){(x+«)«  +  /3*n(x+«')'+/3'1  X*c. 

+  &C. 

Nov  for  X  substitute  successively 

a  +  iSV^iri,   a^+p^V'—i,   a'' +  19"  V"=n,  &c 
tben  U  will  become  for  each  partly  real  and  pardy  imaginary,  and  we 
hare  as  many  equations  containing  respectively  P,  Q ;  F,  Q' ;  F',  Q",  &c. 
as  there  are  pairs  of  these  coefficients ;  whence  by  equating  homogeneous 
quantities,  viz.  real  and  imaginary  ones,  we  shall  obtain  P,  Q ;  F,  Q',  &c. 
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Ex.  1.  Required  the  integral  of 

X '  d  X 


x*  +  3x*  +  2* 
Here  the  quadratic  factors  of  V  are  x  *  +  1,  x '  +  2 

.-.  a  =  0,  a'  =  0,  /3  =  1,  and  /^  =  V'i . 

Consequently 

x'  =  (P  +  Qx)(x«  +  2) 
+  (F  +  Q'x)(x«  +  1) 

Letx  =  V  — 1.     Then 


_V  — 1  =  (P+Q^  — !),(— 1+2) 
=  p+Q^_i 

.-.  P  =  0,  Q  =  —  1 

Again,  let  x  =  V~2.  V  —  1,  and  we  have 

_2^  V"^=n  =  (F  +  Q' V"2.  V"=l)(— 2+1) 

=  — F— Q' V2.  \/"^=nf 
.-.  F  =  0,  and  Q'  =  2 
Hence 

/x'  d  x         _   /» — xdx  ,     Ai  xd  x 
x*+8x«+2  "■•/x~«+  1   "'"•/xMrs 

=  C— il(x«  +  l)  +  L(x«  +  2) 

Ex.  2.  Required  the  integral  of 

d  x 
l+x«»' 
To  find  the  quadratic  factors  of 

1  +x*» 
we  assume 

and  then  we  have 


x^'^s  — 1  =cos.(2p+  1)*+  V  — lsin.(2p+  1)» 
T  being  180^  of  the  circle  whose  diameter  is  1,  and  p  any  integer  what- 
ever. 

Hence  by  Demoivre's  Theorem 

2p+  1     ,     , r     .     2p  +  l 

X  =  COS.— ^-^ —  v+  V  —  1 .  sin.     ^1    — «■ 
2  n  2  n 

But  since  imaginary  roots  of  an  equation  enter  it  by  pairs  of  the  form 
A  ±  V  —  1 .  B,  we  have  also 

2p+  1  , =      .    2p+  1 

X  =  cos.  — ^-! —  «■  —  V  _  1 .  sni.  — V^ — «• 
2  n  2  n 
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and 

/  2p+l  , .     2p+l     \^ 

/.  (x  —  COS.     '1  — «• — V — 1  ,  sm.    \^  — «•)  X 
V  2  u  2  n       / 

/  2p+l      ,     , .     2p+l    V 

£  O  2p+    1  ,      _ 

X* — 2  X  COS. —^-2 — ♦+  1 

2  n 

which  is  the   general   quadratic  factor  of  x '  °  +  I.    Hence  putting 

p  =  Oy  1, 2 n  —  1  successively, 

x*»  +  l=  (x«  — 2xcoB.  j^  +  i  )  .  (x«— 2xcos.~  +  l)  X 

(x'  — 2XC08.  — +   1  ^  X  .  .  .  .   (x»  — 2XC08.      ^~      +   l\  . 

Hence  to  get  the  values  of  P  and  Q  corresponding  to  the  general  factor, 

assnine 

1       _  P  +  Qx  N 

1+x"""     ,      ^  2p+l    ,  ,11' 

X*  —  2xcos.    *1       r+1 

2n      ^ 

Tien 

1=:(P  +  Qx).M  +  N(x«  — 2xcos.i|±-^»+l). 

Bat 

X*  — 2xco8.-^"tir+l 

2  n 

and  becomes  of  the  form  -r  when  for  x  we  put  cos.     P         <r+  V  —  IX 

0  *^  2  n 

sin.     ^         r  r  its  value  however  may  thus  be  found 
2n  "^ 

,  2  p  +  1       .      , 7   .     2  p  +  1 

Let  cos.  -  "l^     *  +  V  —  1  sm.     \^         c  =  r 
2  n  2  n 

then  ^ 

2p+l  , r      .      2p+l  1 

51^     «r  -^  V  —  1 .  Sin.  — ^ ♦  =  — 

2n  2  n  r 

and 

M  = L+iElL__ 

Again  let  x  —  r  =  y ;  then 

j^  _  1  +y'^+2n  y'"-*r+&c 2nyr«°-*  + r**^ 

y(«-T) 


cos.     ^ 
2n 
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But 


r**  =  cos,2p  +  l.»+  V  —  Isin.  2p+l.»  =  -*l 

r 
Hence  when  for  x  we  put  r,  y  =  0,  and 
-,       2n  r'**-' 

r 
and  from  the  above  equation  we  have 

2n'r*'*-» 


I  =  (P  +  Q  r) 


_  1_ 

r 


or 


A   y — ?  •     2p+l        ^     r»  2p+1.2n  —  1      .  ^     „     . '  ^ 

2  V  —  Isin.    \.^    g=2nP.cos.    ^       ^ »+2  n  P  V  — IX 

2  n  2  n  '  * 


•     2p4.1.2n — 1  ^     i-k  /  •  en  i\ 

sin.     ^^  ^ «■ —  2  n  Q  (since  r*"  =  —  1) 

2  n  ^  ' 

.*•  equating  homogeneous  quantities  we  get 


•     2p+l  ^    .     2p+1.2n  — 1 

sin.  — ^-^ — y=:nP.sm.    ^      ^ * 

2  n  2  n 


and 


^  2p+1.2n— 1         ^ 

P .  cos.    *  ^  ^ «  =  Q. 

2  n 


But 


2p+1.2n— l.«r 2p  +  l 

2  n  *^^  2  n 


Hence  the  above  equations  become 

«     2p+l  ,5.     2p+l 

.*.  sin.  — ^        «  =  n  P  sm.  ■  V,  — 
2n  2  n 

T>         2  p+  1  ^ 

—  P  cos.     ^^ —  «•  =  Q 
2  n 

.'.  P  =  -,  andQ= .  cos.  ■   V>  —  «•• 

n  n  2  n 

Hence  the  general  partial  integral  of 

d  X 

is 


1  +  X 


8a 
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/(l  —  X  COS.      P"^ —  r)  d  X 
x>  — 2xco8.^^t.^c+  1 


X  -  —  »  X  COB.  ■     JL    ■■      »  T   1 

cog.  — V^ —  c       /2xdx  —  2  COS.     ^  ' — 
2n  y    __^^ 2  n 

^^  J  to  2p+  1 


2 


—      2n         " 

see  An.  88.  Case  4.  . 

d  X 
Hence  then  the  integral  of -p-r — 5  >  which  is  the  aggregate  of  the  results 

obtained  from  the  above  general  ibrm  by  substituting  for  p  =  0,  1,  2  .  •  . 
n  —  If  may  readily  be  ascertained. 

As  a  particular  instance  let  f  \.   ■    -^  he  required. 

Here 

n  =  8 

and  the  general  term  is 

—  cos.  — *-ii «■  Oil 

^ .  1.  (x«  -  2  X  cos.  ^^±i  c  +  1) 


.     2p  +  1  2p  +  1 

sin.     ^^' —  «-  X  —  cos.     ^  J —  9 

^^  8  p  +  1 


+ J. .  tan.-' _A 


3  .     Sp+  1 

LetpsO,  1, 2,  collect  the  terms,  and  redoce  them ;  and  it  will  appear  that 
/•  dx         1  /^8   ,  x«+x  V8  +  1  .  ,      _,Sx(l— x»)\  ^  „ 

%  proceeding  according  to  the  above  method  it  will  be  found,  that  the 
general  partial  fractions  to  be  integrated  in  the  integrals  of 

Vou  I.  F 
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dx  J    x'  d  X 

and 


are  respectively 


and 


x'^  —  1  ""  x**  —  1 

COS.  2  p  c 

2  n         "^  , 

—  . 5-— .  d  X 

n        .     «  2  p»  ,  - 

X* — 2XCOS,— *— +1 

n 

(r4-l).2pc  2rp«' 

COS.  ^    ^    ^ ^-—  X  —  COS,   — ^— - 

«                       n  n       ,         • 

—  X 0 d  X. 

X* —  2  COS.  — ^--  X  +  1 

n 

and  when  these  partial  integrals  are  obtained,  the  entire  ones  wQI  be 

found  by  putting  p  =  0,  1  . .  .  •  -  or  — - —  according  as  p  is  even  or 

odd. 

Ex.  8.  Bequired  the  integral  of 

x^dx 

x«*  — 2ax"+l 
where  a  is  <  1. 

First  let  us  find  the  quadratic  factors  of  x*'^  —  2  a  x"  +  1.     For  that 

purpose  put 

x««  — 2ax''=  —1 
Then  

x»  =  a+Va*— 1 


.=  a+ V  — 1.  VI  — a« 
since  a  is  <  1. 

Now  put  a  =  COS.  9;  then 


x"  =  COS. d+  V  —  1  sin.  6 

=  cos.(2pc  +  i)±  V"^^lsin.  (2p«r  +  d) 

•'.  X  =  cos. 


X — :i—  +  V  —  1  sin.  — s^ — ^ — 


n  n 

and  the  general  quadratic  &ctor  of 

x*°— 2ax"+  1 

^*        .       «  2  p » +  a      , 

X «  —  2  X  COS.  —^ — ^^-  +  1 

n         ^ 

where  p  may  be  any  number  jBrom  0,  1,  &c.  to  n  —  1. 

Hence  to  find  the  general  partial  integral  of  the  given  indefinite  differ- 
ence^  we  assume 

X'  P  +  Qx N 

x««»— 2ax»+l"     ,       ^         2pir  +  a.,     +M 

X*  — 2C08.  — ^- ■ +    1 
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and  proceeding  as  in  the  last  example,  we  get 

Q  =  sin.  ^IlliJllUEP^+i)  X  _1_ 

n  n  sin.  6 

and 

(n  — r).(2pc+d)  1 

P  =  sm.  -2^ ^    ^    f — -i— i  X  — T 

n  n  sin.  d 

whence  the  remainder  of  the  process  is  easy. 

Case  4.  Let  the /actors  of  the  denominator  he  all  imaginary  and  equal  in 
pairs. 

In  this  Case,  we  have  the  form 

U_^ U 

'V'"{(x+a)«+i»«J« 
and  assuming  as  in  Case  2. 

V  ~  (X  +  «|«  +  /3')°  "*"(x  +  «l»  +  )8')--'  ■*■  **• 
^ K  +  L  X  K'+  Ux 


and  reducing  to  a  common  denominator, 

U  =  P  +  Q  X  +  ( F  +  Q' x)  (F+lIl «  +  ^ « )  +  &C. 

and  substituting  for  x  one  of  its  imaginary  values,  and  equating  homoge- 
neous terms,  in  the  result  we  get  P  and  Q.     Deriving  from  hence  the 

values  of  -r — ,  -^ — r '  ^^*  '^^  ^  ^^^  ^^  these  values  substituting  for  x 

one  of  the  quantities  which  makes  x  +  a]'  -(-  /3'  =  0,  and  equating  ho- 
mogeneous terms  we  shall  successively  obtain 

This  method,  however,  not  being  very  commodious  in  practice,  for  the 
present  case,  we  shall  recommend  either  the  actual  developement  of  the 
above  expression  according  to  the  powers  of  x,  and  the  comparison  of  the 
coeflSdents  of  the  like  powers  (by  art  6),  or  the  following  method. 

Having  determined  P  and  Q  as  above,  make 

IT'  -  U-(P  +  Q  X) 


IP-JF  +  Q^x) 

^      -        {x  +  ay  +  fi* 


i&C*     SS    CLCm 

Then  since  U',  U'',  U'",  &c.  have  the  same  form  as  U,  or  have  an 

F2 
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integer  form,  if  we  put  for  x  that  value  which  makes  (x  +  u)*  +  fi*  s: 
Of  and  afterwards  in  the  several  results,  equate  homogeneous  quantities 
we  shall  obtain  the  several  coefficients. 

F,Q';  F',Q^&c. 

Case  &•  If  the  denominator  V  consist  of  one  set  of  Factors  simple  and 
unequal  of  the  form 

X  —  ax  —  «',  &c ; 
of  several  sets  of  equal  simple  Factors^  as 

(x  —  e)  P,  (x  —  eO  S  &c. 
and  of  equal  and  unequal  sets  of  quadralic factors  of  the  forms 

X*  +  a  X  +  b,  x«  +  a'  X  +  b',  &c 
{x«  +  1  X  +  r)f»,  (x«  +  1'  X  +  y)  %  &c. 
then  the  general  assumption  for  obtaining  the  partial  fractions  must  be 

U         M      ^      M^      .  ,, 

V        X  —  ax  —  a' 

E  P    '  E'  V 


'^  (X  — e)P  ^  (x— e)P-'^ —  (x  — eO^       (x  —  e') 

P  +  Qx  F  +  Q^x       .  &, 

^  x«  +  ax+b  +  x«  +  a'  X  +  b'  +  ^^' 

.     R  +  Sx    .     R^  +  S-x    .^,    G  +  Hx         G^+H^x 

"^(x'+k+r)A*"*"(x«+lx+r)^"*"^-(x«+rx+i^)'"^(x«+Fx+r')'-*"^ 

and  the  several  coefficients  may  be  found  by  applying  the  forgoing  rules 

for  each  corresponding  set     They  may  also  be  had  at  once  by  reducing 

to  a  common  denominator  both  sides  of  the  equation,  and  arranging  the 

numerators  according  to  the  powers  of  x,  and  then  equating  homogeneous 

quantities. 

We  have  thus  shown  that  every  rational  fraction,  whose  denominator 

can  be  decomposed  into  simple  or  quadratic  factors,  may  be  itself  analyzed 

into  as  many  partial  fractions  as  there  are  &cU>rs,  and  hence  it  is  clear 

that  the  integral  of  the  general  function 

Ax«  +  Bx"»-»  +  &c  Kx  +  L  , 

-^-T r-^— s i ^— r  d  X 

a  X  °  +  b  X  "-*  +  &c.  k  X  +  1 

may,  mider  these  restrictions,  always  be  obtained.     It  is  always  reducible, 
in  short,  to  one  or  other  or  a  combination  of  the  forms 

fn "  d  X,  / — ; — =- ,    /-,    .    ,  . 

^  '  -^  X  +   1'   "^  x»  +   1 

Having  disposed  of  rational  forms  we  next  consider  irrational  ones. 
Already  (see  Art.  86,  &c.) 

/+dx  /*        d  X  r         d  X 

V(a— bx«)'  •/xV(bx«  — a)'  •/ V(ax  — bx«) 
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have  been  found  in  terms  of  circular  arcs.     We  now  proceed  to  treat  of 
Irrationals  generally;  and  the  most  natural  and  obvious  way  of  so  doing 
is  to  investigate  such  forms  as  admit  of  being  rationalized, 
90.  Bequired  the  integral  of 

dxxFJx,  X",  X*,  xP,   xS  &c$ 

ni^^  F  denotes  aty  rational  function  of  the  quantities  between  the  brackets. 

Let 

X  =  u  ">  ■  P  *"  ,  &c. 
Then 

X 
X"*  =  u"P"  .... 

X»  =r  u"*P*'  .... 

J. 

&a  =  &C. 
and 

dxsmnpq.  ...  X  u»»p9 *  X  du 

and  substituting  for  these  quantities  in  the  above  expression,  it  becomes 

rational,  and  consequently  int^rable  by  the  preceding  article. 


b4-  cx 
Here 


i 


X    =  u" 
X*  =u"» 

x^  =  u** 

x*  =  u* 

x*  =  u>* 
and 

dx  =  6u^du. 

Hence  the  expression  is  transformed  to 

vhose  integral  may  be  found  by  Art  89,  Case  3,  Ex.  2. 
91.  Required  the  integral  of 

dx  X  F  Jx,  (a  +  b  x)  »,  (a  +  bx) »,  8tc^ 
where  F,  as  before,  means  any  rational  function. 
Put  a  +  b  X  =  u""P-  •  •  •  then  substitute,  and  we  get 

which  is  rational 


86 
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Examples  to  this  general  result  are 

x*dx                 ^x'dx(a  +  bx)^ 
. g  and  — -g9 

ex*  +  (a  +bx)^         X  +c(a  +  bx)7 

which  are  easily  resolved. 
92.  Bequired  the  integral  of 

Assume 

a  +  bx 


=  u°*»* 


•  •  •  • 


f+gx 
and  then  by  substituting,  the  expression  becomes  rational  and  integrable. 

93.  Required  the  integral  of 

dxFJx,  \/(a  +  bx  +  cx«)j 

Case  1.  When  c  is  positive,  let 

a  +  bx+cx'  =  c(x  +  u)*. 
Then 

a  —  cu*       J,  2c(cu*  —  bu  +  a)du 

X  =^  s r  and  d  x  = .^  a  ., kSI 

2cu  — b  (26u  — b)« 

^  ,        ,  ox       cu* — bu+a       , 

v^(a+bx+cx')=    2cu-b    •   '^'^ 

and  substituting,  the  expression  becomes  rational. 

Case  2.  When  c  is  negative,  if  r,  r'  be  the  roots  of  the  equation 

a  +  bx  —  ex*  =  0 
Then  assume 

Vc(x  —  r)  (r' — x)  =  (x  —  r)cu 
and  we  have 

_cru*  +  r'     ,  (r  —  r^)2cu  du 

""-   cu«+l  '  (cu«+l)» 

^(a  +  bx_cx«)  =  i^=^ 

and  by  substitution,  the  expression  becomes  rational. 

94.  Required  the  irU^al  of 

dxF  Jx,  (a  +  bx)*,  (a'  +  b'x)*?  • 

Make 

a  +  bx  =  (a' +  b'x)u'5 

Then 

a  — a^u*    ,      _  (a^b  — b^a)2u  da 

^-l/u*— b'         ~        (b'u*--b)« 
V(a  +  bx)=      ^(Vu»-b)  •'  ^^"  +»»^)-V(b'u«— br 


L 
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Hence,  substituting^  the  above  expression  becomes  of  the  form 

duFfu,  V'Cb'u'— b)i 
F  deaotiDg  a  rational  function  different  from  that  represented  by  F. 
But  this  form  may  be  rationalized  by  93 ;  whence  the  expression  becomes 
int^rable. 
95.  Required  the  integral  of 

x~-"  dx(a  +  bx»)?. 

Tliis  form  may  be  rationalized  when  either  --^  or  —  -f  —  is  an  integer. 

•'  n  n        q  " 

Casel.  Let a+bx"=ru«;  then (a+bx»)T  =  uP,  x"  =  5— ^^,x*= 

/u'»— a\i      „     ,  ,  qu«-»du   /u«— a\»:zJ 

("-b-)'>'    ^^^=         nb  V-b-)    "    • 

Hence  the  expression  becomes 

q   uP+,-.du(il=i?)=f-' 

nb  b     ' 

which  is  rational  and  integrable  when  —  is  an  integer. 

Case  2.  Let  a-fbx'^rrx'u^;  then  substituting  as  before,  we  get  the 
transfonned  expression 

qa-f  "'"f  uP  +  q-idu 

^       "(uQ  — b)T  +  f  +  ' 

which  is  rational  and  integrable  when  —  +  -^  is  an  integer. 

Examples  are 

x'dx  x±'"dx 

(a«  +  x«)*'    (a«  +  x«)*' 

««  +  !       x*dx 

x-*'»dx(a«  +  x«)'"T-, 


(a»+x»)** 
96.  Bequired  the  integral  of 


\  x»-»dx(a  +  bx»)|  xF(x"). 

This  expression  becomes  rational  in  the  same  cases,  and  by  the  same  sub- 
I       stitntions,  as  that  of  95.     To  this  form  belongs 

!  x--+»-i  dx(a  +  bx»)5 

and  the  more  general  one 

P  £ 

QX^-^dx  X  (a  +  bx)«i 

F4 
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where 

P  =  A  +  Bx*  +  Cx«»  +  atc 

and 

Q  =  A'  +  B'x»  +  C'x*»  +  &c. 

97.  Bequired  the  integral  of 

Make  a  +  bx'^ssu*';  then 


m  . 


and  in  the  cases  where  —  is  an  integer,  the  whole  expression  becomes  ra- 


n 


tional  and  integrable. 

98.  Required  the  integral  of 


Xdx 


X'  +  X"+  \/(a+bx  +  cx«) 
where  X,  X^  X''  denote  am^  rational  functions  qfx. 
Multiply  and  divide  by 

X'  +  X''— V(a  +  bx  +  x«) 
and  the  result  is,  after  reduction, 

Xydx Xy^dxV(>  +  bx4-cx^) 

X'«_X'/«(a  +  bx+cx«)      X'»— X''«(a  +  bx  +  cx*) 
consisting  of  a  rational  and  an  irrational  part     The  irrational  part,  in 
many  cases,  may  also  be  rationalized,  and  thus  the  whole  made  integrable. 

99.  Bequired  the  integral  of 

x°dx F  |i;°,  V  (a  +  bx»  +  cx«»)J 
Letx"  =  u;  then  the  expression  may  be  transformed  into 

—  u    n     *duFJu,  \^(a  +  bu  +  cu«)J 

which  may  be  rationalized  by  Art  9S,  when  ■*   ■     ■  is  an  integer. 

100.  Required  the  integral  of 

x"dxFfx^  ^(a  +  b*x*"),  bx»+  V  (a  +  b*x«'»)|. 
Let 

bx«^+  V(a  +  b^x«")=:u; 
then 

-,  1  u*  +  a      /u«  — a\T±l 

X "  d  X  =  — —  '  f  1   - 


n(2b) 


+  a      /u"--.a\':LXUi  J 


and  the  whole  expression  evidently  becomes  rational  when  >  ■*^-     is  an 

integer. 

Many  other  general  expressions  may  be  rationalized,  and  much  might 
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be  said  further  upon  the  subject;  but  the  foregoing  ciuies  will  exhibit  the 
general  method  of  such  reductions.  If  the  reader  be  not  satisfied  let  him 
consult  a  p^>er  in  the  Philoaophical  Transactions  for  1816,  by  K  Ffrench 
BroDihead,  Esq.  which  is  decidedly  the  best  production  upon  thelntegnda 
of  Irrational  Functions,  ^hich  has  ever  appeared. 

Perfect  as  is  the  theory  of  Rational  Functions,  yet  the  like  has  not  been 
attained  with  r^ard  to  Irrational  Functions.  The  above  and  similar  arti- 
fices will  lead  to  the  integration  of  a  vast  number  of  forms,  and  to  that  of 
many  which  really  occur  in  the  resolution  of  philosophical  and  other 
problems ;  but  a  method  universally  applicable  has  not  yet  been  discover- 
ed, and  probably  never  will  be. 

Hitherto  the  integrals  of  algebraic  forma  have  been  investigated.  We 
now  proceed  to  Transcendental  Functions. 

101.  Rtquired  the  integral  of 

a«dx. 

By  Art  17, 

d.a^'ssl.a  X  a*dx 

.•./a«dx  =  i/da« 

=  ^.a«  +  C (a) 

Hence 

/a»«dx  =  — ^a-*  +  C (b) 

•^  mla  ^  ' 

102.  B£qidredtheinUgrQlqf 

Xa^dx 
'nhereH  is  an  algebraic  Jimction  qfiu 

By  the  form  (see  73) 

d(uv)  =  udv  +  vdu 

we  have 

fxxAy  =:  uv — J'vdu. 

Hence 

/.dX  a'd«_dX     »*         /.  a«     d«X 

^dx  •~nr- dx'(rap'""'Oa)'  «•« 

/»d«X  g'dx  _  d^  _af_         y  a«     d^ 
•^  dx»"'"(np-dx**(la)»  ""•'(Tap  "dx' 
&c.  =  &c. 
the  law  of  continuation  being  manifest 
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Hence,  by  substitution, 

which  will  terminate  when  X  is  of  the  form 

A  +  Bx+Cx»  +  &c 
V      r   »    :.A         a'»'      8a'x'  .  8.2a'x      3.2a«      ^ 

OTHERWISE 

/a'Xdx  =  ayXdx— /la.a«dx/Xdx 

=  a»X'  — la/8«X'dx 

puttinff 

X'=/Xdx. 

Hence 

/a*X'dx  =  a«X"— la/a«X"dx 

&c  =  && 

and  substituting  we  get 

/a»Xdx  =  a«X'  — la.a«X"  +  (1  a)»  a«  X'"  — &c 
X',  X",  X'",  &c  being  equal  to/X  d  x,  /X'  d  x,  /X"  d  x,  flw.  re- 
spectively. 

x-     /•   xd*        .1      ■  xla  .  x«(la)«  .  x»(la)»  .  ^.    .  ^ 

which  does  not  terminate. 

By  this  last  example  we  see  how  an  Indefinite  Difference  may  be  in- 
tegrated in  an  infinite  series.  If  in  that  example  x  be  supposed  less 
than  1,  the  terms  of  the  integral  become  less  and  less  or  the  series  is  con- 
vergent Hence  then  by  taking  a  few  of  the  first  terms  we  get  an  ap- 
proximate value  of  the  integral,  which  in  the  absence  of  an  exact  one,  will 
frequently  suffice  in  practice. 

The  general  formula  for  obtaining  the  integral  in  an  infinite  or  finite 
series,  corresponding  to  that  of  Taylor  in  the  Calculus  of  Indefinite 
Differences,  is  the  following  one,  ascribed  to  John  Bernoulli,  and  usually 
termed 

JOHN  BERNOULLrS  THEOREM. 

/Xdx  =  Xx— /xdX 
rdX       ,     _dX    x«       />x«dx    d«X 
J  dx  •'^^*"  dT*'2~/~2~*  dlE^ 
d«X    x«dx      d»X     X'        /-x'dx   d^X 


/^d'X    x'dx_d'X    J^_r 
•/  dx«  •      2     "■  dx«*  2.S     J' 


2.3    •  dx^ 
&c.  =  &c. 
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Hence 

/Xdx  =  Xx-^.^+^.__&c  +  C 

the  theorem  in  question. 

Ex,l.yx-dx  =  x-  +  «  — ^x»  +  '  +  5i:^!^x"  +  '— &C.  +  C 

But  since 

as  in  Art.  78. 

102.  Required  the  integral  of 

Xdx(lx)» 
Kfcre  X  U  any  Algebraic  Bmctim  rfx,  1  x  the  Hyperbolic  U^arithm  of  x, 
and  n  apositix^  integer. 

By  the  formula 

/u  d  V  =  u  V  — /v  d  u 

we  have 

/Xdx(lx)°=(lx)VXdx  — n/{lx)»-»^/Xdx 

=  (lx)»X'— n/(lx)»->^X' 

/^'dx(lx)— >  =  (lx)»-iX''  — (n— l)/(lx)«-*^X'' 

where  X',  X",  X'",  &c  are  put  for/X  d  x,/—  d  x,/~  d  x,  &c  re. 

spectively. 
Hence 
Adx(lx)»=X'(lx)°— nX''(lx)«-»+n.(n— l)X"'(lx)«-*— &C+C. 

Ex.l./x«»dx(lx)»=^^^|(lx)° Vt(Ix)""'&c-I 

^  m  +  1  i^     '        m+  P     '  ) 

193.  Bequired  the  integral  tf 

dx 


.U 

X 


"aihere  U  m  any  Junction  (f\  x. 
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Let  u  =  1  X. 

Then 

d  u  = : 

and  substituting,  the  expression  becomes  algebraic,  and  therefore  integra- 
ble  in  many  cases* 

104.  Required  the  integrcd  of 

Xdx(lx)» 
"where  n  is  negative. 

Integrating  ly  PartSj  as  it  is  termed,  or  by  the  formula 

f\x  d  V  =  u  V  — y  V  d  u 
we  get,  since 

/X  d  X       ^_-       d  X  .,    .  __„ 

/»Xdx Xx  .      1       /.    dx       d(Xx) 

•'(Ix)"'"      (n— l)(lx)»-«+n— lV(lx)»-''     dx  " 

and  pursuing  the  method,  and  writing 

^,  ^djXx) 

dx 

■^^  ^d(X^x) 

d  X 
&c.  =  &c. 
we  have 

/^Xdx_  Xx X^x f       X(°)'dx 

•/(Ix)--     (n-l)(ht)-»     n— l.n— 2.(lx)*-*  ^(n— l)...2.i(lx) 

""'_  Xx  _  . XC"-^'/dx 

(n— l)(lx)»-*  *''•  ^(n  — l).(n  — 2)....(n  — m)(lx)«'-" 
according  as  n  is  or  is  not  an  integer,  m  being  in  the  latter  case  the 
greatest  integer  in  n. 

^""v  (ix)»  — ir=rrt(Ti)^^' "*■  (n  — 2)(ix)--»  +  *'^j 

(m  +  1)°-^  /»x"dx 

(n—  1)  (n  — 2) !•/     Ix 

when  m  is  an  integer. 

105.  Required  the  integrals  (^ 

-t  A  A      :%   K       '       A      :%   A  A      :x   A  a        ^^  ^^  ^^ 

dd.  cos.  ^.  d  d.  sin.^,  d  ^.  tan.  ^  d  ^.  sec.  tf,  ;:,  -^ — ^j r. 

'  '  *  '  COS.  d    sm.  ^    tan.  tf 

By  Art  26,  &c. 

d  sin.  ^  =z  d  ^ .  COS.  (?,  and  d  cos.  ^  =:  —  d  ^  sin.  ^ 

.•.yd  ^  COS.  d  =  sin.  tf  +  C (a) 

and 

yd  ^  sin.  <?  =z  C  —  COS.  tf (b) 
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Again  let  tan.  i  ss  t;  then 


d*=     ^* 


and 


1  +  t« 


since 


Again 


/d  *tM.  <  s/^ilL  =  i  1  (1   +  t»)  +  c 

s  C  —  1 .  COS.  4 (c) 

1  +  t«  =  sec*d  =  — ^ri- 

COS.  ■  tf 

J  it         A         ^  ^           d  ^  COS.  6 
a  9  sec.  9  = ;  = X — —- 

COS.  9       1  —  sin. '  9 


d  (sin.  ^) 
^1  —  sin.  ■  d 

—  X     d  (^^°*  ^)     ,    1       d  sin.  9 
""  ♦•  1— 8in.^+  *•  1  +  sin.tf 

.\/di8eci  =il.(l+sin.O— il(l— Miu^)+C 

=  l.tiUL(46«+i.)  +  C.  .  .  (d) 

wbich  is  the  same  as  f r. 

*/  COS.  6 

Again 

=-Ltan.(46«  +  ^  _  i.)  +  C 

=  1 .  (tan.  ^)  +  C (e) 

Again 


/tS??  ^-/"^'^^  ^  =/d^  tan.  (J- ^) 


=  lcos.(-|-i>)  +  C(byc) 

=  l.sin.tf+C (f) 

106.  Required  the  integral  of 

sin.  °»  tf  cos.  »  d.  d  ^. 
nj  fltMf  n  irfngr  positive  or  fiegative  integers. 
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Let  sill.  ^  =  u ;  then  d  0  cos.  tf  =  d  u  and  the  above  expression  becomes 

u"d  u  (1  —  u')T 
which  IS  integrable  when  either  — ^ —  or  — ^ —  +  — - —  =  — ^ — 
is  an  integer  (see  95.)     If  n  be  odd,  the  radical  disappears;  if  n  be  even 
and  m  even  also^  then  — ^—  =  an  integer;  if  n  be  even  and  m  odd»  then 

— ^ —  is  an  integer.     Whence 

u»du  (1  —  u«)°« 
is  integrable  by  95. 

OTHERWISE, 

Integrating  by  Parts,  we  have 

/d  d  sm.»  tf  cos.«  ^=— ??5l!Z^  COS.*  + » H  ^^ 
•^  n  +  1  '  m  +  F 

SE J cos."+*tf  H ; — y  dx  siii."-*tfcos."tf 

m  4-  n  m  +  n*^ 

and  continiiing  the  process  m  is  diminished  by  2  each  time. 

In  the  same  way  we  find 

r  I  A  :^  ms        nil      sin."»  +  *tf  COS."-*  ^.n  —  1-,      .«.^        „«. 

/dtfsiil."»^cos."^= ; +  — - — /dxsm.»^cos.»-*^ 

m  -f-  n  m+n*' 

and  so  on* 

107.  Required  the  integrals  of 

d  u  =  d  tf  sin.  (a  4  +  b)  cos.  (a'  ^  +  b") 

d  V  =  d  ^  sin.  (a  ^  +  b)  sin.  (a'  ^  +  y) 
and 

d  w  =  d  tf  COS.  (a  ^  +  b)  cos.  (a'  ^  +  b^ 

By  the  known  forms  of  Trigonometry  we  have 

d n  =  d^  {sm.  (a  +  af.^+h  +  V)  +  sin.  (a  — a',  tf+b  — V)! 

d  V  =  dtf  {cos. (a+a'. ^+b  +  bO  —  cos.  (a— a'.^+b  — b')} 

d  w  =  d  tf  {cos.  (a  +  a'.  0+h  +  b')  +  cos.  (a  — a' .  ^+b  — b')} 
Hence  by  105  we  have 

^      .  /cos.  (a"+l'-^+  b  +  b')    ,   COS.  (a  — a'.  ^  +  b— bO\ 

V  -  C      I  f  sin.  {SL  +  a'  .^  +  h  +  W)       sin.(a  — a^^  +  b  — b^)  1 
""*\  a  +  a'  a  —  a'  J 

_  ^  ,  ^  /sin.  (a+T^  ^  +  b  +  bp  ,    sin.  (j[IZl/.  tf  +  b  — bQ  1 
Tliese  integrals  are  very  usefuL 
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108.  Required  the  tniegrals  of 

6^d6  sin.  4  and  tf  °  d  tf  cos.  i. 
Int^rating  by  Parts  we  get 

/*tf»Xd^8in.tf=C  — tf»co8.tf+n^»-i8Ui.tf+n.(n  — l)^»-«cos.^— &C. 

and 

/^-Xd^cos.tf=C+tf»sm.^  +  ntf»-»co8.tf  — n.(n— l)^«-«8in.^+&c. 

109.  Bequired  the  integrals  qf 

X  d  X  sin.  -"  *  X 
X  d  X  tan.'^^x 
X  d  X  sec.  ~  *  X 
&c 
Integrating  by  Parts  we  have 

/Xdxtan.-'x  =  tan.-'x/Xdx— /'^'/•^f' 

/Xdxsec-ix  =  sec.-'x/Xdx-/5^i^^ 

&c.  =  8ic 
see  Art  86. 

110.  Bequired  the  integral  qf 

du=  (f+gco8.^)d^ 
(a  +  b  COS.  6)  ^ 
Integrating  by  Parts  and  reducing,  we  have 

„  • (ag— bf)sin.tf I 

"(n— l)(a*  — b«)(a  +  bcos.tf)»-»  ^  (n  —  1)  (a«  — b*)  ^ 

.(n-l)(af-bg)  +  (n-2)(ag-bf)co8.^^, 
J (a+bco8.^)»-i    "^^^ 

which  repeated,  will  finally  produce,  when  n  is  an  integer,  the  integral 

required. 

V      r      di  2  (a-b)tan.|- 

Ex.   / -- - tan  —  * —  4-  C 

•'a  +  bcos.d~  -•(a«  — b»)'""*        V(a«  — b«)   ^^ 

or 

1 ,  b+acos.  tf+ sin.  ^  V  (b'  —  *')   •   p 

V(b*  — a«)-^  a  +  bcos.^  + '"' 

Notwithstanding  the  numerous  forms  which  are  integrable  by  the  pre- 
ceding methods,  there  are  innumerable  others  which  have  hitherto  resisted 
^  the  ingenuity  that  has  been  employed  to  resolve  them.  If  any  such 
appear  in  the  resolution  of  problems,  they  must  be  expanded  into  con* 
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verging  series,  by  some  such  method  as  that  already  delirered  in  Art  101 ; 
or  with  greater  certainty  of  attaining  the  requisite  degree  of  convergency, 
by  the  following 


METHOD  OF  APPROXIMATION- 


111.  Required  to  integrate  between  x  =  b,  x  =  a,  any  given  Indefinite 
Difference,  in  a  convergent  series. 

Let  f  (x)  denote  the  exact  integral  ofy*X  d  x;  then  by  Taylor's 
Theorem 

f.{x  +  h)-fx=Xh  +  i|  0  +  *"" 

i 

and  making 

h  =  b  — a 

f  (X  +  b  — a)  — fx  =  X .  (b-a)  +  ^,1^1^  +  &c. 

Again,  make 

X  =  a 
then 

dX      d^X    . 

become  constants 

and  we  obtain 

f(b)-f(a)  =  A(b-a)  +  ^.  (b-a)«  +  ^g  (b-a)« 

which,  when  b  —  a  is  small  compared  with  unity,  is  sufiBiciently  conver- 
gent for  all  practical  purposes. 
If  b  —  a  be  not  small,  assume 

b  —  a  =  p.  i3 
p  bemg  the  number  of  equal  parts  ft  into  which  the  interval  b  —  a  is  sup- 
posed to  be  divided,  in  order  to  make  j8  small  compared  with  unity.    Then 
taking  the  integral  between  the  several  limits 

a,  a  +  p 

ftf  a  +  2)9 
&c. 

a,  a  +  p  ^ 
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we  get 

f .  (a  + /3)  -  f  (a)  =  A  ^  +  ^ .  iS «  +  ^ .  |8 »  +  &c 

f(a+2/S)-f(a+/3)=B^+|'./3«+  Kp»  +  8,c. 

etc*  IS  occ* 

f(a+p/S)  _f  (a+^;=l./S)  =  Pi8  +  I"  /3«  +  |1|8»  +  Jtc. 

A,  A',  8fcc.  B,  B',  &c P,  F,  Jcc. 

being  the  values  of 

when  for  x  we  put 

ay  a  +  P,  9L  +  2pj  &c. 
Hence 

f  (b)  —  f  (a)  =  (A  +  B  + P)  /3 

+  (A'  +  B'  +  . . . .  F)  ^ 
+  (A''  +  B''  +  . . . .  FO  i;^ 

die  integral  required,  the  convergency  of  the  series  being  of  any  degree 
that  may  be  demanded. 
If /9  be  taken  very  small,  then 

f  (b)  —  f  (a)  =  (A  +  B  + P)  /3  nearly. 

Ex.  Required  the  approximate  vatue  qf 

/X»-»dx  X  (1— x») 

m  m         p 

behoeeu  the  limits  gf  x  =  0  and  x  =  1,  uohen  neither  -^  9  ^^<^   n"         q 

is  an  integer. 
Here 

X   =   X»->  (l_X»)-q- 

and 

dX  D  -^      np  -5 — 1 

-jY  =  (m  +  n^-l)x«-«(l_x-)*--^x«-»0-*")' 

b^a=  1—0=  1. 
Assume  1  =  10  X  jS,  and  we  have  for  limits 

1  1 

0,  10 ;    0,  jq;  &c. 

Vol.!.  G 


4 
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Hence  m  being  >  1, 

A  =  0 


c  =  (f«)""'{'-(^)"} 


P. 
4 


&c.  =  &c. 

^=(for{'-(f«)"}'- 

Hence,  between  the  limits  x  =  1  and  x  =  0 

/Xdx  =  ^— rX  {(10»—  1)"5"+(10'»  — g")"!" 

+  (10»— 3»)f  +  &c.   +  (10»— 9°)f  jnearly. 

We  shall  meet  with  more  particular  instances  in  the  course  of  our 
comments  upon  the  text. 

Hitherto  the  use  of  the  Integral  Calculus  of  Indefinite  Differences  has 
not  been  very  apparent  We  have  contented  ourselves  so*' far  with 
making  as  rapid  a  sketch  as  possible  of  the  leading  principles  on  which 
the  Inverse  Method  depends ;  but  we  now  come  to  its 

APPLICATIONS. 


1 12.  Required  to  Jind  the  area  of  any  curve,  comprised  between  two 
given  values  of  its  ordinate. 

Let  £  c  C  (fig.  to  Lemma  II  of  the  text)  be  a  given  or  definite  area 
comprised  between  0  and  C  c,  or  0  and  y.  Then  C  c  being  fixed  or  De- 
finite, let  B  b  be  considered  Indefinite,  or  let  L  b  =  d  y.  Hence  the 
Indefinite  Difference  of  the  area  E  c  C  is  the  Indefinite  area 

B  Ccb. 
Hence  if  E  C  =  x,  and  S  denote  the  area  E  c  C ;  then 

dS  =  BCcb=CL  +  Lcb 
z=ydx  +  Lcb. 
But  L  c  b  is  heterogeneous  (see  Art.  60)  compared  with  C  L  or  y  d  x» 

.«.  d  S  =  y  d  X 
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Hence 

S=/ydx, 
the  area  required. 
Ex.  1.  Required  the  area  qfihe  common  parabola. 

Here, 

y »  =  a  X. 

...  d  X  =  ^y-iy 

a 

and 

and  between  the  limits  of  y  s  r  and  y  =  r'  becomes 

If  m  and  m'  be  the  corresponding  values  of  x,  we  have 

S  =  I-  (r  m  —  r'  m') 


Let  r'  =  0,  then 


=  -5-  of  the  circumscribing  rectangle. 


2 
S  =  -5  r  m  (see  Art  21.) 


3 
Ex.  2.  Take  the  general  Parabola  whose  equation  is 

y  ™  =  a  X  ". 
Here  it  will  be  found  in  like  manner  that 

m  +  n 

m  ^ 

.  a  p 


m  +  n 

between  the  limits  of  n  =  y  =  0,  and  x  =  a,  y  =  j3. 

Hence  aU  PARABOLAS  may  be  squared^  as  it  is  termed;  or  a  square  may 

he  found  tthose  area  shall  be  equal  to  that  of  any  Parabola. 

Ex.  3.  Bequired  the  area  of  an  Hyperbola  comprised  by  its  asywpioUf 

(md  one  infinite  branch. 

If  X,  y  be  parallel  to  the  asymptotes,  and  originate  in  the  center 

X  y  =  ab 

is  the  equation  to  the  curve. 

Hence 

•1                ab  dy 
d  X  = =-i 

G2  ./' 
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and 

S=/-?^^Ay  =  C-ably. 

y 

Let  at  the  vertex  y  =:  /3,  and  x  =  0 ;  then  the  area  is  0  and 

C  =  a  b .  1  5. 

Hence 

S  =  ab.l.  ^-. 

7 

113.  If  the  curve  be  referred  to  ajixed  center  by  the  radius-wctor  ^  and 
traced-angle  6 ;  then 

For  d  S= the  Indefinite  Area  contained  by  ^,  and  ^+d  ^= (^+d  ^)  ^-^^ — 

e'dtf       pded^ 
=  ^  +  ^ — I — -  (Art,  26)  and  equatuig  homogeneous  quantities  we 

have 

Ex.  1.  In  the  Spiral  of  Archimedes 

.•.S  =  ^V^»d^^^.^'  +  C. 

Ex.  2.  In  the  Trisectrix 

^  =  2  cos.  tf  ±  1 

.-.  dS  =  i/(2co8.  tf+  l)«d^ 
which  may  easily  be  integrated* 

Hence  then  the  area  of  every  curve  could  be  found,  if  all  integrations 
were  possible.  By  such  as  are  possible,  and  the  general  method  of  ap- 
proximation (Art  111)  the  quadrature  of  a  curve  may  be  effected  either 
exactly  or  to  any  required  degree  of  accuracy.  In  Section  VII  and  many 
other  parts  of  the  Principia  our  author  integrates  Functions  by  means  of 
curves ;  that  is,  he  reduces  them  to  areas,  and  takes  it  for  granted  that 
such  areas  can  be  investigated. 

114.  ToJSnd  the  length  of  any  curve  comprised  within  given  values  of  the 
ordinate  i  or  To  BSCTIFT  any  curve. 

Let  s  be  the  length  required.  Then  d  s  =  its  Indefinite  Chord,  by 
Art  25  and  Lemma  VII. 

.-.  d  s  =  v'  (d  x«  +  d  y«) 
and 

s  =/V(dx'  +  dy«) (a) 
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Ex. 

]. 

In  the  general  parabola 

y"»  =  a  x". 
Hence 

dx*-     ™' 

am 

y » 

-s 

ii*a"5" 

.dy« 
n"  a"5" 

and 

ds  =  dy.  v(l  + -ELlj.  y¥^-») 


n  *  a  n 


which  is  integrable  by  Art  95  when  either 


1  1  1 

or  ^ +   o" 


ihat  isy  when  either 


^_2       Hi?  — 2        ^ 
n  n 


In  1         m 

or 


2'in  —  n        2*m  —  n 
is  an  int^r;  that  is  when  either  m  or  n  is  even. 
The  common  parabola  is  Rectifiable,  because  then  m  =  2.   In  this  case 

ds=dy  V(l+ijy')     ...         .    .     (r) 
Hence  assuming  according  to  Case  2  of  Art  95» 

we  get  the  Rational  Form 

u*  d  u 


ds=: 


Hence  by  Art  89,  Case  2, 


2 

a" 


2     ,     , 
—  +  v'  u 

,  =  ^ -l-l.i— +  c 


Hh-'-)  '  ■^-^" 


+  V  u 


/I  +-*.y« 

But  u  =  V L:^ — .     Hence  by  substituting  and  making  the  ne- 

oessary  reductions 

63 
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s  = 


+  a  1 . +  ^• 


a 
2 


Let  y  =  0  5  then  s  =  0  and  we  get  C  =  0 
and  .•.  between  the  Limits  of  y  =  0  and  y  =  ^ 


^.v'(^'  +  ^) 


s  =    - 


+  al. 


^+ v(/s'  +  i-) 


a 


In  the  Second  Cubical  Parabola 

y^  =  a  x' 


and 


ds  =  dy^/(l  +  |f) 


9y. 


C. 


dy 


which  gives  at  once  (Art  91) 

'^  =  r,'(>+:-i)> 

Ex.  2.  In  the  circle  (Art.  26) 

which  admits  of  Integration  in  a  series  only.     Expanding  (1 
by  the  Binomial  Theorem,  we  have 

Hence, 


ds  =  dy  +  y^y  +  A4y*dy  +  &- 


2.4 


and 


y-  3 

s=y  +  ^  + 


3 

2,3 


y«)-i 


and  between  the  limits  of  y  =  0  and  y  =  -  or  for  an  arc  of  30^  we  have 

11  3 

*  =  "2   ■*"  2.  3.  2»  "•"  2.4.5.2*  +  ^^' 

-    1  1       ,   J[_   ,       5  5.  J 

"    2"^  3.  2*  ■*"5.  2«  ^  7.  2»^  +  9.2  >«  "^  *^^' 

.5 

.0208333333 

=  A  .0023437500 

.0003487720 

1^.0000593390^ 


1 


=  .5235851943  nearly. 


&c. 
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Hence  180**  of  the  circle  whose  radius  is  1  or  the  whole  circumference 
t  of  the  circle  whose  diametet-  is  1  is 

V  =  .  5235851943  .  . .  x  6  nearly 
=  3.1415111658 

which  is  true  to  the  fourth  decimal  place ;  or  the  defect  is  less  than  — — . 

By  taking  more  terms  any  required  approximation  to  the  value  of  v  may 
be  obtained. 
Ex.  3.  In  the  Ellipse 


s  =yd  X  . 


a*  —  e'  X* 


\      a*— x» 

where  x  is  the  abscissa  referred  to  the  center,  a  the  semi-axis  major  and 
ae  the  eccentricity  (see  Solutions  to  Cambridge  Problems,  Vol.  11.  p.  144.) 

115.  If  the  ciove  be  referred  to  polar  coordinates^  ^  and  6;  then 

s=/V(^«dtf«+dg«) *  (b) 

For 

y  =  ^  sin.  ^ 

X  =  m  +  f  cos*  ^ 
and  if  d  X  ^  d  y '  be  thence  found  and  substituted  in   the  expression 

(114.  a)  the  result  will  be  as  above. 

Ex.  1.  If  I  the  Spiral  of  Archimedes 

f  =  atf 

2  a  a 

see  the  value  for  s  in  the  common  parabola,  Art.  114. 
Ex.  2.  In  the  logarithmic  Spiral 

9 

^  =  e       ^ 
or 

tf  =  1.^ 
and  we  find 

s  =z  \r2fd  g  =  f  V  2  +  C. 

116.  Required  the  Volume  or  solid  Content  of  any  solid  formed  by  the 
revolution  of  a  curve  round  its  axis. 

Let  V  be  the  volume  between  the  values  0  and  y  of  the  ordinate  of  tlie 
generating  curve.  Then  d  V  =  a  cylmder  whose  base  is  »  y  *  and  alti- 
tude d  X  +  a  quantity  Indefinite  or  heterogeneous  compared  with  either 
'1 V  or  the  cylinder. 

G4 
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But  the  cylinder  =:  «*  y '  d  x.     Hence  equating  Aomqgeneous  tenns,  we 
have 

dV  =  »y«dx 
and 

V  =  */yMx (c) 

Ex.  1.  In  the  sphere  (rad.  =  r) 

A  V  =  IT  ft  •  d  X  —  »y  X '  d  X 
=  »(r'x-^')+C; 
and  between  the  limits  x  =  0  and  r 


V  =  lr'^ 


which  gives  the  Hemisphere. 
Hence  for  the  whole  sphere 


V  = 

=  1- 

V  . 

Ex.2. 

In  the  Paraboloid. 

y«  = 

a  X 

• 

.  V  = 

*/ax 

dx 

= 

+  C; 

d  between  the  limits  x  =r 

Oand 

a 

• 

V  = 

*K  a 
2  •• 

Ex.3. 

In  the  EUtjpsoid. 

.  (a«. 

-x«) 

rb* 


.-.  V  =  — 7  ./(a»  d  X  —  x«  d  x) 


and  between  the  limits  x  =  0  and  a 

V  _    g^,      a    _    g   .aD    . 
Hence  for  the  whole  Ellipsoid 

V  =  |*ab'. 

The  formula  (c)  may  be  transformed  to 

V  =  ^yS  — ^/Sdy (d) 
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where  S  =  y*y  d  x  or  the  area  of  the  generating  curve,  which  is  a  singular 
expression,  y*S  d  y  being  also  an  area. 

In  philosophical  inquiries  solids  of  revolution  are  the  only  ones  almost 
that  we  meet  with.  Thus  the  Sun,  Planets  and  Secondaries  are  Ellip- 
soids of  different  eccentricities,  or  approximately  such*  Hence  then  in 
preparation  for  such  inquiry  it  would  not  be  of  great  use  to  investigate 
the  Volumes  of  Bodies  in  general. 

If  z,  y,  z,  denote  the  rectangular  coordinates,  or  the  perpendiculars  let 
fidl  from  any  point  of  a  curved  surface  upon  three  planes  passing  through 
a  point  given  in  position  at  right  angles  to  one  another,  then  it  may  easily 
be  shown  by  the  principles  upon  which  we  have  all  along  proceeded, 
that 

d  V  =  d  yfz  d  X 
or 

=  d  z/y  d  X  I (e) 

or 

=  d  xy*z  d  y^ 

according  as  we  take  the  base  of  d  V  in  the  planes  to  which  z,  y,  or  x  is 
respectively  perpendicular 

For  let  the  Volume  V  be  cut  off  by  a  plane  passing  through  the  point 
in  the  surfiice  and  parallel  to  any  of  the  coordinate  planes ;  then  the  area 
of  the  plane  section  thus  made  will  be 

/z  dx" 
or 

or 

Then  another  section,  parallel  toy*z  d  x,  ory*y  d  x,  or^z  d  y  and  at 
the  Indefinite  distance  d  y,  or  d  z,  or  d  x  from  the  former  being  made, 
the  Indefimte  Difference  of  the  Volume  will  be  the  portion  comprised  by 
these  two  sections ;  and  the  only  thing  then  to  be  proved  is  that  this  por- 
tion is  =  d  yfz  d  X  or  d  zfy  d  x,  or  d  x  /z  d  y.  But  this  is  easily  to 
be  proved  by  Lemma  VII. 

This,  which  is  an  easier  and  more  comprehensible  method  of  deducing 
d  V  than  the  one  usually  given  by  means  of  Taylor's  Theorem,  we  have 
merely  sketched ;  it  being  incompatible  with  our  limits  to  enter  into  de- 
tail. To  conclude  we  may  remark  that  iii  Integrating  both  y*  z  d  x,  and 
/d  y  /  z  d  X  must  be  taken  within  the  prescribed  limits,  first  considermg 
y  Definite  and  then  x. 


►  see  Art  1 12. 
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117.  Tojind  the  curved  surface  of  a  Solid  of  Revolution^ 
Let  the  curved  surface  taken  as  far  as  the  value  y  of  the  ordinate  re- 
ferred to  the  axis  of  revolution  be  0,  and  s  the  length  of  the  generating 
curve  to  that  point;  then  d  0  =  the  surface  of  a  cylinder  the  radius  o( 
whose  base  is  y  and  circumference  2  ^r  y,  and  altitude  d  s,  by  Lemma  VII. 
and  like  considerations.     Hence 

d(T  =  2vyds 
and 

tf  =  2  */y  d  s (a) 

or 

=  2flrys — .2ff/sdy (b) 

which  latter  form  may  be  used  when  s  is  known  in  terms  of  y;  this  will 
not  often  be  the  case  however. 
Ex.  In  the  common  Paraboloid. 


and 


y«  =  ax 


Let  y  =  0  and  )?,  then  c  between  these  limits  is  expressed  by 

If  the  surface  of  any  solid  whatever  were  required,  by  considerations 
similar  to  those  by  which  (116.  e)  is  established,  we  shall  have 

d(j  =  V  (dy«  +  dz«)/ V  (dx»  +  dz«)     .     .     .     .    (c) 

and  substituting  for  d  z  in  V  d  x*  +  d  z*  its  value  deduced  from  z  =  f. 
(x,  y)  on  the  supposition  that  y  is  Definite ;  and  in  V  (d  y  *  +  d  z ')  its 
value  supposing X  Definite.  Integrate  first  V  (d  x*  +  d  z*)  between  the 
prescribed  limits  supposing  y  Definite  and  then  Integrate  V  (dy*  +  d  z') 
/  V  (d  X*  +  d  z')  between  its  limits  making  x  Definite.  This  last  result 
will  be  the  surface  required. 

We  must  now  close  our  Introduction  as  it  relates  to  the  Integratiou  of 
Functions  of  one  Independent  variable. 

It  remains  for  us  to  give  a  brief  notice  of  the  artifices  by  which  Func- 
tions of  two  Independent  Variables  may  be  Integrated. 

118.  Required  the  Integral  of 

Xdx  +  Ydy  =  0, 
where  X  is  any  function  qfn,  and  Y  a  function  qfy  the  same  or  different. 
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When  each  of  the  terms  can  be  Integrated  separately  by  the  preceding 
methods  for  functions  of  one  variable,  the  above  form  may  be  Integrated, 
and  we  have 

/Xdx+/Ydy  =  C. 

This  is  so  plain  as  to  need  no  illustration  from  examples.  We  shall, 
Dowever,  give  some  to  show  how  Integrals  apparently  Transcendental 
may  in  particular  cases,  be  rendered  algebraic. 

Ex.l..i5  +  A3L=o. 
X  y 

.-.  1  X  +  1  y  =  C  =  1 .  C 

.•.l(xy)  =  1.  0/ 

and 

.%  x  y  =  Q!  or  =  C 

P^  o  dx  d  y _ 

^-  ^-  V(l— X*)  +  ^(l-y«)  -  "' 

Here 

sin. ""  *  X  +  sin,  ~  *  y  =r  C  =  sin.  -  *  C 
.'.  C  =r  sin.  {sin.  ~*  x  =  sin.  ~  *  y] 

=  sin.  (sin.  ~  ^  x) .  cos.  (sin.  ~  *  y )  +  cos.  (sin.  ~  *  x)  sin.  (sin. "~  *  y) 
=  x.V  (1— y')  +y  V  (1  — x«) 

which  is  algebraic. 
Generally  if  the  Integral  be  of  the  form 
f->(x)  +  f.-^(y)  =  C 
Then  assume 

C  =  f.-^C) 

and  take  the  inverse  function  of  f  ~~ '  (C)  and  we  have 

C  =  f{f-'(x)  +  f-'(y)l 

vhlch  when  expanded  will  be  algebraic. 

119.  Required  the  Integral  of 

Ydx  +  Xdy  =  0. 
Dividing  by  X  Y  we  get 

X  ^    Y 
vhlch  is  Integrable  by  art  1 18. 

120.  Required  the  Integral  of 

Pdx  +  Qdy  =  0; 
**«-e  P  and  Q  are  eieh  such  Junctions  ofn  and  y  thai  the  sum  of  the  expo- 
nents rfx  and  y  in  evert/  term  of  the  equation  is  the  same. 
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Let  X  =  u  y.     Then  ifm  be  the  constant  sum  of  the  exponents,  P  and 
Q  will  be  of  the  forms 

U  X  y°  —  U'y" 
U  and  U'  being  functions  of  w. 

Hence>  since  dxz=udy  +  ydu,  we  have 

U.(udy  +  ydu)  +  U'dy  =  0 
and 

(Uu  +  UOdy  +  Uydu  =  0 
dy  Udu 

•'•  y  +  Uu  +  U'  =  ^       .....     (a) 

which  is  Integrable  by  art  118. 

Ex.  1.  (a  X  +  b  y)  d  y  +  (f  X  +  g  y)  d  X  =  0. 
Here 

P  =  fx+gy,  Q  =  ax  +  by 
U=  fu+  g,  U'  =  au  +  b 

.  IZ  4.  (fu  +  g)<ju 

"   y    ■*"fii«  +  (g  +  a)u  +  b-" 

which  being  rational  is  Integrable  by  art  (88,  89) 

Ex.  2.  X  d  y  —  y  d  X  =z  d  X  1/  (x«  +  y*) 

Here 

Q  =  x,  P  =  — y— V(x*  +  y«) 

U'  =  u,  U  =  —  1  —  1/  (1  +  u*) 

y     ^      u  V  {\  +  u«) 
or  ^ 

y     ^     u    ^  u  V  (1  +  u«)  "  " 
which  is  Integrable  by  art  (82,  85.) 
These  Forms  are  called  Homogeneous. 
121.  To  Integrate 

(ax  +  by  +  c)dy  +  (mx+ny+p)dx  =  0- 
By  assuming 

ax  +  by  +  .c  =  u 
and 


+  by  +  c  =  u-\ 
+  ny +  p  =  vj 


m  X 

we  get 

J  mdu  —  adv         ,,  bdv  —  ndu 

d  y  = r 9  and  d  x  = r 

^  mb  —  na'  rab  —  na 

and  therefore 

(mu  —  nv)du  +  (bv  —  au)du  =  0 
which  being  Homogeneous  is  Integi-able  by  Art  120. 
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We  now  come  to  that  class  of  Integrals  which  is  of  the  greatest  use  in 
Natural  Philosophy — ^to 


LINEAR  EQUATIONS. 

122.  Required  to  Integrate 

d  y  +  y  X  d  X  =  X'  d.x, 
where  X,  X'  are  functions  of  X. 

Let 

f 

y  =  u  V. 

Then 

udv  +  vdu  +  Xuvdx  =  X'dx 
Hence  assumiDg 

d  V  +  V  X  d  X  =  0 .     (a) 

we  have  also 


Hence 


V  d  u  =  X'  d  X (b) 

dv 

—  +  Xdx  =  0 

.-.  Iv  +/Xdx  =  C 


or 


V  =  e  c— /3Cdx 

=  e^  X  e-/^** 
=  C  X  e^/xdx, 

Substitating  for  y  in  (b)  we  therefore  get 

1         /Xdx 

du=-p.e  XMx 

which  may  be  Ini^rated  in  many  cases  by  Art  118. 

Ex.  dy  +  ydx  =  ax'dx. 
Here 

X=l,  X'=ax* 

yx  d  X  =  x 

and 

/X'dxe/xd»  =  a/x«e«dx 

=  a  e  «  (x»  —  3  x«  +  6  X  —  6) 

see  Art  (102) 

Hence 

y  =  Ce-»  +  a(x'  — Sx*  +  6x  — 6} 
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122.  Bequired  to  Jntegtate  the  LdNEAR  Equation  (jfihe  second  order 

dx"  dx  ^        ^ 


d  V 
Lety  =  €>■»**;  then  ;r^  =  ue-^**** 


where  X,  X'  are  junctions  of^. 

djr 

and  •'.  by  substitution, 

^+u«+Xu+X'  =  0 
d  X 

which  is  an  equation  of  the  first  order  and  in  certain  cases  may  be  Integ- 

rable  by  some  one  of  the  preceding  methods.     When  for  instance  X  and 

X'  are  constants  and  a,  b  roots  of  the  equation 

u«+Xu+X'  =  0 

then  it  will  be  found  that 

y  z=  Ce*«+  C'e«>«. 

123.  Reqtiired  the  Integral  of 

^^  +  X  $^  +  X'  y  =  X" 
d  x'  dx  ^        ^ 

where  X"  is  a  new  Junction  qfx. 

Let  y  =  t  z;  then  Differencing,  and  substituting,  we  may  assume  the 
result 

^^+X^+X'z  =  0 (a) 

and 

•••<VO(^  +  i-*ai)-  =  ?'  •  •  •  <^) 

Hence  (by  122)  deriving  z  from  (a)  and  substituting  in  (b)  we  have  a 
Linear  Equation  of  the  first  order  in  terms  of  (j^)>  ^^^^^^fx^)  "^7 
be  found ;  and  we  shall  thus  finally  obtain 

*'^dx«  +  dx*x       ^*y  -x«— r 


Here 


X—  Y'  —  ■y"  —       * 


x'  x"'  -  X»  —  1* 
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Equat  (a)  becomes 

d*  2       dz     1    _   z 
d  X  *       .d  X  *  X   ""  X* 

whence 

wherein  z  =  e  ■''"***;  which  becomes  Aomogefieous  when  for  u  we  put  v^'. 
Next  the  variables  are  separated  by  patting  (see  120) 

X  =  V  s 
and  we  have 


d  V    .    s*.+  s  —  1   , 

V  s  (s*  1) 


and 


Henc 


e 


s  >r  s  —  1 
X*  +  1        .     ,  ,    x«— 1 

U  =  7— r ,-. ,  7  u  d  X  =  1 .  

X  (x*  1)    "^  X 


and 


Again 


and 


and 


X* 1 


g/Xdx   ^^   aIx   ^: 


/X"e^'^"'»zdx  =/adx  =  ax  +  C 
_  ^*—  J   /'(ax  +  C)xd  x^ 


X     ^       (x«-l)«      ' 
which  being  Rational  may  be  farther  integrated,  and  it  is  found  that 

finally 

Here  we  shall  terminate  our  long  digression.  We  have  exposed  both 
the  Direct  and  Inverse  Calculus  sufficiently  to  make  it  easy  for  the 
f^der  to  comprehend  the  uses  we  may  hereafter  make  of  them,  which 
^as  the  main  object  we  had  in  view.  Without  the  Integral  Calculus,  in 
^me  shape  or  other,  it  is  impossible  to  prosecute  researches  in  the  higher 
tranches  of  philosophy  with  any  chance  of  success ;  and  we  accordingly 
2>€e  Newton,  partial  as  he  seems  to  have  been  of  Geometrical  Synthesis, 
frequently  have  recourse  to  its  assistance.     His  Commentators,  especially 
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the  Jesuits  Le  Seur  and  Jacquier,  and  Madame  Chastellet  (or  rather 
Clairaut),  have  availed  themselves  on  aU  occasions  of  its  powers.  The 
reader  may  anticipate,  from  the  trouble  we  have  given  ourselves  in  establish- 
ing its  rules  and  formulae,  that  we  also  shall  not  be  very  scrupulous  in  that 
respect.  Our  design  is,  however,  not  perhaps  exactly  as  he  may  suspect 
As  far  as  the  Geometrical  Methods  will  suffice  for  the  comments  we  may 
have  to  offer,  so  far  shall  we  use  them.  But  if  by  the  use  of  the  Algo- 
rithmic Formulae  any  additional  truths  can  be  elicited,  or  any  illustrations 
given  to  the  text,  we  shall  adopt  them  without  hesitation. 


SECTION  II.     PROP.  I. 


124.  This  Proposition  b  a  generalization  of  the  Law  discovered  by  Kepler 
from  the  observations  of  Tycho  Brahe  upon  the  motions  of  the  planets 
and  the  satellites. 

*^  When  the  body  has  arrifoed  at  B,''  says  Newton,  ^^  let  a  centripetal 
force  act  at  once  with  a  strong  impulse^  4*^."]   But  were  the  force  acting 
incessantly  the  body  will  arrive  in  the  next  instant  at  the  same  point  C. 

For  supposing  the  centripetal  force 
incessant,  the  path  of  the  body  will 
evidently  be  a  curve  such  as  A  B  C. 
Again,  if  the  body  move  in  the  chord 
A  B,  and  A  B,  B  C  be  chords  de- 
scribed in  equal  times,  the  deflection 
from  A  B,  produced  by  an  impulsive  ^,^ 

force  acting  only  at  B  and  communi-   -^-^ 

eating  a  velocity  which  wouldhavebeen 
generated  by  the  incessant  force  in  the  time  through  A  B,  is  C  c.  But 
if  the  force  had  been  incessant  instead  of  impulsive,  the  body  would  have 
been  moving  in  the  tangent  B  T  at  B,  and  in  this  case  the  deflection  at  the 
end  of  the  time  through  B  C  would  have  been  half  the  space  describ- 
ed with  the  whole  velocity  generated  through  B  C  (Wood's  Mech.) 
But 

CT  =  i  Cc 

.-.  the  body  would  still  be  at  C. 
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AN  ANALYTICAL  PROOF. 

Let  F  denote  the  central  force  tending  constantly  to  S  (see  Newton  » 
figiire)i  which  take  as  the  ori|B^  of  the  rectangular  coordinates  (X|  y) 
which  determine  the  place  the  body  is  in  at  the  end  of  the  time  t.  Alao 
let  ^  be  the  distance  of  the  body  at  that  time  from  S»  and  4  the  angnlar 
distance  of  f  from  the  axis  of  x.  Then  F  being  resolved  parallel  to  the 
sxis  of  X,  y,  its  components  are 

F.-andF.2- 
f  t 

and  (see  Art  46)  we  /.  have 

d*x  „    X     d'y  „    y 

TF  =  "^-7'  ^  =-F.-. 


Hence 


yd*x  «   xy       xd»y 

.  yd«x  — xd«y  _ 


But 


yd*x  —  xd*y  =  dydx  +  yd*x  —  dxdy^xd*y 

=  d.(ydx  —  xdy) 

.'.  integrating 

ydx — xdy  ^    ^ 

^ 3— *-^  =  constant  =  c. 

a  t 

Again, 

X  =  g  cos.  tf,  yss^sintf,  x*  +  y*  =  g* 

.'.  d  X  =  —  ^  d  tf  sin.  S  +  d  §  cos.  § 

d  y  =        ^d  0  COS.  ^  +  d  f  sin.  tf; 

whence  by  substitution  we  get 

ydx  —  xdy  =  f'dtf 


But  (see  Art  I  IS) 


e«d^ 


^•d^ 


^—  :±:  d .  (Area  of  the  curve)  =  d  •  A 


Vou  I.  H 


.*.  d  t  =  ^ =  —  .  d  A. 

c  c 
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^ 


Now  since  the  time  and  area  commence  together  in  the  integration 
there  is  no  constant  to  be  added. 


2 
.-.  t  =  —  X  A  oc  A. 
c 


Q.  e.  d. 


125.  CoR.  1.  Prop.  IL    By  the  comment  upon  Lemma  X,  it  appears 
that  generally 

d  s 

and  here,  since  the  times  of  describing  A  B,  B  C,  &c.  are  the  same  by 

hypothesis,  d  t  is  given.     Consequently 

V  a  d  s 

that  is  the  velocities  at  the  points  A,  B,  Q  &c.  are  as  the  elemental  spaces 

described  A  B,  B  C,  C  D,  &c.  respectively.      But  since  the  area  of  a  a 

generally  =  semi-base  X  perpendicular,  we  have,  in  symbols, 

d.  A  =  p  X  d  s 

,         d.A 
.'.  V  a  d  s  a ; 

P 
and  since  the  a  A  B  S,  B  C  S,  C  D  S,  &c.  are  all  equal,  d  A  is  constant, 

and  we  finally  get 

1  c 

V  a  —  or  =  - 

P  P 

the  constant  being  determinable,  as  will  be  shown  presently,  from  the 

nature  of  the  curve  described  and  the  absolute  attracting  force  of  S. 

126.  Cor.  2.  The  parallelogram  C  A  being  constructed,  C  V  is  equal  and 
parallel  to  A  B.  But  A  B  =  B  c  by  constructioil  and  they  are  in  the 
same  line.  Therefore  C  V  is  equal  and  parallel  to  B  c.  Hence  B  V  is 
parallel  to  C  c.  But  S  B  is  also  parallel  to  C  c  by  construction,  and 
B  V,  B  S  have  one  point  in  common,  viz.  B.  They  therefore  coincide. 
That  is  B  V,  when  produced  passes  through  S. 

127.  CoR.  3.  The  body  when  at  B  is  acted  on  by  two  forces ;  one  in 
the  direction  B  c,  the  momentum  iinbich  is  measured  by  the  product  of  its 
mass  and  velocity,  and  the  other  the  attracting  single  impulse  in  the  di- 
rection B  S.  These  acting  for  an  instant  produce  by  composition  the 
momentum  in  the  direction  B  C  measurable  by  the  actual  velocity  X  mass. 
Now  these  component  and  compound  momentums  being  each  propor- 
tional to  the  product  of  the  mass  and  the  initial  velocity  of  the  body  in 
the  directions  B  c,  B  V,  and  B  C  respectively,  will  be  also  proportional 
to  their  initial  velocities  simply,  and  therefore  by  (125)  to  B  V,  B  c,  B  C. 
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Hence  B  V  measures  tbe  force  which  attracts  the  body  towards  S  when 
the  body  is  at  B— and  so  on  for  every  other  position  of  tbe  body. 

128.  Cob.  1.  Prop.  II.  In  the  annexed 
figure  B  c  =  A  B,  C  c  is  parallel  to 
S  B,  and  C  c  is  parallel  to  S'  B.  Now 
^SCB  =  ScB  =  SAB,and  if  the 
body  by  an  impulse  of  S  have  deflected 
from  its  rectilinear  course  so  as  to  be 
in  Cy  by  the  proposition  the  direction 
in  which  the  centripetal  force  acts  is  that 
of  C  c  or  S  B.  But  if,  the  body  having 
arrived  at  C,  the  a  S  B  C  be  >  S  A  B 
(the  times  of  description  are  equal  by 
hypothesis)  and  .*.  >  S  B  C,  the  vertex 
Of  falls  without  the  a  S  B  Q  and  the 
direction  of  the  force  along  c  C^  or  B  S', 
has  clearly  declined  from  the  course 
B  S  in  consequentia. 

The  other  case  is  readily  understood 
from  this  other  diagram. 

129.  To  praoe  that  a  body  cannot  de-- 
scribe  areas  proportional  tothe  timesround 
two  centers. 

If  possible  let 

aS'AB  =  aS'BC 


and 


Then 


S  A  B  =  S  B  C. 


aS'BC(=  S'AB)=  S'Bc 
and  C  c  is  parallel  to  S'  B.  But  it  is 
also  parallel  to  S  B  by  construction. 
Therefore  S  B  and  S'  B  coincide,  which 
is  contrary  to  hypothesis. 

ISO.  Prop.  III.  The  demonstration  of  this  proposition,  although  strictly 
rigorous,  is  rather  puzzling  to  those  who  read  it  for  the  first  time.  At  least 
so  I  have  found  it  in  instruction.  It  wiD  perhaps  be  clearer  when  stated 
symbolically  thus : 

Let  the  central  body  be  called  T  and  the  revolving  one  L.  Also  let 
the  whole  force  on  L  be  F,  its  centripetal  force  be  f,  and  the  force  ac- 

H2 
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celerating  T  be  f .  Then  supposing  a  force  equal  to  P  to  be  applied  to 
L  and  T  in  a  direction  opposite  to  that  of  f  ,  by  Cor.  6.  of  the  Lawsi 
the  force  f  will  cause  the  body  L  to  revolve  as  before,  and  we  have 
remaining 

f  =  F  —  f ' 

or 

F  =z  f  +  f . 

Q.  e.  d. 


ILLUSTRATION. 

« 

Suppose  on  the  deck  of  a  vessel  in  motion,  you  wnirl  a  body  round  in  a 
vertical  or  other  plane  by  means  of  a  string,  it  is  evident  the  centrifugal 
force  or  tension  of  the  string  or  the  power  of  the  hand  which  counteracts 
that  centrifugal  force — i.  e.  the  centripetal  force  will  not  be  altered  by  the 
force  which  impels  the  vesseL  Now  the  motion  of  the  vessel  gives  an 
equal  one  to  the  hand  and  body  and  in  the  same  direction ;  therefore  the 
force  on  the  body  =  force  on  the  hand  +  centripetal  power  of  the  hand. 

131.  Prop.  IV.  Since  the  motion  of  the  body  in  a  circle  is  uniform  by 

supposition,  the  arcs  described  are  proportional  to  the  times.    Hence 

J       .,    ,       arc  X  radius 
t  «  arc  described  a 5 

a  area  of  the  sector. 

Consequently  by  Prop.  II.  the  force  tends  to  the  center  of  the  circle. 

Again  the  motion  being  equable  and  the  body  always  at  the  same  dis- 
tance from  the  center  of  attraction,  the  centripetal  force  (F)  will  clearly 
be  every  where  the  same  in  the  same  circle  (see  Cor.  S.  Prop.  I.)  But 
the  absolute  value  of  the  force  is  thus  obtained.  , 

Let  the  arc  A  B  (fig.  in  the  Glasgow  edit)  be  described  in  the  time  T. 
Then  by  the  centripetd  force  F,  (which  supposing  A  B  indefinitely  small, 
may  be  considered  constant,)  the  sagitta  D  B  (S)  wiU  be  described  in 
that  time,  and  (Wood's  Mechanics)  comparing  this  force  with  gravity  as 
the  unit  of  force  put  =  1,  we  have 

S  =  fFT* 

g  being  =:  32  ^  feet. 
But  by  similar  triangles  A  B  D,  A  B  G 

S  =  BD  =  (?l!2^ABr  ^  (?E^B).^, 
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.  F  -    ^^    -  (arcAB)' 
•      -  gT"«  -     g  R  T«    • 


IIT 


If  T  be  giren 

p      (arcAB)' 

IfT  s:  arc  second 

I?  _  (arcAB)« 

7     «R     • 

1S2.  Cob.  I.  Since  the  motion  is  uniform^  the  velocity  is 

arc 

V*  V* 


V  = 


.'.  F  = 


a  «r. 


gR     R 

13S.  Cor.  2.  The  Periodic  lime  is 

drcnmference       2  v  R 


P  = 


.-.  F  = 


velocity  v 

gRP«  -   gP«    «F'- 


134.  Cob.  S,  4,  5,  6,  7.    Generally  let 

P  =  k  X  R«, 
k  being  a  constant 
Then 

2^r  R  2ir  1 

and 

4*«R  4»«  1 


F  = 


gk«  R«*  ""  gk«  R**^*^  R«°-i' 


Conversely.  If  F  a  ^jr^,;  P  will  «  R  •. 
For  (133) 

P«  ^^«  V  R^^(x  R\ 

135.  Cob.  8.  A  B,  a  b  are  similar 
arcs,  and  A  B,  a  h  contemporaneous-        ^ 
ly  described  and  indefinitely  small         M 

Now  ultimately 

an:am::ah*:ab' 
and 

am:AM::  ab:AB 
(Lemua  V) 

•*an  :  AM  :  :  ah'  :  ab.  A  B 
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or 


f :  F 


or 


ah' 
ab 

_  • 

a  s 
F  a 


AB' 
AB 


ah' 
a  8 


A  B* 

.  ^  (Lemma  V) 


AS 


AS* 


And  if  the  whole  similar  curves  A  D,  a  d  be  divided  into  an  equal 
number  of  indefinitely  small  equal  areas  A  B  S,  B  C  S,  &c. ;  a  b  s,  b  c  s, 
&c.  these  will  be  similar,  and,  by  composition  of  ratios,  (P  and  p  being 
the  whole  times) 

P  :  p  :  :  time  through  A  B 

A  B    ab       AS 

•  •  •         •  • 

•  •    V    •  V    •  •  "T~ 

/.  P  a  A  S 


time  through  a  b 
a  s 


Hence 


T7         V«        AS 

^"as^^p^ 


136.  Cob.  9.  Let  A  C  be  uniformly  described, 
and  with  the  force  considered  constant,  suppose 
the  body  would  fall  to  L  in  the  same  time  in 
which  it  would  revolve  to  C,  Then  A  B  being 
indefinitely  small,  the  force  down  R  B  may  be 
considered  constant,  and  we  have  (181) 
A  C«:  A  B«:  :  T*  :T« 


AB 

T«: 

AL 

AL 
AL 


AC 
fTp2 

RB 

;  RB(131) 

AB' 
•  AD 


Hence 

AB«  =  AL  X  AD. 

Pkop.  VI.    Sagitta  a  F  when  time  is  given.     Also  sag.  oc  (arc)  *  by 
Lemma  XI,  a  t  *  when  F  is  given 
•*.  when  neither  force  nor  time  is  given 

a  F  X  t*: 


sag. 
F  a 


•  • 


sag. 
t« 
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OTHERWISE. 


By  Lemma  X,  Cor.  4, 


„      space  ipso  motus  initio 


To  generalize  this  expression,  let  -^  be  the  space  described  in  T^  at 

ihe  surface  of  the  Earth  by  Gravity.     Also  let  the  unit  of  force  be  Gravi- 
ty.   Then 

F-  1      •  5?fc  •  — «- 
•  •   t«    •  2xr' 

^       2  saxp.         2  s  ,  . 

.".  F  =  — ^  =  _  X  — (a) 

g  t*  g        t*  ^  ' 

by  hypothesis. 

m.  CoB.1.     Fa%^a,^ %^^ 

t*         (areaSPQ)' 

^     „QR 

S  F»  X  QT»' 
To  generalize  this,  let  a  be  the  area  described  in  \".     Then  the  area 

described  m  t"  =  a  X  t  =  ^^  ?f  ^"^  . 

2 

.  t_  SPxQT. 

and  substituting  in  (a)  we  get 

P_  8a'  QR 

"g"  '^  S  P"»  X  Q  T ^°' 

Again,  if  the  Trajectories  turn  into  themselves,  there  must  be 
a  :  1"  :  :  A  (whole  Area)  :  T  (Period.  Time) 
_  A 

Hence  by  (b)  we  have 

T.-8A'^          QR  .. 

-  g  T «  '^  SP»  X  QT* ^^' 

which,  in  practice,  is  the  most  convenient  expression. 
188.COIU2.    F^l^lx  g-y^Qp,     . (d) 

189.Cor.S.     F  =  |^,  X  gy^l^pv («) 
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Hence  is  got  a  differential  expression  for  the  force.     SSnce 

dp 


gT«  -^  2p'pdg 

-  4>  A'         dp 

-  g  T«  ^  pTif ^^ 

Another  is  the  followmg  in  terms  of  the  reciprocal  of  the  Radius  Vector 
f  and  the  trac^-^angle  ^* 
Because 

g'd^ 


Let 
Then 


p 

"■ 

V{dg*+i* 

dO' 

1 

= 

d{*  +  e*di 

S 

p* 

e*dt' 

= 

de«       2 

1 

I 

= 

u. 

di 

zz 

du 
u" 

also 


1         du»  , 


2dp        2dud»u.„      , 
•••  -  -^  =        d<«        +  2  n  d  u 

p'df       d^* 

and  substituting  in  f  we  have 

4  A*        /d*  u  \ 

140.  Cor.  4.       Fa  ^y»  X  ]^  «  V'  x  pi^ 


V 


2 


PV 

This  is  generalized  thus.     Since 


V       space       P  Q 
^  ^  TGne  ~     t 


and    ' 

F8 
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a  X  t  (=  T|^  X  t)  =  area  described 

_  P  QxS  Y 
""  2 


Hence 


and  by  Cor.  3. 


•  t     -    T        S"Y' 

1  T" 

ST"*  "  TIT*  ^  ^* 


2  V« 

F  =  |x^ (h) 


From  this  formula  we  get 

V«  =ix  F  X  P  V 

P  V 

Bat  by  MechanicSi  if  s  denote  the  space  moved  through  by  a  body 
urged  by  a  constant  force  F 

V«  =  2gF  X  s 

PV  ^  /X 

•••^  =  -4- <'^ 

diat  is,  the  space  through  which  a  body  must  Jail  when  acted  on  by  the  force 
continued  constant  to  acquire  the  velociiy  i$  has  at  any  point  oj  the  Trajec* 
toryj  is  i  of  the  chord  ^curvature  at  that  point. 

The  next  four  propositions  are  merely  examples  to  the  preceding  formulae. 

Ul.  Prop.  VIL 

R  P*  (=  Q  R  X  R  L)  :  Q  T» :  :  A  V  :  P  V« 

QR  X  RLxPV      r\  Tt 

S  P* 
and  multiplying  both  sides  by  ^^  and  putting  P  V  for  R  L,  we  have 

SP'  X  PV*  __  SP*  X  QT' 

.  AV  1 

■  SP«  X  PV*      SP»  X  PV»* 

Also  by  (187  c.) 

AV  32*rV.  __1___ 

SP'  X  PV* 
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OTHERWISE. 

From  similar  triangles  we  get 

AV:PV::SP:SY 

SPx  PV 


.-.  SY  = 


AV 


SY'xPV=^^^y.        XPV 

SP*xPV» 


Fa 


A  V« 
1 


SY»xPV      SP«xPV» 


as  before. 


OTHERWISE. 


••  F  -  JT*  ^  -^rj-  -  g  T  •  ^  ' " ' 


r*— a'+f* 
P=         2r 

is  the  equation  to  the  circle ;  whence 

df       r 

4A'        dp    _4A^ 
gT«^?^"'gT«      rp 

4  wr  8  r' 

=  pn  X  J  X  p— ^^r+-pp 

--JT^^  (r«  — a«  +  g«)»" 

OTHERWISE. 

The  polar  equation  to  the  circle  is 

_    2  a  COS.  ^ 

^  -  1  +  COS.  *  A 

COS.  tf 


/        J.\   —  1  ,    COS.  ( 

•'•"V-    ^)  "  2acos.d"*'    2  a 
du         1    /  sin.tf  A 


_^    1        sin. '  tf 
"^  2  a      COS.*  d 

*'  d  tf  *  ""  2  a  V  COS.  tf    ■*■   COS.'  6/ 

1  ^    sin.  ■  ^  ,,  ,o        •    « 4\ 
2  a       cos. '  tf      ^ 
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Hence 

d*a         _     sLn>'tf       ,^        •   tii\   i         ^         l  cos.  ^ 
dT^+"-2acos.-d-^*~^"'   ^^  +  2acos;d"*""27" 

=  7i r:  X  (8sin*^  —  sin.*tf+  cos.'tf  +  cos.^^ 

2  a  COS. '^      ^  11/ 

=  s — ?— T-^  X  (2siii.*  tf— sin.*  ^  + 1  + 1—2  sin. « ^+sin.*rt 
2  a  COS. '  tf      ^  ■  ' 

1 


acos.'tf' 
which  by  (139)  gives 


gT*  acos^^tf 

_4A«  (1  +co8.'^)' 
""  gT*         4a'cos.'tf 

_      A«  ^(l  +  cos.«0 


ga^T*  co8.»l 

142.  Cob.  1.     F  a  gp,  ^  ^ys' 

Bat  in  this  case 

S  P  =  P  V. 

1  _?2jr£.*v      * 

Cor.  2.    F :  F  : :  RP*  X  PT' :  SP*  x  P  V 

8        R 

SP»  X  P V^ 

::  SP  X  RP* :  SG», 
by  amilar  triangles. 

This  is  true  when  the  periodic  times  are  the  same.     When  they  are 
different  we  have 

T 
F:  F::  SPx  RP»-«-  x  SG», 

SB  '■ 

K 

where  the  notation  explains  itself. 

143.  Prop.  VIII. 

CP':  PM'::  PR«:QT' 
and 

PR'  =  QRx(RN  +  QN)  =  QRx2PM 
.-.  CP':  PM'::QR  X  2PM:QT« 

QT'_2PM» 
•'•  QR  ~    CP' 
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and 

QT«X  SP«  _  2PM'x  SP' 

CP«  1 

'• '     2PM»x  SI»«    F5P' 
Also  by  137, 


4ft*  CP* 


g    '^  SP'X  PM» 


But 


_  S  P  X  velocity  _  SP  X  V 
*  ~  2  ~         2 

OTHERWISE. 

By  Peop.  VII, 

F«  * 


SP*  X  PV»* 
But  S  P  is  infinite  and  P  V  =  2  P  M. 

OTHERWISE. 

The  equation  to  the  circle  from  any  point  without  it  is 

c*  —  r*  —  £* 

P  = 2T-^ 

where  c  is  the  distance  of  the  point  from  the  center,  and  r  the  radius. 

.  ^P  -  _1 
dg  r 

Moreover  in  this  case 

g=c+PM=c+y 
_  c^  — r'  — c'  — 2cy  —  y* 
•••  P  -  2  r 

r 


••pTi"      r       ^c»y 


r« 


-  c«y»* 
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Hence  (139) 

„_  4a«r'  ^    1   _  V*r'        1. 

c'g        y'         g        y' 

SCHOLIUM. 

144.  Generally  we  have 

PR*  :  QT«  :  :  PC*  :  P  M« 

•  •  ^    „  •  •  PC«  •  P  M* 


But 


and 


But 


P  C  :  P  M  :  :  2  R  (R  ==  rad.  of  currature)  :  P  V 

.  Q  T«  _  p  ^  ^  PJ^«  _  2  R  X  PM 
''^R  -  ^  ^  ^   pc«  -         PC 

_  2R  X  PM" 
-         PIP        • 


R=^;xpc3 


and 


QT»       2AC*  ^  ^Ms 

F«plj3. 

From  the  expression  (g.  189)  we  get 

—       4  a*       d*  u 

F  = X  ^  X  u*. 

ff         d  I* 


But 


g 


^,       f*dl  dx 

a  X  t  =  5-^r-  =  a  X  -VT- 


Also 


4a* 

= 

V 

T 

u 

= 

1 

%da 

= 

— 
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and 


Hence 


d«P   .    2dp« 
d'u  = f  +  — 5^ 

=  —  !V  (see  69) 


F  -  V'g^       _  111       1 


g 
g 


dx* 
d'y 
dx* 


(!)• 


This  is  moreover  to  be  obtiuned  at  once  from  (see  48) 


g       dt« 


For 


dt  = 


ds 


V« 


.%  F  =  —  X  — 


d«y 


f 


g  dx 

145.  Prop.  D^.  Another  demonstration  is  the  following: 


T    P 


Let  /.PSQ  =  ^pSq.     Then  from  the  nature  of  the  spiral  the 
angles  at  P,  Q,  p,  q  being  all  equal,  the  triangles  S  P  Qi  S  p  q  are  simi- 
lar.    Also  we  have  the  triangles  R  P  Q»  r  p  q  similar,  as  likewise  Q  P  T, 
qpt. 
Hence 

■QR"  •    qi    • 
and  by  Lemha  IX. 


S  P  :  S  p 


q'  r  :  q  r  :  :  p  r^ '  :  p  r  * :  :  q'  t'*  :  q  t* 
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Hence 


q'  r'  q  r  • 

Y7  '•  "QR  -  S  p  :  S  P 
QT« 


QR 


«  SP 


and 


QR  ^^^ 

1 


.-.  F  « 


SP"* 

OTHERWISE. 

The  equation  to  the  logarithmic  spiral  is 

b 

dp       b 
*  *  d  g   "~  R 
and  by  (f.  139)  we  have 

p  _  4  a '  dp     __4a»        b  a' 

"    g    ^P^"""F^7^bv 

_  4«'.a*         1_ 
"      g.b«  J*' 

Using  the  polar  equation,  viz. 

*=  V(a'-b')  '<'°«'| 
the  force  may  also  be  found  by  the  formula  (g). 
146.  Prof.  X. 

PvxvG:Qv«::PC«:  CD*"! 
Qv»:  QT«  :  :  PC*  :  P  F«J 
.-.  Pv  X  vG  :  QT«  :  :  PC*:  CD'  X  PF* 

.  vG-^I-'     •  PC-  CD'x  PF« 

But 

PV=:QR,andCDx  PF  =  (by  Conies)  B  C  X  C  A 
also 

ult  v  G  =  2  P  C. 

.  2  p  C  •  Q  T«  .  BC  X  CA' 
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QR  PC  oc  PC 

■•  ^  "*  <3T«  X  Cr«  "*  2  B  C*  X  C  A« 
Also  by  expression  (c.  187)  we  get 

_       8  A«  PC 

^  =  gT»^  2BC«X  C  A« 

But 

A=  *  X  BC  X  C A 

...  F  =  i^,  X  P  C. 

The  additional  figure  represents  an  Hyberbola.  The  same  reasoning 
shows  that  the  force,  being  in  the  center  and  repulsive,  also  in  this  curve, 
«CP. 

ALITER. 

Take 

Tu  =  Tv 

and 

uV  :  vG  :  :  DC«  :  PC* 

Then  since 

Qv*:  Pvx  vG:  :  DC«:  PC 

.-.  u  V  :  V  G  :  :  Q  V  *  :  P  V  X  V  G 

A  Q  T»  =  P  V  X  u  V 

,-.Qv*  +  uPxPv=  Pv  X  (uV  +  uP) 

=  P  V  X  V  P. 

But 

Qv«  =  QT»  +  T»«  =  QT«  +  Tu* 

_  PQ«— PT»  +  Tu» 
_  PQ»_(PT''  — Tu«) 
=  .PQ«  — Pux  Pv 
(chord  PQ)»  =  Pvx  VP. 
Now  suppose  a  circle  touching  P  R  in  P  and  passing  through  Q  to 
cut  P  G  in  some  point  V.    Then  if  Q  V  be  joined  we  have 

z.PQv  =  z.QPR  =  ^QV'P 
and  in  the  AQ  P  V,  Q  V  P  the  ^  Q  P  V  is  common.    They  are  there- 
fore annilar,  and  we  have 

P  V  :  P  Q  :  :  P  Q  ••  P  V' 
.'.  PQ«  =  PvxV'P  =  PvxVP 

.-.  V  P  =  V  P 
or  the  circle  in  question  passes  through  V ; 

/.  P  V  b  the  chord  of  curvature  passing  through  C 
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AgaiO)  since 

uV  =  vG  X  Y^9  =  Cx  vG 

or 

PV  —  Pu=:C(PG  —  Pv) 

and 

P  V,  P  G 
beiDg  homogeDeoiis 

^  ^  -  pc«  PC  • 

.-.  (Cor.  3,  Prop.  VI.) 

P  C 

F«8pp2x  CD*- 

But  since  by  Conies  the  parallelogram  described  about  an  Ellipse  is 
equal  to  the  rectangle  under  its  principal  axes,  it  is  constant  .*•  P  F  x 
CD  is. 

and 

F    «  PC- 


OTHERWISE. 


By  (f.  139)  we  have 


4  A*        d 


F  =  ^=^.  X 


h- 


But  in  the  ellipse  referred  to  its  center 

,_         a'b' 
P    -a*  +  b«— ^* 
1  _a«  +  b'  — g« 
''•p«~         a«b« 
and  dtflferendadng^  and  dividing  by  —  2,  there  results 

dp    _      g 
p»d^""  a«b* 

vhich  gives 

*  "iT^^i^F"gT*^^ 

In  like  manner  may  the  force  be  found  from  the  polar  equation  to  the 
ellipse,  viz. 

b' 

*  1  —  e  *  COS.  ■  B 

by  means  of  substituting  in  equat.  (g.  139.) 
Vou  I.  I 
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147.  Cor.  1.  For  a  geometrical  proof  of  this  converse,  see  the  Jesuits* 
notes,  or  Thorpe's  Commentary.     An  analytical  one  is  the  following. 

Let  the  body  at  the  distance  R  from  the  center  be  projected  with  the 
velocity  V  in  a  direction  whose  distance  from  the  center  of  attraction  is  P. 
Also  let 

F  =  A*f 
(i.  being  the  force  at  the  distance  1.     Then  (by  f ) 

„_4A«        dp 

gT«      p'd^      '^^ 
which  gives  by  integration,  and  reduction 

p£-    4  A«    ^         ^P«        4  A«    ^  ^ 
R  and  P  being  corresponding  values  of  ^  and  p. 
But  in  the  -ellipse  referred  to  its  center  we  have 

1  _a»+b«         g* 
p«""    a»b«        a«b« 
which  shows  that  the  orbit  is  also  an  ellipse  with  the  force  tending  to  its 
center,  and  equating  homogeneous  quantities,  we  ^et 

a«  +  b«_/^gT«      ^,        1- 


and 


a*b*    ""    4A«    ""        ^  P' 


"■    4  A*' 


But 


A  =  o-a  b 
.%T  =  -fI= (1) 

which  g^ves  the  value  of  the  periodic  time,  and  also  shows  it  to  be  con- 
stant    (See  Cor.  2  to  this  Proposition.) 

Having  discovered  that  the  orbit  is  an  ellipse  with  the  force  tending  to 
tne  center,  from  the  data,  we  can  find  the  actual  orbit  by  determining  its 
semiaxes  a  and  b. 

By  140,  we  have 

^      2  A       1 


. . 


and 


a»  +  b'_        w     R!_   .     1 

l^«^f     —  A*  g  X   ys  ps  +    pi 


1       _  1_ 
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V« 

and 

.••  a  +  b  =  V  (R«  +  —  +  ?i£) 

and 

u         y/i>t  .     V«       2VP\ 
a  — b=V(R«+ 7=;    . 

^  A*g        VMg 

which,  by  addition  and  subtraction,  give  a  and  b. 

OTHERWISE. 

By  formula  (g.  139|)  we  have 

„      4  A*     . /d*  u  ,     \  ^ 

d'u  .  gA»T«       1       „ 

and  multiplying  by  2  d  u,  integrating  and  putting  p/^  .  ^    =  M,  we  have 

|ii  +  ..+  M^C  =  . (,) 

To  determine  C,  we  have 

dtf«  ""  j^'d  ^« 
and  in  all  curves  it  is  easily  found  that 

.  dn^  _  e«— p»  _  J J_ 

•'•^^«  "■   f«p«   "■  p«      e«' 

Hence,  when  ^  =  R,  and  p  =  P, 

p^  +  MR«+  C  =  0 (8) 

which  gives  the  constant  C. 
Again  from  (2)  we  get 

V(— M  — Cu«  — u*) 

which  being  integrated  (see  Hersch's  Tables,  p.  IdO, — Englished  edit. 

published  by  Baynes  &  Son,  Paternoster  Row)  and  the  constants  properly 

determined  will  finally  give  ^  in  terms  of  I;  whence  from  the  equation  to 

the  dlipse  will  be  recognised  the  orbit  and  its  dimensions. 

12 
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148.  Cor.  2.  This  Cor.  has  already  been  demonstrated — ^see  (1). 
Newton's  Proof  may  thus  be  rendered  a  little  easier. 
By  Cor.  3  and  8  of  Prop.  IV,  in  similar  ellipses 

T  is  constant 
Again  for  Sllipses  having  the  same  axis^-major^  we  have 


T(«4)-- 


ab       b 
—  a  — 

a  a 


But  since  the  forces  are  the  same  at  the  principal  vertexes,  the  sagittse 
are  equal,  and  ultimatdiy  the  arcs,  which  measure  the  velocities,  are  equal 
to  the  ordinates,  and  these  are  as  the  axes-minores.      Hence^  a  (which 


vx  SY 


). 


b. 


m  b  _  , 

.*.  T  Qc  -T-  a  I  or  IS  constant 


Agun,  generally  if  A  and  B  be  any  two  ellipses  whatever,  and  C  a  third 

one  similar  to  A,  and  having  the  same  axis-major  as  B ;  then,  by  what 

has  just  been  shown, 

T  in  B  =  T  m  C 
and 

T  in  C  =  T  in  A 

.-.  T  in  B  =  T  in  A. 

149.  ScHOL.   See  the  Jesuits'  Notes.     Also  take  this  proof  of,  *^  If  one 

curve  be  related  to  another  on  the  same  axis  by  having  its  ordinates  in  a 

given  ratio,  and  inclined  at  a  given  angle,  the  forces  by  which  bodies  are 

made  to  describe  these  curves  in  the  sam^  time  about  the  same  center  in 

the  axis  are,  in  corresponding  points,  as  the  distances  from  the  center." 


8     R 


The  construction  being  intelligible  from  the  figure,  we  have 

PN:QN:  :  pO  :  qO 
.-.PN:  pO  :  :  QN  qO 

:  :  N  T  :  O  T  ultimately. 
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•'.  Tangents  meet  in  T, 

the  triangles  C  P  T»  C  QT  are  in  the  ratio  of  P  N  :  Qh  or  of  parallelo- 

grains  PNOpiQNOq  ultiroately,  L  e.  in  the  given  ratio,  and 

C  p  P  :  C  P  T  :  :  p  P  :  P  T  ultimately. 

NO:NT 

qQ:QT 

CQqiCQT 
.-.  C  p  P  :  C  q  Q  in  a  given  ratio. 

.%  bodies  describing  equal  areas  in  equal  times,  are  in  corresponding 

points  at  the  same  times. 

.*.  P  p,  Q  q  are  described  in  the  same  time,  and  m  p  and  k  q  are  as  the 

forces. 

Draw  C  B,  C  S  parallel  to  P  T,  Q  T;  then 

pO  :  qO  :  :  PN:  QN: 

lO  : 


nO:10 


and 
but 


and 


.%  n  O  :  p  O  : 

n  p  :  n  O  : 

nO:  n  R  : 

(since  n  O  :  O  R  : 

.-.  n  p  :  n  R  : 

.*.  n  p  :  p  R  : 


1 


IQ  :  1  S 
TO:OC 


1  O :  O  S) 


iq 
iq 


1  s 

qS 


or 


n  p  :  p  R  :  :  m  p  :  p  C) 
lq:qS::kq:qCf 
.'.  mp  :  p  C  : :  k   q  :  q  C 

Fatp:  Fatq:  :  p  C  :  q  C. 


Q.  e.  d. 


SECTION  III. 

150.  Prop.  XL  This  proposition  we  shall  simplify  by  arranging  the  pro- 
portions one  under  another  as  follows : 
LxQR(=Px):  L  xPv  : 


But 


LxPv 

GvxPv 

Qv' 

Qx* 


:GvxPv 
:Qv» 
:Qx« 
:QT». 


PE: 
AC  : 

L 

PC: 

1 

PE»: 

CA': 

CD': 


PC 
PC 

Gv 
CD' 
1 
PF» 

CB» 
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.•.LxQR:QT«:  :  ACxLxPC*xCD«:  PCxGvxCD*xCB« 

and 

QR   _    ACx  PC  _    A  Cx  PC     _     AC 
Q  T»  ~  G  V  X  C  B»  ~  2  P  Cx  CB*  ~  2  C  B« 


p  «         QR         / AC_^N  „     1 

•'•  *      QT*x  SP*V-  2CB»x  SPV      ST»* 

Q.  e.d. 

Hence,  by  expression  (c)  Art.  137,  we  have 


F_8A«  AC 

-  ^T*  ^  2CB»  X  SP« 

8*«a«b*  a 


-       gT»      '"  2b«x  i* 

-  l5il*  X   1  (B) 

where  the  elements  a  and  T  are  determinable  by  observation. 


OTHERWISE. 

A  general  expression  for  the  force  (g.  139)  is 

F  =  -^,  X  u«(j-^  +  u) 

But  the  equation  to  the  Ellipse  gives 

—  ^  —  1  +  ecos.  ^ 
^  -  J  -    a(l-e«r 

where  a  is  the  semi-axis  major  and  a  e  the  eccentricity. 

d  u  ^  e  sin.  0 

•'•dT"  —  a(l— e«) 
and 

d*  u  __  e  cos.  6 

"dl*^  ""  ""  a  (1  —  e  '^) 
d«u  1 

-TP  +"  =  a(l— e«) 
and 

-  ^T*  ^  a(l— e*)* 
But 

A*  =  ««a«b*  =  »*a«(a«— a*e«) 


tlie  same  as  before. 


•*•    *     S2  »nf^    X    U 
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OTHEBWISB. 

Another  expression  is  (k.  140) 


-gT»'>»df- 

Another 

equaticMi  to  the  Ellipse  is  also 
1        Sa  —  I       Sa 

p'~"     b«f     "b«f 

1 

b« 

• 

• 
• 

dp 
•p'df 

.♦.  F 

a 
~  b»f» 

_4A«         a 

4»»a»b«,,      a 

:s 

4»*a» 

1 

151.  Prop.  XII.  The  same  order  of  the  proportions,  which  are  also  let- 
tered in  the  same  manner,  as  in  the  case  of  the  ellipse  is  preserved  here. 

Moreover  the  equations  to  the  Hyperbola  are 

a(e«-l) 
^        1  +  e  COS.  tf 
and 

,_     b'g 
P   "-g  +  2a 

which  will  give  the  same  values  of  F  as  before  excepting  that  it  becomes 

negative  and  thereby  indicates  the  force  to  be  repulsive. 

152.  Prop.  XIII.  By  Conies 

4  S  P.  P  V  =  Q  V*  =  Q  X*  ultimately. 
But 

Pv  =  Px  =  QR. 
.-.  4SP.QR  :  Qx«::       1  :       1 


and 


Qx*  :  QT*: 


SP«:  SN« 
SP  :  SA 
SP   :  S  A 


.-.  4SP.QR  :  QT*    : 

QR  1       _  1 

•'•  qir*  "  4  S  A  "  E 

L  being  the  latus  rectum. 

Q  R  1 

•'•  ^  **  <IT«  X  SP«  "*  ST^- 


or 


^  =  ^  >^  sTwr«  <^- »^> 


g 
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8a*         1         2P«V«         1 


"gL'^SP*^       gL      '^SP' 

a  being  the  area  described  by  the  radius-vector  in  a  second,  or  P  the  per« 
pendicular  upon  the  tangent  and  V  the  corresponding  veloci^. 


OTHERWISE. 


In  the  parabola  we  have 


and 


which  give 
d»u 


12  2         2 

U  =  -  =  y   (1    +  COS,  tf)   =  -^    +  -f  COS.  tf 


14        1 


+  U  =  T. 


dtf«   ^  L 


and 


dp     =2^2 
p*d  g       X      g* 


and  these  ^ve,  when  substituted  in 

or 

_  P« V*     dp 
""       g     'P'dg 
the  same  result,  viz. 

F  =  iZlL'>c4 (b) 

Newton  observes  that  the  two  latter  pn^Kwitions  may  easily  be  deduced 
from  Prop.  XI. 
In  that  we  have  found  (Art.  160) 

p_4A«  a 


p«V 


S 


X 


Now  when  the  section  becomes  an  Hyperbola  the  force  must  be  repul- 
sive the  trajectory  being  convex  towards  the  force,  and  the  expression 
mains  the  same. 
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Again  by  the  property  of  the  ellipse 

b.4':aXa4(2a_L) 

which  gives 

a^  _  £ 1^ 

b'       L        4-a 

and  if  c  be  the  eccentricity 

b*  =  a*  —  c*  =  (a  +  c)  X  (a  —  c) 

a 2         1 

•■•(a  +  c)x  (a  — c)  "  r~4a* 

Now  when  the  ellipse  becomes  a  parabola  a  and  c  are  infinite,  a  —  c  is 

finiie^  and  a  +  c  is  of  the  same  order  of  infinites  as  a.     Consequently  n 

isjlnite,  and  equating  like  quantities,  we  have 

b»""L' 
which  bdng  substituted  above  gives 

the  same  as  before. 

Again,  let  the  Ellipse  merge  into  a  circle ;  then  b  =  a  and 

P*V*         a 


g        Fv 

aV«        1 

X  -1 

g  e* 

(c) 


gX  a 
153.  Prop.  XIIL  Cor.  L  For  thejbcus,  point  of  contact^  and  position  of 

the  tangent  being  givenj  a  conic  section  can  be  described  having  at  that  point 

a  given  curoature.'] 

For  a  geometrical  constructioQ  see  Jesuits'  note,  Na  268. 
The  elements  of  the  Conic  Section  may  also  be  thus  found 
The  expression  for  R  in  Art  75  may  easily  be  transformed  to 

R-  P' 


for 
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Now  the  general  equation  to  conic  sections  being 


b*  I 


i=  tx 


a       l-|-ecos«tf 
tbe  denominator  of  the  value  of  R  is  easily  found  to  be 


which  gives 


Hence 


b«^ 


R  =  —  X  S . 

a        p' 


—  =  *^3  X  R 
a        ^' 


is  known. 

Again,  by  the  equation  to  conic  sections  we  have 

which,  by  aid  of  the  above,  gives 

a-— ±li- 


And 


°    -2f«-pR- 


Whence  the  construction  is  easy. 

1 54.  7%«  Qavaiure  is  given  from  the  Centripeial  Force  and  Velocity  being 
given."] 

If  the  circle  of  curvature  be  described  passing  through  P,  Q,  V,  and  0 
(P  V  being  the  chord  of  curvature  passing  through  the  center  of  force, 
and  P  O  the  diameter  of  curvature) ;  then  from  the  similar  triangles 
P  Q  R,  P  V  Q,  we  get 

P  Q* 
Q  I^  =    PV  * 

Also  from  the  triangles  P  Q  T  and  P  S  Y  (S  Y  being  the  perpendicu- 
lar upon  the  tangent)  we  have 

PO_SPx_QT 

rW-  gy 

and  from  P  S  Y,  P  V  O, 

2RxSY 


PV  = 


SP 
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whence  by  snbstitution,  &c. 

Q  R        _        SP 
QT«xSP»~2Rx  SY» 

r._2P'V«^  QR         _V«XSP 

*  g  QT»x  SP«- RlTST 

which  gires 

p-    SP       v« 

Hence,  S  P,  S  Y  and  g  being  given  quantities,  R  is  also  given  if  V  and 
F  are. 

156.  Two  orbits  which  touch  one  another  and  have  the  same  centripetal 
Jbrce  and  velocity  cannot  be  described  J] 

This  is  clear  from  the  <<  Principle  of  sufficient  Reason.**  For  it  is  a 
truth  axiomatic  that  any  number  of  causes  acting  simultaneously  under 
given  circumstances,  viz.  the  absolute  force,  law  of  force,  velocity,  direc- 
tion, and  distance,  can  produce  but  one  effect.  In  the  present  case  that 
one  effect  is  the  motion  of  the  body  in  some  one  of  the  Conic  Sections. 


OTHERWISE. 

Let  the  given  law  of  force  be  denoted  generally  by  f  f,  where  f  ^  means 
any  function;  then  (1S9) 

g  P'df 

and  since  P  and  V  are  given 

g  P^o? 

But  if  A  be  the  value  of  F  at  the  given  distance  (r)  from  the  center  to 
the  point  of  contact ;  then 

F  :  A::ff  :fr 


and 


and 


F:  A::fe'-.  fr 

.•.F  =  ^Xf^ 
f  r 


F  =  j^xff 
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Hence 

P*V«     dp    _  A      . 

and 

mi  _dpl  _  A^ 

and  integrating,  we  have 

agA    ^(f»-^0  =/^f^f 

and 

P»V«fr        /I         Ix        -.  ,f, 

Nowyd  ^  f  ^  and  yd  ^'  f  ^  are  evidently  the  same  functions  of  ^  and  ^', 
which  th^efore  assume 

p  §  and  f  ff ; 

and  adding  the  omstant  by  referring  to  the  point  of  contact  of  the  two 
orbits,  and  putting 

P^V^fr       ^, 

~"0 A =    M, 

2g  A 
we  get 

.  JL  -  ?i:  X  J-    p  f  ■ 


JL  -  Li.  J.  J^ Ll\ 

p«  ""   M  ^  P«       Mf 


p'«  "  M  ^  P«  M 
in  which  equations  the  constants  being  the  same,  and  those  with  which 
g  and  ^  are  also  involved,  the  curves  which  arc  thence  descriptible  are 
identical.     Q.  e.  d. 

These  explanations  are  sufficient  to  clear  up  the  converse  proposition 
contained  in  this  corollary. 

166.  It  may  be  demonstrated  generally  and  at  once  as  follows : 
By  the  question 

•      ^8  =  p5 
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thai 


e         1 


and 


.=/rl  =  -^. 


i  t 

and  substitating  in  (d)  we  have 

1 L  j.±^     1 

p»""       rM  ■•"  ?»"*■  W\* 

But  the  general  equation  to  Conic  Sections  is 

Whence  the  orbit  is  a  Conic  Section  whose  axes  are  determinable  from 

2a  __   1    _  2g  Ar» 
b»"5i~      P«V« 


and 


-  JL  •       1     ■    1 


1         2g  Ar 


p«'~"  p£  y 

and  the  section  is  an  Ellipse,  Parabola  or  Hyperbola  according  as 

V  *  is  >,  or  =  or  <  3  g  A  n 

Before  this  subject  is  quitted  it  may  not  be  amiss  by  these  forms  also  to 
demonstrate  the  converse  of  Prop.  X,  or  Cor.  1,  Prop.  X* 
Here 

f  ^  =  f 
fr  =  r 

t 


r 


Whence 


p»~2M^P«       2M 
But  in  the  Conic  Sections  referred  to  the  center,  we  have 

p«  "  a«-P'^a«b'^ 
which  shows  the  orbit  to  be  an  Ellipse  or  Hyperbola  and  its  axes  may  be 
found  as  before. 
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In  the  case  of  the  Ellipse  take  the  followmg  geometrical  solution  and 
construction 


^•^---^^ 

C^-^'"'^^ 

F^ 

yVg 

1  ^v^v 

^^. 

""■       ' 

q 

,  -— — -—""■■ 

C,  the  center  of  force  and  distance  C  P  are  given.  The  body  is  projected 
at  P  with  the  given  vdocityV.  Hence  P  V  is  given,  (for  V  •  =-fiF.PV.) 

Also  the  position  of  the  tangent  is  given,  •%  position  of  D  C  is  given,  and 

2  C  D* 
P  V  =  — p  p— •  Hence  C  D  is  given  in  magnitude.  Draw  P  F  per- 
pendicular to  C  D.  Produce  and  take  P  f  =  CD.  Join  C  f  and  bisect 
in  g.  Join  P  g,  and  take  g  C,  g  f,  g  p,  g  q,  all  equal  Draw  C  p,  C  q. 
These  are  the  positions  of  the  major  and  minor  axis.  Also  \  major  axis 
s  P  q^  i  minor  axis  =  P  p. 

For  from  g  describe  a  circle  through  C,  ^  p,  q,  and  since  C  F  f  is  a 
right  L^  it  will  pass  through  F. 

.%  Pp.Pq=PF.Pf=PF.CD 

Also  ' 

PC«+Pf»  =  Pg*+gC*  +  Pg'  +gf»,  (since  base  ofA  bisected  in g) 

or 

PC»  +CD*  =  Pg»  +  g  q  •  +  Pg«  +  gp  • 

=  Pq«  — 2Pg.gq+Pp»  +  2Pg.gp 

=  Pq»  +  Pp» 
.\Pp.Pq=PF.CD        \  But  a  and  b  are  determined  by  the  same 
Pp»  +  Pq*  =  PC*  +  CD^J      equations.     .%Pq  =  a,Pp  =  b. 

Also  since  p  and  F  are  right  angles,  the  circle  on  x  j  >vill  pass  through  p 
and  F,  and  ^Ppx  =  Cpq=  CFq  =  xFp,  because  ^l  x  F  C  =  pFq. 
.*.  Z- Pp X  =  ^in  alternate  segment.     .•.  P  p  is  tangent. 

P  p«  =  P  F.  P  X  .-.  P  F.  P  X  =  b*. 

But  if  in  the  Ellipse  Cxbethe  major  axis,  P  F.  Px  =  b*. 
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•*•  Cx  is  the  major  axis,  and  /.  C  q  is  the  minor  axis. 
.*•  the  Ellipse  is  constructed. 
Prop.  XIII,  Ck>R.  2.     See  Jesuits'  note.      The  case  of  the  body's 
descent  in  a  straight  line  to  the  center  is  here  omitted  by  Newton,  be- 
cause it  is  possible  in  most  laws  of  force,  and  is  moreover  reserved  for  a 
AiU  discussion  in  Section  VII. 

The  value  of  the  force  is  however  easily  obtained  from  140. 

O  T*       O  T* 

157.  Prop.  XIV         L  =  ^^  a  ^ 

aQT«x  SP'byhypoth. 

OTHERWISE. 

By  Art  150, 

F-IA.'      _?L.  8  A*        1_ 

gT«^b*^»"  LgT«  ^  e' 
for  the  circle,  ellipse,  and  hyperbola,  and  by  152. 

for  the  parabola. 

Now  if  Aft  be  the  value  of  F  at  distance  1,  we  have 

Whence  in  the  former  case 

___  =  ^or=:— ^^-— (a) 

and  in  the  latter 

8P«  X  V*  _  ... 

— ix— ='* ^""^ 

Bat 

S  P«  X  O  T* 
4 
A «       SP'  X  QT*  _  P»  X  V«* 
■*•  T^  ~  4 4 

.•.SP»XQT»  =  ^L (c) 

158.  Prop.  XIV.  Cor.  I.     By  the  form  (a)  we  have 

A(=  «ab)  =  J^  X  ^*L  X  1. 

«T  V  L. 
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159.  Prop.  XV.    From  the  preceding  Art 

But  in  the  ell^Me 


L  =  i^' 


a 


.•.T=  -l^xJ .     .     .     (e) 

160.  Prop.  XVI.     For  explanations  of  the  text  see  Jesuits'  notes. 


OTHERWISE. 


By  Art.  167  we  get 


for  the  circle,  ellipse,  hyperbola,  and  parabola. 
But  in  the  circle,  L  =  2  P. 

.-.  V  =  V^^X-;^  =  VY^X  ;j7-p     .      .     -     (g) 

r  being  its  radius. 

lA  the  ellipse  and  hyperbola 

a 
...V=  vi^x^jc^      .     / (h) 

161.  Prop.  XVI,  Cor.  I.     By  167, 

L  =  —  XP«X  V«. 

g/* 

162.  Cor.  2.       V  =  J^  ^'^^ 

D  being  the  max.  or  min.  distance. 

163.  CoR.  3.     By  Art  160,  and  the  preceding  one, 

V  ;  V'  :  :  ^  ^  X  :^  :  V  "i^  X  v^g 

:  :  V  L  :  VTB. 

164.  CoR.  4.     By  Art  160, 
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But 

L  =  ,  P  =  b,  and  r  =  a 

a  ^ 

-/  b  1         ,     , 

b  V  a     V  a 

165.  Cos.  6.     By  the  equadons  to  the  parabok,  ellipse,  and  hyper- 
bola, viz. 

P*  =  i  ^  ^'  P*  =  2l^,^  "^^  P*  =  2T+1 
the  Cor.  is  manifest 

166.  Cob.  7.     By  Art  160  we  have 

t    «/«       1      L      I 
2     P*     r 

which  by  aid  of  the  above  equations  to  the  curves  proves  the  Cor. 


OTHERWISE. 


By  Art  140  generally  for  all  curves 

P  V 


But  generaUy 


dp 


and  in  the  circle 

P  V  =  2  ^  (rad.  =  () 

•     V  ^  •    v'  8   •    •      *        •       _*^  « 

g      d  I 
An  analogy  which  will  give  the  comparison  between  v  and  v'  for  any 
curve  whose  equation  is  given. 
167.  Con.  9.     By  Cor.  8, 


V  :  v'  :  :  -o" '  P 


and 


V   •  ▼    •  •       *  •  V   2 
•'•  ex  equo 

^  •  ^" "  •  W  •  p- 

Vol.  I.  K 


■c. 
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168.  Pbop.  XVII.  The  «  absolute  quantity  of  the  forc^  must  be 
known,  viz.  the  value  of  /e^  or  else  the  actual  value  of  V  in  the  assumed 
orbit  will  not  be  determinable;  i.  e. 

L:L'::  p*V*:F«  V'« 

will  not  give  L^ 

It  must  be  observed  that  it  has  already  been  shown  (Cor.  1,  Prop. 
XIII)  that  the  orbit  is  a  conic  section^ 
*     See  Jesuits'  notes,  and  also  Art  153  of  this  Commentary. 

« 

169.  Prop.  XVII,  Cob.  3.  The  two  motions  being  compounded,  the 
position  of  the  tangent  to  the  new  orbit  will  thence  be  given  and  therefore 
the  perpendicular  upon  it  from  the  center.  Also  the  new  velocity. 
Whence,  as  in  Prop.  XVII,  the  new  orbit  may  be  constructed. 


OTHERWISE. 


Let  the  velocity  be  augmented  by  the  impulse  m  times. 

Now,  if /I  be  the  force  at  the  distance  1,  and  P  and  V  the  perpendicu- 
lar and  velocity  at  distance  (R)  of  projection,  by  156  the  general  equation 
to  the  new  orbit  is  such  that  its  semi-axes  are 

R  R 


a  =  = i,  or  = 


2  — m«'  "    ~  m»  — 2 

and 

,.         m«P  m«P 

b*  =  -zz s*  or 


2_m«'  "*m«  — 2 

according  as  the  orbit  is  an  ellipse  or  hyperbola.  Moreover  it  also 
thence  appears  that  when  m  *  =  2,  the  orbit  is  a  parabola,  and  that  the 
equations  corresponding  to  these  cases  are 

2  —  m*       * 


or 

m«P 


X 


m*  —  2 


or 

=  P  X^, 
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DEDUCTIONS    AND    ADDITIONS 


TO 


SECTIONS  II  AND  III. 

170.  In  the  parabola  theforbe  acdiig  in  lines  parallel  to  the  azisi  required  F. 
4SP.QR:QT*::Qv»:QT«z:YE*:YA»::SE:SA::SP:SA 

Q  R  1 

•*.  Q^  =  4~S~T>  ^^^  S"  P  is  constant,  /.  F  is  constant 


Z      Q 


Let  u  be  the  velocity  lesolved  parallel  to  P  M  then  since  the  force  acts 
perpendicular  to  P  M,  u  at  any  point  must  be  same  as  at  A,  .*•  if  P  Q  be 

S'  P  •  Q  T 

the  velocity  in  the  curve,  Q  T  =:  u  =r  constant  quantity,  and  a  = ^2E — 

yp.u 

2 

„  Sa'.QR      _2u«         ,_. 

•*•  ^  =  gS't«.<5T«  -  ^  ^*^  ^^^^ 
which  avoids  the  consideration  of  S  P  being  infinite ;  and 

i>«=2gF.^ 

•*•  body  must  fidl  through  ~  to  acquire  the  velocity  at  vertex,  which  agrees 

with  Mechanics.     (At  any  point  V  =  u  ^  ^-jr .) 
171*  In  the  cycloid  required  the  force  when  acting  parallel  to  the  axis. 
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RP»  :  QT»  ::  ZP*  :  ZT*  ::  VF»  :  EF»  ::  VB  :  BE 
and  since  the  chord  of  curvature  (C.  c)  =  4  P  M,  R  P*  =  4  P  M.  R  Q, 
/.  4  P  M.  R  Q  :  Q  T»  : :  V  B  :  (B  E  =)  P  M 

QR  VB 

•*•  ^T»  ~  4  PM*' 

*'*  ^  *^  V~W*  (^"'^  ^  ^  constant) 

«,  8a*.QR  u'.VB      .^  ,    .  „  , .    »  „ 

~  g.SP'.QT*  ~  2g.  PM"  "  "  =  velocity  parallel  to  A  B. 

(At  any  point  v  =  n .  ^/  ^.) 
173.  In  the  cycloid  the  force  is  parallel  to  the  base 


R  P»  :  Q  T» :  :  Z  P*  :  Z  T»  : :  V  E*  :  V  M» :  :  V  B:  V  M 
and  since  C .  c  =  4  E  M 

RP«  =  4EM.RQ, 
.-.  4  E  M.  R  Q  :  Q  T» : :  V  B  :  V  M, 
QR  _         VB  1 

■  ?n^-4EM.v  Manama* 


•  # 


If  V  M  =  y,  F  = 


u*  r 


_  VB 

gy  y  8ry  — yA*^  -     2 


rv_v«r  -     2  ^ 


u  =:  velocity  parallel  to  V  B. 
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/p  _      6  a  *  Q  R  g  u ' .  Q  R  u».VB        x 

V  -  g.SP«QT«  -    g . Q~T*2J  2^E~MmiI  V 

(At  any  point  V  =  ^'JyU') 
173.  Find  F  in  a  parabola  tending  to  the  vertex. 


TP  :  FN  :  :  TA  :  AE 


or 


yx 


^4x«  +  y«:y::x:  -^-^L_,  =  p.  (A  E). 


a 


1        4x*  +  ax       4x  + 
"  p*  ax'        ""       ax" 

2d  p       4  d  X .  a  X  *  —  2a  x  d  x  (4  x  4-  a) 

•     •       —  J—         S  > M 


a»x* 


4x*  +  2ax,^  2    2x  +  a, 

"■ —  .ax  =  —  - . ^ —  .  d  Xy 

tf         x* 


ax 


Also 


^  d  p  ^  2  X  +  a     , 
p*  ax' 


f  =  ^x»+  y% 


.'.  d  g  r= 


a  d  X 
—  3g  d  X  +  y  d  y  _  x  d  x  +      2 


V  x«  +  y* 


V  X*  +  ax 


.     dp     -.  2x  +  a    2  V  x'+  ax  _  2  V  x«+  ax 
"p'df""     ax'     *       2x  +  a        "*  ax' 


K3 
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174.  GeometricaBy.    Let  P  Q  O  be  the  circle  of  carraturet 


but 


but 


P  V  (C.  c  through  the  vertex  of  the  parabola) 
PQ*  _  PO.A2 


PP.  Az 
AP 


•  •' 


PQ«  _ 

QT»  ~ 

QR  _ 

.-.  F  = 


PO.Az'  = 


AP 

AP* 

Az* 
AP" 

PO.Az» 
8a*. QR 


8a'. AP 


g.AP'.QT*""  g.PO.A 


.-.  F  = 


.  „   SJP'    SY«AT' 
4a«.  A  P 


=  2AS.AN' 


g.AS.AN»* 


175.  If  the  centripetal  be  changed  into  a  repelling  force,  and  the  body 

I 
revolre  in  the  opposite  hyperbola,  F  a  tt  p, - 
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The  body  is  projected  in  direction  PR;  R  Q  is  the  deflection  from  the 
Tangent  due  to  repelling  force  H  P,  find  the  force. 

L.Px:L.Pt::Px:Pv::PE:PC::AC:PC 

:  L  :  2  P  C 
:PC«:CD' 
:     1    :1 
.  pEi.  ppt.  :  AC*  :PF»:  :  CD»:  BC 


L.Pv  :Pv.tG 
Pt.tG  :  Q  T« 


Qv* 
Qx* 


Q  X* 
Q  T* 


.-.  L.Px:  QT'  :  :  AC.L.PC'.CD' 

2BC' 


2PC».CD'.BC» 


I  Z  JL<  C 


1  :  1 


AC     • 

.T    -QT' 

p_      8a«.QR      _        8  a*  1 

•*•      ■"  k-HP'-QT*  -  g.  L.  H  P*  "^  flTF' 


L .  S  P' 

176.  In  any  Conic  Section  the  chord  of  curvature  =s  ■  1  y, 

for 

Q  P«  _  QT'.SP'  _  L.SP' 

^    -"qr:  -  qr.sy'  ~   sY»  • 

177.  Radius  of  curvature  =  5-'  g-yj » 


for 


PW  -  PVSP  _  L.SP* 
t"W  ^  "~"ST  SY» 

8a* 


i*l8.  Hence  in  any  curve  F  =  — ayt  'PV 


8 

8a«  _4a*.SP    ^  Art.  74. 

g.Sl?^.2tLSt -  g-nsTHi-  =*«  ^^  '* 
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179*  Hence  in  Conic  Sections 


g.SY^PV"g.SY^LVSPf  "  g.L.SP*"*  SP«' 


S  Y» 

L  •  S  P* . 

180.  If  the  chord  of  curvature  be  proved  =  -   *  y ,-  indq)endent]y  of 

Q  T' 
he  proof  that  q  ^  =  L,  this  general  proof  of  the  variation  of  force  in 

tonic  sections  might  supersede  Newton's ;  otherwise  not. 

181.  A  body  attached  to  a  strings  whose  length  =:  b,  is  whirled  round  so  as 
to  describe  a  circle  whose  center  is  the  Jixed  extremity  of  the  string  parallel 
to  the  horizon  in  T";  required  the  ratio  of  the  tension  to  the  x»eighl. 


Gravity  =  1,  .*.  v  of  the  revolving  body  =  VgFb^ifbbethe  length  of 
the  string ; 

.%  F  (=  centripetal  force  =  tension)  =  — j-  (131) 


and 


rp  ^  circumference  ^        2  y  b        _  V  h 

-  V  V   g  F  b  —^'VyF 

T?  _^'4>b 
•••  *  -  gx« 

4  0-*  b 
.%  F  :  Gravity  :  :  — «Tr  •  1»  or  Tension  :  weight  :  :  4  «•'  b  :  g  T«. 


If  Tension  =  3  weight;  required  T. 

4ff«b:gT«:  :  3  :  1, 

If  T  be  given,  and  the  tension = 3  weight,  required  the  length  of  the  string. 

T«  —  *  **b 

182.  If  a  body  suspended  by  a  string  Jrom 
any  point  describe  a  circle^  the  string  describes 
a  cone  ;  required  the  time  of  one  revolution  or 
of  one  oscillation. 

Let  A  C  =  1,  B  C  =  b, 

The  body  is  kept  at  rest  by  3  forces,  gra« 
vity  in  the  direction  of  A  B,  tension  in  the 
direction  C  A,  and  the  centripetal  force  in    q 
the  direction  C  B« 
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4  «*  b 
befcre,  oentr^ietal  fotce  s  ■■    — ,  , 


itripetal 


•.  T»  s= 


4»*  V  1»  — b» 


4»«b 


:  I 


.%  Tss  8*  j' 


£ 


V  1«  — b 


g 


}  

►35  a  constant  qoantity  if  V  1*  —  b* 


begiTen. 

.*•  the  time  of  oscillation  is  the  same  for  all  conical  pendulums  having  a 
common  altitude. 

183.  T  in  the  Ellipse  at  the  perihelion  ly  inthe  circle  e.  d.  :  :  n  :  1,  Jind 
the  major  axiSf  excentricity^  and  compare  its  T  with  that  in  the  circle^  and 
find  the  limits  qfu* 

Lets  A  =  c, 
T  in  the  Ellipse  :  that  in  the drcie  e,  d.  :  :  VHP  :  V  AC 

♦  :  V  H  A  :  V  A  C  in  this  case 

:  :        n      :  1  by  supposition, 

.%  2  AC  — AS  =  n«  AC, 

c 


.-.  A  C  = 


2  — n«' 
c 


en*  —  c 


Excentricity  =  A  C  —  A  S  =  ^^^    ,  —  c  =:    a^-^n* 

r-  :  c  ^  :  :  1  :  (2  —  n»)  J 

(2  — n«)  * 


T :  T  in  th  e  circle : :  A  C  * :  A  S  *  : :  -     ^ 


Also  n  must  be  <  V  2, 
for  if  n  =  V  2,  the  orbit  b  a  parabola 
if  n  >  V  2,  the  orbit  is  an  hyperbola. 

184.  Stgapose  4  of  the  quantify  ^ 
matter  of®  to  be  taken  afwajf,  H<m 
much  wotdd  T  of  ^  be  increased^  and 
^at  the  excentricity  of  her  new  orbit  / 
rte  I 's  present  orbit  being  considered 
drctdar. 

At  any  point  A  her  direction  is 
perpendicular  to  S  A, 

.*.  if  the  force  be  altered  at  any 
point  A)  her  v  in  the  new  orbit  will 
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=  her  y  in  the  drde,  since  v  =  ^^,  and  S  Y  =  S  A,  and  a  is  the 
same  at  A. 

LetAS  =  c,PVatA  =  L,andF  =  — -^  a  ^^ 

in  this  case, 

2  b' 
.%  3  :  4 :  :  2  c  (=  L  in  the  circle)  :  (=  L  in  the  ellipse) 


3b*      3{a«— a  — c)       S(2ac— c*)     ^         Sc« 

.•.  4c  = =  — ^ r-^  =— ^^ '  =6c — 

a  a  a  a 

.-. =  2  c, 

a 

_  3c 
.-.a  -  — . 

c  ^      /3  C\  ' 
And  T  in  the  cin^e  :  T'  in  the  ellipse  : :  -^  :  \~a) 

-•4'V2/     ••V2'2 


•    « 


:  :  V  2  :  3. 

3  c 

Andtheexcentriaty=a  —  c=  -  c  —  c  =  ^  • 

185.  What  quantity  must  be  destroyed  that  D*5  T  may  be  doubled^  and 
what  the  excentricUy  of  her  new  orbit  / 
Let  F  of  ®  :y(new  force)  : :  n  :  1 


.•.  V  =  ^  *^  F .  P  V,  and  v  is  given, 


•••  F  oc  p-^ , 


t 


^     _       2b*    -         a*  —  a  —  c    .     ..2ac  —  c"  «  , 

a  a  a 

.•.  n  a  =  2  a  —  c, 

c 

2  —  n 
Also  T  in  the  circle  :  T  in  the  ellipse  : :  1  :  2 

"  '^°*  (8-n)J 

::  (2  — n)«  :  n* 
••.1  :  4  : :  (2  —  n) '  :  n  .•.  n  =  4  (2  —  n)  \  whence  n. 
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•  -  _  c . r  -  c  —  (2  c  —  n  c)  _  c(n— 1) 

■"  """"a  —  n       """^  2  —  n  ".2  —  n 

186.  What  quantity  must  be  destroyed  that   Vs  orbit  may  become  a 

farabcla  ? 

L  =  4c, 

.'.  F  :/::  4c  :  2c  : :  2  :  1, 

.%  i  the  force  must  be  destroyed. 

187.  F  a  ^,   a  body  is  projected  at  given  D,  v  =  v  in  the  circle^ 

L  with  S  B  =  45<>,  jlnd  axis  major^  excentridty^  and  T. 
Since  ▼  =  y  in  the  cirde,  .*.  the  body  is  projected  from  B, 
and  z-  S  B  ¥=  450 ; 
.-.  z-  S  B  Q  or  B  S  C  =  45«, 

S  B 


.%  S  C  =  S  B.  cos.  450  = 


But 


v^- 


S  B  —  D  —  ^^^  major 


.*•  axis  major  and  excentridty  are  found. 
And  T  may  be  found  from  Art  159. 

Y     • 
^  P 


188.  Prcfoe  that  the  angular  y  round  H  :  that  round  S  : :  S  P  :  H  P. 
This  is  called  Seth  Ward's  Hypothesis. 

In  the  dlipse.  Let  P  m,  p  n,  be  perpendicular  to  S  p,  H  P, 
•*.  p  m  =  Increment  of  S  P  =:  Decrement  of  H  P  =  P  n 
.-.  triangles  P  m  p,  P  n  p,  are  equal, 

r  .•.  P  m  =  p  n,  and  angular  v  «  t?-t- — 

189.  Similarly  in  the  hyperbola. 
Angular  y  of  S  P  :  angular  vofSY::PV:2SP 


•  • 


2CD* 

~Krc 


:2SP 


CD*      .  f, 
HP   :  A  C. 
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190.  Compare  the  times  of  faUir^  to  the  center  of  the  logariihmie  spiral 
from  different  points. 


The  times  are  as  the  areas. 


P 


d  .  area  =  ^         ,  (tf  ==  z-  C  S  P),  fot  d .  area  =  ^ — ^ . 

Also  ^  =  ^-^—  =  tan.  z-  Y  P  T  ss  tan.  a,  (a  being  constant)  =  a 

g*  d  tf       a.  g.  d  g 

a   p' 
,\  area  =  — ^  -  oc  gS  (for  when  g  =  0,  area  =  0,  .*.  Cor.  =  O) 

.*.  if  Py  Pi  be  points  given, 
T  from  P  to  center  :  t  from  p  to  center  :  :  S  P  f :  S  p*. 

191.  Compare  v  in  a  logarithmic  spiral  with  that  in  a  circle^  e.  d. 

2  V« 

.-.  if  F  be  given,  V  «  VTV, 
.-.  V  in  spiral :  r  in  the  circle  :  :  V^  P  V  in  spiral  :  V  1^  S  P  :  :  1  :  1. 

192.  Compare  T  in  a  logarithmic  spiral  with  that  in  a  circle^  e.  dl 

rr.  •       .    1  '     whole  area'  a  e  •  a'g  * 

1  m  spiral  =r ; — r«-  =r  -r — ■     ^.xr  =  « ^-^ . 

'^  area  m  r '        4 .  v  .  SY       2  v .  f .  sm.  a 

2 

T'  in  circle  =  ^^^^^  ^^  =     ^g'     =  i-!^-  =  lli 

area  in  1"        v.  S  Y         v . g  v 

2 

:  1 ' : :  7; =-; : = : :  rr-- :  2  «• : :  a  :  4  «• .  sin.  a. 

2  v  .  g  •  sm.  a      V         2  sm.  a 

:  :  tan.  a :  4  «r .  sin.  a : :    1:49  cos.  a. 
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192.  In  the  Ellipse  compare  the  time  from  the  mean  distance  to  the  Aphe-- 
lion,  with  the  time  from  ihe  mean  distance  to  the  Perihelion.  Also  given  the 
Excentricityf  tojlnd  the  difference  of  the  times,  and  conversely* 

D 


A  D  V  is  — g —  described  on  A  V. 

T  of  passing  through  Aphelion  :  t  through  Perihelion 

::  SBV:SB  A 
::SDV:SDA 
: :  C  D  V  +  5C-_SC  .^jjy_DC.SC 


S 


Let  Q  =  quadrant  C  D  V, 
.-.  T:t::Q  +  *•** 


:Q- 


a.  a  e 


2        ^  2 

.•.  (T  +  t  =)  P  :  T  —  t :  :  2  Q  :  a.  a  e 

P    a.  a  e 


.-.  T  —  t  = 


2Q 


whence  T  —  t,or,  ifT  —  tbe  given,  a  e  may  be  found. 

193.  If  the  perihelion  distance  of  a  comet  in  a  parabola  =  64,  ®*s  mean 
distance  =  100,  compare  its  velocity  at  the  extremity  qf\^  with  &s  velocity 
at  mean  distance. 

Since  ®  moves  in  an  ellipse,  v  at  the  mean  distiMice  :=  that  in  the  circle 
e .  d .  and  v  in  tbe  parabok  at  the  extremity  of  L 

:  V  in  the  circle  rad.  2  S  A  :  :  V  2  :  1 
V  in  the  circle  rad.  2  S  A 

:  V  in  the  circle  rad-  A  C  : 
'.  V  in  the  parabola  at  L 

:  V   in   the   ellipse   at   B 


V  A  C  :  V  'WX 


V  2.  AC:  V  SA.2 
10  V  2   :  8  V  2 
5  :4 

194.  What  is  the  difference  between  \t<yf  a  parabola  and  ellipse,  having 
the  same  <•'  distance  =  1,  and  axis  major  of  the  ellipse  =  300  ?  Compare 
the  V  at  the  extremity  ofL  and  <*^  distances. 
In  the  parabola  L  =  4  A  S  =  4. 
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IntheellipseL'  =  i^  =  g|5 

"  150 


8> 


(AC*  — AC— SA'^) 
(2AC.  AS— AS'^)  = 


600  —  1 
150 


...L-L'=:4-(4-^^)  = 


1 

150' 


V  2:  1 

VAC: 
V  160: 

VHP 
V299 

V  SOO  :  V  299. 


V  in  the  parabola  at  A  :  v  in  the  circle  rad.  S  A  : 

V  in  the  circle  rad.  S  A  :  v  in  the  ellipse  e.  d.  : 

:  :  V"AC:  V  2AC— SA: 
•••  V  in  the  parabola  at  A  :  v  in  the  ellipse  e.  d.  :  : 
Similarly  compare  v*.  at  the  extremity  of  Lat.  R. 

195.  Suppose  a  body  to  oscillate  in  a 
xxhole  cycloidal  arCf  compare  the  tension 
of  the  string  at  the  lowest  point  with 
the  weight  of  the  body. 

The  tension  of  the  string  arises 
from  two  causes,  the  weight  of  the 
body,  and  the  centrifugal  force.  At 
V  we  may  consider  the  body  revolving 
in  the  circular  arc  rad.  D  V,  .*•  the 
centrifugal  =  centripetal  force.  Now 
the  velocity  at  V  =i  that  down  C  V  by  the  force  of  grav. 

=  that  with  which  the  body  revolves  in  the  circle  rad. 

2CV. 

.%  grav.     :  centrifugal  force  :  :  1  :  1, 

.•.  tension  :  grav.  :  :  2  :  1 

196.    Suppose  the  body  to  oscillate  q  j^ 

through  the  quadrant  A  B,  compare  the 
tension  at  B  with  the  weight. 

At  B  the  string  will  be  in  the  direction  of 
gravity;  .%  the  whole  weight  will  stretch 
the  string;  .*•  the  tension  will = centrifugal 
force  +  weight  Now  the  centrifugal 
force  =  centripetal  force  with  which  the 
body  would  revolve  in  the  circle  e.  d. 


—     R 
And  V  in  the  circle  =  V  2  g  .  F  .   ^ 
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A  F  = 


gR  ~gCB 


in  this  case. 


also  V  at  B  from  grav.  =  V  2  g .  C  B,  gray,  =  1. 
.•.  grav.  =  1  = 


,/« 


2g  C  B 


/.  F  :  gray. :  : 


!  !  <o  ■   JLy 


2gCB*^nc^ 

Bince  y  =  V. 

•*.  tension  :  gray.  :  :  8  :  1. 

197.  A  body  vibrates  in  a  circular  arc 
from  the  center  C ;  ihrough  what  arc  must 
it  vibrate  so  that  at  the  Unoest  point  the 
tension  of  the  string  =  2  X  weight  ? 

y  from  gray.  =  y  d .  N  V,   (if  P 
be  the  point  required)     y'    of    reyo- 

C  V 

lution  in  the  circle  =  y  d .  -g— . 


.'.  centrifugal  force  :  gray. :  :  y  :  y' :  :     Iz^J^  .  y'  jj  y 


itrifugalfc 


CV 


+  VNV:  VTTV 


:  :  2  :  1  by  supposition. 


/C  V  


.-.  N  V  = 


CV 


198.  There  is  a  hoUow  vessel  injbrm 
of  an  inverted  paraboloid  down  which 
fl  bo^  descends,  the  pressure  at  lowest 
point  =  n  .  weight,  Jindjrom  what  point 
it  must  descend. 

At  any  point  P,  the  body  is  in  the 
same  situation  as  if  suspended  from  G, 
*  G  being  normal,  and  revolving  in  the 
circle  whose  rad.  G  P.     Now  P  G  = 

V  4  A  S  .  S  P,    .•.  at  A,  P  G   = 
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V  4  A  S*  s  2  A  S.    Also  v*  at  A  with   which  the  body  revolves  = 

v' 
.•.  centrifugal  force  =  g — y-g 

and  grav.  =  -^ — r-j  if  h  =  heighl  fallen  from. 

But  the  whole  pressure  arises  firom  grav. + centrifugal  force,  andsn .  grav. 
.-.  centrifugal  force  +  grav. :  grav. : :  n  :  1 
or 

1.11  , 

AS  +  ¥  ■  T  ' '  ° '  *' 

AS"  h  •  ' 


•  • 


/.  h  =  n  —  1 .  A  S. 

199.  Compare  the  time  (TO  in  which  a  body  de- 
scribes 90®  of  anomaly  in  a  parabola  with  T  in  the 
circle  rad*  =  S  A. 

Time  through  A  L  :  1  :  :  area  A  S  L  :  a  in  T' 

.       _  lAS.SL  _  4  AS'  ^    ^  . 

a  3  a 

T  in  the  circle  rad.  S  A  :  1  :  :  whole  cut;le  :  a^  in  V' 

«A  S 


•  T  = 


£ 


a' 


.-.  T' :  T  :  : 


Sa'  a' 


and 


a;a'::VL:v'2AS::V4AS:  V  2  A  S :  :  V  2:  1 


.-.  T' :  T  :  : 


3  V  2 


:v::9V2:3v. 


Compare  the  time  of  describing  90^  in  the  parabola  A  L  with  that  in  the 
parabola  A  1,  (fig.  same.) 

t :  T  in  the  circle  rad.  S  A  :  :  4  :  3  V  2.  <r 

T  in  the  circle  S  A  :  T'  inthe  circle  rad.  ff  A  : :  S  A^  :  •  A^ 
(since  T« «  R») 

T' :  f  through  1  A  :  :  3  V  2 .  «• :  4 

.*.  t  through  S  A  :  t'  through  tfA::SA«:<TA*. 
See  Sect  VI.  Prop.  XXX. 
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200.   Draw  the  diameter  P  p  such  that  the  time  through  P  V  p  :  time 
through  p  A  P  : :  n  :  1,  Jbrce  «  ^-pi  • 
Describe  the  circle  on  A  V. 


.'.   t    = 


Let  t  =  time  through  P  V  p»  and  T  the  periodic  time 

n      _  PVpS  -  Q  V  q  S  _  circle  +  a  Q  q  S 
n  +  1  ""  ellipse  ""     circle     ""  circle 

_  circle       S  R>2CQ 

"■    a     "*■  2 


9  a 
"2" 


circle 
-f  a  e  •  sin.  u  •  a 


V  a 


,  (u  =  excentric  anomaly) 


=  -g-  +  e.  sin.  u 


.*•  n  «"  =  n  -f  1  •  (-«  +  ®  ®"^*  ^) 


=:n^  +  -g-  +  n  +  ].e8in.u 


.*.  sm.  u  =: 


n  — 1 


n+  r  2e 

which  determines  u,  &c. 

201.  2^  Moon  revolves  round  the  Earth  in  SO  da^s,  the  mean  distance 

from  the  Earth  =  240,000  miles.    Jupiter^ s  Moon  revolves  in  ^  dai/,  the 

mean  distance  from  Jhpiter  ss  240,000  miles.     Compare  the  absolute  Jorces 

i^  Jupiter  and  the  Earth. 

rot.,  I.  I- 
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A* 

T  cx  —  ,  A  being  the  major  axis  of  the  ellipse^ 

.'.  If  A  be  given,  a*  ^  qr,  > 

Mass  of  Jupiter    _  T'  of  the  Earth's  Moon  _  30j  _  14,400 
•*'  Mass  of  the  Earth  ""     T'«  of  Jupiter's  Moon     ~  Jl_  "        1     ' 

4« 

202.  A  Comet  at  perihelion  is  400  times  as  near  to  the  Sun  as  the  Earth 
at  its  mean  distance.     Compare  their  velocities  at  those  points. 


Velocity'  of  the  Comet  _  F.4  A  S  _  JF^  4       _   F       1 

Velocity «  of  the  Earth  ""  F.2BS  ""    F  '  2  .  400  "  F  '  200 

400«   J_^^Q^^ 
1«      200 

V  V  2 .  20        80         , 

•••  7-  =  — i —  =  J  ne^'^iy- 

203.  Compare  the  Masses  of  the  Sun  and  Earthy  having  the  mean  distance 
of  the  Earth  from  the  Sun  =  400,  the  distance  of  the  Moon  from  the  Earthy 
and  Earth's  P».  =  13.  the  Mom's  P». 

a 

.     Mass  of  the  Sun         400*     1«        64,000,000       ^^^^^ 
••  ^iS^TdTth^^Sth  =  -T^-ir«  =  — T69—  =  400,000  nearly. 

204.  IfthefriTce  «  -, -,  nsihere  x  is  the  distance  from  the  center 

qffrjrcey  it  will  be  centripetal  whilst  -5  >  —,  or  x  >  a;  there  will  be 

X  X 

1  ft  ' 

a  point  of  contrary  Jlexure  in  the  orbit  when  -^  =  -j,  or  x  =  a,  and 

afterwards  when  x  <  a,  /^  force  will  be  repulsive^  and  the  curve  change 
its  direction. 
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the   other  focus   must  lie 


205.  The  body  revolving,  in  an  ellipse^  at 
B  the  force  becomes  n  times  as  great.  Find 
the  nem  orbit,  and  under  what  values  qfn  it 
wHl  he  a  parabola,  ellipse,  or  hyperbola. 

S  being    one  focus    since    the    force 

distance  *  * 
in   B  H    produced    both    ways,     since 
S  B,   H   B,     make  equal    angles    with 

« 

the  tangent    V*  =  -|  F.PV  =  -|F.2ACinthe  original  ellipse,  or 
=  -fnF.PVinthe  new  orbit. 

...2AC  =  n.PV  =  n.g-g-^^^, 

.-.  (S  B  +  h  B)  A  C  =  2  n .  S  B.  h  B, 
.-.  A  C*  +  h  B .  A  C  =  2  n  A  C.  b  B, 

2  n  —  1 
If  2  n  —  i  =  0,  or  n  =  ^,  the  orbit  is  a  parabola ;  if  n  >  i,  the  orbit 
is  an  ellipse;  if  n  <  i,  the  orbit  is  an  hyperbola. 
Let  S  C  in  the  original  ellipse  be  given  =  B  C, 
.-•  S  B  H  =  right  angle,  and  S  B  or  A  C  :±  B  h .  cot.  B  S  h 
whence  the  direction  of  a  b!,  the  new  major  axis ;  also 

Sh 


a  a'  =  S  B  +  B  h,  and  S  c  = 


2 


VW  — SB* 
2 


If  the  orbit  in  the  parabola  a  a'  be  parallel  to  B  h,  and  L  •  R  =  2  S  B, 
si(}ce  S  B  h  =  right  angle. 

206.  Suppose  a  Comet  in  its  or-' 
hit  to  impel  the  Earth  from  a  cir^ 
cular  orbit  in  a  direction  making 
on  acute  angle  voith  the  EartVs 
distance  from  the  Sun,  the  veUh 
city  after  impact  being  to  the  vekh 
city  before  :  :  V"S  :  VT.  Find 
ihe  alteration  in  the  length  of  the 
year, 

Snce  ^  3  :  V  2  <  ratio  than  V  2 

ellipse. 

L2 


I,  .•.  the  new  orbit  will  be  an 
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3 
2 


2S"P  ■"  AC.2SP  ""AC 

_  2AC  — SP 
AC 


.%SAC  =  4AC  —  2SP 
...  2  S  P  =  A  C 

^  TineUipse  ^  2*SP^  ^  8  ^^j 
••TTiTcirde  ""     s  P*  ^ 

207.  -4  ftorfj^  revolves  in  an  ellipse^  at  any  given  point  the  force  becomes 
diminished  by  ^  part.     Find  the  new  orbit. 


v*a  F.  P  V 
.••  in  this  case  P  V  oc  ^ , 


1 


P  V  in  ellipse  __  1  —  n 
pvinneworbit  "^        1 


n—  1 


But 


V  *  in  conic  section 
y'  ui  circle  e.  d. 


pv 
2SP 


n 

n 

n 

.—. 

TPV 

— 

2 

SP 

n 

HP 

n 

...1. 

i'AC 

atP 


.-.if 


"      .  H  P  =      AC,  the  new  orbit  is  a  Circle 
n  —  1 ' 

^_^ ==  2  A  C,  I.  Parabola 

<  2  A  C, Ellipse 

>  2  A  C, Hyperbob. 


If     ^   ,   =  2,  or  n  =r  2,  then  when  the  orbit  is  a  circle  or  an  ellipse,  P 
n  —  1        ^  * 

must  be  between  a,  B;  when  the  orbit  b  a  parabola,  P  must  be  at  B  ; 
when  the  orbit  is  an  hyperbola,  P  must  be  between  B,  A. 
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208.  If  the  curvature  and  incUnaiion  of  thejangent  to  the  radius  be  the 
same  at  two  points  in  the  curve^  the  farces  at  those  points  &re  inverse^  as  the 
radii  K 

p_  Ba«         _  8a« 8  a«      -  1 

This  ^>pl]es  to  the  extremities  of  major  axis  in  an  eUipse  (or  circle)  in 
the  center  of  force  in  the  axis. 

209.  Required  the  angular  velocity  ofg. 
By  46,  tf  being  the  traoed-angle, 

d  t 
But  by  Prop.  L  or  Art  124, 

dt :  T::  d  A:  A 

::«-^':A(118) 

d4      2  A       1 

or 

,PXV  .. 

=  — p^ (a) 

210.  Bequired  the  Centrifugal  Force  (f )  in  am/  orbit. 

When  th^  revolving  body  is  at  any  distance  ^  from  the  center  of  ferce^ 
the'Centrifugal  Force,  which  arises  from  its  inertia  or  tendency  to  persevere 
in  the  direction  of  the  tangent  (most  authors  erroneously  attribute  this  force 
to  the  angular  motion,  see  Yince's  Flux.  p.  283)  is  clearly  the  same  as  it 
would  be  were  the  body  with  the  same  Centripetal  Force  revolving  in  a 
circle  whose  radius  is  f.  Moreover,  since  in  a  circle  the  body  is  always 
at  the  same  distance  from  the  center,  the  Centrifugal  Force  must  always 
be  equal  to  the  Centripetal  Force. 

But  in  the  circle 

QT«  =  QR  X  2SP 

and  .*.  by  137  we  have 

8A*  1      _4A«      J_ 

"gT^^  2SP«"iT»  ^  f» 

or 
P  and  Y  belonging  to  the  orbit 

LS 
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Hence  then 

P*V'         1  ,, 

^  =  -i-^? <'^ 

Hence  also  and  by  209, 

'=g <') 

And  139, 

17  d  p    df  ,  , 

^^''p^  r    ^""^ 

211.  Required  the  angular  velocity  of  the  perpendicular  upon  the 
tangent. 

If  two  consecutive  points  in  the  curve  be  taken ;  tangents,  perpendiculars 
and  tiie  circle  of  curvature  be  described  as  in  Art  74,  it  will  readily  ap- 
pear that  the  incremental  angle  (d  >)/)  described  by  p  =  that  described 
by  the  radius  of  curvature.     It  will  also  be  seen  that 

A  A    A   y  f       QT    PQx        p      ^ 

But  from  similar  triangles 

P  V  :  2  R  :  :  p  :  g. 
.-.  d  ^  :  d  >!/ : :  P  V  :  2  f 
P  V  being  the  chord  of  curvature. 

Hence 


1=^  =3-:  xpv  («««"' 


=  »  X  1^ W 

or 

2  PXV  ,  , 

=  nrvv («) 

or 

=  L>LV     dp        

pe        df  ^  ' 

Ex.  1.  In  the  circle  P  V  ss  2  g;  whence 

PxV 

Ex.  2.  In  the  other  Conic  SectitMis,  we  have 

n«  ^   2 — 

2a  +  5 
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which  gives  by  taking  the  logarithms 

2lp  =  lb'  +  1;  — l(2a7f) 
aud  (17  a.)  * 

2  d  p  _  dj  ,       d( 2  a  d  g 

P     ~   J    ~  2  a  q:  f  ~  r(2'a  T  l) 
whence 

-     «P  X  V 

212.  Required  the  Paracentric  Velocity  in  an  orbit. 
It  readily  fippears  from  the  fig.  that 

d  s  :  d  ^  :  :'^  :  V  ^*  —  p*. 
.'.  Ifu  denote  the  velocity  towards  the  center,  we  have 


/      d  P\       d  s        V  f  •  —  p* 

n=dt)  =  crt^-V^ 


=  PJLV  ^  ve*-p»  (125J 
p  f 

=  PVx  A-.-n)     .    .   .    .    (g) 


or 


2A 


X 


^(^•-p)    ••••(••) 


Also  since 


p« "     puin 

213.   Tojind  *mhere  in  an  orbit  the  Paracentric  Velocity  is  a  maximufn. 

From  the  equation  to  the  curve  substitute  in  the  expression  (212.  g; 
for  p%  then  put  d  u  =  0,  and  the  resulting  value  off  will  give  the  posi- 
tion required. 

Thus  in  the  ellipse 


and 


^   =2a-f 

u«  =  P«V«  X 

/2  a  — f 
V    b'j     ~ 

2a         1 

1 

e 


L4 
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5Tjr  +  -p-  -  0 

and  ■« 

_,  b  *  __  Latns-Rectum 
*  '~   a   ~  2 

or  the  point  required  is  the  extremity  of  the  Latus-Rectum. 


OTHERWISE. 

Generally,  It  neither  increases  nor  decreases  when  F  s  f  •     Hence 
when  u  =:  max.  (see  210) 

d  p  _  d| 

which  is  also  got  from  putting  ; 

d  (u«)  =  0 
in  the  expression  212.  h. 

214.  Tojlnd  where  the  angular  velocity  increases  fastest 
By  Art  209  find  125, 

d«       .^^       dg        PV_2P«V«        d^ 

j^sarvx-px  p-g-j  -       p—  X  ^-j-^, 

•••J^  =  °^« <"> 

But  from  similar  triangles 

p  :  V  (f «  —  p*)  :  :  Q  T  :  P  T  :  :  ^  d  ^  :  d  f 

d«       2P«V«  ^     .  ,  ,  ,. 

•-.jn  ='T?^''   V(e«-p«)  =  max. 

.-.  ^ — T-f-   =  -J— J. 5  =  max (b) 

either  of  which  equations,  by  aid  of  that  to  the  curve,  will  ^ve  the  point 
required. 

Ex.  In  the  ellipse 

^         2  a  —  ^ 

2a  — e         1 
.-.    V  ^    ^  ^  —  78  =  max.  =  m 


d  m 


and  ^^  =  0  gives 


.._-a^  =  -^  b' 
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which  gives 


f  =  4»±4    ^(49a«  — 48b») 


6—6 

for  the  maxima  or  minimA  positions. 
If  the  equation 


a         1  +  ®  <30s«  ^ 
and  the  first  form  be  used,  we  hare 


and 


sin.  ^ 


.—  =r  max.  =  m. 


Whence  and  from  d  m  =  0,  we  get  finally 

«=*«•*  =  -ri±V(6iT-«+  I)' 

215.  Tojlnd  where  the  Linear  Velocity  increases /ast est. 

Here 

dv 

=:  max. 


Ti 


Bat  (125) 


v.= 


PX  V 


and 


t  =  ili4= 


Pdf 


PxV      P  X  V  '"  V{»  — p« 

dv       P«V*V({*  — p*)         dp 
Tt  -  e ^ 


p»de 


*  t 

t  P'df 


or 


Fx^<g'-P'> 


►  =  max.  s  m. 


and 


d  m  =  0 
will  giye  the  point  required. 
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Thus  in  the  ellipse 

Fal 

e* 

g'  —  p'  _    I  b«  _ 

•*•       j«       ~  f  *       aaf»  — f«  -  ""^ 

dm_         4    ,    lOab'g*  — 6b«g»  _  ^ 

which  gives 

f »  +  4  a  f « 31 f  +  ^  a  b«  =  p, 

whence  the  maxima  and  minima  positions. 

In  the  case  of  the  parabola,   a  is  indefinitely  great  and  the  equation 

becomes 

5 
4a"f ^ab*=:0 

id 

5        b»        5        ^ 
.'.  f=S    X  —   =7r,x  Latus-Rectum. 
^        8  a         16 

Many  other  problems  respecting  velocities,  &c.  might  be  here  added. 
But  instead  of  dwelling  longer  upon  such  matters,  which  are  rather 
curious  than  usefiil,  and  at  best  only  calculated  to  exercise  the  student, 
I  shall  refer  him  to  my  Solutions  of  the  Cambridge  Problems,  where-  he 
will  find  a  great  number  of  them  as  well  as  of  problems  of  great  and 
essential  importance. 


SECTION  IV. 


216.  Prop.  XVIII.  If  the  two  points  P,  p,  be  given,  then  circles  whose 
centers  are  P,  p,  and  radii  AB^rSP,  ABlipSp,  might  be  described 
intersecting  in  H. 

If  the  positions  of  two  tangents  T  R,  t  r  be  given,  then  perpendiculars 
S  T,  S  t  must  be  let  fall  and  doubled,  and  firom  V  and  v  with  radii  each 
=  A  B,  circles  must  be  described  intersecting  in  H. 

Having  thus  in  either  of  the  three  cases  determined  the  other  focus  H, 
the  ellipse  may  be  described  mechanically^  by  taking  a  thread  =  A  B  in 
length,  fixing  its  ends  in  S  and  H,  and  running  the  pen  all  romid  so  as  to 
stretch  the  string. 


Book  T-l  NEWTON'S  PRINCIPIA.  171 

This  proposition  may  thus  be  demonstrated  analytically. 

1st.  Let  the  focos  S»  the  tangent  T  R,  and  the  point  P  be  given  in 
position ;  and  the  axis-major  be  given  in  length,  viz.  2  a.  Then  Uie  per- 
pendicular S  T  (=  p),  and  the  radius-vector  S  P  (=  ^)  are  known. 

Bat  the  equation  to  Conic  Sections  is 

,  _     b'e 
P         2a  +  f 

whence  b  is  found. 

Also  the  distance  (2  c)  between  the  foci  is  got  by  making  p  =  f 9  thence 
finding  ^  and  therefore  c  =  a  If  ^. 

This  gives  the  other  focus ;  and  the  two  foci  being  known,  and  the  axis- 
major,  the  curve  is  easily  constructed. 

217.  2d.  Let  two  tangents  T  R,  t  r,  and  the  focus  S  be  given  in  position. 

Then  making  S  the  origin  of  coordinates,  the  equations  to  the  trajectory 
are 

b«^  ,  b*    1 ,, 

p*  =:      -^      and  f  =  —  .  -r— rr r-       ...      (a) 

^         2a4-f  *        a      1+e  cos.  (tf  —  a)  ^  ' 

a  being  the  inclination  of  the  axis-major  to  that  of  the  abscissae. 

Now  calling  the  angles  which  the  tangents  make  with  the  axis  of  the  ab- 
scissa T  and  T',  by  31  we  have 

tan.T  =  iy. 
d  X 

But 

X  ==  ^  cos.  ^,  y  =  f  sin.  ^ 

whence 

rri       d  e  sin.  ^  -I-  e  d  ^  cos.  i 

tan.  T  =  ~3^ A         A  A   * — A 

a  f  COS.  9  —  ^  d  ^  sm.  0 

i^  tan.  tf  +  1 

d, T- (b) 

-^.  —  tan.  6 
f  d  ^ 


_  f  dtf 


Also  froni  equations  (a)  we  easily  get 


and 


^^  =  Jl-fsin.  (tf-a) (1) 

COS.(tf-a)=^'-^g (2) 

^  ae  f 

sin.  (<  —  «)  =  — X  V  (2  a  f  —  e*  —  b')    .    .  (S) 

.a  e  F 

.-JAEL (4) 
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-     and  putdng 

R=:  V  (8a^  — e*  — b«)      .     ...     (6) 


we  have 


R  *       />,         \  ton,  0  —  tan.  a         ^^. 

=  tan.(tf-«)==y-;— -— — -   -   .    (6) 


b* — a^  ""  ""  1  +  tan,  a.  tan. 4 

which  gives  tan.  0  in  terms  of  a,  b,  ^  and  tan.  a. 

Hence  by  successive  substitutions  by  means  of  these  several  expres- 
sions tan.  T  may  be  found  in  terms  of  a,  b,  p,  tan.  a,  all  of  which  are  given 
except  b  and  tan.  a.    Let,  therefore, 

tan.  T  =  f  (a,  p,  b,  tan. «). 
In  like  manner  we  also  get 

tan.  T'  =:  f  (a,  p',  b,  tan.  a) 
p'  belonging  to  the  tangent  whose  inclination  to  the  axis  is  T. 

From  these  two  equations  b  and  tan.  a  may  be  found,  which  give 
c  =  V  a* «»-b  *  and  a,  or  the  distance  between  the  foci  and  the  position 
of  the  axis-major;  which  being  known  the  Trajectory  is  easily  con- 
structed. 

218.  3d.  Let  the  focus  and  two  points  in  the  curve  be  given  in  posi- 
tion, &c. 

Then  the  corresponding  radii  ^,  f',  and  traced  angles  ^,  ^,  in  the 
equations 

_        +a(l  — e') 
^        1  +  e  cos.  (^  —  aj 

,^        ±a(l-e') 

^  1  +  e  COS.  {ff  —  a) 

are  given ;  and  by  the  formula 

COS.  (^  —  a)  =  COS.  6  •  COS.  a  +  sin.  6  sin.  a 
2  a  e  and  a  or  the  distance  between  the  foci  and  the  position  of  the  axis- 
major  may  hence  be  found. 

This  is  much  less  concise  than  Newton's  geometrical  method.  But  it 
may  still  be  useful  to  students  to  know  both  of  them. 

219.  Prop.  XIX.  To  make  this  clearer  we  will  state  the  three  cases 
separately. 

Case  1.  Let  a  point  P  and  tangent  T  R  be  given. 

Then  the  figure  in  the  text  being  taken,  we  double  the  perpendicular 
S  T,  describe  the  circle  F  G,  and  draw  F  I  touching  the  circle  in  F  and 
passing  through  V.  But  this  last  step  is  thus  effected.  Join  V  P,  sup- 
pose it  to  cut  the  circle  in  M  (not  shown  in  the  fig.),  and  take 

V  F«  =  V  M  X  (V  P  +  P  M). 

The  rest  is  easy. 
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CSaiei  2.  Let  two  tangents  be  given.    Then  V  and  y  being  detennined 
die  locus  of  them  is  the  directrix.    Whence  the  rest  is  plain. 


Case  3.  Let  two  points  (P,  p)  be  giyen.  Describe  from  P  and  p  the 
circles  F  G,  f  g  intersecting  in  the  focus  S.  Then  draw  F  fa  common 
tangent  to  them,  &c. 


But  this,is  done  by  describing  from  P  with  a  radius  =  S  P  —  S  p,  a 
circle  F'  G^,  by  drawing  from  p  the  tangent  p  F'  as  in  the  other  case  (or 
by  describing  a  semicircle  upon  P  p,  so  as  to  intersect  P  G^  in  FO  by 
produdng  P  F  to  F,  and  drawing  F  f  parallel  to  F  p. 

See  my  Solutions  of  the  Cambridge  Problems,  voL  I.  Geometry,  where 
taogioicies  are  fully  treated. 
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These  three  cases  may  easily  be  deduced  analytically  from  the  general 
solution  above ;  or  in  the  same  way  may  more  simply  be  done  at  once, 
from  the  equations 

,_L  _  L  1 

P     "    4   ^*  ^  ""    2    ^    1  +  cos.  (tf  —  a)  ■ 

220.  Prop.  XX.  Case  1.  Given  in  species]  means  the  same  as  ^'  simi- 
lar^'  in  the  5th  Lemma. 

Since  the  Trajectory  is  given  in  species,  &c.]  From  p.  36  it  seems  that 
the  ratio  of  the  axes  2  a,  2  b  is  given  in  similar  ellipses,  and  thence  the 
same  is  easily  shown  of  hyperbolas.     Hence,  since 

2  c  being  the  distance  between  the  foci,  if  —  =  m,  a  given  quantity,  we 

a 

have 

c         V  a*  +  b*  //IT-     «\ 

_  —  X —  =  V  (1  +  m')  =  e, 

a  a 

which  is  also  given. 

With  the  centers  B,  C,  &c.] 

The  common  tangent  L  K  is  drawn  as  in  219. 

Cases  2.  3.     See  Jesuits'  Notes. 


OTHERWISE. 

221.  Case  1.     Let  the  two  points  B,  C  and  the  focus  S  be  given. 

Then 

_       ±a(l— e') 


^  "  1   +  e  cos.  (tf  —  «)( 

._       +a(l— e«)       r 

^        1  +  e  cos.  (^  —  a)  J 


0) 


a  being  the  inclination  of  the  axis  of  abscissae  to  the  axis  major. 
But  since  the  trajectory  is  given  in  species 

e  =  —  is  known, 
a 

and  in  equations  (1),  g,  ^ ;  e'»  ^>  ^^^  ff^^' 
Hence^  therefore,  by  the  form 

cos.  {0  —  a)  =  cos.  6 .  COS.  a  +  sin.  &  sin.  a, 
a  and  a,  or  the  semi- axis-major  and  its  position  are  found; 

also  c  =  a  e  is  known ; 
which  gives  the  construction. 
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Case  2.    By  proceeding  as  in  220,  in  which  expressions  (e)  will  be 
known,  both  a,  a  e,  and  a  may  be  found. 
Case  3.     In  this  case 

D «  =  —1-  =  a'X  (l-e«)e 
^        2a  +  ^  2a  +  f 

will  give  a.     Hence  c  =  a  e  is  known  and 

+  a(l  — e*) 
*        1  +  e  cos.  (tf  —  a) 
gives  a. 

Case  4.    Since  the  trajectory  to  be  described  must  be  similar  to  a  given 
one  whose  a'  and  cf  are  given. 


_  c  _^ 
a        a' 


is  known  (217). 

Also  ^  and  ^  belonging  to  the  given  point  are  known. 
Hence  we  have 

_       +a.(l— e«) 
^        1  +  e  COS.  (^  —  a) 

And  by  means  of  the  condition  of  touching  the  given  line,  another 
equation  involving  a,  a  may  be  found  (see  217)  which  with  the  former 
will  give  fk  and  a. 

222.     Scholium  to  Prop.  XXL 

Given  three  points  in  the  Trajectory  and  the  focus  to  construct  it/ 

ANOTHER  solution. 

Let  the  coordinates  to  the  three  points  be  ^,  ^;  f ,  ^ ;  ^^  ^^  and  a  the 
angle  between  the  major  axis  and  that  of  the  abscissae.     Then 


_       +a.(l  — e«) 
^  ""  1   +   e  COS.  {0  —  a) 

1  +  e  COS.  (/  —  a) 

^        1  +  e  COS.  («"  —  «)  _ 


(A) 


and  eliminating  +  a  (1  -—  e  *)  we  get 

I  —  I  =  e .  COS.  \9  —  o)  —  e  cos.  (^  —  a)  1      /g% 
^  —  ^  =e.cos.(^'  —  a)  —  ecos.  (^ — «)/ 
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from  which  diminatJDge,  there  results 

czl ^ izz£ 

^ .  COS.  (^  —  a)  —  f  cos,  {&  —  a)       ^'  COS.  {^'  —  a)  —  g  cos.  {i  —  a) 
Hence  by  the  formula 

COS.  (P  —  Q)  =  COS.  P .  COS.  Q  +  sin.  P .  sin.  Q 

_  (f^V^cos.  ^^— (g  — g^O  g^cos.  ^+g(e^-f^Ocos.^ 
ii-^)  f  sin.  (f'—{i—n  e'sm.^+g(e'— f")sin.^ 
which  gives  a. 

Hence  by  means  of  equations  (B)  e  nvill  be  known ;  and  then  by  substi- 
tution in  eq.  (A),  a  is  known. 


SECTION  V. 


The  preliminary  Lemmas  of  this  section  are  rendered  sufficiently  intel- 
ligible by  the  Commentary  of  the  Jesuits  P.P.  Le  Seur,  &c. 

Moreover  we  shall  be  brief  in  our  comments  upon  it  (as  we  have  been 
upon  the  former  section)  for  the  reason  that  at  Cambridge,  the  focus  of 
mathematical  learning,  the  students  scarcely  even  touch  upon  these  sub- 
jects, but  pass  at  once  from  the  third  to  the  sixth  section. 

223.  Pbop.  XXII. 

This  proposition  may  be  analytically  resolved  as  foUows : 

The  general  equation  to  a  conic  section  is  that  of  two  dimensions  (see 

Wood's  Alg.  Part  IV.)  viz. 

y«-h  Axy  -hBx*-H  Cy +  Dx  +  E  =  0 

in  which  if  A,  B,  C,  D,  E  were  given  the  curve  could  be  constructed. 
Now  since  five  points  are  given  by  the  question,  let  their  coordinates  be 

a,^;  C8,  /3;  C6,^;  0,0;  a,/3. 

11998344 

These  being  substituted  for  x,  y,  in  the  above  equation  will  give  us  five 
simple  equations,  involving  the  five  unknown  quantities  A,  B,  C,  D,  E, 
which  may  therefore  be  easily  determined ;  and  then  the  trajectory  is 
easily  constructed  by  the  ordinary  rules  (see  Wood's  Alg.  Lacroix's  Difi*. 
Cal.  &c.) 

224.  Prop.  XXIII.  The  analytical  determmation  of  the  trajectory 
from  these  conditions  is  also  easy. 

Let 

0,0;  o,  0;  o,/3;  0,0 

11       9     9       8     3 
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be  the  coordinates  of  the  given  point  Also  let  the  tangent  given  in  posi* 
tion  be  detenninable  from  the  equation 

y'  =  mr'  +  n (a) 

in  which  m,  n  are  given. 
Then  first  substituting  the  above  given  values  of  the  coordinates  in 

y*  + Axy  +  Bx«+ Cy+Dx+E  =  0     .     ..(b) 

we  get  four  simple  equations  involving  the  five  unknown  quantities 
A|  B^  C,  D)  E ;  and  secondly  sinc^  the  inclination  of  the  curve  to  the  axis 
of  abscissas  is  the  same  at  the  point  of  contact  as  that  of  the  tangent, 

dy  ^.d/ 
Jx  "  d  x' 

X  =r  x' 

.  Ay+2Bx  +  D_       ^ 
••    2y+Ax+C    -""" 

and  substituting  in  this  and  the  general  equation  for  y  its  value 

y'  =  mx  +  n 
we  have 

A(mx  +  n)  +  2Bx  +  D_       ^ 
2(mx+n)  +  Ax+C 
and 
(mx  +  n)*  + Ax(mx  +  n)  +  Bx*  +  C(mx  +  n)  +  Dx+E  =  0, 

from  the  former  of  which 

_  nA  +  mC+  D 

*•"  2(m«+niA  +  B) 
and  firom  the  latter 

x  =  — Q.    ,  , T-7-t5\X  (nA  +  mC+D+2mn 

2(m'4-mA+B)      ^ 

+  ^  J(n  A  +  m  C  +  D  +  2 m  n)  *—  (n «  +  n  C  +  E)  (m «  +  m  A  +  B)} 

and  equating  these  and  reducing  the  result  we  get 

4m»n«  =  (nA  +  mC  +  D+  2mn)«  — (n«+nC+E)  (m«+m  A+B) 

and  this  again  reduces  to 

n«A*  +  m«C«  +  D*  +  mnAC  +  2nAD 
+  2mCD  — nBC  — mAE  — BE+  3mn*A 
+  Snm«C  +  4mnD  — n«B  — m«E  — n«m«  =  0 

which  is  a  fifth  equation  involving  A,  B,  C,  D,  E. 

From  these  five  equations  let  the  five  unknown  quantities  be  determined, 
and  dien  construct  eq.  (b)  by  the  customary  methods. 

M 
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225.  Prop.  XXIV. 

OTHERWISE. 

Let 

a,/3;  a\  ^;  a^  ^'^ 
be  the  coordinates  of  the  three  given  points,  and 

y'  =  m  x'  +  n 
/'sm'x"  +  n' 

the  equations  to  the  two  tangents.  Then  substituting  in  the  general 
equation  for  Conic  Sections  these  pairs  of  values  of  x,  j,  we  get  three 
simple  equations  involving  the  unknown  coefficients  A,  B,  C,  D,  E ;  and 
from  the  conditions  of  contact,  viz. 

dy      dy'  ^dy       d^ 

dxdx'     "'-'''  "-^rc7,  -Jn 

y  =  / 

X  =  x' 

We  also  have  two  other  equations  (see  224)  involving  the  same  five  un- 
knowns, whence  by  the  usual  methods  they  may  be  found,  and  then  the 
trajectory  constructed. 

226.  Prop.  XXV. 

Proceeding  as  in  the  last  two  articles,  we  shajil  get  two  simple  equations 
and  three  quadratics  involving  A,  B,  C,  D,  E,  from  whence  to  find  them 
and  construct  the  trajectory. 

227.  Prop.  XXVL 

In  this  case  we  shall  have  one  simple  equation  and  four  quadratics  to 
find  A,  B,  C,  D,  E,  with,  and  wherewith  to  describe  the  orbit. 

228.  Prop.  XXVII. 

In  the  last  case  of  the  five  tangents  we  shall  have  five  quadratics, 
wherewith  to  determine  the  coefficients  of  the  general  equation,  and  to 

construct 


I 
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SECTION  VI. 


229.  Prop.  XXX. 


OTHKRWISE. 


Afier  a  body  has  moved  \!'  from  the  vertex  of  the  jparaboia^  let  it  be  re-- 
quired  to  find  its  position. 

If  A  be  the  area  described  in  that  time  by  the  radius  yector,  and  P,  V 
the  perpendicular  or  the  tangent  and  velocity  at  any  point,  by  124  and 
125  we  have 


and  by  157, 


A=|xt=yxt 


V     2 


L  being  the  littus-rectum. 


.    A  -   ^g^>  y   t 

But 

ASP  =  AOP  — SOP=f  AOxPO— JSOxPO 

=  f»y— 4-(x  — r)y 
where  r  =  A  S,  &c  (see  21)  and 

A  /Rfi^r  1  r  v'  r 

.•••A=vV^*=6'^y+Tj'==2Vr+¥y 

.•.y'+  12r«y  =:  12rt  V  g/t*r 
by  the  resolution  of  which  y  may  be  found  and  therefore  the  position  of  P. 

OTHERWISE. 

280.  By  46  and  126, 

,        ds  __  pds 

""   V  ■"     c 
Also 

ds  = ^ii 

'    cV(e*-p') 

M2 
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.  d  t  -  Pg'^g  („^ 

*  cV(f«  — p») W 

which  is  an  expression  of  general  use  in  determining  the  time  in  terms  of 
the  radius  vector,  &c. 
lu  the  parabola 


whence 


p»  =  rg, 


dt  =  :^'x-7fli-, 

c         V{^  —  r) 


and  integrating  ly  parts 


t  =  — -  ^  V  (^  — r) —fdg  V  (^  — r) 


c 
2V  T 


{^^(f-r)-|(j-r)*} 


c 
=  ^V(^-r)x(f+2r) 


But 


which  gives 


c=  PV=  V2gfkT  (229) 

.•.t=5^i=X(^+2r)(j-r)*      .     .     .     (b) 
3  V  gfk 

^»  +  3rj«  =  4r»+|-gA*t, 

whence  we  have  g  and  the  point  required. 

By  the  last  Article  the  value  of  M  in  Newton's  Assumption  is  easily 
obtained,  and  is 

4r       4       >r  2r 

231.  Cor.  1.  This  readily  appears  upon  drawing  S  Q  the  semi-latus- 
rectum  and  by  drawing  through  its  point  of  bisection  a  perpendicular  to 
GH. 

232.  Cor.  2.  This  proportion  can  easily  be  obtained  as  in  the  note  of 
the  Jesuits,  by  taking  the  ratio  of  the  increments  of  G  H  and  of  the  curve 
at  the  vertex ;  or  the  absolute  value  of  the  velocity  of  H  is  directly  got 
thus. 

d.GH      SdM      S    /g/ci 
dt  dt         4>r  2r 

Also  the  velocity  in  the  curve  is  given  by  (see  140) 

V*  =  2gF  X  -T— =  — si: 

"  4  f 
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and  at  the  vertex  ^  =  r, 

'  233.  Cor.  3.    Either  A  P,  or  S  P  being  bisected,  &c.  wiU  determine 
the  point  H  and  therefore 

234.  Lemma  XXVIIL  That  an  oval  cannot  be  squared  is  differently 
dem<»istrated  by  several  authors.  See  Vinoe's  Fluxions,  p.  S56;  also 
Waring, 

235.  Prop.  XXXI.  This  is  rendered  somewhat  easier  by  the  follow- 
ing arrangement  of  the  proportions : 

If  6  is  taken  so  that 

OG:OA::OA:OS 


or 


and 


or 


OS 


GK:2»OG::  t:T 


PIT  _2>x  OA'^   t 


Then,  &G.  &c.    For 


Bat 


ASP  =  ASQX- 

a 

=  —  X(OQA  — OQS) 
a 

=  ^(OQx  AQ— OQxSR) 

25  a 

=  ^(AQ-SR). 


SR:sin.AQ::  SO:  OA 
::OA:OG::  AQ:  FG 


.  „P  _  AQsukAQ 

•  **"- FG 

and 

AQ  — SR  =  ^-§x(FG— siruAQ) 

MS 
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=  g|x(FG  — siii.AQ) 
.•.ASP  =  ^^^X  (FG  — siiuAQ) 

=  24^xGK (b) 

2a 

(see  the  Jesuits'  note  q.)  which  is  identical  with  (a),  since 

t  _  A  SJP 
T  "■  EUipse 
ASP 
""  trab  ' 


OTHERWISE. 


236.  By  230  we  have 


cv'(e«-p*)     ^ 


But  in  the  ellipse 


^        2a  —  ^ 

••'^^"•c  V(2ae  — b«  — ^«) 
and  putting 

f  — a  =  u 
it  becomes 


,    _  b .  (a  +  u)  d  u 
"^""cVra^e*  — u«) 


(a«e*  — u*) 
2  a  e  being  the  excentricity. 
Hence 


^- T-/ V(a«e«  — u*)'*'  c-/ V(a«e«  — u«) 

=  ^sta.-^"  _l^(a«e«  — u«)  +  C. 
c  a  e       c        ^ 

Let  t  =  0,  when  u  =  a  e ;  then 

c  2 

and  we  get 

.  =  tfx(|+«».-.^)-t.V(..e.-..) 
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which  is  the  known  form  of  the  equation  to  the  Trochoid,  t  being  the  ab- 
scissa, &C. 

Hence  by  approximation  or  by  construction  u  and  therefore  ^  may  be 
found,  which  will  give  the  place  of  the  body  in  the  trajectory. 

It  need  hardly  be  observed  that  (157) 

c  =  PxV=:     fSUf'Lzzb      8^. 


OTHERWISE. 


237.  dt  =  t^'; 

c 
but  in  the  ellipse 


b«  1 


S  =  -zr  X 


a        i+  e  cos.  ^ 

b*  di 

.-.  d  t  =  — ,—  X 


a*c      (1  +  ecos.  0* 
and  (see  Hirsch's  Tables,  or  art  110) 

_^a'(l — e*)       f  1  _t  e  +  cos.tf  e  sin.^     ) 

*""         c  ^  I  V(l  —  e*)  ^^'^  '  1+ecos.tf       l  +  ecos.^ 

which  also  indicates  the  Trochoid. 
To  simplify  this  expression  let 

_j   e  +  cos.^   — 


then 


and 


cos.-'       ,  4  =  " 

1  +  e  cos.  ^ 


e  4-  COS.  tf 

=  COS.  u 


1  +  e  COS.  0 


e  —  COS.  u 

COS.  tf  = , 

e  COS.  u  —  1 


Hence 


and 


.     ,       V(l  — e') 

sm.  $  =  •= — ^ - 

1  —  e  COS.  u 


e  sin.  ^  e  sin.  u 


1  +  ecos.^"  ^(1— e*) 

a«V(l  — e*)       ,  .  ' 

...  t  = ^^ X  fu  —  e  sin.  uj 

c  *  ' 

But  (157) 

c=rPV=b.-/^=  ^(1— e«)  V^i; 

^     a 

M4 
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J 

/.  t  =     , —  X  (u  —  e  sin.  u) 

«»*     1 

Liet  — ==r  =  —  . 

V  gfjk       n 

Then 

nt=.u  —  esin.u (1) 

Again,  0  may  be  better  expressed  in  terms  of  u,  thus  • 

ton  «  i  -  ^— <»S'^  _  J  +e  V  1  —  COS.  u  _  1  +  e        ,  u 
"*  •    2-l+cos.tf"T^35^  1+cos,u~T:=1^"'   'g 

^  1  +  e      ,       u 

•■•'^•2  =  Vr:r^^^-2 (2) 

Moreover  ^  is  expressible  in  terms  of  u,  for 

a(l — e*)  ,,  .  .^, 

^  =  iH ;  =  a(l  —  ecos.  u) (3) 

*       1  +  e  COS.  $         ^  '  ^  * 

In  these  three  equations,  n  t  is   called  the   Mean  Anomaly  s   u  tbe 

Eccentric  Anomaly^  (because  it  =  the  angle  at*  the  center  of  the  ellipse 

subtended  by  the  ordinate  of  the  circle  described  upon  the  axis-major 

corresponding  to  that  of  the  ellipse) ;  and  0  the  True  Anomaly. 

238.  SCHOLIUM. 

Newton  says  that  ^^  the  approximation  is  founded  on  the  Theorem  that 
7%^  area  APS  oc  AQ  —  SF,  SF  being  t?ie  perpendicular  let  fall  Jrom 
S  upon  O  Q.^] 

First  we  have 

APR=AQRx— 

a 

SPRzrSQRx  — 

a 


But 


.•.ASP  =  ASQx  — 

a 

A  SQ  =  AOQ—  SOQ 

=  iAQx  AO  — iSFxOQ 
=  i  A  O  X  (A  Q  —  S  F). 

.-.  A  S  P  =  -g-  X  (A  Q  —  S  F) 


=  -^  X  (a  u'  —  a  e  sin.  u') (1) 


u'  being  the  ^  A  O  Q. 
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(Hence  is  su^^ested  diis  easy  detennination  of  eq.  1.  287. 

For  »       b  /  •      X 

w     ^i»      JL       ^\     Till*  ""^  "'  ^^  ■    I'  ■  _     ■— ^— ^— 

Ellipw       V  /*  g  V  a  b 

a* 

.  X  (u  —  e  sin.  u). ) 


Agam,  supposing  u'  an  approximate  value  of  u,  let 

u  =  u'  +  — 
a 

Then,  by  tbe  Theorem,  we  have 

^^^V  =  A  q  —  S  O  X  sin,  A  q 

=  AQ  +  Qq+  —  SOx  sin.  (A  Q  +  Q  q) 
to  radius  !• 

But  A  Q  being  an  approximate  value  of  A  q,  Q  q  is  small  compared 
with  A  O,  and  we  have 

sin«(AQ+Qq)  =  sin.  AQcos.  Qq  +  cos.  AQsin. Qq 

=:  sin.  A  Q  +  Q  q  cos.  A  Q  nearly. 

1 

•••Qq  =  (— /?-AQ+  SOsin.AQ)  x    ^  ^ nearly 

g0+cos.AQ 

which  points  out  the  use  of  these  assumptions 

N'  =  i^P  =  ^  X  area  of  the  Ellipse 

B'  s  S  O         ==-i^ 

and 

ly  =  S  O.  sin.  A  Q  =:  B'  sin.  A  Q 

^  -  SO 
Then 

Qq=(N'-AQ  +  iy)Xi^r=^-^ 

in  which  it  is  easily  seen'B',  N',  IK,  U 
are  identical  with  B,  N,  D,  L. 

Hence 

E  =  Qq=(N_AQ  +  D)j-^^^^. 


186 


A  COMMENTARY  ON 


[Sbct.  VIL 


Haviog  augmented  or  diminished  the  assumed  arc  A  Q  by  £,  then  re- 
peat the  process,  and  thus  find  successively 

G,  I,  &a 

For  a  developement  of  the  other  mode  of  approximation  in  this 
Scholium,  see  the  Jesuits'  note  386.  Also  see  Woodhonse's  Plane  Astro- 
nomy for  other  methods. 


SECTION  VII. 


239.  Prop.  XXXIL  F  oc  _ ^ .  Determine  the  spaces  which  a 

distance  '^ 

body  descending  firom  A  in  a  straight  line  towards  the  center  of 

force  describes  in  a  given  time. 

If  the  body  did  not  fall  in  a  straight  line  to  the  center,  it  would 

describe  some  conic  section  round  the  center  of  force,  as  locus 

f    ellipse    "^ 
(which  would  be  <  parabola  >  if  the  velocity  at  any  point  were  to 

(.hyperbola  J 

the  velocity  in  the  circle,  the  same  distance  and  force,  in  R<* 


V  2  :  1.) 

(I)  Let  the  Conic  Section  be  an  Ellipse  A  R  P  B. 

Describe  a  circle  on  Major  Axis  A  B,  draw 
C  P  D  through  the  place  of  the  body  perp^idi- 
cular  to  A  B. 

The  time  of  describing  A  P  a  area  A  S  P  a 
area  A  S  D,  whatever  may  be  the  excentricity 
of  the  ellipse. 

I«et  the  Axis  Minor  of  the  ellipse  be  diminish- 
ed sine  limite  and  the  ellipse  becomes  a  straight 
line  ultimately,  A  B  being  constant,  and  since 
A  S.  S  B  =  (Mmor  Axis)«  =  0,  and  A  S  finite 
/.  S  B  =  0,  or  B  ultimately  comes  to  S,  and 

time  d .  A  C  a  area  A  D  B.  .-.  if  A  D  B  be  taken  proportional  to  time, 
C  is  found  by  the  ordinate  D  C. 

(T.ACat  area  ADBaADO  +  ODBot  arc  AD  +  CD 

•-.  take  i  +  sin.  ^  proportional  to  time,  and  D  and  C  are  determined.) 
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(Hence 

the  time  down  A  O- 
T.OB 


2+* 


*-3+l 


+  1 


I-' 


7   ^  18        9         ,  , 

rr7j  =  T  =  ^"^*^^y) 


Ai 


N.  B.  The  time  in  this  case  b  the  time 
from  the  beginning  of  the  fall,  or  the  time 
from  A. 

(II)  Let  the  conic  section  be  the  hyperbola 
B  F  P.  Describe  a  rectangular  hyperbola  on 
Major  Axis  A  B. 

T  (X  area  S  B  F  P  or  area  S  B  E  D. 

Let  the  Minor  Axis  be  diminished  sine 
limite,  and  the  hyperbola  becomes  a  straight 
line,  and  T  a  area  B  D  E. 

N.  The  time  in  this  case  is  the  time  from 
the  end  of  motion  or  time  to  S. 

Let  the  conic  section  be  the  parabola  B  F  P. 
Describe  any  fixed  parabola  BED. 

T  (X  area  S  B  F  P  a  area  S  B  £  D. 

Let  L .  R.  of  B  F  P  be  diminished  sine 
Umite  the  parabola  becomes  a  straight  line, 
and  T  Qc  area  B  D  E. 

N.  The  time  in  this  case  is  the  time  from 
'the  end  of  motion,  or  time  to  S. 

Objection    to   Newton's    method.      If  a 
straight  line  be  considered  as  an  evanescent 
conic  section,  when  the  body  comes  to  peri- 
helion L  e.  to  the  center  it  ought  to  return  to  aphelion  L  e«  to  the  original 
point,  whereas  it  will  go  through  the  center  to  the  distance  below  the 
center  =  the  original  point. 

240.  We  shall  find  by  Prop.  XXXIX,  that  the  distance  from  a  center  from 
which  the  body  must  fall,  acted  on  by  a  ^^^  force,  to  acquire  the  velocity  such 
as  to  make  it  describe  an  ellipse  =  A  B  (finite  distance),  for  the  hyperbola 
r:  —  A  B,  for  the  parabola  ==  a . 

241.  Case  1.  vdv=:  —  g/ttdx,  f=  force  distance  1, 

"x^ 
a  —  x^ 


.-.  v«=g/*.( 

if  a  be  the  original  point 

dx 


a  X 


■) 


vYgfL 


dx. 


V  ax  —  x' 
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(|-x)dx      _|dx 


Vax 


y 


t;^8^l  rad=?r 

+  C,  when  t  =  0,  x  =:  a,  '       2) 


V  2gfjb   J 


Vax  —  X '+  /circumference 


(• 


vers  " ' 
rad 


.-'X,    ^ 

'•=i)| 


if  the  circle  be  described  on  B  A  =:  a, 

_     /~T~  4 /CD.OB  .  AD.OD 


/ft   a  V 


N   2g 
Case2.  V*  =  2gi».* 


)= 


a  X 


•*•*-  Vri^'/ 


2*2^      V2g^ 
,  if  —  a  be  an  original  point, 
X  dx 


.BAD. 


t> 


g^  ^    V  ax  +  X 
for  t  in  this  case  is  the  time  to  the  center,  not  the  time  from  the  original 

point, 

1.             dx         j^       dx 
.••  —  a  t  = ,  or  d  t  =  — . 

V  V 

Now  if  with  the  Major  Axis  A  B  =  a,  we  describe  the  rectangular 
hyperbola, 


we  have 
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d.BED=d.BEDC— d.ABDC=ydx  — —  ""ysyiiL— JLlZ 
^2  2 

s .dx — x.f-+xjdx=:  - —  =  dt.  — —p.'^ 

2  \2^    )  4  Vax  +  x*  2  V  2 


2v'ax+x« 


.*.  t  from  B  =     / 


f^  2T?  -BED,  for  they  begin  or  end  together  at  IJ. 


Cases,  Y«  =  2gA*  — ,ifabe  at. 


••.  t  = 


.^.       dx        Vxdx^,.  _ 

. .  d  t  =  -—  =  —  ,  t  beinir  time  to  B, 

V  '^  2iiiu  ®  ' 

•        2      J 

5  •  ^     +  C,  when  t  =  0,  x  =  0, .-.  C  =  0. 


V  2g/*3 

Describe  a  parabola  on  the  line  of  fall,  vertex  B,    L.  ft  =  any  fixed 
distance  a, 

••t  =  -=l=.*.  Vx,x  =  4^.*.  V"^.x  =  4^.BED. 


V2gA* 


VagA* 


Vagfft 

2^2 


•  carvili- 


Hence  in  general,  in  Newton  Prop,  XXXII,  t  = 

V  a  g  //t 
near  area,  a  being  L .  R.  of  the  figure  described. 

In  the  evanescent  conic  sections,  L.  R.  =  M,— J^l^:^*,  .-.  if  Ax, 

'  Ax.  Maj.       ' 

Min.  be  indefinitely  small,  L.  R.  will  be  indefinitely  small  with  respect  to  the 
Ax.  Min.  The  chord  of  curvature  at  the  finite  distance  firom  A  to  B  is  ulti- 
matdy  finite^  for  PV==?AP_^4_?  J  but  at  A  or  B,  P  V  =  L,  =  in- 

finitesimal  of  the  second  order.  Hence  S  B  is  also  ultimately  of  the  second 
order,  for  at  B,  S  B  =  L.    ^  ® 


2 


2  AS 


Prop.  XXXIU.    Force  a 
VatC 


1 


(distance)  *  * 
VAC. 


vln  the  circle  distance  S  C  =  "vWR  ^  '^"^  ^"'^'^  ^^  hyperbola. 


9 
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(—  = — -  .  =  — ===whaitheooiiic  section  becomes  a  stnuffhtline^ 

V      VM&J.AJL.         /SA  ^*  J 

2  V  2 


but 


newton's  method. 


V»  __  SY«  _  L    SP 
T'~8SP  ~  2     SY* 
SP* 

AC.CB  _       AO'        _        8AO        _  2AO 

CP*      "■  /Min.  AX.-W  •  "■  2/Miii.  Ax.x "«  ""      L 

A"0 
L_  AO.CP* 

'•  2  -  xionns^ 

V*  _  AO.CP*. S  P 
•*•  v»  -  AC.CB.SY^* 


CO       BO 

B~0  "  TTJ* 

C  O       C  B    comp.  in  the  ellipse 

•  WO  ~  BT'div.  in  the  hyperbola, 

A  C  _  Cjr        div.  in  the  eUipse       _  C  P 

•  WQ  ~  B  T'  comp.  in  the  hyperbola  ~  BQ* 
AC*       CP* 


•AO* 

-  BQ* 

> 

BQ«.AC 

AO. 

CP* 

AO 

AC 

9 

V* 

BQ* 

.AC 

.SP 

T* 

~  AO. 

BC. 

SY*' 

but 

ultimately 

BQ=SY,  SP  =  BC, 

,  .        ,    V  *  in  a  straiirht  line       A  C 
.-.  ultimately  — .  !„  th^lrcle       =  AT5' 


. V_     /AC 
'~i  ~  N  AO" 


Cor.  1.  It  appeared  in  the  proof  that  ^^  =  5^' 
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„.     ^  ,    A  C       C  T 

(This  will  be  used  to  prove  next  Prop.) 

Cor.  2.  Let  C  come  to  O,  then  A  C  =:  A  O  and  V  =:  \r, 

.'.  the  velocity  in  the  circle  =  the  velocity  acquired  by  falling  externally 

through  distance  =  rad.  towards  the  center  of  the  force  a  «-- ^ . 

242.  Find  actual  Velocity  at  C. 

y«atC  _KC 

V *  in  the  circle  distance  B  C       B  A* 

2 

if  itt  z=  the  force  at  distance  1, 


V  B, X 


.-.  V  =  V  2gfi.  ^  ''~*,ifBA=a,BC  =  x. 

Tr    •     -         TT  V  space  described    « 

If  a  IS  given,  y  oc  —         ^ 

V  space  to  be  described 
In  descents  from  different  points, 

y       V  space  described 

V  space  to  be  described  x  initial  height ' 
In  descents  from  different  points  to  different  centers, 

,.  V  space  described  X  absolute  force 

V    GC  '  .  I 

V  space  to  be  described  X  initial  height 

243.  Otherwise.  vdv  =  —  ^dx, 

a  "^^  X 
.•.V*  =  2  g  Afc . f  when  a  is  positive,  as  in  the  ellipse 

a  "I"  X 
=  2  g  /» . ,  when  a  is  negative  as  in  the  hyperbola 

S  X 

1 

=  2  g  Ab .  — ,  when  a  is  or ,  as  in  parabola 

(when  X  =:  0,  V  is  infinite) 
V*  in  the  circle  radius  x  (in  the  eUipse  and  hyperbola) 

""     X«  X 


V*       2  a  —  X .     -      „.  a 

—  m  the  eUipse,  = 


•V«-        a 


(r) 


^ 


192  A  COMMENTARY  ON  [Sect.  VII. 


JL;  =  i^-tf  in  the  hyperbola,  =  ^ 

V*  in  the  circle  radius  =  —  (in  the  parabola)  =  —^.  —  =  — ^ 

.'.=«  =  •:=-  in  the  parabola. 

244.  In  the  hyperbola  not  evanescent 

Velocity  at  the  infinite  distance  ^  S  A 

velocity  at  A  ""  ST  ® 


4 


finite  R^.,  but  when  the  hyperbola  van- 
ishes, S  Y  ultimately  =  Min.  Ax.  for 

-r-r-  =  -r-jsf ,  and  ultimately  S  C  = 

A  C,  and  b  C  =  AC,  .-.  ultimately  S  Y  =  A  b  =  C  B,  .-.  ultimately 

S  Y  __  infinitesimal  of  the  first  order 

S^  ""  of  the  2d   order 

^         velocity  at  A 

""  velocity  at  oc  distance 

246.  Prop.  XXXIV.  .     yeloci<y  at  C =  i ,  for 

velocity  m  the  circle,  distance  S  C        1 

~"2~ 

the  parabola. 

S  P 
For  the  velocity  in  the  parabola  at  P  =:  velocity  in  the  circle  •— —  what- 

ever  be  L .  R .  of  the  parabola. 

1 


246.  Prop.  XXXV.     Force  a 


(distance) '  * 
The  same  things  being  assumed,  the  area  swept  out  by  the  indefinite 

radius  S  D  in  fig.  D  E  S  =:  area  of  a  circular  sector  (rad.  :=  — ^ 

of  fig.)  uniformly  described  about  the  center  S  in  the  same  dme. 
Whilst  the  fidling  body  describes  C  c  indefinitely  small,  let  K  k  be  the 
arc  described  by  the  body  uniformly  revolving  in  the  circle. 

Case  I.  If  D  £  S  be  an  dlipse  or  rectangular  hyperbola,  — ^ —  =  ~o~> 

Cc  _  CT 

Dd~  UT 

CD  _  DT 
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Cc.CD       CT       AC    ,.     ,, 

•'•  Dd.sir  =  r^  =  ro  "^""'^'y- 

(Cor.  Prop.  XXXIIL) 
But 


vdocity  at  C  _  -/AC 

V  in  the  circle  rad.  S  C  ~  v  A  O 


V  in  the  circle  red.  S  C  _     ,S_K  _     /A  O 
T  in  the  circle  rad.  S  K  "VsC"^  SC 

(        Telocity  at  C         \       C  c  _     /TC  _  A  C 
•'•  U  in  tlie  circle  rad.  S  K^  "=  XI  "  V  "SC  ~  C15 

.-.  Cc.CD  =  Kk.  AC 

Kk.  AC  _  AC 
•Dd.SY  -  AO' 
.-.  AO.Kk  =  Dd.SY, 
.*.  the  area  S  K  k  =  the  area  S  D  d, 
.*.  the  nascent  areas  traced  oat  by  S  D  and  S  K  are  equal 
.*.  the  sums  of  these  areas  are  eqoaL 

Cases.  IfDESbea  paraboU  S  K  =  ^i^. 

As  above 

CcCD  _CT  _  2^ 
Dd.SY""TS  ""    1 

_  ,    .         ^  Telocity  in  the  circle  —--- 

C  c  _  velocity  at  C  _  ^  ,    ,   ,    ^ 

IK  ""  velocity  in  the  circle  L ,  ft       velocity  in  the  circle  L  >  R 

2  2 


-  ^SK _  S  K 

T  2 

/.Cc.CD  =  2.  Kk.SK 
••.  Kk.SK  =  Dd.  S  Y. 

1 


247.  Prop.  XXX  VI.     Force  «  y^r- v-.. 

(distance) ' 

To  determine  the  times  of  descent  qf  a  body  Jailing  from  the  given  {and 
*'*  finite)  altitude  A  S 

On  A  8  describe  a  circle  and  an  equal  circle  round  the  center  S. 

From  any  point  of  descent  C  erect  the  ordinate  C  D,  join  S  D*    Make 

the  sector  OSK  =  theareaADS(OK  =  AD4DC)  the  body 

^  fall  from  A  to  C  in  the  time  of  describing  O  K  about  the  center  S 
v«.  I,  N  • 


IM 
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uniformly,  the  force  «    ,.       — j.    Also  S  K  being  ^ven,  the  period 

in^the  circle  may  be  found,  (P  =1  —  •  «> .  S  K  ^),  and  the  time  through 

O  K 

OK  =  P.-. —    «  .  .%  the  time  throuirh  O  K  is  known,  .'.thetime 

circumference  ^^ 

through  A  C  is  knomi. 

248.   Find  the  time  in  xMch  a  Planet  would  fall  Jram  amf  point  in  its 
orbit  to  the  Sun* 


Time  of  fidl  =  time  of  describing  ^^  O  K  H,  S  O  =  ^, 

period  in  the  circle  O  K  H  ^  period  in  the  circle  rad.  S  O  ^  S  O* 
period  in  the  ellipse         ""  period  in  the  circle  rad.  A  C  ""  aq^ 

•\  the  time  of  fall  =  ^ .  P .  (-T-71)    >  P=:  period  of  the  planet  If  the  orbit 
be  considered  a  circle 

VAC/  \2J  V 

and  the  time  of  fall 

P  ^    V  2 


V'S 


4 


4  V2 


=  P.  — ^  =  ?•  -Q  nearly. 


8 


8 


=  -^  nearly. 
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Cutoffs  m  =  CL. 


249.  The  time  down  A  C  a  (arc 
nAD  +  CD),  aCL,  if  the  cy- 
doid  be  described  on  A  S.  Hence, 
having  given  the  place  of  a  body  at  a 
given  time,  we  can  determine  the 
place  at  iinother  given  time. 

time  d.  A  c 

time  d.  A  C ' 
Draw  the  ordinate  m  1 ;  1  c  will  deter« 
mine  c  the  place  of  the  body. 

250.  Pbop.  XXXVII.  To  determine  the  times  qf  ascent  and  descent  of  a 

lody  projected  upwards  or  dmrnwardsfrcm  a  given  pointy  F  a  ,.- j . 

cnsLance 

Let  the  body  move  o£P  from  the  point  O  with  a  eiTen  velocity.     Let 
VatG  m»     ^      .     .  I         ,        ' 

TM^hiliFcle"ird.  =  — .  (V  and  V  known,  .-.  m  known). 

To  determine  the  point  A,  take 


GA 

SA 


m 


GA 


GA  +  GS 
GA 


mj 
2 


m 


;GS"'2  — m« 
/.  if  m*  =:  2,  G  A  is+andoD ,  .*.  the  parabola  ^  must  be  des- 

if  m '  <  2,  G  A  is  +  and  fin.  •'•  the  circle  > cribed  on  the 

if  m'>  2,  G  A  is — and  fin.  •*•  the  rectangular  hyperbola  J  axis  S  A. 

With  the  center  S  and  rad.  =  -g-  of  the  conic  section,  describe  the 

cirde  k  K  H,  and  erecting  the  ordinates  G  I,  C  D,  c  d,  from  any  places 
of  the  body,  the  body  vrill  describe  G  C,  G  c,  in  times  of  describing  the 
areas  S  K  k,  S  K  k',  which  are  respectively  =  S  I  D,  S  I  d. 

251.  Prop.  XXXVIII.  Force  «  distance. 

Let  a  body  £ill  from  A  to  any  point  C, 
by  a  force  tending  to  S,  and  oc^.  as  the 
distance.  Time  a  arc  A  D,  and  V  acquir- 
^  a  C  D.  Conceive  a  body  to  iall  in  an 
evanescent  ellipse  about  S  as  the  center. 
/.  the  time  down  A  P  or  A  C 

a  ASP  a  ASD  a  AD.^ 

a  A  D  for  the  same  descent,  i.  e.  when 
A  is  given. 

X2 


i 
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a   >/  F.PV 

• 


a  ^  S  P . g-p — ?  ultimately. 

a  CD. 

Cor.  1.  T.  from  A  to  S  =  ^  period  in  an  evanescent  ellipse. 

=  \  period  in  the  circle  A  D  E. 
=  T.  throngh  A  E. 

CoR.  2.  T.  from  different  altitudes  to 
S  a  time  of  describing  different  quadrants 
about  S  as  the  center  a  1. 

N.  In  the  common  cycloid  A  C  S  it  is 
proved  in  Mechanics  that  if  S  c  a=  S  C  A 
and  the  circle  be  described  on  2 .  Sea, 
and  if  a  c  =  A  C,  the  space  fallen  through, 
then  the  time  through  A  C  a  arc  a  d, 
and  V  acquired  a  c  d,  which  is  analogous 
to  Newton's  Prop. 

Newton's  Prop,  might  be  proved  in  the 
same  way  that  the  properties  of  the  cycloid 
are  proved. 


OTHERWISE. 


252.     vdv  =  —  g^x.d;c, 

.%  V*  =:  2  g  /tfc  (a*  —  X*),  if  a  =  the  height  iailen  from 

.-.  V  =  V"2gAr.  V  a* — x»=  V2g/(ft,  C  D. 

dx  1 


dt  =  _^  =  - 


.%  t  =  + 


arc 


a  \^2g/(4 
1 


*/%%(b     \^a* — x" 

•c::)+c,c=., 


-.AD. 


a  \^2gAb 

.*•  velocity  a  ^ne  of  the  arc  whose  versed  sine  ss  space,   and   the  arc 
Qc  time,  (rad.  =  original  distance.) 

253.  The  velocity  is  velocity Jrom  ajlnite  altitude. 

If  the  velocity  had  been  that  from  infinity,  it  would  have  been  infinite 


i 
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and  constant     .%  d  t  = -,  and  t  == 4.  C,  when  t  =  0. 

V  A.    V  g  fi, 

=  i/g/tft.a^asQc. 
1 


x=:a, .%  c  is  finite,  .•.  t  =  C  =  - . 

V'  g  A* 

Similarly  if  the  velocity  had  been  >  velocity  firom  infinity,  it  would 
have  been  infinite.    » 

254.  Prop.  XXXIX.  Farce  a  {distance)  ^  or  ary  Junction  of  distance. 

Assnming  any  ccn.  of  the  centripetal  force,  and  also  that  quadratures  of 
all  corves  can  be  determined  (L  e.  that  all  fluents  can  be  taken) ;  Re« 
quired  the  velocity  of  a  body,  when  ascending  or  descending  perpendicu- 
larly, at  different  points,  and  the  time  in  which  a  body  wiD  arrive  at  any 
point 

(The  proof  of  the  Prop,  is  inverse.  Newton  assumes  the  area  A  B  F  D 
to  «  V  and  A  D  to  «  space  described,  whence  he  shows  that  the  force 
«  D  F  the  ordinate.  Conversely,  he  concludes,  ifF^DF,  ABFD 
aV«.) 

V*  «yv  d  V  «yF.  d  s. 

Let  D  E  be  a  small  given  increinent  of  ^>ace,  and  I  a  corresponding  ^ 
inoement  of  velocity.     By  hypothesis 

ABFD  _  V_»  _  V 

ABG£  "  v'»  "■  V*+2V.I+  1* 

ABFD  V«  V»       ,,.     ., 

Bat 

ABFD«V*  .-.  DFGE«2V.I 

.-.  D  E.  D  F  ultimately.  «  2.  V .  I 

^„       2V.I       I.V 

Bat  in  motions  where  the  forces  are  constant  if  I  be  the  velodty  gene- 
rated  in  T,  F  «  -« ,    Cf<x  ^\  and  if  S  be  the  space  described  with  uni- 

f  V         1        /  d  s\ 

lorm  velocity  V  in  T,  ^  =  -rp- ,    f  d  t  =  — \ .     Ako  when  the  force  is 

I.  V 
^^^9  the  same  holds  for  nascent  spaces.     .*•  F  ex  — ^->  and  D  £  re- 
presents S.      .'.  D  P  represents  F. 

N  3 
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Let  D  L  a         ^\ «  ^^  ,  ••.  D  L  M  E  ultimately  =  D  E .  D  E 

V  A  B  F  D      V 

a  -^7-  oc  time  through  D  E  ultimately. 

.%  bcrement  of  the  area  A  T  V  M  E  <x  increment  of  the  time  down  A  D. 
.-.  A  T  V  M  E  «  T. 

(Since  A  B  F  D  vanishes  at  A,  •*•  A  T  is  an  asymptote  to  the  time 
curve.  And  since  E  M  becomes  indefinitely  small  when  A  B  F  D  is  in- 
finite, •*.  A  E  is  also  an  asymptote.) 

255.  Cor.  L  Let  a  body  fall  firom  P,  and  be  acted  on  by  a  constant 
force  given.  If  the  velocity  at  D  =  the  velocity  of  a  body  falling  by  the 
action  of  a^^^  force,  then  A,  the  point  of  fall,  will  be  found  by  making 
ABFD  =  PQRD. 


For 

ABFD^    V  ,     p^^ 
DFGE  =  27^y'^P' 

DFGE  _  DJP  -  i 
DRSE " DR " i 
if  i  be  the  increment  of  the  velocity  generated  through  D  E  by  a  constant 

force. 

DRSE       V«(V  +  i)«       2i    ..        . 

ABFD _   1 
'PQRD  ""  T- 
256.  Cor.  2.     If  a  body  be  projected  up  or  down  in  a  straight  line 
from  the  center  of  force  with  a  given  velocity,  and  the  law  of  force  given; 
Find  the  velocity  at  any  other  point  E'.     Take  E'  g'  for  the  force  at  E'. 
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vekxaly  at  E'  =  velocity  at  D.  ^  ^  ^^J^jSr^J  ^  ^  '  +  ^^^ 
jected  down,  —  if  projected  up. 

fv^  ^  PQRD±DFg^E^  _  VABg^ES 
^  V  PQ.RD  ~  v' AB  FD'' * 

257.  Ck>B.  3.  Find  the  time  through  D  1^. 

Take  E'  m  inversely  proportional  to   VPQRD  +  DFg'E'  (or 
to  the  velocity  at  E'). 

T.PD  _  \^~PD  _        vTD       __  v^"Fg  „ 

TTTE^^TTI"  '•(PD+D£)~T7^.       DE     C^*^""*"^ 

PD 


PD  +  2^ 


T.PD  _  2PD  _  2PD.DL 
•**T.D£~   DE    ~    DLME 


also 


T.  DE  by  «"«  force  _  D  L  ME 
T.DE'by      as:  ETTm  E'' 

bat  T .  D  E  by  a  constant  force  s  T .  D  E  by  a.^^*  force  unce  the  velo- 
cities at  D  are  equal  fd  t  =  — ) 

T.PD       2PD.DL 


•  • 


T.DE'""    DLmE' 


d  V 
258,    It  is  taken  for  granted  in  Prop-  XXXIX,  that  F  «  g-j  {^^)f 

and  that  V  =  t-?*  whence  it  follows  that  if  c.  F=;xT>  d  v  =  c.  F.  d  t, 

d  t  at 

and  V  d  V  =  c  F .  d  s. 

.-.  V*  =  2c/Fds 

Newton  represents/ F  d  s  by  the  area  A  B  F  D,  whose  ordinate  D  I 
always  =  F. 

lit  —  ^^—  ^* 


••t=/ 


V         y'2c./Fds 
ds 


V  2c/Fd  8 

N4 
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d  8 
Newton  representey    -^.    ■     by  the  area  A  B  T  U  M  E^  whose  or- 

dinate  D  L  always  =  -^ 


\       V  2sE.ABF&'^ 


V2g 
In  Cob.  1.  If  F  be  a  constant  force  V«  =  2g  F' .  PD,  by  Mechanics 

but 

V«  =  2c./Fds 
And  F,  P  D  or  P  Q  R  D  is  proved  =/F  d  s  or  A  B  F  D, 

.••  c  s  g 

and 

v«  =  2g./Fds, 
.    ^       ^   velocity  at  E'        V/F  d  s  when  s  =  A  E' 
velocity  at  D        V/F  d  s  when  s  =  A  D 

_   \^_AJ3gn5^ 
"  \^  ABFD' 

In  CoR.S.  t = tune  through  D  E'=/— ^  -/*        ^  ^„      -DLmE", 

*^  -^    V       J  V2g/Fds    ^^'"^' 

T=tiniethronghPD=^^^^=:   ^^^    p^^p 

=  2PD.DL 
T_2PD.DL 
' '    t  ""    D  L  m  E'   • 

259.  The  force  a  x «». 

.*.  vd  V  =:  —  g  fi,  -K^  diif  (i»  =  the  force  distance  L 

• .  V    -  ^  ^  J  (a  X        ; . 

if  a  be  the  original  height. 

Let  n  be  positive. 

V  from  a  finite  distance  to  the  center  is  finite  1 

V  from  QD  (o  a  finite  distance  is  infinite.         / 

Let  n  be  negative  but  less  than  1. 

V  from  a  finite  distance  to  the  center  is  finite  1 

V  from  00  to  a  finite  distance  is  infinite.         i 

Let  n  =:  —  I  the  above  Integral  fails,  because  x  disappears,  which 
cannot  be. 
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,  d  X 

vdv  =  —  gA*  — 

.-•  V  from  a  finite  distance  to  tbe  center  is  infinite  1 

V  from  OD  to  a  finite  distance  is  infinite.         J 

Ix 
Bat  the  log.  of  an  infinite  quantity  is  od  ^^  less  than  the  quantity  itself  —  when 

mm 

X  is  infinite  =  -zr  .     Di£  and  it  becomes  —  =  —  s  —  • 

0  X  X 

dx 

Let  n  be  nq;ative  and  greater  than  1. 

V  from  a  finite  distance  to  the  center  is  infinite! 

V  from  00  to  a  finite  distance  is  finite*  f 

260.  If  the  force  be  constant,  the  velodty-curye  is  a  straight  line  parallel 
to  die  line  of  fidl,  as  Q  R  in  Prop.  XXXIX. 


DEOUCTIOMS. 


261.  To  find  under  what  laws  of  force  the  velocity  from  co  to  a  finite 
distance  will  be  infixiite  or  finite,  and  from  a  finite  distance  to  the  center 
will  be  finite  or  infinite. 

If  (1)  F  a  X  %  V  a  VT»1I^ 


(2)  X  V  a«— X 

(8)  1  V  a  — X 

W_i  —Ja± 

w— r.  —J 


ax 


(«) r-.    V    a»x^ 


1  /a»-»— X 


(7) A   J 


n  — I  vB— I 


In  the  former  cases,  or  in  all  cases  where  F  od  some  direct  power  of 
distance,  the  veloci^  acquired  in  falling  from  co  to  a  finite  distance  or  to 
the  center  will  be  infinite,  and  from  a  finite  distance  to  the  center  will  be 

finite. 
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In  the  4th  caaef  the  velocity  from  qd  to  a  finite,  and  fix>m  a  finite  dis- 
tance to  the  center  will  be  infinite. 

In  the  foUoVing  cases,  when  tlieTorce  a  as  some  inverse  power  of 
distance,   the  velocity  from  co    to  a  finite  distance  will  be  'finite,  for 

when  a  is  infinite.     And  the  velocity  from  a  finite  distance  to  the  center 
will  be  infinite,  for       

when  X  =  0. 

262.  On  the  Velocity  and  Time^Curgei. 

A  BAB 


(1)  Let  F  a  D,  the  area  which  represents  V*  becomes  a  a. 

For  D  F  a  D  C- 

(2)  Let  F  a  V  D,  .-.  D  F»  a  D  C  and  V-curve  is  a  parabola. 

(3)  Let  F  at  D*,  .•.  D  F  a  D  C*,  and  V-curve  is   a  parabola  the 
axis  parallel  to  A  B« 

(4)  Let  F  at  "Y^ ,  .*.  D  F  a  ^y^ , .'.  V-curve  is  an  hyperbola  referred 

to  the  asymptotes  A  C,  C  H. 

(5)  If  F  a   D,   and  be  repulsive,    V«   a    DC.DF    a    DC*, 

.•.  V  a  Dx  C,  .'.  the  ordinate  of  the  time  curve  at  -^  a    vx  v^  > 

•«.  T-curve  b  an  hyperbola  between  asymptotes. 

11 

(6)  If  a  body  &11  fiH)m  oo  distance,  and  F  a  ^,  V  a  -p-, 

.%  the  ordinate  of  the  time-curve       D,  .*.  T-curve  is  a  straight  line. 

(7)  If  a  body  fall  firom  od,   and  F  oc  jj^,  V  a  TTn* 

.'.  the  ordinate  of  T-curve  »   V  D  C,  .•.  T-curve  is  a  parabola. 

1        XT  1 

(8)  If  a  body  fall  from  od,   and  F  a   ^-g,   V  oc    jj^, 

.%  the  ordinate  of  T-curve  a  D  C  *,  .'.  T-curve  b  a  parabola  as  in  case  8. 
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EXTERKAL  AND  INTERNAL  FAIXS. 

268.  Find  the  external  fall  in  the  ellipse^  the  force  in  thefocus. 


Let  X  P  be  the  space  required  to  acquire  the  velocity  in  the  curve  at  P. 

V'downPx Px 

V '  in  the  circle  distance  S  P  ^  S  x 

V  *  in  the  circle  distance  S  P  _      A  a 


V '  in  the  ellipse  at  P 
V*  down  P  X 
*  "V  *  in  the  ellipse  at  P 

Px 


Aa.  Px 
Sx.HP 
HP 


•  •  S  X  -  A  a 
Px  _  HP 
•'•  S"P  -  ST> 
.-.  P  X  =  H  P 
/.  Sx=:  SP  +  P3C=:  A,a,  and  the  locus  of  x  is  the  circle  on  2  A  a, 
the  center  S. 
264.  Find  the  internal  fall  in  the  ettipse,  the  force  in  thefocm. 

P 


V^  down  P  X 

V  *  in  the  circle  S  x 

V  *  in  the  circle  S  x 
V«  in  the  circle  SP 


Px 

2 

SP     . 
g— ,  force 


distance' 


1 
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V»  in  the  circle  SP  _     A  a 
VintheeUipseatP  ""  2HP 

V«downPx         *  Px.Aa 
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V  *  in  the  ellipse  at? 

Px 

S  X 

P  X 

•'•  SP 


Sx.HP 

HP 
Aa 

HP 
Aa  +  HP 


Describe  a  circle  fronx  H  with  the  radius  A  a.     Produce  P  H  to  the 
circumference  in  F.    Join  F  S.    Draw  H  x  parallel  to  F  S. 
865.  Generally. 


For  external  falls. 

V'downPx 2g.areaABFD  Newton's  fig. 

V*  in  the  circle  distance  S  P  gF.SP        F = force  at  distance  S  P 

VMn  the  circles  P  _  2SP 
V*  in  the  curve  at  P  ""    P  V 

V«  down  P  X    _  4.  A  BFD 
•'•  V*  in  the  curve P.PV   ' 

.-.  4.  ABFD  =  F.P  V 

„.  J  -  .  ,   f  ordinate  =  F        I 

Fmd  the  area  m  ireneral  <    .     .  > 

^  t^l^scis^  =  space  J 

In  the  general  expression  make  the  distance  from  the  center  =:  S  P^ 

and  a  the  original  height,  S  x  will  be  found. 

266.  For  internal  fidls. 

V'downPx        _  2g.  ABFD  Newton's  fig. 
V*  in  the  circle  SP  ""    2  gF.SP    F  =  force  at  P 

V«  in  the  circle  SP  _  2SP 
V«inthecurveat  P  ■"    PV 

V'down  Px      _4  ABFD 
•'•V«in  the  curve  at  F  ""     F.  P  V 

.-.  if  the  velocities  are  equal,  4ABFD  =  F.PV. 
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267.  Ex.  For  internal  and  external  falls. 


Jn  the  ellipse  the  force  tending  to  the  center.    * 

In  this  case,  D  F  a  D  &    Take  A  B  for  the  force  at  A.    Join  B  S. 

.%  D  F  is  the  force  at  D,  and  the  area  A  B  F  D  s=  --^  (A  B  +  D  F) 

=  A  S  —  SD.  A  B  +  D  F.   Let  lu  equal  the  absolute  force  at  the  dis- 
tance I.    Let  SA  =  a,SD=:x,  •*.  AB  =  a/(ft 

DF  =  xf» 


/.  A  B  FD  ==A^.  ?^=^^^W^5-±^  =  A^.5^* 


2 


and 


or 


4ABFD  =  F.PV, 


CD* 
a  •  —  X  *  =  C  P .  -p-p-  in  the  ellipse. 


or 


a 


X «  =  C  D  •. 


For  the  ^4:/mta/fall,makex=CP,thena=Cx,and  C x'— C P*=CD% 
or  Cx«  =  CP*  +  CD« 

=  AC«  +  BC« 
=r  AB* 
.-.  C  X  =  A  B. 
For  the  internal  faU,  make  a  =  C  P,  then  x  =  C  x',  and 

CP«  — Cx'«  =  CD«, 
or 

Cx'«=  CP«  — CD*, 

.%  C  x'  =  V  C  P«  — CD«. 
268.  Similarly,  in  all  cases  where  the  velocity  in  the  curve  is  quadrable, 
without  the  Integral  Calculus  we  may  find  internal  and  external  falls. 
But  generally  the  process  roust  be  by  that  method. 
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Thus  in  the  above  Ex. 

vdV  =  —  g/ux.dx 
.•.¥*  =  g  /^  (a  '  —  X  •) 

V» 
.%  A  B  F  D  =  ~  =:  A^ 

2g 

269.  And  in  general, 


a*  — X* 


y  as  above,  &c. 


8  _  i^^Ca""*"*  — x^'  +  OJftheforcea  x  s 
n+  1  ^ 


Also 


•  • 


n+1 ^  /       e^i        dp 


n  +  1  ^  '       ^      *^    d  p 


And  to  find  the  external  fall,  make  x  =:  f ,  and  from  the  equation  find  a, 
the  distance  required. 

And  to  find  the  internal  fall  make  a  =  r,  and  firom  Ae  equation  find  x, 
the  distance  required. 

270.  Find  the  external  Jail  in  the  hyperbohh  the  force  oc  ^Jrom  the  focus. 


V«  down  OP:  V«  in  the  circle  rad.  S  P  :  :  O  P  : 


SO 
8 


V«  in  the  circle  S  P  :  V*  m  the  hyperbola  at  P  :  :  A  C  :  H  P 
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.♦.  V  '  down  OP:  V » in  the  hyperbola  :  :  A  C.  O  P :  ^  ^'  "  ^ 

.•.2AC.OP  =  SO.HP 
.%2  AC.  SO  — 2  ACS  P  K  SO.  HP 

.-.  S  O  =  —  -Hp_'2AC  =  —  2  A  C 

To  find  what  this  denotes^  find  the  actual  velocity  in  the  hyperbola. 
Let  the  force  =  jS,  at  a  distance  =  r,    .%  the  force  at  the  distance 
j3.r*  • 

Also 

V  in  the  circle  SP  _  jS.  r'     £  _  ^xj 

2g  ""     x*    *   2   ""   2x 

V » in  the  hyperbola  _  (2  a  +  x)  jg  r  ' 

2g  ""         a,2x 

_gr«       /3r' 

""     X     ■*■   2  a 

V*  <  flr'V* 

But  —  when  the  body  has  been  projected  firom  od  =  — —  +  g—  of 

projection  from  oo ,  •%  5 —  of  projection  from  oo  =s  ^-^ —  =  g—  down2a9 

Opt 
F  being  constant  and  =  ^-^,  or= V  «  firom  od  to  O',  when  S 0^=2  A  C. 

•*•  V  in  the  hyperbola  is  such  as  would  be  acquired  by  the  body  ascend- 
ing fit>m  the  distance  x  to  x  by  the'  action  of  force  considered  as  repul- 
sive, and  then  being  projected  firom  od  back  to  O^,  S  O  being  =  2  A  C. 

In  the  opposite  hyperbola  the  velocity  is  found  in  the  same  way,  the 

n  1    •  A  n  2  JH.  C/ .    D    X 

force  repulsive,  p  externally  =      ,  p — rrp . 

271.  hUemalfaU. 

V*  down  P  O  :  V«  in  the  circle  rad.  S  O  :  :  P  O  .    ^ 

V«  in  the  circle  S  O  :  V*  in  the  circle  S  P  :  :  S  P  :  S  O 

V*  in  the  circle  S  P  :  V«  in  the  hyperbola  at  P  :  :  A  C  :  H  P 

.*.  V«  down  P  O  :  V*  m  the  hyperbola  :  :  A  C.  PO 

.-.  2AC.PO  =  SO.  HP 
or 

2AC(SP— SO)  =  SO.HP 

.  HO-    2AC.SP 
•'^^  ""  2AC  +  HP' 


SP 


SO.HP 
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and 


PO  =  SP  — SO  = 


SP.HP 


2AC+  HP' 

Hence  make  H  E  =  2  A  C,  join  S  E»  and  draw  H  O  parallel  to  S  E. 

Hence  the  external  and  internal  &lls  are  found,  by  making  V  acquired 
down  a  certain  space  p  with  a^^^  force  equal  tliat  down  ^.  P  V  by  a 
constant  force,  P  V  being  known  from  the  curve. 

272.  Find  haw  far  the  body  must  fall  extemaUy  to  the  cir^ 
cwnference  to  acquire  V  in  the  circle,  F  ol  distance  towards  the      (7. 
center  of  the  circle.  1 

Let  OC  =  p,  OB  =  x,  OA  =  a,C  being  the  point  re-      ^'  • 
(jUired  fix>m  which  a  body  falls. 

X  ^  A 

Let  the  force  at  A  =  1,  •*•  the  force  at  B  =:  —  Q-  - 

*  p.. 

vd  v= — g.  F.  dx,  (for  the  velocity  increases  as  X  decreases) 


= —  ff  — .  d  X 
°   a 


•     •        T  .MB 


i=  s. 


X*  +  C 


aiid  when  v  =  0,  x  =  p» 

.-.  C  =  i  .p» 


=  4  (P*-x*) 


and  when  x  =  a, 


at  A  =  ^  (p  •  -r  a  '). 


But 


a 


v«atA  =  2g.— 


the  force  at  A  being  constant,  and 

a   _  PV 
"2   ""T"' 
=  ga 
.•.  p  •  —  a  •  =  a  %  .*.  p  *  =  2  a*,  .•.  p  =  \^  2 •  a« 

273.  Find  haw  far  the  body  must  fall  internally  from  the  circumference  to 
acquire  V  in  the  circle,  F  a  distance  towards  the  center  of  the  circle. 

Let  P  be  the  point  to  which  the  body  must  fall,  O  A  =  a,  O  P=p9 

O  Q  =  X,  F  at  A  =  1,  .%  the  force  at  Q  =  —  . 
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.•.vdvrr— g.i.dx 

^     a 

and  when  ▼  =  0,  x  =  a, 


.-.  C  =  J. . 

a 


a* 


a 
and  when  x  =:  p,  ^ 

^•=  |-(8*--p»)froin  «"«  force 
and 

V  •  =  g .  a,  from  the  constant  force  1  at  A. 
..  a«  — p*  =  a«,  .-.  p  =  0,  .-.  the  body  falls  from  the  circumference 
to  the  center. 

274.  Similarly,  when  F  a  -^r-^ — , 

distance 

O  C,  or  p  extemaUy  =  a  V^  (e  =  base  of  hyp.  log.) 


and 


0  P,  or  p  internally  = 


a 


2^5.  When  F  a  ^. . 

distance' 


p  externally  s=s  2  a 
p  internally  =^. 

276.  When  F  a  ^pr^ — ,. 

distance " 

p  externally  =  »  , 
p  internally  »  -^ 

277.  When  F  a  -^n . 

distance  ■+^ 


n 

p  externally  =s  a  ^ 

n 

p  internally  =  a  J ^-~ 

If  the  force  be  repulsive^  the  velocity  increases  as  the  distance  hicreases, 

.•.  vd  V  =  gF.dx 
Vot.  r.  n 
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278.  Find  ham  far  a  body  must /all  externally  to  any  point  P  in  the 

1 

parabolOf  to  acquire  ▼  in  the  curve.     F  a  ^^s'  towards  the  focus. 

PV  =  4SP  =  c,  SQ  =  p,  SB  =  x,  SP  =  a,  force  at  P  =  1, 


a* 


•.  FatB  =  — ,, 

x' 


a« 


••.  V  d  V  =  —  g  —5.  d  X 

•••'j=«f+<^ 

when  y  =:  0,  X  =  p 

.  C-  8±! 


.-.  V*  - 


=  2ga«(i.-i-)  =  2ga«(-i-l)atP, 


but 


v*  =  2g    T  =  2ga, 


1         1         1 

•        ___^    ^^^^    __^^      m^       ___^ 

"a         p  "   a  ' 

P  ^ 

n 

279.  Similarly,  internally,  p  =  -^  • 

280.  In  the  ellipse,  F  ac  ^  towards  a  focus 

p externally =PH+PS.  (.••  describe  a  circle  with  the  center  S,  rad. = 2  A C) 

•  .        II  X  Jli  •  P  S 

pmtemaUy=^^Pg-pp^. 

(Hence  V  at  P  =  V  in  the  circle  e.  d.) 

281.  In  the  hyperbola,  F  a  ^  towards  focus 

pextermdly=  —  2  A  C  (Hence  V  at  P  ac  V  in  the  circle  e.  d.) 

P  H  P  S 
p  internally  =  q  a  r*  ii-  P  ^T  •  (Hence  V  at  P= V  in  the  circle  e,d.,  p.  190) 

282.  In  the  ellipse  F  gc  D  from  the  center 
pexternally=  V  A  C*  +  B  C*,  (=  A  B)}  (Hence  construction) 

or  (=  V  CD«  +  CP«) 
(Hence  also  V  at  P  =  V  in  the  circle  radius  C  P,  when  C  D  =  C  P) 
p internally  =  V  CP«  — CD*. 
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(Hence  if  C  P  =  C  D,  p  =  0,  and  V  at  P  =  V  in  the  circle  e.  A,  as 
was  deduced  before) 

(If  C  P  <  C  D,  p  impossible, .-.  the  body  cannot  fall  from  any  distance 
to  C  and  thus  acquire  the  V  in  the  curve) 

28B.  In  the  ellipse,  F  a  D  from  the  center. 
ExtemalfaU. 


The  ydoci^-curve  is  a  straight   line,   (since  D   F    a    C  D,   also 
aw»   F  =s  0,  when   C   P  a  0,   this  straight   line   comes   to    C,    as 

C  d  h,  V  a  V  "dCTb'a  C  O,  O  being  the  point  fallen  from,  to  acquire 
V  at  P. 

.-.  V  from  O  to  C  :  V  from  P  to  C  :  :  O  C  :  P  C 
Also  since  ▼  d  v  =  —  g  F .  dx,  and  if  the  force  at  the  distance  1  =  1, 
the  force  at  x  »  x.     /.  v  d  v  »  —  g  x  d  x,  and  integrating  and  correct- 
ing^  V  «  =  g  (p « —  X  *),  where  p  =«  the  distance  fallen  from- 

.•;  V  a  V  p«  — X*,  and  if  a  circle  be  described,  witli  center  C,  rad*  C  O 
a  P  N  (the  right  sine  of  the  arc  whose  versed  P  O  is  the  space  fallen 
through). 

.-.  V  from  O  to  P  :  V  from  O  to  C  :  :  P  N  :  (C  M  «)  O  C 
and 

V  from  P  to  C  :  V  in  the^ircle  rad.  C  P  :  :  1  :  1 
(for  if  P  v=  i  P  C,  ▼  d  =  C  d  P)  and 

V  in  the  circle  C  P  :  V  in  the  ellipse  :  :  C  P  :  C  D. 
Compounding  the  4  ratios^    . 

V  down  O  P  :  V  in  the  ellipse  :  :  P  N  :  C  D 
/.  Take  P  N  =  C  D,  and 

V  down  O  P  =  V  in  the  ellipse, 

.-.  C  O  «  C  N  =  V  CP*+CD^ 
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V  in  the  eUipse  :  V  in  the  circle  rad.  C  P  :  :  C  D  :  C  P 

V  in  the  circle    :  V  down  C  P  :  :  1        :  1 

V  down  C  P    ,  :  V  down  P  O  :  ;  (C  M  =:)  C  P  :  O  N 
.••  V  in  the  ellipse  :  V  down  P  O  :  :  C  D  :  O  N 

.•.  Take  O  N  =  C  D,  and  V  in  the  curve  =  V  down  P  O,  and  C  O 


«  V  CP«  — c 

284.  Find  the  point  in  the  ellipse j  the  force  in  the  center^  *mhere  V  =  the 
txlocily  in  the  circle^  e.  d. 


In  this  casd  C  P  sb  C  D,  whence  the  construction. 

circle  ^_ 

Join  A  By  describe  — ^—  on  it,  bisect  the  circumference  in  ]>,  join 

B  ly,  A  ly.     From  C  with  A  W  cut  the  ellipse  in  P. 
2AD'«(=2PC«)  =  AB*=AC'+BC«(=:CP«  +  CD») 
.-.  2CP«=CP«+  CD« 
.-.  C  P*  =  C  D '.     (C  P  will  pass  through  K) 
A  simpler  construction  is  to  bisect  A  B  in  £,  B  M  in  F,  then  C  P  is 
the  diameter  to  the  ordinate  A  B,  and  from  the  triangles  C  E  B,  C  F  B, 
C  F  is  parallel  to  A  B,  .-.  C  D'  is  a  conjugate  to  C  P  and  =  C  P. 

p  externally  (to  which  body  must 


285.  In  the  hyperbola, 
force  repulsive,  a  D,  from  the  center 


rise  from  P,)=V  CD«  +  CP* 
p  internally  (to  which  body  must 


risefromthecenter)=:  VCP— CD* 
(Hence  if  the  hjrperbola  be  rectangular  p  internally  =:  0,  or  the  body  must 
lise  through  C  P.) 
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286.  In  any  curoe^  F  «       ^^^  ^^nd  p  externally. 


p  =  a* 


.1 

n 


n  c 

where  a  =  S  P,  c  =  P  V. 
287.  If  the  curve  be  a  logarithmic  spiral,  c  =  2  a, 


.-.  p  =  a 


a        \   1 

n 


n  a 


=  a 


/.» 


'-S 


also  F  a  jp,  (  .'•  p  =  a  (j-;;;^t)  »   =  od  . 
.-.  n  =  2     J 

288.  In  any  curoe^  F  a  -^  ^^^ yjind  p  internally. 

—       /       g       \  ^     /    n  —    4a*  +  *  X 
.  I        .nc)      *v      ""4a  +  nc/ 

289.  If  the  curve  be  a  logarithmic  spiral,  c  =  2  a,  n  =  2, 

•••  P  =  •  (iT"a)  "   =W-2- 

290.  If  the  curve  be  a  circle,  F  in  the  circumference,  c  =  a,  and  n  =  4, 

.•.  p  externally  =  a  f \  T  =  x 

and  p  internally  =  a  i—r — )  *^  =    "i —  • 


V  2 


291.  In  the  ellipse^  F  a  yr-^Jrom  Jbcus.     External  fall. 


V«  down  OP:  V«  in  thecirde  radius  SP::  OP:  ^,  Sect  VII. 

V«  in  the  circle  S  P  :  V«  in  the  ellipse  at  P  :  :  A  C  :  H  P, 

03 
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.-.  V»  down  O  P  :  V«  in  the  eUipse  :  :  A  C .  O  P  : 

.-.  2  AC.OP  =  SO.HP 


SO. HP 
8 


.-.  S  O  =  - 


2AC.OP       2AC.SO  — 2AC.SP 


HP 


WF 


...  S  O  =  J.^y-^,?^  =  2  A  C. 


2AC— HP 


Internal  JaB. 


V'downP  O  :  V»  in  the  circle  radius  S  O  : :  P  O :  -_- , 

V*  in  the  circle  S  O  :  V*  in  the  circle  S  P  :  :  S  P  :  S  O 
V  in  the  drcle  S  P  :  V*  in  the  ellipse  at  P  :  :  A  C  :  H  P 

.♦.  V»  down  P  O  :  V»  in  the  elUpse  :  :  P  O .  A  C  :  ^^'^^ 

.•.2PO. AC  =  SO.HP 
.-.  2SP.AC  — 2SO.AC  =  SO.HP 

•  •  ^  ^  =  2AC+  HP 
Hence,  make  H  E  =r  2  A  C,  join  S  E,  and  draw  H  O  parallel  to  E  S. 
292.  External  JaU  in  the  parabola,  T  O 

F  a  fr^  from  focus. 


V«  d.  O  P  :  V«  in  the  circle  radius  S  P 

::OP:^,Sect._VIL 

V  •  in  the  circle  S  P  :  V«  in  the  parabola 
atP::     1     :  2, 
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.-.  V*  downO  P  :  V«  in  the  parabola  :  :  O  P  :  S  O 
••.  O  P  =  S  O,  .-.  S  O  =  a 


IrUemal  fall. 


V«down  O  JP  :  V«  in  the  circle  S  O  :  :  O  P  : 


SP 


V«  in  the  circle  S  O  :  V«  in  the  circle  S  P  :  :  S  P  :  S  O 
V«  in  the  circle  S  P  :V*m  the  parabola  at  P:  ;     1     :  2 
.-.  V*  down  OP:  V«  in  the  parabola  :  :  O  P  :  S  O, 

.-.  O  P  =  S  O, 
SP 


.-.  S  O  = 


PV 


V  =  V  down  ^  =  V  down  S  P  =  V . down  E  P=  V  of  abody  describ- 
ing the  parabola  by  a  constant  vertical  force  r=  force  at  P. 
293J  Find  the  external  fall  so  that  the  velocity^  ac" 
quired  =  n'  •  velocity  in  the  curve  j  F  a  x  "^ . 

vdv=  —  giC6.x''.dx,(itt  =  force  distance  I), 

/.  V*  =  — ^-^.  (a  °+*—x*+»)  a  =  original  height, 

V*  in  the  curve  =  ff  m-    _,    ^  =  g-  jia  .  c,  if  c  =  — § — ^, 

®  '^     dp         2  '^    ^  dp    ' 

.-.  n'.f /lA.c  =-^£^.(a»+-*— x»+0,orn'.c  =-4-t- (a''  +  '  — x"  +  0 
2  n  +  1^  '  n+1  ^ 

Make  x  =  S  P  =  ^,  and  from  the  equation  we  get  a,  which  =  S  x. 

For  the  internal  fidl,  make  a  =  S  P  =  ^,  and  from  the  equation  we  get 

X,  which  =  S  x'. 

294.  Find  the  external  fall  in  a  LEMNJSCJTA. 

(x«  +  y«)«  =  a*(x«  — y«) 
is  a  rectangular  equation  whence  we  must  get  a  polar  one 
Let  /.  N  S  P  =  ^, 

.'-  y  =  f .  sin.  tf,  X  =  ^ .  cos,  ^,  f  *  =  (x*  +  y  *) 
.%  g*  =  a*,  (g*  (cos.*  6  —  sin.*  tf))  =  a*^*.cos.  2  i^ 
.-.  ^*  =  a*.  COS.  2  0 

P 


£ 

.*.  2  tf  =  ii  Tcos.  =  ^V 


a«  Va* — f* 


V    ^        a^» 


0  4 
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a*  —  f  * 
il!  «  a^  — g* 

but  in  general 


d^ 


=*in  this  ease 


4 


•  n*  —  I- 
••P    -p. 


1   _  a* 


2dp 


6. a 


1    * 


p»dj  g 

.•.  force  to  S  a  -= 

r 

V  d  ▼  =  —  ^ .  d  X, 
••^    ~      6     Vx«       aV 

Make  x  in  the  formula  above  = ;, 

1         I         I 


Also 


••g6  ,«   -     j«» 


.*.  — 2  ss  0,  .*.  a  is  infinite, 
a* 
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896.  Find  tlu  force  and  external  fill  in  an  SPICTCLOID 
CY»=CP»  — YP*=:CP»— CA*.^^* 


CY  r=  p,CP  =:^CB  =  c,CA=b, 

••  P     —  t     —  "    •         ^» 

.♦.  c»p*  =  c*j*  — b*c'  +  b*p* 

•P c«-^b» 

1  c«  — b" 


••p»~  c»  (g  •  —  b«) ' 

2dp  __  c*  —  b*  /  —  2  d  f .  g\ 


P 
••.  force  « 


e 


L— — — .  Qc  _ 


(as  in  the  Involute  of  die  circle  which  is  an  Epicycloid,  when  the  radius 

of  the  rota  becomes  infinite.) 

Having  got  oc^  offeree,  we  can  easily  get  the  external  (or  internal)  ML 
296.  Find  in  'oohat  cases  we  can  integrate  for  the  Velocity  and  Time. 
Case  1.  Let  force  a  x  S 

.•.  vdv  =r  gAib.x'^dx, 


.-.  v«  =  — ^  (a*  +  »  —  x**  +  0 


•  t—  f — ^^^     /n+  1     #»         —  d  X 
''""•/      V     "  V'2g7'-^V(a»+*— x»+» 


) 


Now  in  general  we  can  integrate  x  "*  d  x. (a  +  b  x *0  ^  i  when 

— '^—  iswholeor — ^ —  +  -^  whole, 
n  n        '    q 

.-.  in  this  case,  we  can  integrate,  when  — r--=- ,  or  — r-rr  —  s  >  is  whole. 

n+i         n-^i       Sif 

Ijet 

— ^-rr  =  p  any  whole  number 

.•.  n  +  1  =5  —  , 

P 


.*•  n 


E ,  (p  being  positive),  («) 
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Let 


n-Tl~~2^^ 


•  • 


1  ,    1        2p+  1 

———S3  n  ^— .=s       *^    ' 

n  +  1      P  ^2  2       » 


.-.  n  +  1  =  — 


2p+  1' 

.*.  these  foimulss  admit  only  0  and  1  for  integer  positive  values  of  n,  and 
no  positive  fractional  values.     .-.  we  can  integrate  when  F  a  x,  or  Pa  1. 

29T.  Case  2.  Let  force  «  ^„ , 

J  d  X 

•      -  n— r  V  a°-»x°-»~y 

.  ^  _   r— dx_     /n— l.a"-^    ^— dx.x^ 


v 
n— 1 


D-l 


2g/* 

2      +^       V'  +  ^-- 

in  which  case  we  can  integrate,  when ^r — ,or .       2   ^jj^i^^ 

i.  e.  if  -  + or r «  be  whole. 

2       n  —  1,       n —  1' 


Let  — r  =  p,  any  whole  positive  No., 


,1         p  + 1 

P  P 


1       _  2p—  I 
n—  1  ""         2       ' 

•'°  -  2p— r^'^^ 

.•.  these  formulae  admit  any  values  of  n,  in  which  the  numerator  ex- 
ceeds tlie  denominator  by  1,  or  in  which  the  numerator  and  denominator 
are  any  two  successive  odd  numbers,  the  numerator  being  the  greater, 
.-.  we  can  integrate,  when  F  «  — ,  —  ,  i^,  ^,  &c, 

or 

J^    ^    J_      1 
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298.  Case  3.  The  fonnuls  («')  (P'),  in  which  p  is  positive,  cannot  be- 
come negative.     But  the  formulae  (a)  and  (/3)  may.     From  which  we  can 

integrate,  when  F a  _,-^,  J.    i-,&c. 

or  when  Fa  _.,  J-,  J.    J^    &c. 

299.  When  the  force  a  n^Jind   a",  of  times  from  different  akitudes 
to  the  center  (f  force.   Find  the  same,  fierce a.^  \. 

F  a  x°,  .••  V  d  V  =  —  g  /tt  x>^  d  X, 


.•.  d  t  =  — 

V 


.••  v«  =  -^4-^  .  (a»  +  »  — x»»+»)  ^ 
n  +  1    ^  ' 

—  a     ,     ,T,  ^  i  1  which  is  of i—  dimensions, 


Tl    _^    1 

.••  t  will  be  of g —  dimensions. 


and  when  x  a  0,  t  will  ac  — — ^. 


a»---i 
i 


♦ /•   ^         — dx  1      ^        — dx 

t  «  /    ^     ^ .  Of    r 

J   Va'»  +  *— x»  +  »      a^y    /i_(^i\'*'^' 

^         v  a  / 

.,4,/-d.{,-(i)-}-* 


QC 

I 

r^         ^      (C  /^    J^      1  X°  +  ^  .     1.3  X«»  +  3  ,„        1. 

when  t  r=  0,  z  =  a, 

I  2     n  +  2  '    2.4    2n  +  S  J 

-"  t'  +  2T+^  +  2:4-rir+-3  +  *^-} 

•••»«^-(-{l+i-n-i2+«^4-{-+2-sSli.+&4) 

•••  ^ben  X  =  0,  t  a  -^  a  ^, 


a=-3ii       a 

8  8 
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1  "4-1 

when  n  is  negative  t  oc     ^^^^  a  a  .  *   . 

s 

Cor.  If  n  be  positive  and  greater*  than  1,  the  greater  the  altitude,  the 
less  the  time  to  the  center. 

800.  A  body  is  projected  up  F  A  with  the  velocity  VJrom  the  given 
point  Kf  force  in  S  oc   ji^^^Jind  the  height  to  which  the  body  will  rise. 

vdv  z=  —  g/ttx'^dx, 

for  the  veloci^  decreases  as  x  increases,  A 

.•.y«=  l^.x»+i  +  C 
n+  1 

when  V  =  V,  X  =  a, 

...  i44--  (x»+»  — a»+»)  =  V»— v« 
n  +  1    ^ 

Let  V  =  0, 

...  x"  +  »  —  a»+-  =  — - — -2— 

2gM 


2g/* 


V  2|r/»  y 


g 
Cor.  Let  n  =  —  2,  and  V  =:  the  velocity  down  — ,  force  at  A  con- 

slant,  =  velocity  in  the  circle  distance  S  A. 

2g/i*         /  a 

2gA* 


gg/a g2»  2         1 


=  2a. 


a^  a         a 
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SECTION  VIIL 


301.  Prop.  XLL  Resolving  the  centripetal  force  I  N  or  D  E  (F) 
into  the  tangential  one  I  T  (P)  and  the  perpendicular  one  T  N,  we 
have  (46) 

IN:IT::F:F::^^:i^ 

.-.  d  V  :  d  V  :  :  d  t  X  I  N  :  d  f  X  IT. 
Bat  since  (46) 

dt  =  i.%df  =  i? 

T  V' 


and  by  hypothesis 

V  =  V 
.••  d  t  :  d  t' 
.•.  d  V  :  d  V 


:  d  8  :  d  s'  :  :  I  N  :  I  K 
:  IN»:  IK  X  IT 
:  1       :  1 


or 


d  V  =  d  v', 
Sec.  &C. 


OTHERWISE. 


302.  By  46,  we  have  generally 

vdv  =  gFds 
s  being  the  direction  of  the  force  F.     Hence  if  s'  be  the  straight  line  and 
s  the  trajectory,  &c  we  have 

V  d  v^=  g  F  d  8 
v'  d  y'rr  g  F  d  s' 
...  v«  — V«  =  2g/Fds 
V«  — V'«  =  2g/F'ds' 

V  and  V  being  the  given  values  of  v  and  v'  at  given  distances  by  which 
the  integrals  are  corrected. 

Now  since  the  central  body  is  the  same  at  the  same  distance  the  central 
force  must  be  the  same  in  both  curve  and  line.     Therefore,  resolving  F 
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when  at  the  distance  s  into  the  tangential  and  perpendicular  forces,  we 
have 

«^       d  s 
=  F  X 


ds' 

.••Fds'  =  Fds 
and 

v'*  —  V'«  =  2  g/F  d  8  =  v«  —  V» 
which  shows  that  if  the  velocities  be.  the  same  at  any  two  equal  distances^ 
they  are  equal  at  all  equal  distances  —  L  e.  if 

V  =  V 
then 

ft 

303.  CoR*  2.     By  Prop.  XXXIX, 

v«a  ABGK 
But  in  the  curve 

y  a  Fa  A"-' 
*        .*.  y  dx  oc  A"-*d  A 

Therefore  (112) 

ABGE=/ydxa— ^  +  C 

P»  — A« 


n 
Hence 

V*  a  P'^  — A". 


OTHERWISE. 

804.  Generally  (46) 

vdv  =  —  gFds 

and  if 

F  =  MS°-^ 
then 

n     ^  ' 

But  when  v  =  0,  let  s  =  P;  then 

o  =  ?-Sii(C-P») 


n 
and 

C  =  P». 
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ft 

...  V«  =z  lii'(pn_gi,) 
U      ^ 

in  which  s  is  any  quantity  whatever  and  may  therefore  be  the  radius  vector 
of  the  Trajectory  A ;  thai  is 


v«  =  i|^  (pn  _  A»)  or  =  ^^  (D»  —  ^») 


in  more  convenient  notation. 

N.  B.  From  this  formula  may  be  found  the  spaces  through  which  a 
body  must  fall  extemaUy  to  acquire  the  velocity  in  the  curve  (286,  &c.) 

306.  Prop.  XLL  Given  the  centripetal  force  to  construct  the  Trcgec^ 
tory^  and  tojind  the  time  of  describing  any  portion  of  it. 

By  Prop.  XXXIX, 

ds._,       IK 


v=  V2g.  V  ABFD  =  Ji(46)  =  :^ 
But 

dt  =  ICKx3^  =  ICxK  NX  «^55^ 

Area  2  Area 

=     p  ^  1^    (P  being  the  perpendicular  upon  the 

tangent  when  the  velocity  is  V.     See  125,  &c.) 
Moreover,  if  V  be  the  velocity  at  V,  by  Prop.  XXXIX, 

V  =  ^"2j.  V  A  B  L  V. 
Whence 


A  KN. 

■'.  putting 

ve  have 

ABFD  :  Z» :  :  IK« :  KN» 
;••  ABFD— Z* :  Z»  :  :  IK»— K  N»:  KN» 

and 


Q 


(2) 


VABFD  — Z':Z=-?-::IN:KN 

A 
•  A  X  KM-  Q  XIN 

Also  since  similar  trian^es  are  to  one  another  in  the  duplicate  ratio  oi 
llieir  homologous  sides 

YXxXCsAxKNx  ^^* 
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Q  X  CX'  X  IN 


andputdng 


A»  V  (A  B  F  D  —  Z') 


•      .      •     (3) 


and 


Hien 


„  ^r^u Q 

y""°"2V(ABFD  — Z») 

,__. Q  X  CX« 

r  ~  "<^  -  2A«  V(ABFi>  — Z*)* 

AreaVCI  =/ydx  =  VDbal      ....    (4) 

S5  V  D  ca/ 


AreaVCX=/y'dx 
Now  (124) 

_  2VCI _  2VDba 
"   P  X  V  "^    P  X  V 
or 

-  2VPba 

~  V2g.PxVABLV     '     ■ 
the  dme  of  describing  V  I. 

Also,  if  ^  V  C  I  =  «,  we  have 

XVxCV      »xCV* 


(5) 


VDca  =  VCX  = 


2-2 


.      2VDca  ,_. 

^  =  — pt— W 

which  gives  the  Trajectory. 

806.  To  express  equations  (6)  and  (6)  in  term  ofi  and  6,  (j  =  A). 
First 


and 


ABFD 

V* 

~2g 
V 

~2g 

ABLV 

Q 

P  X  V 

V2g 

.•  Z* 

Q*      P»xV» 
-  j«  -     2gt« 

?D— Z* 

V*      P»xV* 
~2g         2gj' 

=     *     X  (e*v*  — 

■  P' 

'V*) 
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Hence 

PxVf 


y  = 


and 


2v'(f«v*— P«V») 


. P'X  V 

'  ~2{  V(f»v*— P*V») 


and 

vrk  P*V      /•  de 

VDca  =  -^xy^^^,^.lp.y,^ 


...t=/ 


1^1 


But  by  Prc^.  XL. 

v*=2/gFdi 
the  integral  being  taken  from  ▼  =  0,  or  from  ^  sD,  D  being  the  same  as 
P  in  304. 

.  t  -  f JjAi or  -  f.—JjAl—^       m 

••^"-^  V(2eVgFdf— P*V«)*^  •-/ V(^«v«— P«V«)  '  •  ^'^ 
A  -  /■  PxVdg  _  r        PVdg  /ox 

'-y^v(_2j«/gFdf— p«v«)'^''-"^e^(e*v'— t**V»)  •  ^"^  ' 

307.  Tb^iul  t  and  6  in  terms  qf^  and  p. 

Since  (125) 

P"V« 


^  ^^  (P»V' j»  — P»V«p«) 


') 


(») 


and 


/, 


df 


But  previous  to  using  these  forms  we  must  find  the  equation  to  the  tra- 
jectory, thus  (139) 

P*V*  do 

.   g  p»d^  ^^' 

f  denoting  the  law  of  force. 

P*  V*       /I  1  \ 

Vol.  I.  P 
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or 

pt  v« 

P'  =  V«-2g/dfff <**) 

308.  To  these  different  methods  the  following  are  examples : 

1st  LetF  (X  ^  =  fi^.     Then  (see  304) 

.-.  V*  =  gA*(D«  — f«) 

and  if  P  and  V  belong  to  an  apse  or  when  P  =  f ; 

V«  =  gAt(D«  — P«) 

* '  *  "^  71^  ^  •^Vf^«(D«-e«)-P*(D'— P«)}  • 

D* 

Let  g* ^  =  u.     Then  we  easily  get 

du 


i^S 


2  t  V  g/tA=: 


/ju-'-ir-"-} 


=  sin.  -^ J^jYi  +  C 

p« ._  ii_ 
2 

and  making  t  =  0  at  an  apse  or  when  ^  =  P,  we  find 

C  =  —  sin. "  *. lYi  =  —  *^"* ""  ^  ^ 

p« "_ 

'2 


""  ~   2  • 
•*•  t  = '-=  X  < sin.-' m  —  *-  > 

2Vg^    I     p,_D:    ar 


.  .  (1) 


Also 


and  assuming 

P«  — ^  — u  =  v«x(P^-^  +  u) 

we  get 

(--I*)h¥0'-?) 


tf 


.  _   X  i  sin.-' «fr-5 1 h  C> 


PV  ~3Vg/»P.VD«  — P»      I  j«(p«_2_\ 
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and  making  0  =  0,  when  ^  =  P  we  find 

C  =— 8in.-«l= ^. 

Also 

V«  vY?.  -^  (D«— P«) 

• jjiT =  «n.  (2  '  +   2-) 

f'(P'-T) 

=  COS.  2  tf  =  2  COS.  •  ^  —  1 
which  gi?es 


• . 


(2) 


'        P*  — (2P*  — D»)cos.»* 

Now  the  equation  to  the  ellipse, ;  and  >  being  referred  to  its  center,  is 

^  ""  1— c«cos.«r 

Therefore  the  trajectory  is  an  ellipse  the  center  of  force  being  in  its 
center,  and  we  have  its  semiaxes  from 
b«  =  D«— P" 


c 


e    —  "^  •■• 


«      a«  — b*      2P«  — D 


a«  a« 


▼iz* 

b=V(D»— P«)-i 

.and  \ (S) 

a  =  P  ) 

vhich  latter  valne  was  already  assumed. 

To  find  ihe  Periodic  Hme. 

From  (3)  it  appears  that  when 

t=l,or«=  -^,f  =  b=  V(D'-P») 

and  snbstitating  in  (I)  we  have 

T  1  3  .       ,2        V       *  f 

=  — i«-X  {sin-'(-l)-|-} 

F2 
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But 

sin.-^(— 1)  =  -^. 
T  * 


*         2  VgA* 
and  * 

T  =  ;^ (4) 

which  has  ab*eady  been  found  otherwise  (see  147). 

To  apply  (9)  and  (10)  of  307  to  this  example  we  must  first  int^fate 
(11)  where  {(ss  fi§;  that  is  since 


we  have 


But 


~  2^  2 


V»  =  gA»(D»  — P*) 

,      P«.(D»  — P«)  ,_, 

••P   = — h*^g*         (*> 

which  also  indicates  an  ellipse  referred  to  its  center,  the  equation  being 
general]^ 

,_        a»b« 

Hence 


t*  g»(D«— e»)  — p«(D«— p«) 

p.      *  =*  P»(D«— P») 


.  t  -    ^   r lii ,^_ 

the  same  as  before. 

With  regard  to  i,  the  axes  of  the  ellipse  being  known  from  (5)  we  have 

the  polar  equation,  viz. 

._  b« 

*        1  —  e  *  cos.  *  4  * 

809.  Ex.  2.    Let  F  =r  -4-  •    Then  (804) 


v«  =  |l^X(D-'-j-) 
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Df 

and 


P  and  y  beloDgmg  to  an  apse. 


•  t  -  f   "^^     X  t^i 


1)9 

wliick,  adding  and  subtracting  —^  ^  transforms  to 


t  = 


4 


"'"'   /V{(--#)--0-|)-} 


and  making  ^ o*  ^  ^ 


t=  ^ 


=  x    /- 


(»+?)du 


"""•  w{(«"-7)'-»'} 

=  7^,"  {c-v{(p-^)--^}+?.i..-^^j 


(see  86). 

Let  t  =  0,  when  f  =  P.     Then 


C  =  --sin.-»l  =  -— X^. 
D 

(1) 


•  -V^x  { ^n^i-^)-^  ^  c-^-Cr-?)'}  I 


Also 


J /Hi^  _     /^        V du 

PV-A.=Vsg,    /(.  +  .^-)V{(P-|)._..}- 


But  assuming 

P_|_u  =  v«x(P-|+u) 

the  above  becomes  rationalized,  and  we  readily  find 

P3 
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/('■+^W{(^°-f)'—}" 
.(D-p)"!""'  'vni5=p)x^{(p-2)-_»'}*  \ 


VP 

D 
and  making  ^  =  0,  when  ^  =  P,  or  when  u  =  P  —  -g-  ,  we  get 

C  =  -tan.-»^=— g. 


Hence,  since  moreover 


/D  — P 


V=  V2g/*.^/-j5-p 


tf  +  4=toi"* 


or 


(p- ?)■-!(.-") 


=  sm. 


(?^^ 


(p-|)'  +  t('     a)_„..(.|£.) . 

(P-^)< 


P«— PD 


i+(i — 5")*^°' 

But  the  equation  to  the  ellipse  referred  to  its  focus  is 

^  ~  a  ^  1  +  e  cos.  i 

b«      2P(D  — P) 

•••  —  = rS 

a  D 

and 

at_b«       -       b«_/,       2Pn, 


e» 
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.b«_4P      4P«_4P        Q         , 


b*      2 


and 


b  =  V  P  X  (D  —  P)3 


(3) 


To  find  the  Periodic  Time;  let  4  =  «.     Then  c  =  2a  —  P=D  —  P, 
and  eqaatioD  (1)  gives 

T  /    D  D       / .       ,       ,       »\ 

2-  =  V277i^T^(»"-"  -*-^) 


g 

x(-2—  2) 


see  159. 


OTHERWISE. 


First  find  the  Trajectory  by  formula  (11.  307) ;  then  substitute  for  -^ 


in  9  and  10,  &c 


810.  Required  the  Time  and  Trofectary  when  F=?   , 

By  304, 

v««— g^X  (D-«  — f-«) 

.'.  if  V  and  P  belong  to  an  apse  we  have 

D     i_±di 


M-  \ 


•••  t  ==  T/-zrrJ 


V  gfA"^  V  P«  — g* 

P4 
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^     X  (C+  v'pTirp) 


and  taking  t  =  0  at  an  apse  or  when  f  =  P,  C  =  0, 


t  =  -^=  X   VP«  — 1« (1) 

also 

But 


and 


V  =  -p^  X  V(D'  — P»). 


•  •  V  (D«  _  P«)  -  ' ^  +  ^ 

and  making  tf  =  0  at  tbe  apse  or  where  ;  =  P* 

p 

.  +  P*  _  1    V(P'-g')  +  P 

-  VD«-P«"  f 

.         P<        _  v^(p»-e«)  +  p 

which  gives 

PI 

2  P  e  Vi"'-*") 
f  =  gp>  (2) 

l  +  e*^f1'-'"' 
311.  Required  the  Trajectory  and  cireunutancet  i^  motion  when 

F  =  ^ 

or  ^or  any  inverse  law  of  the  distance. 

The  readiest  method  is  this ;  By  (1 1)  S07,  if  r,  and  P  be  the  values  of 
^  and  p  for  the  given  velocity  V  (P  is  no  longer' an  apsidal  distance) 
psya  2 1(6  fii— 1 pn  — 1 

the  equation  to  the  Trajectory. 
Also  since 

V  d  V  =  — g  F  d  ^ 
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Henoe 


V*  = 


_  2gi» 


(n— l)r— '  ^^'^^  *  *° f^ 


and  if  we  pat 


in  which  m  may  be  ^  ^  or  ^  1  we  easily  get 


/     m 


Pe 


n  — 1 


'  v('-+^;) 


pr:nr-">i 


P  T- 


m»  1 


B— 1 


P  = 


n^l 


•       • 


-V(r==-'-' 


m<  1 


(2) 


Tojlnd  0  on  this  kgpothesii. 
We  have  (307) 

g  V(f«— p*) 
which  gives  by  substitatiofn 


dtf=:  + 


n-5 
Ff     2      d^ 


€l^  =  + 


in=  1 


;    9    cl 


f 


«J(t^-i^'"'-'-«-) 


the  positive  or  negative  sign  being  used  according  as  the  body  ascends  or 
descends. 
Ex.  Ifn  =  2,  vreget 

p  =  J     ^PX-: S ....    in>l 


j(>- + =^') 
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=  2    ,i 

r 


P  =  -T-  ^        m  =:  1 


the  equations  to  the  ellipse,  parabola  and  hyperbola  respectively. 
Also  we  have  correspondingly 

a*  =  +  ^/ln— 1 


.VG'+j^e-5r^.P«) 


diss  +rP. 


df 


which  are  easily  integrated. 

Ex.  2.  Let  n  =  3.     Then  we  get 

V  =  J — — T  ><  P  ><  — : — s —    .    .    m> 


p 


m  = 


p  =  J — ^,  X  P  X  --7 -4 .    .     m  < 

Pr  d  J 

312.  In  the  first  of  these  values  of  «,  m  P  »  may  be  >  =  or  <  r«. 
(1).  Let  m  P*  >  r«.     Then  (see  86) 

and  at  an  apse  or  when  r  =  P 

<  =  ±^j^^  X  Px  sec-'^    •     •    •  l"^ 
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for 

/      m  — 1       _  2.       -  ± 
V   mP«  — r*-    P^""  "   r  • 

(2)  Let  m  P*  =  r«.     Then  we  have 


S 


—  -v^m  —  1        Vr.     ^/ 

=  +    ,  X  ^-^^ (c) 

which  indicates  the  Reciprocal  or  Hyperbolic  Spiral. 
(S)  L€tmP«be<r«.     Then 

,==  +  rP    /_JBL_  / il _ 

/    f^(c'+      m-1     ) 


fC 


-3?Wr»-mp'^'-f     Vm.(r'— P)— V(r«— mP»)      '  *  ^  ^ 
at  an  apse  r  s  P ;  and  then 

,^  +  P  /_g.^xi.^^''--^*)-^  .  .  .  (0 

—      >r    1  —  m  ^ 

Thus  the  first  of  the  values  of  tf  has  been  split  into  three,  and  integrat- 
ing the  other  two  we  also  get 

<  —  «  =  ±  ^  (,  ?*J1  p  .^  X  (1  e  - 1  r) 
_   I-  Pr  _      ^,    f 


i 


-'±"jT^f^jfj^-_,^ 
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=W?^'"-^^-°7^^''~ 


1*— mP 
m 


fC 


-4-  P   /     m     vi  '  V(i^— mP'--i— m. ^)^ V(»'— mP*) 

and  if  4  is  measured  from  an  apse  or  r  =:  P  it  reduces  to 

« 


—      ^   1  —  m 


-  • 

313.  Hence  recf^itulating  we  have  these  pairs  of  equations,  viz. 

P    /     " 
'^  V  m— 1 


S 


(1)P= 


V&'  +  ^l) 


i-»  =  +Pr^-p^x(sec.-«f^J!^-sec-^ 

r 

2b  construct  the  Trajectory ^ 

put  ^  s:  0,  then 

f  =P=  SA; 
let  ^  =  OD^  then 

and 


m  — 1 


i) 


d    =    + 


Pr 


Vm— 1' 


and  taking  A  S  B,  A  S  B'  for  these  values  of  ^, 
and  S  B,  S  B'  for  those  of  p  and  drawing  B  Z, 
B'  Z'  at  right  angles  we  have  two  asymptotes ;  S  C  being  found  by  put- 
ting ^  =  ir.  Thus  and  by  the  rules  in  (35}  86,  37»  38.)  the  curve  may 
be  traced  in  all  its  ramifications. 


2.  p  = 


i 


V  (m— 1) 


V('- + ^) 


and 


tf  — a  =  + 


r 


-  V^  (m  —  1) 
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This  equation  becomes  more  simple  when 
we  make  $  originate  from  ;  =  ao;  for  then 
it  is 

._  r'  l^ 

-  V  (m  -  1)  ^  e 

and  following  the  above  hinted  mediod  the 
curve,  yiz.  the  Reciprocal  Spiral,  may  easily  be 
described  as  in  the  annexed  diagram. 


m 


V(r^  +  .-) 


and 


fi 


-u.P   /^g__"^i    ri/(m~l^+r^-mP)-V(r'-mP 

—       ^r»  — mr"         i         \/m(r«— P«)_V(r«  — mP«) 

and  when  fi  is  measured  from  an  apse  or  when  P  =  r 

<  =  +  P.    /-iL^.l^(r'4-g')~r 
—       ^    1  —  m  g 

'Whence  may  easily  be  traced  this  figure.* 


*•  P  =  7? 


and 


-•(r«  — P»)'-r* 


From  whidi  may  be  described  the  Logarithmic  Spiral.f 


's.  p=:P     Z-B-y 

'^  ^  m  —  1 


V(t^-<0 


~+tP   /      *"       vi   r  »^{t«— mP— l~m.e')-^-^(r'  — mP-) 
--'^Wt*— mp'""f        V(m.r»-  j')— V  (r'— m  P') 
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or 


—    VI  — m 


r—  V  (g»  — r«) 

when  P  =  r. 

Whence  this  spiral. 
These  several  spirals  are  called  Cote^  Spirals^ 
because  he  was  the  first  to  construct  them  as 
■  Trajectories. 

^     S14.  If  n  =:  4.    Then  the  Trajectory,  &c. 
are  had  by  the  following  equations,  viz. 


dl 


=  rP    /-^?^  X  -5—; 


dg 


315.  If  n  =  5.     Then 

p  =  P  Vm 


.VO--s=-.p-.  +  :r^) 


1 


V  (m— 1  .f»+r*) 


It 


which  as  well  as  the  former  expression  is  not  integraUe  by  the  usual 
methods. 
When 


{*- 


m—  1 
is  a  perfect  square,  or  when 


"      P*«'+      ' 


m—  1 


m»P 


m  —  I  ~  4  (m  —  1)  * 


then  we  have 


d« 


dj 


ml^ 


2  (m  —  1) 


Therefore  (87) 


/      m  P'      _ 
Vv  ~"2'm— 1)/ 
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c ./ow]    PVm  — g  V2(m— 1) 

«_^or  =  r  V  2  1 .  gV2(in-A)j^Vm 

V(mP*— 2.m  — l.f«) 
and  these  being  constructed  will  be  as  subjoined. 


816.  Cor.  1.      otherwise. 
To  find  the  apses  of  an  orbit  xxAere  F  =  ^ . 


Then 


Let 

r-'— — !2-^  p«e«-»  + JllIl=om>i 

m  —  1        *              m  —  ]  ^ 
m  =  1 


D— 1 


m 

r  n— -3 


D  — 1 


ff     = 


and 


n  — ] 


>• 


•    • 


which  bemg  resolved  all  the  possible  values  of  g  will  be  discovered  in  each 
case,  and  thence  by  substituting  in  fi,  we  get  the  position  as  well  as  the 
number  of  apses. 

Ex.  1.  Let  n  =:  2.    Then 

r  mP* 


r  + 


ir=l- 


i  — 


m 


=  0 


L 
_  P^  ^iT^  _  L^ 
^  ""    r  r  4» 


e'  — 


r  .     mP« 

g  +  X =  0 


1  — m 


1  — m 
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which  gire 

r  yr'  +  4mP'.(m—  1) 

^"        2(m  — 1)  — V  4(m— 1)« 


L 
f  = 

and 


^  =  T 


-  r  /r'  — 4mP«.(l— m) 

^""2(1  — m)-V  4.(1— m)« 

Whence  in  the  ellipse  and  hyperbola  there  are  two  apses  (force  in  the 
focus) ;  in  the  former  lying  on  different  sides  of  the  focus ;  in  the  latter 
both  lying  on  the  same  side  of  the  focus,  as  is  seen  by  substituting  the 
values  of  ^  in  those  of  ^.     Also  there  is  but  one  in  the  parabola. 

Ex.  2.  Let  n  =  3.     Tien  eq.  (A)  become 

m  P*  4-  r* 

(1)  mr    +r 

^  '  '  m  —  1 

which  indicate  two  apses  in  the  same  straight  line,  and  on  different  sides 
of  the  center,  whose  position  will  be  given  by  hence  finding  0; 

9 

r  0 

(2)  ^  =  -1   =  oo 

po 

because  r  is  >  P, 

whence  there  is  no  apse. 

r« m  P* 

which  gives  two  apses,  r  *  being  >  m  P*  because  m  is  <  1  and  P  <  r ; 
and  their  position  is  found  from  ^. 

317.  Cor.  2.  This  is  done  also  by  the  equation 

P 
p  =  ^.  sm.  9,  or  sm.  p  =  -^ 

f  being  the  C  required. 

Ex.  When  n  =  8,  and  m  =  1,  we  have  (4.  813) 

P 

P=T^ 

P 

.'.  sm.  p  =  "y 

.*.  f>  is  constant,  a  known  property  of  the  logarithmic  spiral. 

318.  To  find  "when  the  body  reaches  the  center  of  force. 

Put  in  the  equations  to  the  Trajectory  involving  p,  f ;  or  ^,  ^ 

g  =  0. 
Ex.  1.  When  n  =  S,  in  all  the  five  cases  it  is  found  that 

p  =  0 
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and 

EiX.  2»  When  ii  =3  5  in  the  particular  case  of  315,  the  former  value  of 
4  becomes  impoasible^  being  the  logarithm  of  a  n^^ative  quantity,  and  the 
latter  is  =  —  od  • 

S19«     To  find  when  tie  Trqfectoh/  has  an  A^mptoHc  circle. 

If  at  an  apse  for  tf  s  go  the  velocity  be  the  same  as  that  in  a  circle  at 
the  same  distance  ( 166),  or  if  when 

and 

p  =  e 

we  also  have 

P  -  dp 

then  it  is  clear  there  is  an  asymptotic  circle. 

Examples  are  in  hypothesis  of  3I6« 

S20.  To  find  the  number  qfreoolbdionsjram  an  apse  to  ^  =  €0. 

Let  ^  be  the  value  of  tf  —  a  when  ^  =  p  or  at  an  apse,  and  /'  when 
^  =  CD  •    Then 

V  =  — = =  the  number  of  revolatioiu  required. 

2 «  ^ 


Ex.     By  SIS,  we  have 

OD 

T 


'''^'"^pVs^**^-"' 


=  Vi 


m 


m—  1'   2 

.     1     /     ^ 

•*•  V   CS  X  ^J  —————  , 

*  V  m  —  1 

321.  Cor.  3.  first  let  V  R  S  be  an  hyperbola  whose  equation,  x  being 

measured  from  C,  is 

b' 
y«  =  J,.(x«-a«). 

Ilien 

VCRs=J~J^-/ydx 

But 

/,dx  =  |/dlL^(x«-a«) 


b         . — s 3        b   /•       x*dx 

—  X   VX' a* /  ■   >    .     a av 

a  a  •^    V  (x*  —  a") 


a  o  •^ 

Vol.  I.  Q 
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= ^x  ^  (x«-a«)-^/dx  -•  (x«-a«)  _  V-^t^ 
a      ^  '    9r  ^  '     &J  '•(x*— «*) 

.■.2/ydx=-^xv/(x«-a«)-abl.'+^<^'--»'> 

and 

VCR=g^l.'+^^^''-'*>     ....     (1) 

Again 

f  =  CP  =  CT  =  x  —  subtangent 


=   X 


X*  —  a*       a* 


X 

and  substituting  for  x  in  (1)  we  have 


R^e,!.^'""^^?"''^ 


VC 

25  a 

.'.^=zVCPqcVCR=  ^Nl.^**"  ^  (a«  — g«)        .    .    .(2) 

2  a  f  ^  ' 

N  beings  constant  quantity. 

322.  Hence  conversely 

=  — V(°'-T.) 

and  differentiating  (17)  we  get 

du*_         4  /,         1\ 

dP"  "  a«b«N«  ^  \^  ~ r«y  '  •  •  •   ^^^ 

and  again  differentiating  (d  6  being  constant) 

d^u  4 

Hence  (139) 

p«V«    /       4  i\l        I. 

322.  By  the  text  it  would  appear  that  the  body  must  proceed  fix>m  V 
in  a  direction  perpendicular  to  C  V  —  i.  e.  that  Vis  an  apse. 
From  (1)  322,  we  easily  get 

d^«"a*b«N«^*   ^         ^  ' 
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and  since  generally 

d«*      e* 

.-.?•  = J— ^^ .    ...     (1) 

*  +  ;4K«T^«x  («*  —  ?*) 


a 


PTJ 


which  is  another  equation  to  the  trajectory  involving  the  perpendicidar 
upon  the  tangent. 
Now  at  an  apse 

and  substituting  in  equation  (1)  we  get  easily 

f  =  a 
which  shows  V  to  be  an  apse. 

■■    k  ^ 

OTHERWISE. 

Put  d  f  =  0,  for  ^  is  then  =  max.  or  min. 

824.  With  a  proper  x>elocihf.'\ 

The  velocity  with  which  the  body  must  be  projected  from  V  is  found 
from 

vdv  =  —  gFdf. 

825.  Descend  to  the  center^.    When 

^  =  0,  p  ==  0  (1.  828)  and  ^  =  QO  (2.  321). 

826.  Secondly,  let  V  R  S  be  an  ellipse,  whose  equation  referred  to  the 
center  C  is 

b* 

Then 

VCR=3^+/-ydx 


=  2iE_^/dx^(a«-x-) 

and  as  above,  integrating  by  parts, 
^,       ,  ,  ,         t\       *  ^  (a*  —  x«)   ,   a*  /.        dx 
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...vcu  =  l^(f-A..-f). 

Also 

j  =  x+NT  =  x  +  =yi^ 


=  x  + 
and 


dy 
a'  — X*       8» 


<  St  N.  V  C  R  =  ~^.  (^  -SHI.-  j) 


•   • 


w 


(2) 


•••  ""• "  7  =  2  -  rsiT 

•••  y  =  sin.  (2-"^irOf}  *  ^'ThU 
and 

Conversely  by  the  expression  for  F  to  189,  we  have 

Fa  1 
387.  Tojlnd  when  the  body  is  at  an  tspie,  either  proceed  as  in  S28, 

or  pui 

d  ^  =  0. 

d  X .  sto.  X 
By(gy)d.sec,xg     ^,^ 

sin.  i        t\ 
cos.'  9 

or 

^=  0 

that  is  the  point  V  is  an  apse.  .  j.       i 

328.  The  proper  velocity  of  projection  is  easfly  found  as  uidicatea 

in  824. 

329.  WillascendperpetuaUyandgoqftoinfinttyJ] 

From  (2)  827,  we  learn  that  when 

(is  co; 
also  that  §  can  never  =  0. 
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380.  When  the  foree  is  changed  from  centripetal  to  centriAiga),  the 
sign  of  its  expression  (139)  must  be  changed. 

331.  Prop.  XLII.  The  preceding  comments  together  with  the  Jesuits' 
notes  will  render  this  proposition  easily  intelli^ble. 

The  expression  (139) 

g  P'a» 


p*  yt 


or  mbet  (807) 

P*  =  V«-8g/dfff 
in  which  P  and  V  are  given^  will  lead  to  a  more  direct  and  convenient 
resolution  of  the  problem. 

It  must,  however,  be  remarked,  that  the  di£krence  between  the  first 
part  oS  Prop.  HLh  and  this,  is  that  ihcjbrce  itself  is  given  in  tie  former 
and  only  the  law  qfjarce  in  the  latter.  That  is,  if  for  instance  F  =:  f^i^'^\ 
iu  the  former  ff  is  ffiven,  in  the  latter  not.  But  since  V  is  given  in  the 
latter,  we  have  /a  froni  304. 


SECTION  IX. 


332.  Prop.  XLIII.  Tq  n^nke  a  body  v¥We  in  an  orbit  revolving  about 
the  center  of  force^  in  the  same  voay  as  in  the  same  orbit  quiescenf] 
that  is.  To  adjust  the  angular  velocity  of  the  orbit,  and  centripetal  force 
so  that  the  body  may  be  at  any  time  at  the  sanie  pcnnt  in  the  revolving 
orbit  as  in  the  orbit  at  rest,  and  tend  to  the  same  center. 

That  it  may  tend  to  the  same  center  (see  Prop.  11),  the  area  of  the  new 
orbit  in  a  fixed  plane  (V  C  p)  must  ct  time  cc  area  in  the  given  orbit 
( V  C  P) ;  and  since  these  areas  begin  together  their  increments  must  also 
be  proportional,  that  is  (see  fig.  next  Prop.) 

CPx  KR  &  Cpx  kr 
But 

KR  =  CK  X  Z.KCP 
k  r=>  Ck  X  ^.kCp 
andCP=  Cp,  andCK  =5Ck 

.-.^KCPotkCp 
and  the  angles  V  C  P,  V  C  p  begin  together 

.-.z-VCP  a  2LVCp. 

Q3 
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HeDce  in  order  that  the  centripetal  force  in  the  new  orbit  may  tend  to 
C|  it  is  necessary  that 

^VCpoc^VCP. 
Again,  taking  always 

CP=Cp 
and 

VCp:  VCP::G:  F 
G  :  F  being  an  invariable  ratio,  the  equation  to  the  locus  of  p  or  the  orbit 
in  fixed  space  can  be  determined;  and  thence  (by  137,  139,  or  by  Cor. 
1,  2,  3  of  Prop.  VI)  may  be  found  the  centripetal  force  in  that  locus. 

333.  Tojlnd  the  orbit  injixed  space  or  the  locus  of  p. 
Let  the  equation  to  the  given  orbit  V  C  P  be 

where  ^  =  C  P,  and  ^  =  V  C  P,  and  f  means  any  function;  then  that  of 
the  locus  is 

«=f(-?0 (1) 

which  will  give  the  orbit  required. 

OTHERWISE. 

Let  p^  be  the  perpendicular  upon  the  tangent  in  the  given  orbit,  and  p 
that  in  the  locus ;  then  it  is  easily  got  by  drawing  the  incremental  figures 
and  simifar  triangles  (see  fig.  Prop.  XLIV)  that 

KR:  kr  ::  F:  G 
k  r  :  p  r  : :  p  :  \/  (f  • — p*) 
pr  :PR::  1:1- 
PR:KR::  V(f*  — p'«):p' 
whence 

1:1    ::  F.p  V(e«  — p'«):Gp''^(f*  — p«) 
and 

•  •  P    -  F«^*  +  (G«  — F*)p'* ^^ 

334.  Ex*  !•  Let  the  given  Trajectory  be  the  ellipse  with  the  force  in 
its  focus ;  then 

P    -2a  — f'  «"'*8-  l  +  ecos.<' 
and  therefore 

«-  b«G«(2a  — e)e* 

P    -b*(G»-,F»)  +  F«(2ae— e") 
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and 

,_       a.(l— e*) 

i  -  7F~T' 

I  +  e  cos.f  ^  <l 

Hence  since  the  force  is  (139) 

P«V«    ,/d»u  .      X 

—T  "^ai«  +  ") 

and  here  we  have 

F 
a(l  —  e')u  =  l  +  e  COS.  -y^  0 

•'•|f«  =  a«G'(^'-c«)«  ^  Ce*-(l-a(l-e«)u)'| 

^  2 F*  F* 

=  Q  +  a6«(l-e')"-G-«"' 
and  again  differentiating,  &c.  we  have 

d*u F«  G«— F' 

ff7«  "^  "  ""  G«a(l  — e*)  +        G^~  ^  "• 
But  if  2  R  =  latus-rectum  we  have 

.'.  the  force  in  the  new  orbit  is 

P'V*         jF*   .   RG'— RF*1 

gTT^  X  tTi  +  p  j 

385.  Ehc.  2.     Generally  let  the  equations  to  the  given  trajectory  be 


and 
Then  since 


»'=f(j)j 


tf   IS    —    <' 

F 

G* 

.•.d*»  =  ^d*'» 

d«u   .  F'd*u   . 


F«     "/d*u^     X    ,  F' 


and  if  the  centripetal  forces  in  the  given  trajectory  and  locus  be  named 
X,  X^,  by  189  we  have 

•gX'         F«         gX      .   G«  — F«        1 
p9  v«  "^  G*       p«V*  ^       G"  f * 
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Also  from  (2.  S33)  we  have 

1    _  Ff      J_       G'— F«      J_ 
p»  ""  G*      i/*  "*"       G*      '^  g» 

.    dp    _F«        dp'     ,  G*-F'    ■    1 

.♦.  by  189 

gX'   _F«gX  ,  G«-F«       1 

the  same  as  before. 

This  second  general  example  inoliides  the  first>  as  well  as  Prop.  XLI V, 
&c.  of  the  text. 

836. .  Another  determination  of  the  Jbree  tending  to  C  and  which  shall 
make  the  body  describe  the  locus  of  p. 

First,  as  before,  we  must  show  that  in  order  to  make  the  force  X  tend 
to  C,  the  ratio  ^VCP:  ^VCp  must  be  constant  or  ss  F  :  G. 

Next,  since  they  begin  together  the  corresponding  angular  velocities 
«,  a/  of  C  P|  C  p  are  in  th<^t  same  ratio ;  L  e. 

«  :  «' : :  F  :  G. 

Now  in  order  to  exactly  counteract  the  centrifugal  force  which  arises 
from  the  angular  motion  of  the  orbi^  we  must  add  the  same  quantity  to 
the  centripetal  force.  Hence  if  ^  f^  denote  tb^  centrifugal  forces  in  the 
given  orbit  and  the  locus,  we  have 

X'  =  X  +  ^'  — 9 

X  being  the  force  in  the  given  orbit 
But  (210) 

9  = X  -3 

g  ^ 

and 

a  «* 
when  §  is  given. 

«"         _  G*      P*V«      G«       1 

.-.  ^  =  p  X  -5-  =  f  X  -Pn  =  --r—  X  «7  X  --J 


u 


F« g         F*  '"f 


p«V«      G' F*        1 

p«V«      G»— F*        1 

X'  =  X  +  ilJLx^^-j^xi (1) 
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or 


(°   •Tr«  +  "+      P'f»    )      •     •    •    (2) 


""       g 
or 

P«V*       /dp         G«— F»\ 

=  -V-x(^,  +  -FT?-) W 

837.  Prop.  XLIV.   Take  n  p,  u  k*  similar  and  equal  to  V  P  and  V  K ; 
also 

mr:kr::^VCp:VCP. 

Then  since  always  C  P  =s  p  c,  we  ha^e 

pr  =  PR, 
Resolve  the  motions  P  K,  p  k  into  P  R,  R  K  and  p  r,  r  L     TbtQ 

RK(=:rk):rm:;AVCP;AVCp 

and  therefore  when  the  centripetal  forces  P  R,  p  r  are  equal,  the  body 
would  be  at  m.    Bat  if 

pCn:pftCk::VCp:VCP 
and 

Cn  =  Ck 

the  body  will  really  be  Jn  n. 

Hence  the  difference  of  the  forc^  is 


mkxms       (mr  —  kr),(pir4-kr) 

m  n  = =  ^ — ^ ' ^. 

m  t  m  t 

Bot  since  the  triangles  p  C  k,  p  C  n  are  given, 

K  r  a  m  r  oc  ^^— 

1  1 

•    .%  m  n  «  T^i — 1  X  — 1 . 

C  p*      m  t 

Again  since 

pCk:pCn::PCK:pCn::VCP:VCp 

: :  k  r       :  m  r      by  construction 
: :  p  C  k  :  p  C  m  ultbnately 
•\  p  C  n  =  p  C  m 
and  m  n  ultimately  passes  through  the  center.     Consequently 

m  t  =:  2  C  p  ultimately 
and 

1 
m  n  Qc  7«^ — 9 
Cp 
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OTHERWISE. 

338.  By  336, 

X'  — X  =  ^  — 9 

1 

339.  7b  ^oc^  the  variations  qfsign  of  mn. 

If  the  orbit  move  in  consequential  that  is  in  the  same  direction  as  C  P, 
the  new  centrifagal  force  would  throw  the  body  farther  from  the  center, 
that  is 

Cmis>CnorCk 
or         m  n  is  positive. 
Again,  when  the  orbit  is  projected  in  antecedentia  with  a  velocity  < 
than  twice  that  of  C  P,  the  velocity  of  C  p  is  less  than  that  of  C  P. 
Therefore 

Cmis  <  Cn 
or         m  n  is  negative. 
Again,  when  the  orbit  is  projected  in  antecedentia  with  a  velocity  = 
twice  that  of  C  P,  the  angular  velocity  of  the  orbit  just  counteracts  the 
velocity  of  C  P,  and 

m  n  =  0. 
And  finally,  when  the  orbit  is  projected  in  antecedentia  with  a  velocity 
>  2  veL  of  C  P,  the  velocity  of  Cp  is  >  veL  of  CP  or  C  m  is>  Cn,  or 

m  n  is  positive. 

OTHERWISE. 


By  338, 


mn  ex  f/  —  f 


But 


«'  =  «  +  W 
W  being  the  angular  velocity  of  the  orbit. 

.*.  m  n  a  +  2  «  W+  W* 
a+2  «  +  W 
4-  or  —  being  used  according  as  W  is  in  consequentia  or  antecedentia. 
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Heace  m  n  is  positive  or  negative  according  as  W  is  positive,  and  nega* 
live  and  >  8  m;  or  negative  and  <  2  «•     That  is,  &c.  &c 
Also  when  W  is  negative  and  =  2  «,  m  =  0.     Therefore,  &c. 
S40.  Cor*  1.     Let  D  be  the  difference  of  the  forces  in  the  orbit  and  in 
the  locus,  and  f  the  force  in  the  circle  K  R,  we  have 

D:  f : :  m  n  :  z  r 

m  k  X  m  s     rk  * 
''         ET        *•  2kc 

(m  r  +  r  k)  (m  r  —  r  k)     r  k_* 
2k  c  '  2kc 

::  m  r*  —  r  k*  :  r  k* 
::  G«— F«  :  FK 
S4L  CoR.  2.    In  the  ellipse  with  thejbrce  in  thefocuSj  we  have 
Y,  „  F •       RG«— RF« 
^      T*'*'  A^  • 

For  (C  V  being  put  =  T) 

Force  at  V  in  Ellipse  :  Do.  in  circle  : :  -r — T-vrvv  •  pry 

1  1 

' '  2  R  ■•  ST 

::T:  R 
Also  F  in  Circle  :  m  n  at  V : :  F* :  G«  —  F« 

m  n  at  y  :  m  n  at  p  ; :  Tp,  :  -r-, 

J?  .XT'     w                 .         TF«    RG«  — RF« 
•••  F  at  V  m  ellipse  :  m  n  at  p  : :  -rpj-  : r-j • 


Hence 


Vt 
-^"- A> 


we  have 

F  in  ellipse  at  V  =:  ps^^ 

and 

RG«— RF« 
mn= j3 

and 

X'  sz  H  +  mn 

F*  .    RG«— RF* 

*A^+  A^ 

8S4« 
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OTHEBWISS, 


348*    By  896, 


But 


P«V*      G* F*       1 

g  F*  f* 


X=:4 


and 


^    ^     =4lAt  =  R/*  (157) 


g  2  ^  ^  ^ 

.•.  X'  =  ^  X  I  yf  +  p         J 

348.  Cor.  3«    In  the  ellipse  with  the  force  in  the  center. 


Y,       F«A^  RG*~RF* 


v» 


For  here  X  oc  A  and  the  force  generally  a  p-vr  (140) 

Force  in  ellipse  at  V  :  Force  in  circle  at  V  : :  T  :  R 

circle  :mnatV  ::F«:G*  — F* 

:  m  n  at  p  s  ^  ^a  •*  Jl 

T.-      ir         .V             .                         F'    rr    RG«  — RF' 
/.  F  iq  ellipse  at  V  :  ro  n  at  p  :  :  ^  .  T  : xs • 

F*  A 

.*.  assuming  F  in  ellipse  at  F  =  -rfrr  >  ^®  l^ye. 


and 


F  in  ellipse  at  V  =  ~,^,  X  T 


RG«  — RF« 
.•.  m  n  = j-3 


.•.X'  <x  X  +  m  n  a ,  &c. 


OTHERWISE. 


o. .  Y  ,  P*  V«       4  (Area  of  EUipse  « 

344.  X  =  /tft  ^,  and =  — ^ /p    »  j\t      " 

^  g  g  (Period)' 


4  flit  0  S  U2 


Book  I.]  NEWTON'S  PRINCIPIA.  8M 

Therafore  by  Sd« 


X'=:^e  +  ^a*b*x^^-^   X-p 


^y!x{£;i.H»°'-«'^-} 

345.  Cob.  4.     General^  let  X  J^  /ite  /wee  tfT  P,  V  ^i  «^  V,  R  Mer 

rodnis  of  curvature  in  V,  C  V  =  T,  &c.  /A«» 

X  ex  X  +  j^ 

Fot 

F  in  orbit  at  V  :  F  in  circle  at  V  : :  T  :  R 

P  :mnatV  ::F*:G«  — F* 

mnatV  :mn  ::A*:T^ 

V  F«  G*  — F* 

.-.FinorbhatV  :  mn  ••-Vr  :VR.-       >/ 

.'.  since  b^  tbe  assumption 

V  F* 
F  in  orbit  at  V  =2    ^,* 

VR(0*  — F») 
.•.in  n  = ^-j-j '- 

and 

Y/^  V    ,   VR(G«  — F«) 


OTHERWISE. 

Tbis  may  better  be  done  after  S86,  where  it  fnast  be  observed  V  is  not 
the  same  as  the  indeterminate  quantity  V  in  this  corollary. 
346.  CoR.  5.     The  equation  to  the  new  orbit  is  (883) 

.-  GV*^» 

P    -  F*^«  +.  (G«  — F*)!/* 
[/  belonging  to  the  given  orbit 
Ex.  1.  Let  t/ie  given  orbit  be  a  common  parab(da. 
Then 


p'*  =  r^ 


G«re* 


' •  P*  ""  F«f  +  (G«  — F*)r 
and  the  new  force  is  obtained  from  886. 
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Ex.  2.    Let  the  given  orbit  be  any  one  of  Cf^ei  Spirals^  wAose  general 
equation  is 


Then  the  equation  of  SS3  becomes 


P"=  nt 


®    b*+  a*  — b*  +  {« 


which  being  of  the  same  form  as  the  fonner  shows  the  locus  to  be  dmilar 
In  each  case  to  the  given  spiral. 

This  is  also  evident  from  the  law  of  force  being  in  each  case  the  same 
(see  336)  viz. 

fg,        p«V«       G*  — F*        1 
-^  =  p^  +  —^  ^  5^"  ^  p 

1 
a  — . 

Ex.  3.     If  the  given  orbit  be  a  circle,  the  new  one  is  also. 
Ex.  4.     Let  the  given  trajectory  be  a  straight  line. 
Here  p'  is  constant     Therefore 

P  -F^  G«-y 

i*+    f^£  P 

the  equation  to  the  elliptic  spiral,  &c.  &c. 

Ex.  6.    Let  the  given  orbit  be  a  circle  with  the  force  in  its  circumference. 
Here  • 


t 


P     -  4r» 


and  we  have  from  S38 


p.=  ^*^* 


4r»F»+  (G»  — F»)f*" 
Ex.  6.     Let  the  given  orbit  be  an  ellipse  nith  force  in  thefoau. 
Here 


!/«  = 


b«g 


2a  —  £ 
and  this  gives 

P*=  F»e(2a-e)+b«(0'-  *")' 


,_  G«b*8^ 
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347.  To  find  the  poitUs  of  contrary  fieaure,  in  the  locus  put 

dp  =  0; 
and  this  gives  in  the  case  of  the  ellipse 

b«    F»  — G» 
«  =  T- — F^"" 


OTHERWISE. 

In  passing  from  convex  to  concave  towards  the  center,  the  force  in  the 
locus  must  have  changed  signs.  That  is,  at  the  point  of  contrary  flexure, 
the  force  equals  nothing  or  in  this  same  case 

F«A  +  RG«  — RF«  =0 
.-.  A  =^,  X  (F«-G«) 

_  b*   F«  — G« 

a 


And  generally  by  (336)  we  have  in  the  case  of  a  contrary  flexure 

P«V«       G* F«        1 

which  will  give  all  the  points  of  that  nature  in  the  locus* 

348.  Tojmdthe  points  where  the  locus  and  given  Trtgectcry  intersect 
one  another* 

It  is  dear  that  at  such  points 

g  =  f',  and  ^  =  2  W  »  +  ^ 
W  being  any  integer  whatever.     But 

^=  ^  ^  =  m^ 

,_  2  W<r 

This  is  independent  of  either  the  Trajectory  or  Locus. 

349.  Tojmd  the  number  of  such  intersections  during  an  entire  revolution 
ofCR 

Since  ^  cannot  be  >  2  « 
W  is  <  m  +  1  and  also  <  m  —  1 
.-.  2  W  is  <  2  m. 

2  G 

Or  the  number  required  is  the  greatest  int^r  in  2  m  or  -^ . 

This  is  also  independent  of  either  Trajectory  or  Locus. 
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850.  Tojtnd  ike  tmrnher  and  position  of  the  daubk  points  qf  the  Locus, 
L  e.  of  those  points  vAere  it  cuts  or  touches  itself* 

Having  obtained  the  equation  to  the  Lootts  find  its  singular  points 
whether  double,  triple,  kjc.  by  the  usual  methods;  or  more  simply, 
consider  the  double  points  which  are  owing  to  apses  and  pairs  of  equal 
values  of  C  P,  one  on  one  side  of  C  V  and  the  other  on  the  other,  thus : 

The  given  Trajectory  V  W  being  V 

symmetrical  on  either  side  of  V  W,  let 
W  be  the  point  in  the  locus  correspond- 
ing to  W.  Join  C  W^  and  produce 
it  indefinitely  both  ways.  Then  it  is 
clear  that  W^  is  an  apse;  also  that  the 
angle  subtended   by  V  v^  x^   W    is 

G  *      V 

=:  -=■  Xirsswc+^VCy',  w  being 

the  greatest  whole  number  in  -p,    (this 

supposes  the  motion  to  be  in  consequentia).  Hence  it  appears  that  where- 
ever  the  Locus  cuts  tha  Ime  C  W  there  is  a  double  point  or  an  apse,  and 
also  that  there  are  w  -f  1  such  points. 

Ex.  1.  Let  -p-  =  2 ;  L  e.  fe/  the  orbit  move  in  conse- 
quentia with  a  velocity  =  the  velocity  of  C  }?•  Then  z. 
V  C  /  =  0,  /  coincides  with  V,  and  the  double  points 
are  /  V,  x'  and  W. 

The  course  of  the  Locus  is  indicated  by  the  order  of 
the  figures  1,  2,  8,  4. 

Ex.  2.  Let  ^  =  8. 

Then  the  Locus  resembles  this  figure,  1,  2,  8, 
4,  5,  6.  showing  the  course  of  the  curve  in  which 
V,  x'.  A,  W  are  double  pomts  and  also  apses. 

Ex.  8.  Let  -^  =  4. 

Then  this  figure  sufficiently  traces  the  Locus. 
Its  five  double  points,  viz.  V,  x',  A,  B,  W  are 
niso  apses. 

O 

Higher  integer  values  of  -p  will  give  the  Locus 


Book  LI 


NEWTON'S  PRINCIPIA. 


257 


G 

still  more  complicated    If  -^  be  not  integer,  the 

figure  will  be  a»  in  the  first  of  this  article,  the 
double  points  lying  out  of  the  line  C  V.  More- 
over if  -«7  be  less  than  1,  or  if  the  orbit  move  in 

antecedentia  this  method  must  be  somewhat 
varied,  but  not  greatly.  These  and  other  curio* 
sities  hence  deducible,  we  leave  to  the  student 

351.  To  inoettigate  the  motion  of  (p)  Htiken  the 
elltpse,  the  force  being  in  thejbcut^  moves  in  ante' 
cederUia  mtk  a  velocitjf  =  velocity  tf  C  V  in 
consequential 
Sbce  in  this  case 

G  =  0 
.-.  (S33)  also 

p  =  0 
or  the  Locus  is  the  straight  line  C  V. 
Also  (342) 

^,  _   M   /F*       R  F^ 


=  At   X 


i 

f-R 


Hence 


vdva  X'd^a 


t* 


—  d 


I 


Rd 


i 


i 


e 


v«  « 


2r— R 


(where ^-J —  =  1 ;)  and  the  body  stops  when 

2g_l  +  e«  — A*  =  0, 

or  when 

g  =  1  +  e. 

Hence  then  the  body  moves  in  a  straight  line  C  V,  the  force  increasing 

3 

to  --  of  the  latus-reetum  fix>m  the  center,   when  it  ss  max.    Then  it 

decreases  until  the  distance  =r  -^  or  R.     Here  the  centrifugal  force  pre- 
vails,  but  the  velocity  being  then  =  max.  the  body  goes  forward  till  the 

Vol.  T.  B 
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distance  =  the  least  distance  when  v  =  0,  and  afterwards  it  is  repelled 
and  so  on  in  infinitum. 

352.  Tojlnd  when  the  velocity  in  the  Locus  =  ptax.  or  min. 
Since  in  either  case 

d.v*  =  2vdvr=0 
and 

V  d  V  =  X'  d  f 
.-.  X'  =  0 
.-.  (886) 

g  F*  f« 

Ex.  In  the  ellipse  with  the  force  in  the  focus,  we  have  (342) 

Y/  -   ^  /F«  ^  RG«  — RFS 
^  -  F^\J^  +  p  ) 

F«  .   RG«  — RF«       ^ 
•••  T  + 3 =  ^ 

u  w  F«  — G* 


F 


s 


_  b«       F«  — G' 
-  -  X        Ft      • 

b  *       L 
If  G  =  0,  V  =  max.  when  f  =  —  —  -^ ,  or  when  P  is  at  the  extre- 

a  w 

mity  of  the  latus-rectum. 

4,  o*  G*         3  <4 

If  F  =  2  G,  V  =  max.  when  i  =  R.  1^^<^  -.  5.  r  _    » 

lat  rectum. 
853.  To  find  when  the  force  X^  in  the  Locus  =  max.  or  min. 
Put  d  X'  =:  0,  which  gives  (see  336) 

3P'V'  ^  G'-F'  ^    1 

Ex.  In  the  ellipse 


and  (157) 


which  gives 


p»v»       „ 

g 
—  2F«de       8RG*dg— 8RF*df  _ 

_  8  R       F«  — G* 
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Hence  when 

0  =  0 

Xfl  3  ri 

=  max.  when  g  =  -g-  • 

When  e  =  R,  and  G  =  0.     Then 

When  F  =  2  G»  or  the  ellipse  moves  in  consequentia  with  ^  the  vela< 
city  of  C  p ;  then 

X  =  max.  when 

_  3R    4G«  — G»  _  2  « 
^  ■"  ^"*       TG^        -   8  *^' 

354.  CoR.  6.  Since  the  given  trajectory  is  a  straight  line  and  the  center 
of  force  C  not  in  ity  this  force  cannot  act  at  all  upon  the  body,  or  (336) 

X  =  0. 
Hence  in  this  case 

y,  _  P'V»  ^  G«-F'  ^    1 

where  P  =  C  V  and  V  the  given  uniform  velocity  along  V  P. 
In  this  case  the  Locus  is  found  as  in  346. 

355.  If  the  given  Trajectoiy  is  a  circle,  it  is  clear  that  the  Locus  of  p 
is  likewise  a  circle^  the  radius*vector  being  in  both  cases  invariable. 

366.  Pbop.  XLV.  J7ie  orbits  (round  the  same  center  qffofvej  acquire 
the  samejarm,  if  the  centripetal  forces  by  which  they  are  described  at  equal 
altitudes  be  rendered  proportional.'] 

Let  f  and  f  be  two  forces,  then  if  at  all  equal  altitudes 

f  a  f 
the  orbits  are  of  the  same  form. 

For  (46) 

f      d«P  1  1 

'  "^  d  t«  *  aT»  *  SP«  X  QT« 

1  1 

a  Q^.,  a  SP«xd^« 


1  I 


or 


d^*  ^  ar 


s 


and 


d  tf  (X  d  ^. 


R2 
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But  they  begin  together  and  therefore 

^  a  ^ 
and 

Hence  it  is  clear  the  orbits  have  the  same  form,  and  hence  is  also  sug- 
gested the  necessity  for  making  the  angles  0y  (f  proportional. 

Hence  then  X',  and  X  being  given,  we  can  find  -w  such  as  shall  ren- 
der the  Trajectory  traced  by  p,  very  nearly  a  circle.  This  is  done  ap- 
proximately by  considering  the  given  fixed  orbit  nearly  a  circle,  and 
equating  as  in  336. 

357.  Ex.  1.     Tojind  the  angle  between  the  apsides  when  Xf  is  constant. 

In  this  case  (342) 

Now  making  f  =  T  —  x,  where  x  is  indefinitely  diminishable^  and 
equating,  we  have 

(T  — x)'  =  F«T— F«x  +  RG«— RF» 
=  T'  — 3  T«x  +  3Tx«  — x' 
and  equating  homologous  terms  (6) 

T'=F«T+RG«  — RF*=F«  x(T  — R)+RG» 
and 

F*=  3T« 

GJ  _    T'    _  T— R 
•*•  F «  ■"  R  F «  R 

T^  T  — R 


~8RT*  R 

_  jr T  — R  _  3  R  — 2T 

3  R  R  3  R 

=  -^nearly 

since  R  is  =  T  nearly. 

Hence  when  F  =  180«  =  » 

,  =  G  =  ^%-  .  .  .  .  r (1) 

the  angle  between  the  apsides  of  the  Locus  in  which  the  force  is  constant 
368.  Ex.  2.     Let  X'  a  g°-«.    Then  as  before 

(T  — x)«  =  F*(T— x)  +  RG*  — RF» 
and  expanding  and  equating  homologous  terms 

T»  =  F*T  +  RG«— RF« 
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aod 

F»s=iiT»-'. 
But  since  T  nearly  =:  R 

T»-»  =  G* 
G»       1 
F '       n 
and  when  F  =z  9 

Thus  when  n  —  3  =  1,  we  have 

When  n  — 8  =s  —  ],n  =  2,  and/  =  -^  =  127».  le*.  46". 
Whenn  — 8  =  — -r^,n  =  -i  ,  and  y  =  8*=:S60». 

359.  Let  X'  « ^ilt£i!.     Then 

^* 

b.(T— x)»  +  c(T— x)»=F«.(T— x)+R.(G*  — FO 
and  expanding  and  equating  homologous  terms  we  get 
bT«  +  cT»  =  F*(T  — R)  +  RG» 

and 

bmT«-i  +  cnT°-*  =  ¥K 

But  R  being  nearly  =  T9  we  have 
bT»-i  +  cT«-»  =  G« 

Gf  _      bT»- ^  +  cT''-»      _      bT"  +  cT' 

''  F\^  bmT»-i  +  cnT»-»  ""  mbT«±ncT» 

which  b  more  simply  expressed  by  putting  T  =  1.     Then  we  have 

G«  _      b+c 
r"*  ""  m  b  +  n  c 
and  when  F  =  « 

y  =  G  =  flr  ^  — ^u  111 • 

'  V  m  b  +  nc 

360.  Cob.  L  Given  the  l.  between  the  apHdes  tojind  the  force. 

Let  n  :  m  :  :  360<>  :  2  7 

:  :  I8O0  =  c  :  7 

m 
'        n 

ButifX'agP-^ 

RS 
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Ex.  L  If  n  :  m  :  :  1  :  ], 


as  in  the  ellipse  about  the  focus. 

2.  If  n  :  m  :  :  363  :  360 

3.  Ifn  :  m  :  :  1  :  2 


•'•  P  =  — i 

.  X'a  •i;^-' 


X'a-1 


And  so  on. 


X'«-Tr- 
f  * 

Again  ifX'«| 


OD 


^  ""  V  0  ' 

and  the  body  having  reached  one  apse  can  never  reach  another. 

1 


7  = 


i 


V-q 
.'.  the  body  never  reaches  another  apse,  and  since  the  centrifugal  force 

«  — ; ,  if  the  body  depart  from  an  apse  and  centrifugal  force  be  >  centri- 
petal force,  then  centrifugal  is  al^cays  >  centripetal  force  and  the  body 
will  continue  to  ascend  in  infinitum. 

Again  if  at  an  apse  the  centrifugal  be  <  the  centripetal  force,  the  centri- 
fugal is  always  <  centripetal  force  and  the  body  will  descend  to  the  center. 

The  same  Is  true  if  X'  a  -i^  and  in  all  these  cases,  if 

centrifugal  =  centripetal 
the  body  describes  a  circle. 

361.  Cor.  2.  First  let  us  cdmpare  the  force  -n  — -  c  A,  belonging  to 

the  moon's  orbit,  with 

El  .   RG»— RF« 
A'"*"  A» 

Since  the  moon's  apse  proceeds,  (n  m)  is  positive. 
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.*.  —  c  A  does  not  correspond  to  n  m  and  .*.  -j-j  does  not  correspond 

Now 

J-  A  tf  A^r  ^  4l!  a  b  A"— c  A  ' 

.-.  X'a  AT=r-'a  A  ot-^ 
1  — 4c  _  F« 
•*•    1  —  2    ""  ©"« 
H'   .    RG*— RF«  _  1— 4c       8cR 
•'•A'"*"  37  "•      A»     **■  "AT" 

F«       1  — 4c      ,      ,   1 

and  not 


and 


Hence  also 


••A« A7         3:« 


ScR 
m  n  =:  — T-s- 


/  1 c 

y  =•  V  r=^Tc '  *^*^  *^^  *^^ 


362.  7b  determine  the  angle  between  the  apsides  generally. 
Let  . 

^        A» 

f  ( A)  meaning  any  function  whatever  of  A.    Then  for  Trajectories  which 

are  nearly  circular,  put 

f(.A)  _  F«A  +  R.(G«  — F«) 
A»    ""  X^ 

.-.  f.  A  =  F«A  +  R(G«— F«) 
or 

f .  (T  —  x)  =  F«  (T  —  x)  +  R  (G«  —  F«) 
But  expanding  f  (T  —  x)  by  Madaurin's  Theorem  (32) 

u  =  f  (T  — x)  =U  — U'x  +  U'' ~—  &c, 

TJ,  U'  &c.  beini;  the  values  of  u,  t—  •  t — =  &c 
'  ®  d  X   dx* 

when   X  =  0,    and   therefore   independent   of  x.      Hence    comparing 

homologous  terms  (6)  we  have 

U  =  F«T  +  R(G«  — F«) 

U'  =  F« 

R4 
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Also  since  R  =:  T  nearly 
U  =  TG» 
G»  _     U 

"5  ■ 


T.U' 
Hdice  when  F  =  «,  the  angle  between  the  apsides  is 


or 


making  T  =  1. 

Ex.  1.  Let  f  (A)  =  b  A  »  +  c  A  °  =  u 
Then 

i5  =  mbA"-»+ncA°-». 
d  X 

Hence  since  A  z=  T  when  x  =  0 

U=  fT  =  bT«°  +  cT« 

U'=:  mbT«-»  +  ncT»-* 

.  Gj  _  b  T_"  +  c  T '^ 
•*•  F  *  "  mbT«+ncT° 


or 


G«  _       b+  c 
F^  ""  m  b  +  n  c 


and 


(1) 


(2) 


V  m  b  +  n  c 
as  in  359. 

Ex.  2.  Let  f  •  (A)  =  b  A  »  +  c  A  °  +  e  A '  +  &c. 

.-.  ^  =  mbA°»-»  +  ncA°-»  +  reA'-*  +  &c. 
ax 

.-.  U  =  bT°  +cT»+eT'  +  &c. 


and 


Tx  U'  =  mbT«  +  ncT°+reT'^  +  &c 
•  G*  -  b  T^+  c  T°  +  e  T^+  &c. 
"  F« ""  mbT"»+ncT"+reT'+&c. 


or 


when  T  =  1. 
Also 


—       b  +  c  +  e  +  f+  &c. 
""  mb  +  nc+re  +  8f+  &c. 


y  =  ,     /         b  +  c  +  e... 
Vnib  +  nc  +  re  + 
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Ex.  S.  Let  U^  =  a*  =  u. 

Here  (17) 

j^  =  A«aA  X  (S  + Ala) 

Hoice 

U  =  T»  aT  X  (8  +  T  1  a) 
T  X  U'  =  T»aT(8  +  Tla) 

G^ 1 

F  •  ~  T  X  (8  +  T  1  a) 
and  when  T  =  I 

G»_        1 
F»~  S  +la 

•••''  =  ' VsTTi 

Hence  if  a  =  e  the  hyperbolic  base,  sioce  1  c  s  l,  we  have 

AT 

/  =  !• 

Ex.4.  Letf(A)  =  e^  =  u. 
Thai 

du 

.-.  U  =  e  T 
and 

T.U'  =  TeT 
G»  _    1 

.*.  Y*  ~  T 
Ex.  5.  Let    \  J  =  nn.  A. 


=  e* 


and 


A 

u  s  f(A)  =  A*  sin.  A 
.-.  U  =  T»8in.  T 

3—  =  8  A 'sin.  A  +  A 'cos.  A 
d  X 

.-.  T  U' =  8T»8m.  T  +  T^cos.  T 

.  GJ sin.T 

'**F»~Ssin.T  +  Tcos.  T 

/ sin.T 

•■• ''  -  * V  8sin.T  +  TcoB.T* 


I 
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If  T  s  ^.-  Then 

4 


=  'Jrh- 


»+-4 


368.   To  prove  thai 


bA»+cA»  1  mbj-nc_3 

A'  b  +  c 

bA»  +  cA°  =  b.(l— x)»  +  c.(l— x)» 

=  b  +  c  —  (mb-fnc)x+  &c. 
1      /-       mb+nc      ,   «^\ 

1  mb  +  nc 

I  m  b  4*^  e 

=  T— — .A      b  +  c    • 

b  +  c 

364.  Tojlnd  the  apsides  when  the  eccentricity  is  infinitely  great. 

Make 
2  q  :   V^  (n  +  1)  :  :  vdocity  in  the  curve  :  velocity  in  the  circle  of  the 
same  distance  a. 

Then  (806)  it  easily  appears  that  when  F  «  ^ » 

n+ 3 

and 

gives  the  equation  to  the  apsides,  viz. 

(a»  +  >  — f°  +  i)g«— q«a»  +  »(a*  — ^*)  =  0 
whose  roots  are 

a  (and  —  a  when  n  is  odd)  and  a  positive  and  negative  quantity  (and  when 
n  is  odd  another  negative  quantity). 

Now  when  q  =  0 

(a«  +  i_g»  +  >)l«  =  0 
two  of  whose  roots  are  0,  0,  and  the  roots  above-mentioned  consequently 
arise  from  q,  which  will  be  very  small  when  q  is. 

Again  since 

when  q  and  ^  are  both  very  small 
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and 

^  =  +  a  q. 

.*.  the  lower  apsidal  distance  is  a  q. 
A  nearer  approximation  is 


Hence 


_    •  aq 

^-=^  V(l  +  q«)- 


dtf=: qAJLJx 


^V(j«— a«q«  +  ^)  X  Q 

where  p  contains  q  ^  &c.  &c.,  and  this  must  be  integrated  from  f  =  b  to 
f  =  a  (b  =  a  q). 

Bat  since  in  the  variation  off  from  b  to  c,  Q  may  be  considered  con- 
stant, we  get 

aq  a  q 

and 

7  =  ■§->  "^  *"T •  *^^  ultimately 

the  apsidal  ^stances  required. 
Next  let 

Then  again,  make 

V  :  V  in  a  circle  of  the  same  distance  :  :  q  ^  2  :  V  (n  —  1) 
and  we  get  (306) 

pVa»-»f»-»  — (1— q«)f«  — a*q« 
and  for  the  apsidal  distances 

which  pves  (n  >  1  and  <  3) 


f  =  aqs— 
Hence 


'=/ 


aqdf 


^  V(f8-»  — q*a»-»  +  e)  X  Q 
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and 

3  — n 

2  .  c   «  •  .  3*      ^. 

y  =  o sec.-* — s — -  =  5 =  s ,&c 

'       3  —  n  i=3      3  — n      3  —  n' 

qa   > 

Hence,  the  orbit  being  indefinitely  excentric,  when 

F « ^      .     ...     we  have    .    .    .     .    y  =  -s- 
for 

Fa \, — _ y=^ 

any  number  <  1  '2 

F«I y=^^ 

1  ^ 

^number  between  1  and  2    •     •     •     •    /^"g*^* 

F«pir3 7>*. 

But  by  the  principles  of  this  9th  Section  when  the  excentricity  is  inde- 
finitely small,  and  F  a  ^ 


B 


y  -  V  (n  +  3) 


(see  358)^  and  when 

Foe  A 

y  -  ^(3  — n) 

Wherefore  when  n  is  >  1 
7  increases  as  the  excentricity  from 

V  (S  +  n)  *°  "2  • 
When  Fag 

7  =  —  is  the  same  for  all  excentricities* 

When  F  a  g  -  q 
7  decreases  as  the  excentricity  increases  from 

4*  v 

V{3  — n)*^  2" 

which  is  also  true  for  F  oc  — . 

i 
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7  decreases  as  the  excentricity  increases  from 

to 


V(3  — n)  ""S— n' 


When  F  « 

I 

y 

=  «• 

When  Fa 

1 

^  >  «  <  » 

7  increases  with  the  excentricity  from 


-7-r^ V  to 


V(3  — n)  "^S  — n* 

If  the  above  concise  view  of  the  method  of  finding  the  apsides  in  this 
particular  case,  the  opposite  of  the  one  in  the  text,  should  prove  obscure ; 
the  student  is  referred  to  the  original  paper  from  which  it  is  drawn,  viz. 
a  very  able  one  in  the  Cambridge  Philosophical  Transactions,  Vol.  I, 
Part  I,  p.  179,  by  Mr.  Whewell. 

365.  We  shall  terminate  our  remarks  upon  this  Section  by  a  brief  dis- 
cussion of  the  general  apsidal  equations,  or  rather  a  recapitulation  of  re- 
sults— ^the  details  being  developed  in  Leyboume's  Mathematical  Repository, 
—by  Mr.  Dawson  of  Sedburgh. 

It  will  have  been  seen  that  the  equation  of  the  apsides  is  of  the  form 

x"  — Ax«  — B=:0 (1) 

the  equation  of  Limits  to  which  is  (see  Wood's  Algeb.) 

nx»-' — mAx«->  =  0 •     (2) 

and  gives 


/m     .  \  n  — m 


If  n  and  m  are  even  and  A  positive,  *x  has  two  values,  and  the  number 
of  real  roots  cannot  exceed  4  in  that  case. 
Multiply  (1)  by  n  and  (2)  by  x  and  then  we  have 

(m — n)Ax"*-^nB  =  0 

which  ^ves 

and  this  will  give  two  other  limits  if  A,  B  be  positive  and  m  even ;  and  if 
(1)  have  two  real  roots  they  must  each  =  x. 
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If  m,  n  be  even  and  B,  A  positive,  there  wiU  be  two  pairs  of  eqna]  roots. 
Make  them  so  and  we  get 

n"*— "  Vm/ 

which  will  give  the  number  of  real  roots. 

(I).  If  n  be  even  and  B  positive  there  are  two  real  roots. 

(2).  If  n  be  even,  m  odd,  and  B  negative  and  (M),  the  coefficient  to 
A  %  negative,  there  are  two ;  otherwise  none. 

(3).  If  n,  m,  be  even.  A,  B,  negative,  there  are  no  real  roots. 

(4).  If  m,  n  be  even,  B  negative,  and  A  positive,  and  (M)  positive  there 
are  four  real  roots ;  otherwise  none. 

(5).  If  m,  n  be  odd,  and  (M)  positive  there  will  be  three  or  one  real. 

(6).  If  m  be  even,  n  odd,  and  A,  B  have  the  same  sign,  there  will  be 
but  one. 

(7).  If  m  be  even,  n  odd,  and  A,  B  have  different  signs,  and  M's  sign 
differs  from  B's,  there  will  be  three  or  only  one. 

(8).  If 

x»  + An»  — B  =  0 
then 


(^") 


n  — m 

A». 


is  positive,  and  it  must  be  >  B,  and  the  whole  must  be  positive. 
If 

x»»  — Ax»+  B  =  0 
the  result  is  negative. 
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366.  Prop.  XLVI.  The  shortest  line  that  can  be  drawn  to  a  plane 
from  a  given  point  is  the  perpendicular  let  fall  upon  it.  For  since 
Q  C  S  =  right  l^  any  line  Q  S  which  subtends  it  must  be  >  than  either 
of  the  others  in  the  same  triangle,  or  S  C  is  <  than  any  other  S  C. 

A  familiar  application  of  this  proposition  is  this : 

367.  hst  S  Q  6^  a  sling  mth  a  body  Q  at  the  end  qfit^  and  by  the  hand 
S  let  it  be  *a)hirled  so  as  to  describe  a  right  cone  whose  altitude  is  S  C,  and 
base  the  circle  whose  radius  is  Q  C;  required  the  time  of  a  revolution. 

LetSC  =  h,  SQ  =  1,  QC  =  r=  Vl«  — h^ 
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Hen  if  F  denote  the  resolved  part  of  the  tension  S  Q  in  the  direction 
Q  C,  or  that  part  which  would  cause  the  body  to  describe  the  circle  P  Q, 
and  gravity  be  denoted  by  1,  we  have 

F  :  1  : ;  r  :  h 

...F  =  ^. 

But  by  184,  or  Prop.  IV, 

FxP»  =  ^i^^^=  f-  X  P* 


«h 


h 


•  • 


P  =  2«^- (I) 


the  time  required. 

If  the  time  of  revolution  (P)  be  observed,  then  h  may  be  hence  obtained. 

If  a  body  were  to  revolve  round  a  circle  in  a  paraboloidal  surface,  whose 
axis  is  yertical,  then  the  reaction  of  the  surface  in  the  direction  of  the 
nonnal  will  correspond  'to  the  tension  of  the  string,  and  the  subnormal, 
which  is  constant,  wiU  represent  h.  Consequently  die  times  of  all  such 
revolutions  is  constant  for  every  such  circle. 

368.  Prop.  XLVIL  When  the  excentricity  of  the  ellipse  is  indefi-- 
nitely  diminished  it  becomes  a  straight  line  in  the  limit,  &c.  &&  &c. 

369.  Scholium*  In  these  cases  it  is  sufficient  to  consider  the  motion 
m  the  generating  curves.] 

Since  the  surface  is  supposed  perfectly  smooth,  whilst  the  body  moves 
through  the  generating  curve,  the  surface,  always  in  contact  with  the 
body,  may  revolve  about  the  axis  of  the  curve  with  any  velocity  whatever, 
without  deranging  in  l3ie  least  the  motion  of  the  body ;  and  thus  by  ad- 
justing the  angular  velocity  of  the  surface,  the  body  may  be  made  to  trace 
any  proposed  path  on  the  surface. 

If  the  surface  were  not  perfectly  smooth  the  friction  would  give  the 
body  a  tangential  velocity,  and  thence  a  centrifugal  force,  which  would 
cause  a  departure  from  both  the  curve  and  surface,  unless  opposed  by 
their  material ;  and  even  then  in  consequence  of  the  resolved  pressure  a 
rise  or  fitU  in  the  surface. 

Hence  it  is  clear  that  the  time  of  describing  any  portion  of  a  path  in  a 
surface  of  revolution,  is  equal  to  the  time  of  describing  the  corresponding 
portion  of  the  generating  curve. 

Thus  when  the  force  is  in  the  center  of  a  sphere,  and  whilst  this  force 
causes  the  body  to  describe  a  fixed  great-circle,  the  sphere  itself  revolves 
with  a  uniform  angular  velocity,  the  path  described  by  the  body  on  the 
surface  of  the  sphere  will  be  the  Spiral  of  Pappus. 
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d70.  Prop.  XL VIII  and  XLIX.    In  the  Epicycloid  and  Hy^xychid, 

s  :  2vers.  ^ : :  2  (R  + r) :  R 

where  s  is  any  arc  of  the  cwrocy  s'  the  correspondit^  one  of  the  wheels  and  R 
the  radius  of  the  glebe  and  r  that  of  the  wheels  the  -f  sign  being  medfor 
the  former  and  —  in  the  Hypocycloid.     (See  Jesuits^  notes*) 


(1) 


(2) 


OTHERWISE. 

If  p  be  the  perpendicular  let  fidl  from  C  upon  the  tangent  V  P,  we 
have  from  similar  triangles  in  the  Epicycloid  and  Hypot^cloid 

PY:CB::  VY:  VC 

or 

^«_p«:Rt  ::(R  +  2r)*— p*:  (R  +  2r)« 
which  gives 

p*=  (R  +  2r)*x  (ii+2r)«  — R«     "      "    ' 

Now  from  the  incremental  figure  of  a  curve  we  have  generally 

d  s f 

37  ""  V  (f*  —  p*) 
But 

^^"^P'"(ft±2^r-R'^^^^^"^>'-^'^ 

,         2  Vr«+Rr  ^ gd^ 

R  V  (R±2r)«— ^« 

and  integrating  from 

8  =  0,  when  ^  =  R 
we  get  

s  =  ^^^'±^^  X  {V(R±2r)'-ll'-^(R±2r)«r:^«} 

which  is  easily  transformed  to  the  proportion  enunciated. 

The  subsequent  propositions  of  this  section  shall  now  be  headed  by  a 
succinct  view  of  the  analytical  method  of  treating  the  same  subject. 

871.  Generally,  A  body  being  constrained  to  tnaoe  along  a  given  curve  by 
hnamn  forces^  required  its  velocity. 

Let  the  body  P  move  along  the  curve 
P  A,  referred  to  the  coordinates  x,  y 
originating  in  A ;  and  let  the  forces  be 
resolved  into  others  which  shall  act 
parallel  to  x,  y  and  call  the  respective 
aggregates  X,  Y.  Besides  these  we 
have  to  consider  the  reaction  (R)  of  the 
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curve  along  the  normal  P  K,  which  being  resolved  into  the  same  direc« 
tions  gives  (d  s,  being  the  element  of  the  curve) 

R  -T—  ,  and  R  ^-^ . 
ds  ds 


Hence  the  whole  forces  along  x  and  y  are  (see  46) 


F  =  X  +  »jf) 


1^ 

Again,  eliminating  R»  we  get 

2dxd«x  +  2dyd*y      -.  ^  ,      ,   ^^. 
Tys — =2Xdx  +  2Ydy 

and 

— d"T^^--'=^'^<^^'^+Y^y^ 

But 

ds'      dx'  +  dy' 

dt« dt«         ^*"' 

/.v«=2/(Xdx  + Ydy) (1) 

Hence  it  appears  that  7%tf  velocity  is  independent  of  the  reaction  of  the 
curve. 

372.  If  the  force  be  constant  and  in  parallel  lines,  such  as  gravity,  and 
X be  vertical;  then 

X=-g 
and 

¥  =  0  - 

and  we  have 

v*  =  2/— gdx 
=  2g(c  — x) 
=  2g(h-x) 
h  being  the  value  of  x,  when  v  =  0 ;  and  the  height  bom  which  it  begins  to 

fidl. 

378.  To  determine  the  motion  in  a  common  cycloidy  X/Aen  the  force  is  gravity. 
The  equation  to  the  curve  A  P  is 

T  bring  the  radius  of  the  generating  circle. 

Vol.  I.  S 
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and 

dt  =  — -=-=,-1^ =    /l-x— ii— 

V2g.V(h  — x)       '^  g        '•{hx— x') 
••.t  =  C_^-lYers.-'^(86) 

t  b^g  =  0,  when  x  s  h. 

Hence  the  whole  time  of  descent  to  the  lowest  point  is 

T  /r 

'2-  =  'V-g 
which  also  gives  the  time  of  an  oscillation. 

374.  Required  the  time  of  an  oscillation  in  a  small  circular  arc. 

Here 

J  zz  V  (2rx  —  X*) 

r  being  the  radius  of  the  circle,  and 

, rdx 

V(2rx  — x«) 

*•.  d  t  = 


V2g  V(h  — x) 

—  ^  ^J^ 

"~  vTi^  VJh  — x)(2rx  — x«)i 

?_  V  ^ r 

-  V^       VUhx  — x«)(2r  — x)I 

to  integrate  which,  put 


2  Vrhx  — x«) 

and^since 

'  x 


V 


t   =  sin.  ^ 
n 

x  shsin.'^,  2r  —  x  =  2r — hsin.*^ 
=  2  r  (1  —  ^*  sin.  *  ^),  3  *  being  putss^— 


.«.  dt_— ^— X  v(l— 3'sin.»tf)' 
Now  since  the  circular  arc  is  small,  h  is  small ;  and  therefore  3  is  so. 
And  by  expanding  the  denominator  we  get 

/v(l-/.sin.M)=/^^{^+'^'^-^''+0^*--°-*''  +  ^4 


J 
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and  integrating  by  parts  or  by  the  formula 

1  in  1 

/d^.sin."^  = cos.^sin,«-'tf  +  S! ^/dtf  sin.«-«^ 

m  m    "^ 

and  taking  it  from 


tf  =  Ototf  =  ^ 

2 


eget 


•/dtfsin.»tf=z??— ll/dtfsin.— '^ 

m 

the  accentedy^  denoting  the  Definite  Integration  from  ^=0,  to  ^=  *  . 

In.like  manner 

/  dtf sin. '--•tf  z=  1!11.IZ| /;  d  dsin.  »-*^ 

m  —  2'" 

and  so  on  to 

Hence 

/d^sin.-^zz^V^^S,'"-^) JX^ 

''*  m  (m  —  2) 2       2 

and 

/v(l-a«gn.'tf  ^""^ 
is  the  same  as 


V  (1— a«  sin. «tf)  from 
whence  then 

and  taking  the  first  term  only  as  an  approximate  value 

•  =  Wf "' 

which  equals  the  time  down  a  cydoidal  arc  whose  radius  is  -j-. 
If  we  take  two  terms  we  have 


S8 
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S75.  To  determine  the  velocity  and  time  in  a  Hypocydoid,  the  force 
tending  to  the  center  of  the  globe  and  «  g. 

By  (870) 
the  equation  to  the  Hypocydoid  is 

-  R«— D* 

by  hypothesis. 

Now  calling  the  force  tending  to  the  center  F,  we  have 

X  =  — Fx-,Y  =  — Fx^ 

.../(Xdx+Ydy)=-/Flii-±^ 

=  _/Fde 

,..v«  =  C  — 2/Fdf (1) 

But  by  the  supposition 

F  =  (<*e 
.•.v«  =  /x(h«  — ^«) {2) 

Hence 

ds            VR«  — D»^  gdg 

dt  =  —  = to  ./  .. —  X 


V 


RV/»    ^  Vi(f«— D*)(K*-f«)r 


To  integrate  it,  put 
j«  — D«  =  u« 

g^g         -dn 
••V(g*— D') 

h»  — e'  =  h*  — D*  — u» 

and  

VR»  — D*  du 

'^^'^ TVH         V(h«  — D»  — u») 

■       V(R'-D')^->    /f'-D* 

Hence  making  g  =  D,  we  have 


Osdll. 


2 

876.  Since  h  does  not  enter  the  above  expression  the  descents  are 

Isochronous.  ' 

We  also  have  it  in  another  form,  viz. 
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If  R  A>  =  g  or  force  of  gravi^  and  R  be  large  oompaied  with  b, 

T 


g 
the  same  as  m  the  common  cydoid. 

377.  Required  tojind  the  vahie  of  the  reaction  R,  viien  a  body  is  con- 
strained to  maoe  along  a  given  curve. 
As  before  (46) 

^-,_X  +  R^ 


Hence 

d 


-^._Y-R^^. 


yd'x-.d«d«y^Xdy-Ydx+Rds 

.„  Xdy^Ydx  ,  dyd«x  — dxd'y 


s 

But  if  r  be  the  radius  of  currature,  vre  have  (74) 

ds' 
'"dyd'x  — dxd*y* 
Hence 

„      Ydx  — Xdy  .    ds* 
"  = ai +  FdT' 


ar^ 


•     •  I 


(1) 


Another  expression  is 


Yd 


or 


as  r 


Ydx  — Xdy  .^ 
= ^Ti +^ 


(2) 


p  being  the  oentrifiigal  force. 
If  the  body  be  acted  on  by  gravity  only 

_gdy        ds*1 


^-  TiV'  +  rdt* 


or 


'^^T 


OT 


-£^2 


ds 


+  P 


I 

J 


(8) 


If  the  body  be  moved  by  a  constant  force  in  the  origin  of  x,  y,  we  have 

-  I? xdy  — ydx 


Ydx  — Xdy=  F 


=  F  e  d  ^. 

S3 


e 
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for 


xdy  —  ydx  =  f*dtf 

.  R  -  £ti?  +  Ail" 


or 


or 


_  F  g  d  tf  •,    v« 
-      ds     "^   r 


Fgdt   , 


(4) 


378.  To  find  the  tension  of  the  string  in  the  osciUation  of  a  common 
cycloid. 


Here 


-.dy 


R=g 


ds 


but 


d  s       r  d  t 


2a  — X 


and 


dy  =  dx^ 

ds  =  dx^^^' 

d  y  _        2  a  —  x 

ds  "  V       2a 


r  =  2V2aV'(2a  —  x) 

m 


•••R  =  gV 


ga—  X  ^  g  (h  —  x) 


2a 


V'2a  V'(2a  — x) 


_        2  a  +  h  —  2x 

""  ^*  V(4a«  — 2ax)" 


When  X  =  h 


R  =  g. 


2  a  —  h 


V  (4  a 


___  -       V^2a— Jbi) 
2  a  h)  ""  ^      V  (2  a). 


When  X  =  0 


o  2a  +  h  /,    ,^\ 


When  moreover  h  =r  2  a,  the  pressure  at  A  the  lowest  point  is    =  2  g. 

379.  To  find  the  tension  "when  the  body  oscillates  in  a  circular  arc  by 
gravity. 
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Here 

dv  =    (^-^)^^ 
^        V(2cr— X*) 

J  c  d  X 

d  s  = 


V  (2  c  X  —  X  *) 

djr  _  c  —  X 

dx  c 

r  =  c 

d  s* 

3^,  =  2g(h-x) 


R  =  g:izL5  +  ^g('^-^) 


c  +  2h  —  3  X 

=  g.  — = 

®  c 


When  X  =  0 


«  c  +  2h 

K  ='g.- 


c 

=  3  g  or  h  =  c. 
If  it  fall  through  the  whole  semicircle  from  the  highest  point 

h  =  2c, 
and 

or  the  tension  at  the  lowest  point  is  five  times  the  weight. 

When  this  tension  =  0, 

c  +  2  h 
c  +  2h  —  3x  =  09Orx  =  — ^^ • 

A  body  moving  along  a  curve  whose  plane  is  veitical  will  quit  it  when 

R  =  0 
that  is  when 

_  c  +  2h 
8 
and  then  proceed  to  describe  a  parabola. 

380.  ToJ!nd  the  motion  of  a  body  upon  a  surface  of  revolution^  when 
acted  on  by  forces  in  a  plane  passing  through  the  axis. 

Referring  the  surfece  to  three  rectangukr  axes  x,  y,  z,  one  of  which  (z) 
is  the  axis  of  revolution,  another  is  also  situated  in  the  plane  of  forces,  and 
the  third  perpendicular  to  the  other  two. 

Let  the  forces  which  act  in  the  plane  be  resolved  into  two,  one  parallel 
to  the  axis  of  revolution  Z,  and  the  other  F,  into  the  direction  of  the 
radius-vector,  projected  upon  the  plane  perpendicular  to  this  axis.     Then, 

S4 
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calling  this  projected  radius  ^  and  resolving  the  reaction  R  (^ich  also 
takes  place  in  the  same  plane  as  the  forces)  into  the  same  directions,  these 
components  are 

4-: 


R 


ds 


sapposiDg  d8=  v'(dz*  +  d;')  and  the  vhole  force  in  the  direction 
of  f'  is 

F+R^ 
d  s 

and  resolving  this  again  parallel  to  x  and  y,  we  have 


and 


'dt*  ^  d  sJ  i 


4^  =-  Z    +Rii 


Hence  we  get 

xd^y~yd^x_^  _  j  x^dy-^ydx 


Tt 


dt 


and 

dxd'x+dyd^y+dzd'z^ p    xd.x+ydy 


* 

—  Zdz 


p    dz  fxdx  +  ydy dgdzl 

*ds\  f  d  s    / 


Which,  since 


(1) 


(2) 


•  •         * 


(3^ 


, /dx*+dy*+dxS  ^„j        ^„, 

d^ ^\^i    )  =  — 2Fdf  — 2Z4z. 

Again 

dzj^dz*    dg* 
dt«""dy«'aT^* 

and  from  the  nature  of  the  section  of  the  surface  made  by  a  plane  passing 
through  the  axis  and  body,  j^  is  known  in  terms  of  f .    Let  therefore 

"  dz 

d7=P 
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and  we  have 

d  t»  "~  P   df 
Also  let  the  angle  correqMmding  to  ;  be  tf,  then 
xdy  —  ydx  =  f*d* 
and 

dx*  +  dy*  =  dg«  +  e*dtf», 
and  sobstitutuig  the  equations  (8)  and  (8)  become 

d.X^  =  0 

Integrating  th«  first  we  have 

^*dtf  =  hdt 
h  being  the  arbitrary  constant. 

or 

dt  =  llfi- (4). 

The  second  can  be  integrated  when 

—  2Fdf  —  2Zdz 

is  integrable.     Now  if  for  F,  Z,  z  we  substitute  their  values  in  terms  of  ^, 

the  expression  will  become  a  function  of  f  and  its  integral  will  be  also  a 

function  of  §.     Let  therefore 

/(F  d  ^  +  Z  d  z)  =  Q 
and  we  get 

which  gives,  putting  for  d  t  its  value 

,  jj,-       V(i  +  p;)hde  • 

Hence  also 

a  t  -        »^(1  +  P')-?*^?.  (7) 

dt-  -•Kc-2Q)g*-t«| ^^^ 

If  the  force  be  always  parallel  to  the  axis,  we  have 

F  =  0 
And  if  also  Z  be  a  constant  force,  or  if 

Z  =  g 
we  then  have 

Q  =  /Zdz  =  gz •    W 
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Z  being  to  be  expressed  in  terms  off. 

381.  Tojind  under  what  circumstances  a  body  wiU  describe  a  circle  an  a 
turf  ace  of  reodvtum. 

For  this  purpose  it  must  always  move  in  a  plane  perpendicular  to  the 
axis  of  revolution  ;  f,  z  will  be  constant ;  also  (Prop.  IV) 

I  COS.  ^  =  X 

d'x  __        g  COS.  tf  d  ^ ' 
•'•dt«  ""  dT^ 

Ako 

V    ^    2 

^      dt 

d*  X  __  V '  COS.  ^ 
•'•  dT^  ""  ^        \        •  . 
Hence  as  in  the  last  art 

V*        ^  .    «  dz 

f 


r  =  ^  +  ^d7| 


.  •••7  =  ^  +  23- (1) 

If  the  force  be  gravity  acting  vertically  along  z,  we  have 

z  =  g 

v'  d  z 

7  =  837- 

Hence  may  be  found  the  time  of  revolution  of  a  Conical  Pendukm. 
(See  also  367.) 

382.  To  determine  the  motion  of  a  body  moving  so  as  not  to  describe  a 
circle,  when  acted  on  by  gravity. 
Here 

Q  =  gz 
and 

C  —  2Q  =  2g.(k  —  z) 
k  being  an  arbitrary  quantity. 
Also  .    . 

g*  =  2  r  z  —  z* 
z  being  measured  from  the  surface.  ^ 

.-.  g  d  g  =  (r  —  z)  d  z 
and 

1  +  p«  =z    1    +  7—^ — r^  =Z  7 r-,, 

^  ^  (r  —  z)  *       (r  —  z)  * 
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Hence  (380) 


yi2g(k  — z).(2rz  — z*)  — h*i' 
In  order  that 

d  t 
the  denominator  of  the  above  must  be  put  =z  0 ;  i.  e. 

2g(k  —  z)(2rz  —  z«)  —  h«  =  0 

or 

h' 
z' —  (k  +  2  r)  z»  +  2  k  r  z  —  ^  =  0 

2g 

which  has  two  possible  roots ;  because  as  the  body  moves,  it  will  reach 

one  highest  and  one  lowest  point,  and  therefore  two  places  when 

dz       ^ 

rt  =  ^- 

Hence  the  equation  has  also  a  third  root.     Suppose  these  roots  to  be 

«>  ft  7 
where  a  is  the  greatest  value  of  z,  and/3  the  least,  which  occur  during  the 

bod/s  motion. 

Hence 

^  *  "^   V(2g)  V  U«-z).(z-l8)(7-z)- 
To  integrate  which  let 


Then 


,         .     ,1-    /z  — /3 


d0=  ^" 


2Vi(z-P).{^mj{^-~-l} 
dz 


Also 


and 


-  2V  {(«  —  z)  (z  —  i8)} 

sm.  *  tf  =  5 

a— •  p 

.•.  z  =  i8+  (a  — /3)sin.*d 

y  —  z  =  7  —  {^  +  (a  —  /S)  sin.  *  ^} 
=  (y_j3)  {1  — a*sin.M^, 


if 


=V:-5 


— /3 
7  —  & 
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.  j^  _  2rdtf 

which  is  to  be  integrated  from  z  c=  /3,  to  z  =  a ;  that  is  from 
this  expanded  in  the  same  way  as  in  S74  gives 

which  is  the  time  of  a  whole  oscillation  from  the  least  to  the  greatest 
distance. 
Also 

, ^       hdt  hdt 


t  = 


^»         2rz  —  2« 

and  i  is  hence  known  in  terms  of  z. 

38S.  A  body  acted  on  by  grcpoity  mooes  on  a  surface  of  revolution  ^ashose 
axis  is  vertical :  when  its  path  is  nearly  circular,  it  is  required  to  find  the 
angle  between  the  apsides  of  the  path  projected  in  the  plane  ^x,  y. 

In  this  case 

/Zdzc:gZ  =  Q 

and  if  at  an  apse 

^  =  a,  z  =  k 
we  have 
(C  — 2gk)a*  — h«=:  0 

.-.'C  =  ^,  +  2  g  k. 


Hence  (880) 


a 


V(l+P^^ 


^{2g(k_z)-h«(^— i,)} 


Let  —  = \-  01 


.^^^ V(l+P«)hd>, 
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^^,       2g(k-z)-h«(i,-C^) 

It  is  requisite  to  express  the  right-hand  side  of  this  equadon  in  terms 
oFm 
Now  since  at  an  apse  we  have 

«  =  O5  z  =  k,  and  ^  =:  a 
we  have  generally 

,     ,    dz       ,   d*z    «*        ^ 

the  values  of  the  differential  coefficients  being  taken  for 

M  =s  0  (see  82) 
And 

dz  =  pd^  =  —  Pf*d« 
d*z  =  —  2pfd^d«  —  ^^dtfdp 

ofy  making 

dps:  q  d^ 

d*z  =  — (2p+qf)fdgd«=  (2p  +  qf)^'d««. 
And  if  py  and  q^  be  the  values  which  p  and  q  assume  when  n  =  0, 
f  =:  a,  we  have  for  that  case, 

^t=  (2P/+  q/a)a» 

Z  =  k— p,a««  +  (2p  +q,a)a>.^*  — &c. 


Also 


Hence 


2g(k-.z)-h.(i-.-i,) 

becomes 

2  g  (p.  a «  «  -  (2  p,  +  q,  a)  a ».  ^  +  &c.)—  h  «(^  +  «•). 

Bat  when  a  body  moves  in  a  circle  of  radius  =  a,  we  have 

h«  =  g^»p  =  ga»p, 
in  this  case.  .  And  when  the  body  moves  nearly  in  a  drde,  h'  will  have 
nearly  this  value.     If  we  put 

h«  =  (l  +  ^)ga»p, 
we  shall  finally  have  to  put 

d  =  0 
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in  order  to  get  the  ultimate  angle  when  the  orbit  becomes  indefinitely  near 
a  circle.     Hence  we  may  put 

h«  =  ga'p, 
and 


g(k_z)-h«(l-±) 


2 

"  "  '  "  {"        a 

becomes 

—  {8  g  a»  p,  +  g  a*  q,}  «*  +  &c. 
in  which  the  higher  powers  of  «  may  be  n^lected  in  comparison  of  « * ; 
.  d  »»  _  _  ga»(8p,  +  q,a)««  _  —  (8  p,  +  q,  a) « « 
■'TT'-  h«(l  +  P*)  ~        P,  (1  +  p") 

_        (8  p,  +  q.  a)  >,' 

P/(l  +  P/) 
again  omitting  powers  above  « * :  for  p  =  p^  +  A  «  +  &c. 
Differentiate  and  divide  by  2  d  «,  and  we  have 

d<«  -  -p,(i  +  p;)- 

suppose ;  of  which  the  integral  is  taken  so  that 

^  =  0,  when  «  =  0 
is 

«  =  C  sin.  ^  V  N. 

And  »  passes  from  0  to  its  greatest  value,  and  consequently  ^  passes 
from  the  value  a,  to  another  maximum  or  minimum,  while  the  arc  tf  V  N 
passes  from  0  to  «-•     Hence,  for  the  angle  A  between  the  apsides  we  have 

AVN  =  fl'orA=  —T-xT 

V  N 

where 

vr  _  3  p,  +  q,  a 
^~R(1+P/)' 
384.  Let  the  surface  be  a  sphere  and  let  the  path  described  be  nearly  c 
circle  f  tojlnd  the  horizontal  angle  between  the  apsides. 

Supposing  the  origin  to  be  at  the  lowest  point  of  the  surface,  we  have 

z  =  r  —  ^(r*  —  f') 

__  d  z g 

'^  ■"  dY  ""  V  (r  =  —  f  *) 


—  d_p  __         r* 

(r«-g«) 


^        ^W         /.^_.«^J 


•*'  P'  ~  V  (r«  — a~«l 
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t 

9/  = 


1+P''=irr= 


(r«_a«)* 


r« 


.-.  N  = 


4r«  — 8a« 


Hence  the  angle' between  the  apsides  is 

A  -  •JL  _ 

"  v'(4r«  — Sa«)' 

.  The  motion  of  a  point  on  a  spherical  surface  is  manifestly  the  same  as 
the  motion  of  a  simple  pendulum  or  heavy  body,  suspended  by  an  inex- 
tensible  string  from  a  fixed  point ;  the  body  being  considered  as  a  point 
and  the  string  without  weight  If  the  pendulum  begin  to  move  in  a  ver- 
tical plane;,  it  will  go  on  oscillating  in  the  same  plane  in  the  manner  al- 
ready considered.  But  if  the  pendulum  have  any  lateral  motion  it  will 
go  on  revolving  about  the  lowest  point,  and  generally  alternately  ap- 
proaching to  it,  and  receding  from  it.  By  a  proper  adjustment  of  the  velocity 
and  direction  it  may  describe  a  circle  (134) ;  and  if  the  velocity  when  it 
is  moving  parallel  to  the  horizon  be  nearly  equal  to  the  velocity  in  a  cir- 
cle, it  will  describe  a  curve  little  differing  from  a  circle.  In  this  case  we 
can  find  the  angle  between  the  greatest  and  least  distances,  by  the  for- 
mula just  deducecl. 
Since 

^(^r^  — 3a«) 
if  a  =  0,  A  ==  -^ ,  the  apsides  are  90^  from  each  other,  which  also  ap- 

pears  from  observing  that  when  the  amplitude  of  the  pendulum's  revolu- 
tion is  very  small,  the  force  is  nearly  as  the  distance ;  and  the  body  de- 
scribes ellipses  nearly ;  of  which  the  lowest  point  is  the  center. 

If  a  =  r, 

A  =  »  =  180O 

this  is  when  the  pendulum  string  is  horizontal ;  and  requires  an  infinite 
velocity. 

If  a  =  ^  ;  so  that  the  string  is  inclined  30^  to  the  vertical ; 

A  =  -£!L  =  990  50'. 
V  13 
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If  a '  =:  -^ ;  80  that  the  string  is  inclined  45^  to  the  vertical ; 


=-Vi  = 


118^  56', 


Opt 

If  a '  =z  -^—  ;  so  that  the  string  is  inclined  60^  to  the  vertical ; 

4 

A  =  -^  =  1S60  nearly, 

385.  Lei  the  surface  be  an  inverted  cone^  with  its  ajns  vertical :  tojmd 
the  horizontal  angle  between  the  apsides  when  the  orbit  is  nearly  a  circle. 

Let  r  be  the  radius  of  the  circle  and  y  the  angle'  which  the  slant  side 
makes  with  the  horizon.    Then 

z  =  ^  tan.  7 

p  =  tan.  y 

q  =  0 


T^  3  tan.  y  ^         , 

.•.  N  = ^-s-  S3  3  COS.  *  y 

tan.  y.  sec.  *  7  ' 


and 


A  = 


cos.  7^3* 
If  7  =  6O0 

A  =  ^  =  120O. 

I 

386.  Let  the  surface  be  an  inverted  paraboloid  whose  parameter  is  c 

f  ■  =  c  z 

dz        2p 
"  *^  ""   df    ■"    c 


2 
^=   c 


.•.N  = 


6  a       2  a 
c  c  4  c* 


0+^) 


r    ""    «2   _r    A  ««• 


2a/,    ,    4a *\        c*+4a 
c 


,  or  tne  Doa^ 

N  =  2 


If  a  =  -  ,  or  the  body  revolve  at  the  extremity  of  the  focal  ordinate, 

<6 


and 

A  --^ 
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387.  When  a  body  mcfoes  on  a  conical  surface^  acted  on  by  a  force  iend^ 
ing  to  the  vertex  s  its  motion  in  the  surface  mil  be  the  same^  as  if  the  sur^ 
face  were  unwrapped^  and  made  plane^  the  force  remaining  at  the  vertex. 

Measuring  the  radius-vector  (^)  from  the  vertex,  let  the  force  be  F, 
and  the  angle  wUdi  the  slant  side  makes  with  the  base  =  y ;  then 

z  zz  I  tan.  7 
p=  tan.  7 
1  +  p  •  =  sec.  *  y 
also 

Q=:/(Fdf +  Zd2)=/Fde'. 
Hence  (880) 

,     ^  sec,  y  h  d  g 


or  putting 


and 


we  have 


h'  COS.  7  for  h 
d  ^  sec.  7  for  d  tf 

ff  cos.  7  for  g 


d.=  ""^^ 


e'V{(C-2/Fd/)/«— h'«r 
Now  d  ^  is  the  differential  of  the  angle  described  along  the  corneal  sur-- 
foce,  and  it  appears  that  the  relation  between  ^  and  ff  will  be  the  same  as 
in  a  plane,  where  a  body  is  acted  upon  by  a  central  force  F.     For  in  that 
case  we  have 

and  integrating 

pilni  +p-v  —  2/l?d^ 

which  agrees  with  the  equation  just  found. 

388.   When  a  body  moves  on  a  surface  of  revolution,  to  fold  the  reac- 
tion R. 

Take  the  three  original  equations  (380)  and  multiply  them  by  x  d  z, 

y  d  z,  (  d  ^ ;  and  the  two  first  become 

xd*xdz  _  _  F^x'dz  _  n  ilf   ^*  ^ 

d  t*        ""  f  ds  '  f 

yd*ydz  Fy«dz       „  dz«   y» 

d  t*  i  ds      g 

▼OL.  1.  T 
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add  these,  observing  that 

x»  +  y»  =  f» 

and  we  have 

{xd«x+yd»y)dz  ^  _  dz^ 

d  t*  ^  ^  ds 

Also  the  third  is 

Subtract  this,  observing  that  dz'  +  ^^*  =  <ls%  and  we  have 

(xd'x  +  yd'y)  dz  —  gdgd'z  ^ 

At}  "" 

g  (Z  d  g  —  F'  d  z)  —  R  g  d  s. 
But 

xdx+ydy  =  gdg 

xd*x  +  yd*y  +  dx*  +  dy*  =  gd*g  +  dg*. 

Hence 

(dg* — dx'  —  dy*)  dz    ,     f  d  z  d*  g — g  dgd'z    __ 


and 


Hence 


~S^^  +  dT 

g(Zdf— Fdz)  —  Rgds 

d  g*  =  d  s*  —  d  z*. 

P  _  Z  d  g  —  F  d  z       dgd'z— dzd'g 
ds  +  dt'ds 


(dx»  +  dy«  +  dz«— ds»)dz 
■*■  gdt'ds 

Now  if  r  be  the  radius  of  curvature;,  we  have  (74) 

=  ds» 

""   dgd'z  —  dzd*y 

and 

dx«  +  dy«+  dz«  =d4f« 
9  being  the  arc  described. 
Hence 


«  _  Zdg  — Fdz  ^   ds* 

^ dl         +Fai^ 

d  g*  —  d  s*    d  z  ... 


g  d  t*      *  d  s 
Here  it  is  manifest  that 

ds* 
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is  the  square  of  the  velocity  resolved  into  the  generating  curve,  and  that 

dtf«_ds« 

dt« 
is  the  square  of  the  velocity  resolved  perpendicular  to  f.     The  two  last 
terms  which  involve  these  quantities,  form  that  part  of  the  resistance 
which  is  due  to  the  centrifugal  force ;  the  first  term  is  that  which  arises 
from  the  resolved  part  of  the  forces. 
From  this  expression  we  know  the  value  of  R ;  for  we  have,  as  before 

Jf;  =  c-a/(Fdf  +  zd2). 

Also 

da*  — ds'  _  g*d^»  _h« 
dt«.   ■  "■     dt«     "■  ^*' 
Hence 

Jl^.  =  C-2/(Fdf+Zdz) 

-?• 

889.  To  fiiid  the  tension  of  a  pendulum  moving  in  a  spherical  surface. 

C  — 2/(Fd^  +  Zdz)  =  2g(k-z) 
g=  V  (2rz  — z*) 
r —  z 


Hence 


4i  = 

dz       ^(2rz  —  z*) 

d  s  _      r 
37"  ""  r-^z 

d  s  __  r  __  r 

Tz  "■  V(2rz — z«)  ■"  Y  ' 


R=£ii=i).H""'-"--i!;!!i-L   ■ 

r        ^  r  ■    {'     r 

_:g(r-Mk  — 8z) 
r 
and  hence  it  is  the  same  as  that  of  the  pendulum  oscillating  in  a  vertical 
plane  with  the  same  velocity  at  the  same  distances. 

890.  Tojind  the  Velocity j  Beactiouj  and  Motioti  cf  a  body  upoti  aty 
surface  whatever. 

Let  R  be  the  reaction  of  die  surface,  which  is  in  the  direction  of  a  nor* 
mal  to  it  at  each  point     Also  let  f,  i^  i^'  be  the  angles  which  this  normal 

T2 


I 
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mak^s  with  the  axes  of  x,  y,  z  respectively ;  wb  shall  th^  faavei  consider- 
ing the  resolved  parts  of  R  among  the  forces  which  act  on  the  pomt 


COS.  fi 


d*v 

^  =  Y+R.cos.f' 

at* 


d^z 
dt« 


=  Z+R.cosV' 


Now  the  nature  of  the  surface  is  expressed  by  an  equation  between 

X,  y,  z :  and  if  we  suppose  that  we  have  deduced  from  this  equation 

d  z  =  pdx  +  qdy 

.  d  z      -I  d  z  , 

whereprr  j^andq  =  ^, 

p  and  q  being  taken  on  the  supposition  of  y  and  x  being  constants  respec- 
tively ;  we  have  for  the  equations  to  the  normal  of  the  points  whose  co- 
ordinates are 

x,y,  z 
x'  — x+  p(z'  — z)  =  0^ 

^\  j'9  ^  being  coordinates  to  any  point  in  the  normal  (see  Lacroix, 
No-  1430 

Hence  it  appears  that  if  P  K  be  the  normal, 
P  6,  P  H  its  projections  on  planes  parallel  to 
X  z,  y  z  respectively. 
The  equation  of  P  G  is 

x'  —  x  +  p.(z' — z)  =  0,  /GL>^  /  In 

and  hence 

GN+pPN=0 
and 

GN  =  — p.PN. 
Similarly  the  equation  of  P  H  is 

y--y  +  q{2f—z)  =  o 

whence 

HN+  q.PN  =  0 

HN  =  — q.PN. 
And  hence, 

cos.  s  =  COS.  K  P  h  =  ^-^ 

GN 

•"  V(PN«  +  NG«+rtN») 


M 
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COS.  %'  =  COS.  K  P  g  =  p-v 

HN 


V(PN»+NG^  +  HN«) 

q 


"        V(l+p'  +  q')' 
Whence,  since 

C06.  •  i  +  COS.  *  t'  +  COS.  •  i''  =  1 

COS.  •  /'  =   V  (1  COS.  •  f COS.  *  •') 

1 

Substituting  these  values ;  multiplying  by  d  x,  d  y,  d  z  respecUvely,  in 

the  three  equations ;  and  oti^^serving  that 

dz  —  pdx  —  qdysO 

we  have 

dxd'x  +  dyd*y+dzd'z       ^^      ,  „,      ,   „, 
\^t  =  Xdx  +  Ydy  +  Zdz 

and  uitegrating 

dx«  +  dy*  +  dz*      o/-/vj      .   vi      .   rr  j   x 
j][,      =  8/(Xdx+  Ydy  +  Zdz) 

and  if  this  can  be  integrated,  we  have  the  velocity. 

If  we  take  the  three  original  equations,  and  multiply  them  respectively 
by  — p,  — q,  and  1,  and  then  add,  we  obtain 

d«x  d«y      d^_ 

~PaT«~^'dT«  +  dt«" 
-pX  — q  Y  +  Z  +  RV{l  +  p'+  q«). 
But 

dz=:pdx  +  qdy. 
Hence 

d'z  _     d'x         d * y      dpdx  +  dqd  y 
dp  "  PJP  +  ^iTt  *  "*■  d^^  • 

Substituting  this  on  the  first  side  of  the  above  equation,  and  taking 
the  value  of  R,  we  find 

_  pX  +  qY  — Z         dpdx  +  dqdy 
^  "  V(l+p«+  q«)  "^  dt«  V(l+p«  +q«) 
If  in  the  three  original  equations  we  e^minate  R,  we  find  two  second 
differential  equations^  involving  the  known  forces 

X,  Y,  Z 
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and  p,  q,  which  are  also  known  when  the  surfiice  is  known,  combining 
with  these  the  equation  to  the  surface,  by  whidi  z  is  known  in  terms  of 
X,  y,  we  have  equations  from  which  we  can  find  the  relation  between  the 
time  and  the  three  coordinates. 

391.  To  find  the  path  which  a  body  wUl  describe  upon  a  given  surface^ 
when  acted  upon  by  nojbrce. 

In  this  case  we  must  make 

X,  Y,  Z  each  =  0. 

Then,  if  we  multiply  the  three  equations  of  the  last  art  respectively  by 

—  (qdz  +  dy),  pdz  +  dx,  qdx  —  pdy 
and  add  them,  we  find, 

—  (qdz  +  dy)  d«x  +  (pdz+ dx)d«y  +  (qdx  — pdy)d«z 

—  (qdz+dy)  cos.  * 
+  (p  d  z  +  d  x)  COS. 
+  (qdx  —  pdy)  COS. 

or  putting  for  cos.  i,  cos;  f',  cos.  ft'  their  values 

* 

=  V(l+p«+q')^P^^^'^'''^y^~^^P^^"^^^^''"^^^~P^y^'^^' 

Hence,  for  the  curve  described  in  this  case,  we  have 

(p  d  z+d  x)  d*y=(p  d  y  —  q  d  x)  d ' z+  (q  d  z+d y)  d  * x. 

This  equation  expresses  a  relation  between  x,  y,  z,  without  any  r^rd 
to  the  time.  Hence,  we  may  suppose  x  the  independent  variable,  and 
d  *  X  =  0 ;  whence  we  have 

(pdz  +  dx)d*y  =  (pdy  —  qdx)d'z. 

This  equation,  combined  with 

dz==pdx  +  qdy, 

gives  the  curve  described,  where  the  body  is  left  to  itself,  and  moves  along 
the  surface. 

The  curve  thus  described  is  the  shortest  line  which  can  be  drawn  from 
one  of  its  points  to  another,  upon  the  surface. 

The  velocity  is  constant  as  appears  from  the  equation 

vV=2/(Xdx  +  Ydy  +  Zdz). 
By  methods  somewhat  similar  we  might  determine  the  motion  of  a  point 
upon  a  given  curve  of  double  curvature;,  or  such  as  lies  not  in  one  plane 
when  acted  upon  by  given  forces. 

393.  To^nd  the  curve  of  equal  pressurcj  or  thai  on  which  a  body  descend^ 
hig  by  the  force  of  gravity ^  presses  equally  at  all  points. 
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Let  A  M  be  the  vertical  abscissa  =  x,  M  P  the  hori* 
zontal  ordinate  =  y ;  the  arc  of  the  curve  s,  the  time  t,^ 
and  the  radius  of  curvature  at  P  =:  r,  r  beiug  positive 
when  the  curve  is  concave  to  the  axis ;  then  R  being  the 
reaction  at  P,  we  have  by  what  has  preceded. 

ds« 


*^-    ds  +FTt^ 


(1) 


'  But  if  H  M  be  the  height  due  to  the  velocity  at  P, 
A  H  =  b,  we  have 

d  s*         o       /U  \ 

3PP  =  2g(h-x). 

Also,  if  we  suppose  d  s  constant,  we  have  (74) 

d  s  d  X 


r  = 


d*y 


and  if  the  constant  value  of  R  be  k,  equation  (1)  becomes 

fc --gdy       2g(h— x)d«y 
d  s  d  s  d  X 

••    g-2V(h— X)-  ^^'^   ''^•7[7-di-2^ar=:x) 

The  right-hand  side  is  obviously  the  differential  of 

hence,  integrating 

|-  V(h-x)=  V(h-x).^  +  C, 

d  s  •"   g  V  (h  —  x)  ^"^ 

If  C  =z  0,  the  curve  becomes  a  straight  line  inclined  to  the  horizon^ 

k 
which  obviously  answers  the  condition.     The  sine  of  inclination  is  —  . 


In  other  cases  the  curve  is  found  by  equation  (2),  putting 

V(dx«+dy«)  fords  • 
and  int^rating. 
If  we  differentiate  equation  (2),  d  s  being  constant,  we  have 
d«y  Cdx     , 

■aT  = 


g 


2(h  — x)^ 
dsdx      2(h 


X) 


I 


(3) 


d«y    ~         C  

And  if  C  be  positiTe,  r  is  podtive,  and  the  curve  is  concave  to  the  axis. 

T4 
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We  have  the  curve  paraQel  to  the  axis,  as  at  C,  when  -^  sz  0,  that  is, 

;  when 


,       k  C 

when  —  =    >  ,j  r 

g       V(h  — x) 


X  =  h j^. 

When  X  increases  beyond  this,  the  curve  approaches  the  axis,  and  -r^ 

is  negative ;   it  can  never  become  <  —  1 ;  hence  B  the  limit  of  x  is 
foand  by  making 

^       ^     =-1. 


g       -/(h-x) 


or 


1,         C'g» 


If  k  be  <  g,  as  the  carve  descends  towards  Z,  it  approximates  perpe- 
tually to  the  inclination,  the  sine  of  which  is  — . 

If  k  be  >  g  there  will  be  a  point  at  which  the  curve  becomes  horizontal. 

C  is  known  from  (2),  (3),  if  we  knew  the  pressure  or  the  radius  of  cur- 
vature at  a  given  point. 

If  C  be  negative,  the  curve  is  convex  to  the  axis.  .  In  this  case  the  part 
of  the  pressure  arising  from  centrifugal  force  diminishes  the  part  arising 
from  gravity,  and  k  must  be  less  than  g. 

393.  Tojlnd  the  curve  which  cuts  a  given  assewbtage  (^  curves^  so  as  to 
make  them  SynchronottSj  or  descriptible  by  the  force  of  gravity  in  the  same 
time. 

Let  A  P,  A  P',  A  V'\  &c.  be  curves  of  the 
same  kind,  referred  to  a  common  base  A  D, 
and  differing  only  in  their  parameters,  (or  the 
constants  in  their  equations,  such  as  the  radius 
of  a  circle,  the  axes  of  an  ellipse,  &c.) 

Let  the  vertical  A  M  =  x,  M  P  (horizontal) 
=  y ;  y  &>^d  ^  being  connected  by  an  equation 
involving  a.     The  time  down  A  P  is 

/dx 
V(2gx) 
the  integral  being  taken  between 

x  =  0  and  x  =  A  M ; 
and  this  must  be  the  same  for  all  curves,  whatever  (a)  may  be. 
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Hence,  we  may  put 

Jv{2gx)^^ <^^ 

k  being  a  constant  quantity,  and  in  differentiating,  we  must  suppose  (a) 

variable  as  well  as  x  and  s. 

Let 

ds  =  pdx 

p  being  a  function  of  x,  and  a  which  will  be  of  0  dimensionsi  because  d  x, 

and  d  s  are  quantities  of  the  same  dimensions.     Hence 

/p  dx     _, 
V(2gx)-"* 
and  di£ferentiating 

//f  ^   v+qda  =  0 (2) 

^  (2  g  x)  ^  ^  ^  ' 

Now,  since  p  is  of  0  dimensions  in  x,  and  a,  it  is  easily  seen  that 

/pdx 

is  a  function  whose  dimensions  in  x  and  a  are  ^,  because  the  dimensions 
of  an  expression  are  increased  by  ]  in  integrating.  Hence  by  a  known 
property  of  homogeneous  functions,  we  have 

k  p  Vx 

''•^'^2i;~aV(2g) 
substituting  this  in  equation  (2)  it  becomes 

pdx  kda      pda  ^x  _  .^. 

V(2gx)"*'  2a       av'(2g)""         ^^ 

in  which,  if  we  put  for  (a)  its  value  in  x  and  y,  we  have  an  equation  to  the 
curve  P  F  F'. 

If  the  ffftn  time  (k)  be  that  of  fidling  down  a  vertical  height  (h),  we 
have 

and  hence,  equation  (3)  becomes 

p(adx  — xda) +da  V(hx)  =  0  .    .     .     .     (4) 

Ex.  Let  the  curves  A  P,  A  F,  A  F'  be  all  ofcloids  qf  which  the  bases 
coincide  with  A  D. 

Let  C  D  be  the  axis  of  any  one  of  these  cycloids  and  =  2  a,  a  being 
the  radius  of  the  generating  circle.     If  C  N  =  x',  we  shall  have  as  before 

—  ds  =  dx'    /?-? 
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and  since 

x^  =  2  a  —  X 

ds  =  dx^^ . 

^  2a  —  X 

Hence 

/     2a 

and  equation  (4)  becomes 

^^ii$M|=l^  +  dV(hx)  =  0    ....    (5) 


V(2a  — X) 


Let  —  =  u 
a 


so  that 

adx  —  xda=  a'du 

X  =  au; 

and  substitating 

a*du  V2   ,  ^     ,/  .1        X       ^ 
^^^■^^— ^^+daV(hau)  =  0 

du  V2  da  Vh_ 

•••  V(2u_u«)  +  ~^-^ 

•.  v'2x  vers.-»u  — 2^^  =  C (6) 

When  a  is  infinite^  the  portion  A  P  of  the  cycloid  becomes  a  yertical 

line^  and 

X  =  h,  .•.  u  =  0,  .%  C  =  0. 

Hence 

X  /  2  h  ^  .^x 

—  =  vers,  ^  / m 

a  N    a  ^ 

From  this  equation  (a)  should  be  eliminated  by  the  equation  to  the 

cycloid,  which  is 

y=:  avers.-"  —  — 'V^(2ax  —  x*)     .     ...    (8) 

and  we  should  have  the  equation  to  the  curve  required. 
Substituting  in  (8)  from  (7),  we  have 

y  z=  V(2ah)  —  v'(2ax  —  x*) 

A     _  ^ft  ^  h      xda  +  adx  —  xdx 
^""  V{2b)  V(2ax— X*) 

and  eliminating  d  a  by  (5) 

d^ 2a  —  X .2a  —  x 

dx*"        V  (2ax  —  X*)  ""       >        X 
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Bat  differentiating  (8)  supposing  (a)  constant,  we  have  in  the  peloid 

^      fS  2a  —  X 

And  hence  (31)  the  curve  P  P  P^  cuts  the  cycloids  all  at  right  angles, 
the  subnormal  of  the  former  coinciding  with  the  subtangent  of  the  latter, 
each  being 

;2a  — X 

The  curve  P  F  F'  wDl  meet  A  D  in  the  point  B,  such  that  the  given 
time  is  that  of  describing  the  whole  cycloid  A  B.  It  will  meet  the  vertical 
line  in  £,  so  that  the  body  falls  through  A  E  in  the  given  time. 

894.  If  instead  of  supposing  all  the  cycloids 
to  meet  in  the  point  A,  we  suppose  tliem  all  to 
pass  through  any  point  C,  £heir  bases  still  being 
in  the  same  line  A  D ;  a  curve  P  F  drawn  so 
that  the  times  down  P  C»  F  C,  &c«  are  all 
equal,  will  cut  all  the  cycloids  at  right  angles. 
This  may  easily  be  demonstrated. 

395.  Tojind  Tautochrmous  curves  or  those  down  ivhich  to  a  given  Jxed 
point  a  body  descending  all  distances  shall  move  in  the  same  time. 

(I)  let  the  force  be  constant  and  act  in  parallel  lines. 

Let  A  the  lowest  point  be  the  fixed  point,  D  that      3  ^ 

from  which  the  body  fidls,  A  B  verticaF,  B  D,  M  P 
horizontal.  AM  =  x,  AP  =  s,AB  =  h,  and  the 
constant  force  =:  g. 

Hien  the  velocity  at  P  is 

V  =  V  (2g.h  — x) 

and 

Af^      ds_  — ds 

^^■"~v   ""  v'2g  V(h  — x) 

and  the  whole  time  of  descent  will  be  found  by  integrating  this  firom 
X  =:  h,  to  X  =  0. 

Now,  since  the  time  is  to  be  the  same,  from  whatever  point  D  the  body 
falls,  that  is  whatever  be  h,  the  integral  just  mentioned,  taken  between  the 
limits,  must  be  independent  of  h.  That  is,  if  we  take  the  integral  so  as 
to  vanish  when 

x  =  0 
and  then  put  h  for  x,  h  will  disappear  altogether  from  the  result     This 
must  manifesdy  arise  from  its  being  possible  to  put  the  result  in  a  form 
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X* 


involving  only  -ir  >  as  r-;  >  &C'  >  ^<it  >>  from  its  being  of  0  dimensions  in 

X  and  h. 

Let 

ds  =  pdx 

where  p  depends  only  on  the  curve,  and  does  not  involve  h.    Then,  we 

have 

t  -  _  r    .  P^.^ 

'-      y  V|2g(h-x)} 
-  1      /•fpdx      I     pxdx     1.3  px'dx  ) 

nnd  from  what  has  been  said,  it  is  evident,  that  each  of  the  quantities 

/'pdx      /-pxdx     /*^px°d  X 

^h*  '"^  h^  '-^T^^" 


must  be  of  the  form 


2n-f  1 
C  X       8 

h     8 


that  is 


hence 


8n  +  I 

jTpx^dx  must  =  cx     «     ; 
px"dx=r ^— ex     8    dx; 


or  if 


2n  +  1 
P=       2       • 

c 

X*' 

2 

n  + 
2 

1            i 
-c  =  h" 

• 

- 

/  a 

« 

and 

ds  =  dx^^ 

which  is  a  proper^  of  the  cycloid. 

Without  expanding,  the  thing  may  thus  be  proved.     If  p  be  a  function 

of  m  dimensions  in  x,      .  .  P r  is  of  m  —  ^  dimensions :  and  as  the 

'    \/(h  —  x)  ^ 

dimensions  of  an  expression  are  increased  by  1  in  integrating 

J  ^(h  — x) 
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is  of  m  +  1  dimensions  in  x,  and  when  h  is  put  for  z^  of  m  -f  i  dimen- 
sions in  h.  But  it  ought  to  be  independent  of  h  or  of  0  dimensions, 
Hence 

m+i  =  0 

.".  p  =  a  »  X  "  « 
as  before. 

396.  (2)  Lei  the  force  tend  to  a  center  and  vary  as  any  Junction  of  the 
distance.    Required  the  Tautochronous  Curve. 

Let  S  be  the  center  of  force^  A  the  point  to 
which  the  body  must  descend ;  D  the  point  from 
which  it  descends.     Let  also 

SA  =  e,SD  =  f,  SP  =  ^AP  =  8 
P  being  any  point  whatever* 
Now  we  have 

v»  =  C  — 2/Fdf 
or  if 

2Pdj=f  (ri 

v*  =  p(f)  — f  (f) 
die  velocity  being  0  when  ^  ;=  f. 
Hence  the  time  of  describing  D  A  is 

^  ds 

taken  from  ^  =  f,  to  f  =  e.  And  since  the  time  must  be  the  same  what- 
ever is  D,  the  integral  so  taken  must  be  independent  of  f. 

Let 

9  ^  -^f  e  =  z 

f'i  —  f^^h 

ds  =  pdz 
p  depending  on  the  nature  of  the  curve,  and  not  involving  f. 


Then 


^"~y  V(h  — z) 


,  from  z  =  h  to  z  =  0 


ss  A- r-E- ^ ,  from  z  =:  0  to  z  =  h. 

/  V  {n  —  z) 

And  this  must  be  independent  of  f,  and  therefore  of  f  f,  and  of  h« 
Hence,  after  taking  the  integral  the  result  must  be  0  when  z  =  0,  and 
independent  of  h,  when  h  is  put  for  z.  Therefore  it  must  be  of  0  dimen- 
sions in  z  and  h.     But  if  p  be  of  n  dimensions  in  z,  or  if 

p  =  cz° 

.  ,P r  will  be  of  n  —  4  dimensions, 

V  (h  —  z) 
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and 

r~:'/  PQ — ~T  of  n  +  J  dimensions. 
Hence,  n  +  ^  =  0,  n  =  —  i,  and 

Therefore 

whence  the  curve  is  known. 

If  ^  be  the  angle  A  S  O,  we  have 

ds«  =  d^«  +  g*dtf« 
and 

whence  may  be  found  a  polar  equation  to  the  curve. 

397.  Ex.  1.     Let  the  force  vary  as  the  distance,  and  be  attracuve. 

Then 

F  =itt^  f  g  =  /i.g*; 

z  =  ff  — f>e  =  Afr(f*  — e*); 
dz  =:  2fu^d^ 

when  ;  =  e,  3—  is  infinite  or  the  cnrre  is  perpencUcular  to.S  A  at  A. 

If  S  Y,  perpendicular  upon  the  tangent  P  Y,  be  called  p,  we  have 

p«_d8*  — df* 
f»~       ds» 

-  *      d8« 

4c/»{* 
pt  -.  e*  — (1  — 4cA)f* 

If  e  =  0,  or  the  body  descend  to  the  center,  this  gives  the  logarithmic 

spiral. 

In  other  cases  let 

e  *     • 
I  — 4cA*  =  j^, 
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4CA*  = 


a 


and 


,^e»(a«-g') 


P"  = 


a 


e 


the  equation  to  the  Hypocydoid  (370) 

If  4  c  M  =  I9  the  curve  becomes  a  straight  line,  to  which  S  A  is  per- 
pendicular at  A.  . 

If  4  c  A^  be  >  I  the  curve  will  be  concave  to  the  center  and  go  off  to 

infinity. 

398*  Ex.  2.     Let  the  force  vary  inversely  as  the  square  of  the  distance. 
Then 


and  as  before  we  shall  find 


g'(g-e) 


P*=£«  —  2 

399.  A  boA/  being  acted  upon  by  a  force  in  parallel  lineSf  in  its  descent 
from  one  point  to  another y  to  find  the  Brachystochron,  or  the  curve  of  quick' 
est  descent  between  them. 

Let  A,  B  be  the  given  points,  and  A  O  P  Q  B 
the  required  curve.  Since  the  time  down 
A  O  P  Q  B  is  less  than  down  any  other  curve,  if 
we  take  another  as  A  O  p  Q  B,  which  coincides 
with  the  former,  except  for  the  arc  O  P  Q,  we 
sha]l  have 

TimedovmAO:  T.OPQ  +  T.QB,  less  than 
Time  down  AO+T.OpQ+  T.  QB 

and  if  the  times  down  Q  B  be  the  same  on  the  two  suppositions,  we  shall 

have 

T.  O  P  Q  less  than  the  time  down  any  other  arc  O  p  Q. 

The  times  down  Q  B  will  be  the  same  in  the  two  cases  if  the  velocity 
at  Q  be  the  same.  But  we  know  that  the  velocity  acquired  at  Q  is  the 
same,  whether  the  body  descend  down 

A  O  P  Q,  or  A  O  p  Q. 

Hence  it  appears  that  if  the  time  down  AOPQBbea  minimum^  the 
time  down  an/f  portion  O  P  Q  ts  also  a  minimum* 
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Let  a  Tertical  line  of  abscbsas  be  taken  in  the  direction  of  the  force; 
and  perpendicular  ordinates,  O  L,  P  M,  Q  N  be  drawn,  it  being  sup- 
posed that 

L  M  =  M  N. 

Then,  if  L  M,  M  N  be  taken  iudefinitdy  small,  we  may  consider  them 
as  representing  the  differential  of  x :  On  this  supposition,  O  P,  P  Q,  will 
represent  the  differentials  of  the  curve,  and  the  velocity  may  be  supposed 
constant  in  O  P,  and  in  P  Q.     Let 

AL  =  XyLO  =  y,  OA  =  S4 

and  let  d  X,  d  y,  d  s  be  the  differentials  of  the  abscissa,  ordinate^  and 
curve  at  Q,  and  v  the  velocity  there ;  and  d  x^,  d  y',  d  s^  V  be  the  cor- 
responding quantities  at  P.  Hence  the  time  of  describing  O  P  Q  will 
be  (46) 

d  s       d_8' 
V    "*"    v' 

which  is  a  minimum ;  and  consequently  its  differential  =  0.  This  dif- 
ferential is  that  which  arises  from  supposing  P  to  assume  any  position  as 
p  out  of  the  curve  O  P  Q ;  and  as  the  differentiak  indicated  by  d  arise 
from  supposing  P  to  vary  ks  position  along  the  curve  O  P  Q,  we  shall 
use  6  to  indicate  the  difierentiation,  on  hypothecs  of  passing  from  one 
curve  to  another,  or  the  variations  of  the  quantities  to  which  it  ii 
prefixed. 

We  shall  also  suppose  p  to  be  in  the  line  M  P,  so  that  d  x  is  not  sup- 
posed to  vary.  These  considerations  being  introdnoed,  we  tnay  pro- 
ceed thus, 

.{ll?+^}  =  o. (1) 

And  V,  v'  are  the  same  whedier  we  take  O  P  Q,  or  O  p  Q ;  for  the 
velocity  at  p  =  velocity  at  P.     Hence 


and 


«  d  s  ^    a  d  s'       ^ 

V  v' 


Now 


ds*=dx«+.dy« 
•*.dsdds  =  dyddy, 
(for  a  d  X  =  0). 
Similarly 

d  s'  a  d  s'  =  d  y'  a  d  y . 
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Substituting  the  ralue  of  d  d  s,  d  d  s^  which  these  equations  give, 

we  have 

dyddj      dy^ady^  _  ^ 
vds  Vds'  • 

And  since  the  points  O,  Q,  remain  fixed  during  the  variation  of  Ps 
position,  we  have 

dj  +  dy'  ^  const 
3dy'  =  — «dy. 
Substituting,  and  omitting  d  d  y, 

.Ay_  _  JliL  =  0. 

vds       v'  d  s' 
Or,  since  the  two  terms  belong  to  the  successive  points  O,  P,  their 
difference  will  be  the  differential  indicated  by  d;  hence, 

vds 

.-.  —f-  =:  const •*     .     .     .     (2) 

vds 

Which  is  the  property  of  the  curve ;  and  v  being  known  in  terms  of  x, 
we  may  determine  its  nature. 
Let  the  force  be  gravity ;  then 

V  =  V(2gx); 
dy 


ds  V  (2gx) 


=  const 


ds  V  X       V  a 
a  being  a  constant 

. dy _    /x 
"ds  ~  V  a 

which  is  a  properly  of  the  cycloid,  of  which  the  axis  is  parallel  to  x, 
and  of  which  the  base  passes  through  the  point  from  which  the  body 
&Ik 

If  the  body  fall  from  a  given  point  to  another  given  point,  setting  off 
^th  the  velocity  acquired  down  a  given  height;  the  curve  of  quickest 
descent  is  a  cycloid,  of  which  the  base  coincides  with  the  horizontal  line, 
from  which  the  body  acquires  its  velocity. 

400«  If  a  body  be  acted  on  by  gravity^  the  curve  of  its  quickest  descent 
from  a  given  point  to  a  given  curve,  cuts  the  latter  at  right  angles. 

Let  A  be  the  given  point,  and  B  M  the  given  curve ;  A  B  the  curve  of 
quickest  descent  cuts  B  M  at  right  angles. 

Vol.  L  U 
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It  is  manifest  the  curve  A  B  must  be  a  cycloid,  for 
otherwise  a  cycloid  might  be  drawn  from  A  to  B,  in  .^ 
which  the  descent  would  be  shorter.     If  possible,  let 
A  Q  be  the  cycloid  of  quickest  descent,  the  angle 
A  Q  B  being  acute.    Draw  another  cycloid  A  P,  and 
let  P  P'  be  the  curve  which  cuts  A  P,  A  Q  so  as  to 
make  the  arcs  A  P,  A  P'  synchronous.   Then  (394)  P  P' 
is  perpendicular  to  A  Q,  and  therefore  manifestly  T^  is 
between  A  and  Q,  and  the  time  down  A  P  is  less  than  the  time  down 
A  Q ;  therefore,  this  latter  is  not  the  curve  of  quickest  descent     Hence, 
if  A  Q  be  not  perpendicular  to  B  M,  it  is  not  the  curve  of  quickest 
descent. 

The  cycloid  which  is  perpendicular  to  B  M  may  be  the  cycloid  of 
longest  descent  from  A  to  B  M. 

401.  If  a  body  be  acted  on  by  gravity^  and  if  A.  ^  be  the 
curve  of  quickest  descent  from  the  curve  A  L  to  the  point  B ; 
A  T,  the  tangent  of  A  "L  at  A,  is  parallel  to  BY^  a  perpefh 
dicular  to  the  curve  A  B  a/  B. 

If  B  V  be  not  parallel  to  A  T,  draw  B  X  parallel  to 
A  T,  and  falling  between  B  V  and  A.  In  the  curve  A  L 
take  a  point  a  near  to  A.  Let  a  B  be  the  cycloid  of  quick- 
est descent  from  the  point  a  to  the  point  B;  and  Bb  being 
taken  equal  and  parallel  to  a  A,  let  A  b  be  a  cycloid  equal 
and  similar  to  a  B.  Since  A  B  V  is  a  right  angle,  the 
curve  B  P,  which  cuts  off  A  P  synchronous  to  A  B,  has  B  V  for  a  tan- 
gent. Also,  ultimately  A  a  coincides  with  A  T,  and  therefore  B  b  with 
B  X.  Hence  B  is  between  A  and  P.  Hence,  the  time  down  A  b  is  less 
than  the  time  down  A  P,  and  therefore,  than  that  down  A  B.  And 
hence  the  time  down  a  B  (which  is  the  same  as  that  down  A  b)  is  less 
than  that  down  A  B.  Hence,  if  B  V  be  not  parallel  to  A  T,  A  B  is  not 
the  line  of  quickest  descent  from  A  L  to  B. 

402.  Supposing  a  body  to  be  acted  on  by  any  forces  whatever^  to  determine 
the  Brachystochron. 

Making  the  same  notations  and  suppositions  as  before,  A  L,  L  O,  (see 
a  preceding  figure)  being  any  rectangular  coordinates ;  since,  as  before, 
the  time  down  O  P  Q  is  a  minimum,  we  have 

'rT+^}=» ■" 
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ads      ddsf      daav      d s' 3 v'  _  ^ 

Now  as  before  we  also  have 

ds 
supposiiig  a  d  X  =  0,  and 

ds'  d  s' 

dv  =  0 
for  ▼  is  the  velocity  at  O  and  does  not  vary  by  altering  the  curve. 

v'  =  V  +  d  V 
dv'  =  dv  +  adv  =  ddv. 


Hence 


Also 


dyady      dy^ady       d s^ a d v  ^ 
vds  v'ds'  v'*      ""    * 

11  1       dv 


v'      v+  d  v       V        V 


£' 


for  d  V ',  &c.  must  be  omitted.  Substituting  this  in  the  second  term  of 

the  above  equation,  we  have 

dy,  ady  dy'ady      d/dv3 d^y      dVa d v  _ 
"TTi  vds'     ■*"       v^ds'""  v«--" 

or 

/dy    dy\   1     dy'.dv     ds'   adv  ^ 

'   ~Vds'~dlrv"'"ds'.v»     v'«'5d^""^ 
Now  as  before 

d?      ds         *  ds  * 
And  in  the  other  terms  we  may,  since  O,  P,  are  indefinitely  near,  put 

d  s,  d  y,  V  for  d  s',  d  y',  v' : 
if  we  do  thisy  and  multiply  by  —  v,  we  have 

d.dZ_^LLil  +  l5.idv^o (2) 

ds        d  s.  V         V    ady  ^  ' 

which  will  give  the  nature  of  the  curve. 

If  the  forces  which  act  on  the  body  at  O,  be  equivalent  to  X  in  the 

<i]recdon  of  x,  and  Y  in  the  direction  of  y,  we  have  (871) 

vdv=Xdx+  Ydy 

,,^^Xdx+Ydy 

v 

\a         Yidy 
.'.  3  d  V  = ^ 

V 

U2 
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because  dy=:0,  ddx  =  0;  also  X  and  Y  are  functions  of  A  L,  and  L  0, 
and  therefore  not  affected  by  d. 

Substituting  these  values  in  the  equation  to  the  curve,  we  have 
,    dy       dy   Xdx+Ydy  ,  ds     Y  __  ^ 
as       ds  v*  V      V 


or 


J    dy      dx  Xdy  —  Ydx 

d.  j-^  — -y— . ^— = =  0 

ds       d  s 


s 


which  will  give  the  nature  of  the  curve. 

If  r  be  the  radius  of  curvature,  and  d  s  constant,  we  have  (from  74) 

d  s  d  X 


r  = 


d«y 


r  being  positive  when  the  curve  is  convex  to  A  M ; 

-    d  y       d  X 
d.  — ^  —  

and  hence 


ds 


v^       Xdy  — Ydx 
r   ""  d  s 

V* 

The  quantity  —  is  the  centrifugal  force  (310),  and  therefore  that  part 

of  the  pressure  which  arises  from  it     And ^ is  the  pressure 

which  arises  from  resolving  the  forces  perpendicular  to  the  axis.  Hence, 
it  appears  then  in  the  Brachystochron  for  any  given  forces,  the  parts  of 
the  pressure  which  arise  from  the  given  forces  and  from  the  centrifugal 
force  must  be  equal. 

403.  If  we  suppose  the  force  to  tend  to  a  center  S, 
which  may  be  assumed  to  be  in  the  line  A  M,  and  F 
to  be  the  whole  force ;  also  if 

SA  =  a,SP  =  ^,SY  =  p; 
then  we  have 

Xdy  — Ydx_ 
ds 


=  force  in  P  S  resolved  parallel  to 


YS  =  Fx  J2- 

and 

v«=  C  — 2/gFd* 

.C-2g/Fd|_Fp 

r  i 

also 

dp 
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2dp_       — 2Fdj 
•*•    p     ""C-2g/Fdf 
and  integrating 

p«  =  CMC  — 2g/Fdrf 
whence  the  relation  of  p  and  ^  is  known. 
If  the  body  begin  to  descend  from  A 
C  — 2g/Fdf  =  0 
when  f  =  a. 

404.  Ex.  1.  Zjei  the  force  vary  directly  as  the  distance. 

Here 

F  ss  fii^ 

C-2g/Fdg  =  v«  =  Mg(a«-^«) 

p«=:C>(a*— ^«) 
which  agrees  with  the  equation  to  the  Hypocycloid  (370). 

405.  Ex.  2.    Let  the  force  vary  inversely  as  the  square  of  the  distance  i 
then 


by  supposition. 


p«  =  — i- —  . ^  =  c*. * 


'•»        P    —  ^  > 

dtf  = Pll— , 

fV(^«-p') 

c  V  (a  —  g)  .dg 
e  V  (g*  +  c*g  —  c*a) 
cd| 

When  g  =  a^  d  ^  =  0 ;  when 
^'  +c*f  —  c'a  =  0 
^^\s  infinite,  and  the  curve  is  perpendicular  to  the  radius  as  at  B.    Thb 
equation  has  only  one  real  root. 

If  we  have  c  =  — ,  S  B  =  -s- 

B  being  an  apse.  * 

U3 


I 
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Ifc  =  A,SB  =  |. 

If  C  =:  — =— ; ,  S  B  ^  — J—. — i  . 

406.   Wkeii  a  body  mooes  on  a  given  surface^  to  determine  the  Brachy- 
stochron. 

Let  X,  y,  z  be  rectangular  coordinates,  x  being  vertical;  and  as  before 
let  d  s,  d  s'  be  two  successive  elements  of  the  curve ;  and  let 

d  x,  d  y,  d  z, 
d  x',  d  y',  d  z' 
be  the  corresponding  elements  of  x,  y,  z ;  then  since  the  Tnininrmm  pro- 
perty will  be  true  of  the  indefinitely  small  portion  of  the  curve,  we  have 
as  before,  supposing  v,  v'  the  velocities, 

d  s    .    d  s' 
—  +  --7-  =  mm. 
V  v^ 

...a.{^  +  if-'}  =  o (1) 

The  variations  indicated  by  d  are  those  which  arise,  supposing  d  x,  dx^ 

to  be  equal  and  constant,  and  d  y,  d  z,  d  y',  d  z'  to  vary 

Now 

ds«  =  dx*  +  dy«  +  dz* 

•*.  dsdds  =:  dyddy  -f^^^^^z. 
Similarly 

ds'ads'=  dy'ady'+dz'ddz. 

Also,  the  extremities  of  the  arc 

d  s  +  d  s' 

being  fixed,  we  have 

d  y  +  d  y'  =  const 
.-.ady  +  ady'  =  0 

d  z  +  d  z'  =  const 
.•.adz  + adz' =r  0. 
Hence 

ads  =  ^ady  +  i?adz     ) 

^  "•"  I  .     .    (2) 

ads'  =  _Jy;ady-^adzC 

d  s'       -^       d  s'         J 

And  the  surface  is  defined  by  an  equation  between  x,  y,  z,  which  we 

may  call 

£.  =  0. 
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Let  this  differentiated  give 

az=pdx  +  qdy (3) 

Hence,  since  d  x,  p,  q  are  not  affected  by  d 

ddz  =  qddy (4) 

For  the  sake  of  simplicity,  we  will  suppose  the  body  to  be  acted  on 
only  by  a  force  in  the  direction  of  x,  so  that  v,  v'  will  depend  on  x  alone, 
and  will  not  be  affected  by  the  variation  of  d  y,  d  z.  Hence,  we  have  by  (I) 

d  d  s      d  d  s' 
V  v' 

which,  by  substituting  from  (2)  becomes 

Therefore  we  shall  have,  as  before 

d.4r^3dy+d.  ^I-idz=0; 
V  d  s        ^  V  as 

and  by  equation  (4),  this  becomes 

vds^vds  ^' 

whence  the  equation  to  the  curve  is  known. 

If  we  suppose  the  body  not  to  be  acted  on  by  any  force,  v  will  be  con- 
stant, and  the  path  described  will  manifestly  be  the  shortest  line  which 
can  be  drawn  on  the  given  surface,  and  will  be  determined  by 

d.t^+q.d.^  =  0 (6) 

d  s      ^        d  s  *  ' 

If  we  suppose  d  s  to  be  constant,  we  have 

d*y  +  qd'z=i  0 
which  agrees  with  the  equation  there  deduced  for  the  path,  when  the 
body  is  acted  on  by  no  forces. 

Hence,  it  appears  that  when  a  body  moves  along  a  surface  undisturbed, 
it  will  describe  the  shortest  line  which  can  be  drawn  on  that  surface,  be- 
tween any  points  of  its  path. 

407.  Let  P  and  Q  be  two  bodies^  of  which  thejirst  Jiangs 

Jram  ajixedpoint  and  the  second  from  thejarst  by  means  of 

inextensible  strings  A  P,  PQ;  it  is  required  to  determine  the 

^maU  oscillations. 

Let 

A  M  =  X,  M  P  =  y, 

A  N  =  x',  N  Q  =  / 
A  P  =  a,  P  Q  =  a' 
mass  of  P  =  AS  of  Q  =  /ot' 
tension  of  A  P  =p,of  PQ  =  p'.  ♦ 

U4 
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Then  resolving  the  forces  p,  p',  we  have 

d*y_p'g  /— y     pg   X 

d  t*         fit   '     af  /»   *  a 

d  t«  ~         (if  '     a' 

By  combining  these  with  the  equations  in  x,  x^  and  with  the  two 

X*  ■!■  V  *  ^s  a ' 
(x'  — x)«+(/  — y)«  =  a'«; 
we  should,  by  eliminating  p,  p^  find  the  motion.     But  when  the  oscilla- 
tions are  small,  we  may  approximate  in  a  more  simple  manner. 

Let  Pf  ff  be  the  initial  values  of  y,  y'.  Then  manifestly,  p,  p'  will  de- 
pend on  the  initial  position  of  the  bodies,  and  on  their  position  at  the  time 
t :  and  hence  we  may  suppose 

p=  M  +  P^  +  Q^+  Ry  +  Sy'  +  &c 
and  similarly  for  p^ 

Now,  in  the  equations  of  motion  above,  p,  p'  are  multiplied  by  y,  y'  —  y 
which,  since  the  oscillations  are  very  small  are  also  very  small  quantities, 
(viz.  of  the  order  /S).  Hence  their  products  with  j3  will  be  of  the  order 
B\  and  may  be  neglected,  and  we  may  suppose  p  reduced  to  its  first 
term  M* 

M  is  the  tension  of  A  P,  when  jS,  ff  &c.  are  all  =  0.  Hence  it  is  the 
tension  when  P,  Q,  hang  at  rest  from  A,  and  consequently 

M  =  Ab  +  ^^ 

Similarly,  the  first  term  of  p',  whith  may  be  put  for  it  is  m^  Substi- 
tuting these  values  and  dividing  by  g,  equations  (1)  become 

gdt*       sf       af 

Multiply  the  second  of  these  equations  by  X  and  add  it  to  the  first,  and 
we  have 

gdl«         ~       Va'^    A»a         afJ'        \  a'       ^aV' 

and  manifestly  this  can  be  solved  if  the  second  member  can  be  put  in 
the  form 

—  k.(y  +  Xy') 

that  is,  if 

I 

fjitsf        /£  a  a' 
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or 


u/        a'      if  a' 
A&         a        fUBL 

_i!L==(a'k—  1)X 
At 


(8) 


Eliminating  X  we  have 
(a'k_l)a'k— ^'  =  (a'k-l)(A'+  ?^  +  ^') 
Hence 

(^-)--(>+^)('  +  r)'''=-:-~  ••••(*) 

From   this   equation  we  obtain  two  values  of  k.     Let  these  be  de- 
noted by 

*,  «k 
and  let  the  corresponding  values  of  \  be 

%«x. 
Then,  we  have  these  equations. 

and  it  is  easily  seen  that  the  integrals  of  these  equations  are 

y  +  'X/  =  ^Ccos.  t  V  (*g)  +  'D  sin.  t  V  Qk  g) 

y  +  «Xy'  =  «Cco8.  t  V  («kg)  +  'Dsin.  t  V  (*kg) 

*C,  ^JD,  *C,  •D  being  arbitrary  constants.     But  we  may  suppose 

^C  =  ^£  cos.  *e 
'D  =  »E  sin.  »e 

«C  =  *E  cos.  «e 

ly  =  «E  sin.  »e 

By  introducing  these  values  we  find 

y  +  ^X  /  =  ^E  COS.  {t  V  (^k  g)  +  "e}  1  .^x 

y  +  «X  y' =  «E  cos.  {t  V  («k  g)  +  «e}  / 

From  ihe^  we  easily  find 

y=^Z^  «»•  ^t  ^  ('»'g)+'ei  +  ^z3x  COS.  ft  V  Ck  g)+'e}| 

y=-^£^cos.  {t  V  ('kg)+'e}  +— ^cos.  |t  V  («kg)+'e|) 
The  arbitraiy  quantities  '£,  'e,  &c.  depend  on  the  initial  position  and 
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velocity  of  the  points.     If  the  velocities  of  P,  Q  =  0,  when  t  =  0,  we 

shall  have 

'E,  «e,  each  z=  0 

as  appears  by  taking  the  Differentials  of  y,  y^. 

If  either  of  the  two  ^E,  *E  be  =  0,  we  shall  have  (supposing  the  latter 

case  and  omitting  *e) 

*x^E 
y  =  ,^_,^  cos,  t  V  ( t  g) 

^E 

Hence  it  appears  that  the  oscillations  in  this  case  are  symmetrical :  that 
is,  the  bodies  P,  Q  come  to  the  vertical  line  at  the  same  time,  have  similar 
and  equal  motions  on  the  two  sides  of  it,  and  reach  their  greatest  dis- 
tances from  it  at  the  same  time.  It  is  easy  to  see  that  in  this  case,  the 
motion  has  the  same  law  of  time  and  velocity  as  in  a  cycloidal  pendulum; 
and  the  time  of  an  oscillation,  in  this  case,  extends  from  when  t  =  0  to 
when  t  V  (^k  g)  =  ^r.  Also  if  jS,  jS'  be  the  greatest  horizontal  deviation 
of  P,  Q,  we  shall  have 

y  z=  j8 .  COS.  t  V  ( *k  g) 
y'  =  jS'.cos.  t  V  (*kg). 

In  order  to  find  the  original  relation  of  /S,  ^\  (the  oscillations  will  be 
symmetrical  if  the  forces  which  urge  P,  Q  to  the  vertical  be  as  P  M,  Q  N, 
as  is  easily  seen.  Hence  the  conditions  for  symmetrical  oscillation  might 
be  determined  by  finding  the  position  of  P,  Q  that  this  might  originally 
be  the  relation  of  the  forces)  that  the  oscillations  may  be  of  this  kind,  the 
original  velocities  being  0,  we  must  have  by  equation  (5)  since  'E  =  0. 

/3  +  «X  /3'  =  0. 

Similarly,  if  we  had 

/3  +  »X  ^'  =  0 
we  should  have  *E  =  0,  and  the  oscillations  would  be  symmetrical,  and 
would  employ  a  time 


V('kg)- 
When  neither  of  these  relations  obtains,  the  oscillations  may  be  consi- 
dered as  compounded  of  two  in  the  following  manner :    Suppose  that  we 
put 

y  =  Hcos.  t  V  (^kg)  +  Kcos.  t  V  («kg)  .  •  .  (7) 
omitting  'e,  *e,  and  altering  the  constants  in  equation  (6) ;  and  suppose 
that  we  take 

M p  =  H .  COS.  tV  (*  g) ; 
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Then  p  will  oscillate  about  M  according  to  the  law  of  a  cydoidal  pen- 
dulum (neglecting  the  vertical  motion).     Also 

pPwiU  =  K.cos.  t  V  ("kg). 
Hence,  P  oscillates  about  p  according  to  a  similar  law,  while  p  oscil- 
lates about  M.     And  in  the  same  way,  we  may  have  a  point  q  so  moved, 
that  Q  shall  oscillate  about  q  in  a  time 

V(«kg) 
while  q  oscillates  about  N  in  a  time 


VTkg) 

And  hence,  the  motion  of  the  pendulum  A  P  Q  is  compounded  of  the 
motion  A  p  q  oscillating  symmetrically  about  a  vertical  line,  and  of  A  P  Q 
oscillating  symmetrically  about  A  p  q,  as  if  that  were  a  fixed  vertical  line. 

When  a  pendulum  oscillates  in  this  manner  it  will  never  return  exactly 
to  its  original  position  i£  V  %  V  'k  are  incommensurable. 

If  V  %  V  'k  are  commensurable  so  that  we  have 

m  V  *k  =  n  V  ■  k 
m  and  n  being  whole  numbers,  the  pendulum  will  at  certain  intervals,  re- 
turn to  its  original  position.     For  let 

t  V  ( *k  g)  =  2  n  <r 

then 

tV  ( *k  g)  =  2  m  » 

and  by  (7) 

y  =  H  COS.  2  n  »  +  K .  cos.  2  m  «• 

=  H  +  K, 

which  18  the  same  as  when 

t  =  0. 

And  similarly,  after  an  interval  such  that 

t  V  ( *k  g)  =  4  n  »,  6  n  flr,  &c. 

the  pendcdum  will  return  to  its  original  position,  having  described  in  the 

iotermediate  times,  similar  cycles  of  oscillations. 

408.  Ex.     Let  y!  —  iL 

a'  =  a 

to  determine  the  oscillations. 

Here  equation  (4)  becomes 

a«k«  — 4ak  =  —  2 

and 

a  k  =  2  +  V  2. 
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Also,  by  equation  (8) 

ak  =  3  —  X 

.-.  »x  =  1  +  V  2,  «X  =  1  —  V  2. 

Hence,  in  order  that  the  oscillations  may  be  symmetrical,  we  must 

either  have 

/3+  (I  +  V2)/9'=0,  whence /3'  =  —(V  2—1) /S 
or 

|3_(V2—l)/3'  =  0,  whence  JO'S   (V  2  +  1)6. 
The  two  arrangements  indicated  by  these  equations   are  thus  repre- 
sented. 


QNQ' 


Q'      N      Q 

The  first  corresponds  to 

/3'  =  (V2+l)/3      . 
or 

QN=  (V2  +  1)PM. 
In  this  case,  the  pendulum  will  oscillate  into  the  position  A  P  Q',  simi- 
larly situated  on  the  other  side  of  the  line ;  and  the  time  of  this  complete 
oscillation  will  be 

fflr  flr  .       /  a 

—  V  2)V 


J{^^2-V2)\ 


V  (2 


g 


In  the  other  case,  corresponding  to 

19'  =  — (V2-  1)^ 
Q  is  on  the  other  side  of  the  vertical  line,  and 

QN  =  (V  2— 1)PM. 
The  pendulum  oscillates  into  the  position  A  P  Q^  the  point  O  remain  - 
ing  always  in  the  vertical  line ;  and  the  time  of  an  oscillation  is 

V{2+  V2)V7- 
The  lengths  of  simple  pendulums  which  would  oscillate  respectively  m 
these  times  would  be 


2—  V  2 


and 


2  +  V  2 
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or 


1 .707  a  and  .293  a. 

If  neither  of  these  arrangements  exist  originally,  let  jS,  /9^  be  the  origi. 
nal  values  of  y,  y'  when  t  is  0.  Then  making  t  =  0  in  equation  (5),  we 
have 

»E  =  /S  +  (V  2  +  1)^' 
and 

•E  =  j3— (V  2— l)/3'. 

And  these  being  known,  we  have  the  motion  by  equation  (6). 

409.  Any  number  of  material  points  Pi,  Pg,  Ps. .  •  Q, 
hang  by  means  of  a  string  without  weighty  from  a  point 
A;  it  is  required  to  determine  their  small  oscillations  in 
a  vertical  plane. 

Let  A  N  be  a  vertical  abscissa,  and  Pi  Mi,  P9  Mj, 
&c  horizontal  ordinates ;  so  that 

A  Ml  =  Xi,  A  Mg  =  Xs,  &c. 

Pi  M,  =  yi,  P,  M,  =  yg,  &c. 

A  Pi  =  aj.  Pi  Pj   =82,  &c 

tension  of  A  Pi  =  pi,  of  Pi  Pssr  p^,  &c. 

mass  of  Pi  =  /cft],  of  Ps     ^  c>»  &c 

Hence,  we  have  three  equations,  by  resolving  the  forces  parallel  to  tlie 
horizon. 

^lii  =  _  Els  il  +  els  yg  — yi 

TF"  A^i    '  ai         A^i    '       a, 

!^«-._P!j?  y«— yi  I  P3g  ys— ys 

t  /Is  ag  /(,  a, 

^'y3_     p»g  ys— y«  ■  P«g  y«--y»^ 

dt«  /»3    '       as  A*3  '       a* 


d'y. 


(I) 


And  as  in  the  last,  it  will  appear  that  pi,  ps,  &c.  may,  for  these  small 
oscillations,  be  considered  constant,  and  the  same  as  in  the  state  of  rest. 
Hence  if 

A^l  +  A«2  +    .  .  .  .  /»ki  =  M, 

then 

Pi  =  M,    Pa  =  M  —  A^i,   ps  =  M  —  A*i  —  /»»  &c. 
Also,  dividing  by  g,  and  arranging,  the  above  equations  may  be  put  in 
this  form : 


SIS 
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yi  - 


p' 


gdt» 

gdt» 

d'ys 
gdt« 


=  _(^  +  ^y,  +  ELy! 
A*«a8        v^ttjaB       fh^  Ai^as 

.  (.^    +    JPi.)  y3   +   POL* 


A*sa3 


d'yn     _  Pnyn-1  _  Pujn 


^ 


.     (1) 


g 

The  first  and  last  of  these  equations  become  symmetrical  with  the  rest 
If  we  observe  that 

yo  =  0 
and 

Pn  +  l  =  0. 

Now  if  we  multiply  these  equations  respectively  by 

1,  X,  X',  X'',  &c. 
and  add  them,  we  have 

d'yi  +  Xd'ya  +  X^d'yg  +  &c  _ 

g^t« 

f_    PL  Pg     .     >-P«] 

lMia«  ^itAgag   '   A^sBs/       /»3aj/^* 

rx^cn-8)p^       x^^-^>p,) 

1    Mh-1  an  Ahian      J^" 

and  this  will  be  integrable,  if  the  right>hand  side  of  the  equation  be  redu- 
cible to  this  form 

—  k  (yi  +  X  yg  +  X'  ys  +  &c.). 
That  is,  if 


Mi  ai 


,     P2    _  2lPl 
Ml  as       Ms  as 


k  X  =  _  J^- +  X  r.^p«-+ -^) -^ 

Ml  as  ^Ms  a«       Mg  as/        Ms  a 

k  X'  =  _  APs.  +  X'  (_^  +  Jt. )  +  ?^* 

Ms  83  ^Ms  ag    ■    /Ms  84/        M4  a* 


kX't—8)  -  _ 


Xnn^Sj  p^  x'(D-g)p^ 

Mh-i  an  Mil  an 


(3) 
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If  we  now  eliminate 

from  these  n  equations,  it  is  easily  seen  that  we  shall  have  an  equation  of 
n  dimensions  in  k. 
Let 

%%^k »k 

be  the  n  values  of  k ;  then  for  each  of  these  there  is  a  value  of 

easily  deducible  from  equations  (3),  which  we  may  represent  by 

%  »X',  'X",  &C. 

*x',  V,  V,  &c  • 
Hence  we  have  these  equations  by  taking  corresponding  values  X  and  k, 
dV.  +  'Xd^y^+;xM«y3+&c^_,j^  ^^^  ^  .Xy.+.X'y3+  &c) 

and  so  on,  making  n  equations. 
Integrating  each  of  these  equations  we  get,  as  in  the  last  problem 

yi  +  '>^y^  +  'y^'  ys  +  &c.  =  'E  cos4t  V  Ckg)  +  >e}  i  .^. 

yi  +  '>^ya  +  *?^'ys  +  &c.  =  «Ecos.it  V(«kg)  +  ^}/    •    '     '^^ 

^E,  *E,  &c.  ^e,  'e,.&c.  being  arbitrary  constants. 

From  these  n  simple  equations,  we  can,  without  di£Sculty,  obtain  the  n 

quantities  yi,  yg,  &c     And  it  is  manifest  that  the  results  will  be  of  this 

form 
yi=«iCos.{t  V  0kg)  +  >e}+*HiCOs.{tV(ncg)  +  «e}  +  &c.-v 
y2=»H2COS.{t  V  Ckg)  +  »e}+«H8C0s.{tV(«kg)  +^}  +  &c.  V  . . .  (6) 

&c.=&c.  J 

where  'Hi,^H2,  &c.  must  be  deduced  from  i3|,  /9s,  &c.  the  original  values 

of  yi,  y«»  &c- 

If  the  points  have  no  initial  velocities  (i.  e.  when  t  =  0}  we  shall  have 
'E  =  0,  «E  =  0,  &c.      , 

We  may  have  symmetrical  oscillations  in  the  following  manner.  If, 
of  the  quantities  ^£,  '£,  ^E,  &c.  all  vanish  except  one,  for  instance  '^E ;  we 
have 

yi  +  '>^y2  +  *x'ys  +  &c.  =  0 

yi  +  "?^y«  +  '>^'y3  +  &c  =  o 

yi  +  '?^y8  +  '>^'y3  +  &c.  =  0  i^  .  .  .  .  (7) 


omitting  '^B. 


yi+*^>^ya+'Vy8+&c.='»Eco8.tV(»kg)J 
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From  the  n  —  1  of  these  equations,  it  appears  that  yg,  y3,  &c.  are  in  a 
given  ratio  to  ji ;  and  hence 

is  a  given  multiple  of  yi  and  =  m  yi  suppose.     Hence,  we  have 

m  yi  =  »E  cos,  V  ("k  g) ; 
or,  omitting  the  index  n,  which  is  now  unnecessary, 

m  yi  =  E  cos.  t  V  (k  g). 
Also  if  yg  =  eg  yi, 

m  yj  =  E  eg  cos.  t  V  (k  g) 
and  similarly  for  ys  &c. 

Hence,  it  appears  that  in  this  case  the  oscillations  are  symmetrical.  All 
the  points  come  into  the  vertical  line  at  the  same  time,  and  move  similar- 
ly, and  contemporaneously  on  the  two  sides  of  it.  The  relation  among 
the  original  ordinates  /?i,  /%,  i^s,  &c.  which  must  subsist  in  order  that  the 
oscillations  may  be  of  this  kind,  is  given  by  the  n  —  1  equations  (7), 

^1  +  *>^l%  +  *>^'ft  +  &C.  =  0 
ft  +  «Xft  +  Vft  +  &c.  =  0 
ft  +  ^ft  +  V/38  +  &c.  =  0 

&c.  =  &c. 

These  give  the  proportion  of  ft  ft,  &c ;  the  arbitrary  constant  '^E,  in 
the  remaining  equation,  gives  the  actual  quantity  of  the  original  displace- 
ment 

Also,  we  may  take  any  one  of  the  quantities  'E,  'E,  ^£1,  &c.  for  that 
which  does  not  vanish ;  and  hence  obtain,  in  a  different  way,  such  a  sys- 
tem of  n  —  1  equations  as  has  just  been  described.  Hence,  there  are  n 
different  relations  among  ft  ft,  &c  or  n  different  modes  of  arrangement, 
in  which  the  points  may  be  placed,  so  as  to  oscillate  symmetrically. 

( We  might  here  also  find  these  positions,  which  give  symmetrical  oscil- 
lations, by  requiring  the  force  in  each  of  the  ordinates  Pi  Mi,  P^  Mg  to 
be  as  the  distance;  in  which  case  the  points  Pi,  Pg,  8cc.  would  all  come 
to  the  vertical  at  the  same  time. 

If  the  quantities  V  ^k,  V  %  have  one  common  measure,  there  will  be 
a  time  after  which  the  pendulum  will  come  into  its  original  position.  And 
it  will  describe  similar  successive  cycles  of  vibrations.  If  these  quantities 
be  not  conunensurable,  no  portion  of  its  motion  will  be  similar  to  any 
preceding  portion.) 

The  time  of  oscillation  in  each  of  these  arrangements  is  easily  known ; 
the  equation 

m  yi  =  ''E  cos.  t  V  (''k  g) 


I 
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shows  that  an  osdUatioii  employs  a  time 

*  =  V-(«k~g)- 

And  hence,  if  all  the  roots. ^k,  %,  %  &c.  be  different,  the  time  is  dif« 
ferent  for  each  different  arrangement. 

If  the  initial  arrangement  of  the  points  be  different  from  aU  those  thus 
obtained,  the  oscillations  of  the  pendulum  may  always  be  considered  as 
compounded  of  n  symmetrical  oscillations.  That  is,  if  an  imaginary  pexH 
dolum  oscillate  symmetrically  about  the  vertical  line  in  a  time 


vWeV 

and  a  second  imaginary  pendulum  oscillate  about  the  place  of  the  first, 
couadered  as  a  fixed  line,  in  the  time 

and  a  third  about  the  second,  in  the  same  manner,  in  the  rime 

V  (»k  g) ' 
and  so  on;    the  n^  pendulum  may  always  be  made  to  coincide  per- 
petually with  the  real  pendulum,  by  properly  adjusting  the  amplitudes  of 
the  imaginary  oscillations.     This  appears  by  considering  the  equations 
(6),  viz. 

yi  =  'Hi  COS.  t  V  Ck  g)  +  *Hi  cos.  t  V  ("k  g)  +  &c. 
&c.  =  &C. 

Thk  principle  of  the  coexistence  of  vibrations  is  applicable  in  all  cases 
where  the  vibrations  are  indefinitely  smalL  In  all  such  cases  each  set  of 
symmetrical  vibrations  takes  place,  and  affects  the  system  as  if  that  were 
the  only  motion  which  it  experienced. 

A  &miliar  instance  of  this  principle  is  seen  in  the  manner  in  which  the 
circular  vibrations,  produced  by  dropping  stones  into  still  water,  spread 
from  their  respective  centers,  and  cross  without  disfiguring  each  other. 

If  the  oscillations  be  not  all  made  in  one  vertical  plane,  we  may  take  a 
horizontal  ordinate  z  perpendicular  to  y.  The  oscillations  in  the  direc- 
tion of  y  will  be  the  same  as  before,  and  ther^  wiU  be  similar  results  ob- 
tained with  respect  to  the  oscillations  in  the  direction  of  z. 

We  have  supposed  that  the  motion  in  the  direction  of  x,  the  vertical 
^  may  be  neglected,  wnich  is  true  when  the  oscillations  are  very 
smalL 

410.  Ex.  Let  there  be  three  bodies  all  equal  (each  =:  a&),  and  also  their 
(distances  ai,  a2,  a^  all  equal  (each  =  a). 

Vol.  I.  X 
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Here 

P   =3Afc,p2  =  2Afc,p3  =  a 
and  equations  (8)  become 

ak  =  5  — 2X 
akx  =  —  2  +  3X^X' 
a  k  X'  =  —  X  +  X'. 
Eliminating  k)  we  have 

5X  —  2X«  =  — 2  +  8X  —  X', 
5  X' —  2  X  X'  z=  —  X  +  X', 
or 

X'  =  2X«  — 2X  — 2, 
4X'  —  2XX'  =  — X 


.-.  X'  = 


or 


2X  — 4 

•%  (2  X«  — 2  X  —  2)  (2  X— 4)  =  X 

X»— 3X«+  --X  +  2  =  0, 

4 

wliich  may  be  solved  by  Trigonometrical  Tables.     We  shall  find  three 
values  of  X* 

Hence,  we  have  a  value  of  X'  corresponding  tp  each  value  of  X ;  and 
then  by  equations  (7) 

ft  +  »X/3.  +  Vft  =  0 

whence  we  find  /Ss,  jSj  in  terms  of  j3|. 
We  shall  thus  find 

Pi  =  2.  295  Pi 
or 

j3s  =  ].  848  /?! 
or 

/3g= — 643  j8i 
according  as  we  take  the  different  values  of  X. 

And  the  times  of  oscillation  in  each  case  virill  be  found  by  taking  the 
value  of 

ak  =  5  —  2  X; 
that  value  of  X  being  taken  which  is  not  used  in  equation  (TQ.     For  tbe 
time  of  oscillation  will  be  given  by  making 

t  V  (k  g)  =  T. 
If  the  values  of  j3i,  /S^,  Ps  have  not  this  initial  relation,  the  oselliations 
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will  be  diiDpoimded  in  a  manner  similar  to  that  described  in  the  example 
for  two  bodies  only. 

411.  A  flexMe  Chairij  of  uniform  thidcness^  hangs  from  ajixed  point: 
iojlnd  ils  initial  formj  that  its  small  oscillations  may  be  symmetricaL 

Let  A  M,  the  vertical  abscissa  =  x ;  M  P  the  hori- 
zontal ordinate  =:  y;  A  P  =  s,  and  the  whole  length 
AC  =:a; 

.*.  A  P  =  a  —  s. 

And  as  before,  the  tension  at  P,  when  the  oscillations 

are  small,  will  be  the  weight  of  P  C,  and  may  be  represent- 

edbya>— a.  This  tension  will  act  in  the  direction  of  a 

tangent  at  P,  and  hence  the  part  of  it  in  the  direction 

PMwiUbe 

dv 
tension  x  -r-^ 

or 

(a-s)^. 
^  d  s 

Now,  if  we  take  any  portion  P  Q  =  h,  we  shall  find  the  horizontal 

force  at  Q  in  the  same  manner.     For  the  point  Q,  supposing  d  s  constant 


d  y  I.  d  y  .   d*y    h    ,  d'y 

-T^  becomes  3-^  +  — ^  -  —  -^  -— ^ 
ds  d  s 


ds«T  +  d^~r2^''- 


(see  32). 

Also,  the  tension  will  be  a  —  s  +  b.     Hence  the  horizontal  force  in 
the  direction  N  Q,  is 

(—  +  >•)  (if +  J^-T+H 

Subtracting  from  this  the  force  in  P  M,  we  have  the  force  on  P  Q 
horizontally. 

-"(a^  +  ^-T+H 

and  the  mass  of  P  Q  being  represented  by  h,  the  accelerating  force 

(zz  i- s^  is  found.     But  since  the  different  points  of  P  Q  move 

^  mass       /  r  -^ 

with  different  velocities,  this  expression  is  only  applicable  when  h  is  inde- 
finitely small.  Hence,  supposing  Q  to  approach  to  and  coincide  with  P, 
we  have,  when  h  vanishes 

accelerating  force  on  P  =  (a  —  s)  ^— %  —  -t-^ . 

x« 
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If  for  ''k,  we  take  'k,  all  the  values  of  x  will  be  negative  except  the 
first;  therefore,  the  curve  will  cut  A  B  In  one  point  If  we  take  %,  all 
the' values  will  be  negative  except  the  two  first,  and  the  curve  cuts  A  B 
in  two  points ;  and  so  on. 

Hence,  the  forms  for  which  the  oscillations  will  be 
symmetrical,  are  of  the  kind  thus  represented. 

And  there  are  an  infinite  number  of  them,  each 
cutting  the  axis  in  a  difierent  number  o{  points. 

If  we  represent  equation  (2)  in  this  manner 

y  =  A  p  (k,  x) 
it  b  evident  that 

y  =  »A  f  (%  X) 

y  =  «A  9  (%  X) 
&c.  =  &C. 
will  each  satisfy  equation  (I).     Hence  as  before,  if  we  put 

y  =  'A^(%x)  +  «Af  (%x)  +  &c. 
and  if  ^A,  *A,  &c.  can  be  so  assumed  that  this  shall  represent  a  given 
initial  form  of  the  chain,  its  oscillations  shall  be  compounded  of  as  many 
*  coexisting  symmetrical  ones,  as  there  are  terms  'A,  'A,  &c. 

We  shall  now  terminate  this  long  digression  upon  constrained  mo- 
tion. The  reader  who  wishes  for  more  complete  information  may  con- 
sult Whewell's  Dynamics,  one  of  the  most  useful  and  elegant  treatises 
ever  written,  the  various  speculations  of  Euler  in  the  work  above  quoted, 
or  rather  the  comprehensive  methods  of  Lagrange  in  his  Mecanique 
Analytique. 

We  now  proceed  to  simplify  the  text  of  this  Xth  Section. 

412.  Prop.  L.  First,  S  R  Q  is  formed  by  an  entire  revolution  of  the 
generating  circle  or  wheel,  whose  diameter  is  O  R,  upon  the  globe 
SOQ. 

413.  Secondly,  by  taking 

C  A  :  C  O  : :  C  O  :  C  R 
we  have 

CA:CO::CA  —  CO:CO  —  CR 

::  AO  :  OR 

and  therefore  if  C  S  be  joined  and  produced  U>  meet  the  exterior  globe 

in  D,  we  have  also 

AD:  SO(::  CA:  CO)::  AO:  OR, 
But 

«•  O  R 

S  O  =  the  semi-circumference  of  the  wheel  O  R  =  — ~;^ — . 
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.'.  A  D  =  —^-5 —  =:i  the  circumference  of  the  wheel  whose  diameter  is 

A  O.  That  is  S  is  the  vertex  of  the  Hjqpocycioid  A  S^  and  A  S  is  'per- 
pendicular in  S  to  C  &  But  O  S  is  also  perpendicular  to  C  S.  There- 
fore A  S  touches  O  S  in  S»  &c. 

414.  The  similar  fgures  A  S,  S  R.] 

By  89  it  readily  appears  that  Hypocycloids  are  similar  when 

R  :  r  : :  R'  :  r' 

R  and  r  being  the  radii  of  the  globe  and  wheel ;  that  is  when 

CA  :  AO  ::CO  :  OR 
or  when 

C  A  :  C  O  : :  C  O  :  C  R 
•-.  A  S,  S  R  are  similar 

416.  V  B,  V  W  ore  equal  to  O  A,  O  R.] 

If  B  be  not  in  the  circumference  AD  let  C  V  meet  it  in  B^  Then 
V  P  being  a  tangent  at  P,  and  since  the  element  of  the  curve  A  P  is  the 
same  as  would  be  generated  by  the  revoIuti6n  of  B'  P  around  B'  as  a 
center,  and  .%  B'  P  is  perpendicular  both  to  the  curve  and  its  tangent 
P  V,  therefore  P  B,  P  B'  and  .-.  B,  B'  coincide.     That  is 

V  B  =  O  A. 

Also  if  the  wheel  O  R  describes  O  V  whilst  A  O  describes  A  B,  the 
angular  velocity  B  P  in  each  must  be  the  same,  although  at  first,  viz.  at 
O  and  A,  they  are  at  right  angles  to  each  other.  Hence  when  they  shall 
have  arrived  at  V  and  B  their  distances  from  C  B  must  be  complements 
of  each  other.     But 

^TVW  =  BVP=-J— PBV 

.*.  T  V  is  a  chord  in  the  wheel  O  R,  and 

.-.  V  W  =  OR. 
See  also  the  Jesuits'  note. 

OTHERWISE. 

416.  Construct  the  curve  S  P,  to  which  tbue  radius  of  curvature  to  every 
point  of  S  R  ^  is  a  tangent ;  or  which  is  the  same,  find  S  A  the  Locus  of 
the  Centers  of  Curvature  to  S  R  Q. 

Hence  is  suggested  the  following  generalization  of  the  Problem,  viz. 

417.  To  make  a  body  oscillate  in  any  given  curve. 

Let  S  R  Q  (Newton's  fig.)  the  given  curve  be  symmetrical  on  both  sides 

X4 
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of  R.     Then  if  x,  y  be  the  rectangular  coordinates  referred  to  the  vertex 
Ry  and  a,  jS  those  of  the  centers  of  curvature  (P)  we  have 

r*  =  PT*  =  (y  — /3)«  +  (x  — a)«. 
Hence,  the  contact  being  of  the  second  order  (74) 

X  -  «  +  (y  -  ^)  Jl  =  0 (1) 

and 

i+^i-;+(y-^)^;y.=o  . (2) 

These  two  equations  by  means  of  that  of  the  given  cun^e,  will  give  us 
8  in  terms  of  a,  or  the  equation  to  the  Locus  of  the  centers  of  curvature. 

Let  S  A  be  the  Locus  corresj^onding  to  S  R,  and  A  Q  the  other  half. 
Then  suspending  a  body  from  A  attached  to  a  string  whose  length  is  fi  A, 
when  this  string  shall  be  stretched  into  any  position  APT,  it  is  evident 
that  P  being  the  point  where  the  string  quits  the  locus  is  a  tangent  to  it, 
and  that  T  is  a  point  in  S  R  Q. 

Ex.  L     Let  SR  Q  be  the  common  parabola. 

Here 

y'  =  2  a  X 

d  y        a 

"dx  "■   y 

*y_         a     dy^        ***_ 


dx*  y*    ax  y^  2  x  y 

.*.  substituting  we  get 

X  — «  +  (y— >).  ^  =  0 
and 

•••^-«  +  tO  +  21e)'^  =  «  =  «"-"  +  " 


or 
and 


a  =  3  X  +  a-v 


But 


y'  =  2  ax 

^,        4x«.y«    •    8x' 
a*  a 
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8        (a  —  a)  *  8 

=  T^        27        =277- <*-*)'    •     .     .     (S) 

Now  when  j3  =  0^  a  =  a;  which  shows  that  A  R  the  length  of  the 
string  must  equal  a  '  Also  making  A  the  origin  of  abscissas,  that  is,  aug^ 
menting  «  by  a,  we  have 

^         27  a 

the  equation  to  the  semicubical  parabola  A  S,  A  Q,  which  may  be  traced 
by  the  ordinary  rules  (35,  &c);  and  thereby  the  body  be  made  to  oscillate 
in  the  common  parabola  S  Q  R. 

Ex.  2.     Ijet  SRQbe  an  ellipse. 

Then,  referring  to  its  center,  instead  of  the  vertex, 

b* 

or 

B*y«  +  b«x*  =  a*b« 


and 


.'.a«yj|  +  b«x  =  0 

a«y!ilZ+a«^l  +  b»  =  0. 
■^  d  X  dx' 


These  give 


and 


d  y  _        b'  X 
dx  ""        a*  y 

d^y  __ 


Hence 


dx'  a'y'* 

_  (a«  — b«)x» 


a  =r 

a* 


and 


p^        (a'-b')y^ 


b* 
Hence  substituting  the  values  of  y  and  x  in 

a«y»  +  b*x«  =  a*b« 
we  get 

(i^)* + (f^.)* = > <•) 

the  equation  to  the  Locus  of  the  centers  of  curvature. 
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In  the  annexed  figure  let 

SC  =  b,  CR  =  a 

CM=x,  TM  =  y. 
Then 

PN  =  ftCN  =  «.  0 

And  to  construct  A  S^  by  points,  first  put      ^^ 

(3  =  0  T 

whence  by  equation  (a) 

.  a«—  b* 
—         a 

the  value  of  A  C     Let 

a  =z  0 
then 

o«  b« 

the  value  of  S'  C  or  C  Q'. 

Hence  to  make  a  body  oscillate  in  the  semi-ellipse  S  R  Q  we  must 
take  a  pendulum  of  the  length  A  R,  (part  =  A  P  S'  flexible,  and  part 
=  S  S'  rigid ;  because  S  S^  is  horizontal,  and  no  string  however  stretched 
can  be  horizontal — see  Whewell's  Mechanics,)  and  suspend  it  at  A. 
Then  A  P  being  in  contact  with  the  Locus  AS',  P  T  will  also  touch 
A  S  in  P,  &c.  &c. 

Ex.  3.  Let  S  R  Q  6^  the  common  cycloid  g 

The  equation  to  the  cycloid  is 

^ = v^^ = .7(V' -  0 


d«y  _  _T^ 


whence  it  is  found  that 

a  =  x  +  2V(2ry— y«) 

^  =  -y 


} 


Hence 


and 


da  ^  2r  —  y 
dx  ""       y 


dS  dy  y2r  — y 

dx  dx  ^       y 


dS 
"da  V  2r  — y  V  2r  +|8 

which  is  also  the  equation  of  a  cycloid,  of  which  the  generating  circle  is 


V  2r  — y  N  2r  + 
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precisely  the  same  as  the  former,  the  only  di£Perence  consisting  in  a  change 
of  sign  of  the  ordinate,  and  of  the  origin  of  the  abscissae. 

The  rest  of  this  section  is  rendered  sufficiently  intelligible  by  the 
Notes  of  P.  P.  Le  Seur  and  Jacquier ;  and  by  the  ample  supplementary 
matter  we  have  inserted. 


SECTION  XL 


417.  Pbop.  LVII.     Two  bodies  attracting  one  another,  describe  round 
each  other  and  round  the  center  of  gravity  similar  figures. 

Q 


T  t 

Since  the  mutual  actions  will  not  affect  the  center  of  gravity,  the  bodies 
will  always  lie  in  a  straight  line  passing  through  C,  and  their  distances 
from  C  will  always  be  in  the  same  proportion. 

.-.  SC:  TC::  PC:  QC 

and 

z.SCT  =  QCP. 

« 

.'» the  figures  described  round  each  other  are  similar. 

Also  if  T  t  be  taken  =  S  P,  the  figure  which  P  seems  to  describe 
round  S  wiU  be  t  Q,  and 

Tt:  TQ::SP:  TQ 
::  Cl>:  CQ 
and 

/ltTQ  =  PCQ. 
'/.  the  figures  t  Q,  P  Q,  are  similar ;  and  the  figure  which  S  seems  to 
describe  round  P  is  similar,  and  equal  to  the  figure  which  P  seems  to 
describe  round  S. 

418.  Prop.  LVIII.  If  S  remained  at  rest,  a  figure  might  be  de- 
scribed by  P  round  S,  similar  and  equal  to  the  figures  which  P  and  S 
seem  to  describe  round  each  other,  and  by  an  equal  force. 
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Curves  are  supposed  similar  and  Q  R,  q  r  indefinitely  small.  Let  P  and 
p  be  projected  in  directions  P  R,  p  r  (making  equal  angles  C  P  R,  s  p  r) 
with  such  velocities  that 

*   —  -      ^"S      _  v^'CP  _  VPQ 


V  sp         V'pq 


ds^ 


Then  f  since  d  t  =  — \ 


t 


PQ 


pq   VPQ 

But  in  the  beginning  of  the  motion  f  = 


Vpq   _  VPQ_  VQR 

vTq" 

S 


V  qv 


2 


•  • 


F  _  Q  R    J[r  _   1 
T  ■"    qr  'QR-  T* 

The  same  thing  takes  place  if  the  center  of  gravity  and  the  whole  system 
move  uniformly  forward  in  a  straight  line  in  fixed  space. 

419.  CoR.  1.  If  F  QB  Dj  the  bodies  will  describe  round  the  common 
center  of  gravity,  and  round  each  other,  concentric  ellipses,  {or  such  would 
be  described  by  P  round  S  at  rest  with  the  same  force. 

Conversely,  if  the  figures  be  ellipses  concentric,  F  «  D. 

420.  CoR.  2.    If  F  a  j--i  *^®  figures  will  be  conic  sections,  the  foci  in 

the  centers  of  force,  and  the  converse. 

421.  CoR.  3.  Equal  areas  are  described  round  the  center  of  gravit}', 
and  round  each  other,  in  equal  times. 

V 

P 


422.  CoR.  3.  Otherwise.  Since  the  curves  are  similar,  the  areas,  bounded 
by  similar  parts  of  the  curves,  are  similar  ot  proportional. 

.-.  spq:  CPQ::sp«;  CP«::  (S+P)«:  s«  in  a  given  ratio; 
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and  T.  through  spq:  T.  through  C  P  Q 

and  •*• 

.-.  T.  through  C  P  Q :  T.  through  C  P  V 


:  V  S+P:  V  S^  in  a  given  ratio 
:  T,  through  spv:  T.through  CP  V 
:  T. through spq :  T.through  spy 
:  s  p  q :  8  p  y  (by  Sect.  IL) 
:CPQ:CPV 

.-.  the  areas  described  round  C  are  proportional  to  the  times,  and  the 
areas  described  round  each  other  in  the  same  times,  which  are  similar  to 
the  areas  round  C,  are  also  proportional  to  the  times. 
428.  Prop.  LIX.     The  period  in  the  figure  described  in  last  Prop. 

:  the  period  round  C  : :  V  S  +  P  :  V~S ;  for  the  times  through  similar 
arcs  p  q,  P  Q,  are  in  that  proportion. 

424.  Prop.  LX.  The  major  axis  of  an  ellipse  which  P  seems  to  de- 
scribe round  S  in  motion  f  Force  a  jTi)  •  ™*jor  axis  of  an  ellipse  ^hich 

would  be  described  by  P  in  the  satm  time  round  S  at  rest : :  S  +  P  :  first 

of  two  mean  proportionals  between  S+P  and  S* 

Let  A  =  major  axis  of  an  ellipse  described  (or  seemed  to  be  described) 
round  S  in  motion,  and  which  is  similar  and  equal  to  the  ellipse  de- 
scribed in  Prop.  LVIII. 

Let  X  =  major  axis  of  an  ellipse  which  would  be  described  round  S  at 
rest  in  the  same  time. 

period  in  ellipse  round  S  in  motion  _       ^  "^      ^P        T  TY\ 
period  in  same  ellipse  round  Sat  rest  ""  v  g  +  P 

and  by  Sect  III,  « 

period  in  ellipse  round  S  at  rest         ^  A  » 
period  in  required  ellipse  round  S  at  rest ""      |  - 

period  in  ellipse  round  S  in  motion       __      A*V"S 
period  in  required  ellipse  round  S at  rest ""      |  4/~S'jl1p 

but  these  periods  are  to  be  equal, 

.-.  A'S  =  x«.S"+P 


.*.  A;x::v'S  +  P:VS::S+P:  first  of  two  mean  proportionals 

(for  if  a,  a  r,  a  r  %  a  r  *,  be  proportionals,  Vli :  V  ar' : :  a :  a  r.) 

425.  At  what  mean  distance  from  the  earth  would  the  moon  revolye 
round  the  earth  at  rest,  in  the  same  time  as  she  now  revolves  round  the 
earth  in  motion  ?    This  is  easily  resolved. 

426.  Prop.  LXL  The  bodies  will  move  as  if  acted  upon  by  bodies  at 
the  center  of  gravity  with  the  same  force,  and  the  law  of  force  with  re- 
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spect  to  the  distances  from  the  center  of  gravity  wiU  be  the  same  as  with 
respect  to  the  distances  from  each  other. 

For  the  force  is  always  in  the  line  of  the  center  of  gravity,  and  .*.  the 
bodies  will  be  acted  upon  as  if  it  came  from  the  center  of  gravity. 

And  the  distance  from  the  center  of  gravity  is  in  a  given  ratio  to  the 
distance  from  each  other,  •*•  the  forces  which  are  the  same  functions  of 
these  distances  will  be  proportional 

427.  Prop.  LXII.  Problem  of  two  bodies  with  no  initial  Velocities. 

F  oc  <;— .     Two  bodies  are  let  fall  towards  each  other.    Determine  the 


motions. 

The  center  of  gravity  will  remain  at  rest,  and  the  bodies  will  move  as 
if  acted  on  by  bodies  placed  at  the  center  of  gravity,  (and  exerting  the 
same  force  at  any  given  distance  that  the  real  bodies  exert), 

•••  the  motions  may  be  determined  by  the  7th  Sect 

428.  Prop.  LXIIL  Problem  of  two  bodies  with  given  initial  Veto* 
cities. 

F  oc  —  •    Two  bodies  are  projected  in  given  directions,  with  given 

velocities.    Determine  the  motions. 

The  motion  of  the  center  of  gravity  is  known  from  the  velocities  and 
directions  of  projection.  Subtract  the  velocity  of  the  center  of  gravity 
from  each  of  the  given  velocities,  and  the  remainders  will  be  the  velocities 
with  which  the  bodies  will  move  in  respect  of  each  other,  and  of  the  cen- 
ter of  gravity,  as  if  the  center  of  gravity  were  at  rest  Hence  since  they 
are  acted  upon  as  if  by  bodies  at  the  center  of  gravity,  (whose  magnitudes 
are  determined  by  the  equality  of  the  forces),  the  motions  may  be  deter- 
mined by  Prop.  XVII,  Sect.  Ill,  (velocities  being  supposed  to  be  acquired 
down  the  iSnite  distance),  if  the  directions  of  projection  do  not  tend  to  the 
center,  or  by  Prop.  XXXVII,  Sect  VII,  if  they  tend  to  or  directly  from 
the  center.  Thus  the  motions  of  the  bodies  with  respect  to  the  center  of 
gravity  will  be  determined,  and  these  motions  compounded  with  the  uni- 
form motion  of  the  center  of  gravity  will  determine  the  motions  of  the 
bodies  in  absolute  space. 

429.  Prop.  LXIV.  F  «  D,  determine  the  motions  of  any  number  of 
bodies  attracting  each  other. 
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T  and  L  will  describe  concentric 
ellipses  round  D. 

Now  add  a  third  body  S. 

Attraction  of  S  on  T  may  be  re- 
presented by  the  distance  T  S,  and 
on  L  by  L  S,  (attraction  at  distance 
being  1)  resolve  T  S,  L  S,  into 
T  D,  D  S;  L D,  P  S,  whereofthe 
parts  T  D,  L  D,  being  in  given 
ratios  to  the  wholei  T  L,  L  T,  will 
only  increase  the  forces  with  which 
L  and  T  act  on  each  other,  and 

die  bodies  L  and  T  will  continue  to  dei^cribe  ellipses  (as  far  as  respects 
tliese  new  forces)  but  with  accelerated  velocities,  (for  in  similar  parts  of 
similar  figures  V*  «  F,R  Prop.  IV.  Cor.  1  and  8.)  The  remaining 
forces  D  S,  and  D  S,  being  equal  and  parallel,  will  not  alter  the  relative 
motions  of  the  bodies  L  and  T,  .*.  they  will  contmue  to  describe  ellipses 
round  D,  which  will  move  towards  the  line  I  K,  but  will  be  impeded  in 
its  approach  by  making  the  bodies  S  and  D  (D  being  T  +  L)  describe 
concentric  ellipses  round  the  center  of  gravity  C,  being  projected  with 
proper  velocities,  in  opposite  and  parallel  directions.  Now  add  a  fourth 
body  V,  and  all  the  previous  motions  will  continue  the  same,  only  accel- 
erated, and  C  and  V  will  describe  ellipses  round  B,  being  projected  with 
proper  velocities. 

And  so  on,  for  any  number  of  bodies. 

Also  the  periods  in  all  the  ellipses  will  be  the  same,  for  the  accelerating 
forceonT  =  L.TL-H  S.TD=(T+L).  TD+S.  TD=(T+L +S). 
T  D,  i.  e.  when  a  third  bqdy  S  is  added,  T  is  acted  on  as  if  by  the  sum 
of  the  three  bodies  at  the  distance  T  D,  and  the  accelerating  force  on  D 
towards  C  z=S.SD  =  S.CS+S.DC  =  (T+L).DC+S.DC 
=  (T+L  +  S).DC. 

.*.  accelerating  force  on  T  towards  D  :  do.  on  D  towards  C  : :  T  D :  D  C 

.*.  the  absolute  accelerating  forces  on  T  and  D  are  equal,  or  T  and  D 
move  as  if  they  revolved  round  a  common  center,  the  absolute  force  the 
same,  and  varying  as  the  distance  from  the  center,  i.  e.  they  describe  el- 
lipses, in  the  same  periods. 

Similarly  when  a  fourth  body  V  is  added,  T,  L,  D,  S,  C,  and  V,  move 
as  if  the  four  bodies  were  placed  at  D,  C,  B,  L  e.  as  if  the  absolute  forces 
were  the  same,  and  with  forces  proportional  to  their  respective  distances 
from  the  centers  of  gravity,  and  .*.  in  equal  periods. 
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And  so  on,  for  any  number  of  bodies. 

430.  Prop,  LXVI.  S  and  P  revolve  round  T,  S  in  the  exterior  orbi^ 
P  in  the  interior, 


F  oc  j^^ ,  find  when  P  will  describe  round  T  an  orbit  nearest  to  the 

ellipse,  and  areas  most  nearly  proportional  to  the  times. 
(1st)  Let  S,  P,  revolve  round  the  greatest  body  T  in  the  same  plancm 
Take  K  S  for  the  force  of  S  on  P  at  the  mean  distance  S  K, 
and 

LS  =  S  K  .|^  =  force  at  P, 

resolve  L  S  into  L  M,  M  S, 
L  M  is  parallel  to  P  T,  and  •%  tends  to  the  center  T,  •*•  P  will  con- 
tinue to  describe  areas  round  T  proportional  to  the  times,  as  when  acted 

on  only  by  P  T,  but  since  L  M  does  not  <x  v>  rp, 9  the  sum  of  L  M  and 

P  T  will  not  <x      ^^ ,  .\  the  form  of  the  elliptic  orbit  P  A  B  will  be 

disturbed  by  this  force,  L  M,  M  S  neither  tends  from  P  to  the  center 

T,  nor  a  ^  ^> ,  .%  from  the  force  M  S  both  the  proportionality  of  areas 

to  times,  and  the  elliptic  form  of  the  orbit,  will  be  disturbed,  and  the 
elliptic  form  on  two  accounts,  because  M  S  does  not  tend  to  C,  and  be- 

1 


cause  it  does  not  <x 


PT^' 


•*.  the  areas  will  be  most  proportional  to  the  times,  when  the  force 
M  S  is  least,  and  the  elliptic  form  will  be  most  complete,  when  the  forces 
M  S»  L  M,  but  particularly  L  M,  are  least 

Now  let  the  force  of  S  on  T  =  N  S»  then  this  first  part  of  the  force 
M  S  being  common  to  P  and  T  will  not  affect  their  mutual  motions,  .*•  the 
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disturbing  forces  will  be  least  when  L  M,  M  N,  are  least,  or  L  M  remain- 
ing, when  M  N'is  least,  i.  e.  when  the  forces  of  S  on  P  and  T  are  nearly 
equals  or  S  N  nearly  =  S  K. 

(2dly)  Let  S  and  P  revolve  round  T  in  different  planes* 

Then  L  M  will  act  as  before. 

But  M  N  acting  parallel  to  T  S,  when  S  is  not  in  the  line  of  the  Nodes, 
(and  M  N  does  not  pass  through  T),  will -cause  a  disturbance  not  only 
in  the  longitude  as  before,  but  also  in  the  latitude,  by  deflecting  P  from 
the  plane  of  its  orbit  And  this  disturbance  will  be  least,  when  M  N  is 
least,  or  S  N  nearly  =  S  E. 

43L  Cor*  1.  If  more  bodies  revolve  round  the  greatest  body  T,  the 
motion  of  the  inmost  body  P  will  be  least  disturbed  when  T  is  attracted 
by  the  i>thers  equally,  according  to  the  dbtauces,  as  they  are  attracted  by 
each  other. 

482.  Cor.  2.  In  the  system  of  T,  if  the  attractions  of  any  two  on  the 

third  be  as  ^ ,  P  will  describe  areas  round  T  with  greitter  velocity  near 

conjunction  and  opposition,  than  near  the  quadratures. 

43S.  To  prove  this^  the  following  investigation  is  necessary. 


Take  1  S  to  represent  the  attraction  of  S  on  P, 

nS : T, 

Then  the  disturbing  forces  ar6  1  m  (parallel  to  P  T)  and  m  n. 
Now 

Sl=ig^.(foroea^-.), 

=  R^^3¥^5S:A+T-<^  =  ST.r  =  PT)A  =  ^STP 


ST 


S.R 


S.R  

■ntf-,       Srcos.A  .    t*\    f.      2rcos.A  ,    r* 

=  ^(* — -W—  +  K^}J^ R —  +  W' 

Vol.  J.  Y 
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S  /         2r  r*\"" 

S /.        8/2r  .        r*\   ,  3.5  /2rcos.A       r*\*«,   \ 

^  ^1  -J-  3  r.  COS.  A^' 

=  Kr«\.*+        R      r 

Mrhere  R  is  indefinitely  great  with  respect  to  r. 
Also 

S/,  .  3rcos.  A\        S        S.3rcos. 
mnrrSm  — Snn  ^^{1+  g J"  R«  = If^ ' 

ultimately 

andJrarrSl.-J  =  — ?  (R«  — 2  Rrcos.  A  +  r«) 

=  ^.  (Rt  _  2  R  r  cos.  A  +  r«)-^     ^ 

_  S-r       S. 2r«    ^ 
""  "Rj  "*■      R*     ' ^^ 

=  -|^  ultimately. 

434.  Call  1  m  the  addititious  force 

and  m  n  the  ablatitious  force 

and  m  n  =  1  m  3  cos.  A. 

Resolve  m  n  into  m  q,  q  n. 

The  part  of  the  ablatitious  force  which  acts  in  the  direction  m  q 

=:  m  n .  cos.  A 

=  3>S.r.cos.«A  _  ^^^^  ablatitious  force. 

R3 

3  S  r 

The  tangential  part  =  m  n .  sin.  A  =  -g^-  •  sin.  A .  cos.  A 

-.  ^  .  ^£. .  sin.  2  A  =  tangential  ablatitious  force 
2      R' 

S.r    3.S.r.cos.*A 
•\  the  whole  force  in  the  direction  P  T  =  1  m  —  mq  =  p-, gi 

S-^(l_3cos.*A)andthe 


RT^*~^ ' I 


whole  force  in  the  direction  of  the  Tangent  =  q  n  =  -^ .  -^ .  sm. »  a. 
435.  Hence  Cob.  2.  is  manifest,  for  of  the  four  forces  acting  on  P,  the 
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three  first,  namely,  attraction  of  T,  addititious  force,  and  central  ablatiti- 
OU8  force,  do  not  disturb  the  equable  description  of  areas,  but  the  fourth 
or  tangential  ablatitious  force  does,  and  this  is  +  fi'om  A  to  B,  — ^from  B 
to  C,  +  fix>m  C  to  D,  —  from  D  to  A.  /.  the  velocity  is  accelerated  from  A 
to  B,  and  retarded  from  B  to  C,  .*.  it  is  greatest  at  B.  Similarly  it  is  a 
maximum  at  D.  And  it  is  a  minimum  at  A  and  C.  This  is  Cor.  3. 
436.  To  otherwise  calculate  the  central  and  tangential  ablititious  forces. 


On  account  of  the  great  distance  of  S,  S  M,  P  L  may  be  considered 
parallel,  and 

.••  PT  =  L  M,  and S  P  =  S  K  =  ST. 

•*.  the  ablatitious  force  =  3  P  T.  sin.  tf  =  3  P  IL 
Take  P  m  =  3  P  K,  and  resolve  it  into  P  n,  n  m. 
P  n  =  P  m  •  sin.  ^  =  3  P  T.  sin.  *  ^  =  central  ablatitious  force 

3 

n  m  =:  Pm •  cosw ^  =  3  P  T.  sin.  ^ cos.  ^  ^  -^  •  P  T.  sin.  2 ^  ^tangential 

ablatitious  force. 

The  same  conclusions  may  be  got  in  terms  of  1  m  from  the  fig.  in  Art 
433^  which  would  be  better. 

437.  Find  the  disturbing  force  on  P  in  the  direction  P  T. 

This  =  (addititious  +  central  ablatitious)  force  =  1  m  +  3 1  m .  sin.  ^  0 

1  —  COS.  2  tf 


1  oi       ^*  — COS.  Z  9\ 

=  lm-31m( g- ) 

I      /I — 3  COS.  2^ 


438.  To^nd  the  mean  disturbing  force  cf  S  during  a  fshole  revolution 
in  the  direction!?  T. 

Let  P  T  at  the  mean  distance  =  m,  then  —  1  m  ^---^ — g— ^ —  j 

Y8 
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= —  =  -.  -^    since  cos.  2  tf  is  destroyed  during  a  whole  re?o- 

lution. 

489.  The  disturbing  forces  on  P  are 

(1)  addititious  =  -Wt  =  ^ 

(2)  ablatitious  =  3 .  A .  sin.  0 

3 .  A 

which  is  (1)  tangential  ablatitious  force  ~—  .  cos.  2  0 

and    (2)  central  ablatitious  force  =  3  A . g-^ 

3  A       3  A 

.'.  whole  disturbing  force  in  the  direction  P  T=  A —  +  -g-  •  cos.  2  tf 

A    .   3A  ^^ 

= 2  +  -g- .  cos.  2  *. 

But  in  a  whole  revolution  cos.  2  ^  will  destroy  itself  .*•  the  whole  dis- 
turbing force  in  the  direction  P  T  in  a  complete  revolution  is  ablatitious 
and  =:  i  addititious  force. 

The  whole  force  in  the  direction  P  T  s  ^(1  — 8sin.*«)  (Art. 483) 

multiply  this  by  d.tf,  and  the  integral  =  -j^  \J  —  '^^  +  '^.sm.2$\ 

= sum  of  the  disturbing  forces ;  and  this  when  tf = at  becomes 9^  .  -^ « 

This  must  be  divided  by  t,  and  it  gives  the  mean  disturbing  force  act- 
ing  on  P  in  the  direction  of  radius  vector  =  —  J  -^y  • 

440.  The  2d  Cor.  will  appear  from  Art  483  and  434. 

3 

For  the  tangential  ablatitious  force  =  -^  .  sin  2  ^ .  X  addititious  force, 

.*.  this  force  will  accelerate  the  description  of  the  areas  from  the  quadra* 
tures  to  the  syzygies  and  retard  it  from  the  syzygies  to  the  quadratures^ 
since  in  the  former  case  sin.  2  ^  is  +9  ^^^  ^^  ^^  latter  — . 

441.  Cor.  3  is  contained  in  Cor.  2.  (Hence  the  Variation  in  as- 
tronomy.) 
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442.  P  V  is  equivalent  to  P  T,  T  V,  and  accelerates  the  motion ; 
p  V  is  equivalent  to  p  T,  T  V,  and  retards  the  motion. 

443.  Cor.  4.  Caet  par.,  the  curve  is  of  greater  curvature  in  the  quadra- 
tures than  in  the  syzygies. 

For  since  the  velocity  is  greatest  in  the  syzygies,  (and  the  central  abla- 
titious  force  being  the  greatest,  the  remaining  force  of  Pto  T  is  the  least) 
the  body  will  be  less  deflected  from  a  right  line,  and  the  orbit  will  be  less 
curved.     The  contrary  takes  place  in  the  quadratures. 

444-  The  whole  force  from  S  in  the  direction  P  T=^-^  (1—8  sin. « i) 

(see  433)  and  the  force  from  T  in  the  direction  P  T  =  ^  . 

r* 


.-.  the  whole  force  in  the  direction  P  T  =  ^  +  ^  (1  —  8  sin. « <) 

r'        R*  * 

T         S    r 

and  at  A  this  becomes  -~  +  ^'4 

r*        R' 


at  B 


at  C 


atD 


2.S.r 
R» 


T       S,r 
r«  +  R3 


T 


2S.r 


(for  though  sin.  270  is  — ,  yet  its  syzygy  is  + ). 

Thus  it  appears  that  on  two  accounts  the  orbit  is  more  curved  in  the 
quadratures  than  in  the  syzygies,  and  assumes  the  form  of  an  ellipse  at 
the  major  axis  A  C. 

Y3 
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•%  the  body  is  at  a  greater  distance  from  the  center  in  the  quadratures 
than  in  the  syzygies,  which  is  Cor.  5. 

445.  Coa.  5.  Hence  the  body  P,  est  par.,  will  recede  farther  firom 
T  in  the  quadratures  than  in  the  syzygies ;  for  since  the  orbit  is  less 
curved  in  the  syzygies  than  in  the  quadratures,  it  is  evident  that  the  body 
must  be  &rther  from  the  center  in  the  quadratures  than  in  the  syzy^es. 

446.  CoR.  6.  The  addititious  central  force  is  greater  than  the  ablatio 
tious  from  Q'  to  P,  and  from  P  to  Q,  but  less  from  P  to  R,  and  from 
Q  to  Q',  •*.  on  the  whole,  the  central  attraction  is  diminished.  But  it 
may  be  said,  that  the  areas  are  accelerated  towards  B  and  D,  and  .*•  the 
time  through  P  P'  may  not  exceed  the  time  through  P  Q,  or  the  time 
through  Q  Q^  exceed  that  through  Q'  P.  But  in  all  the  coroUories,  since 
the  errors  are  very  smaU,  when  we  are  seeking  the  quantity  of  an  error, 
and  have  ascertained  it  without  taking  into  account  some  other  error, 
there  will  be  an  error  in  our  error,  but  this  error  in  the  error  will  be  an 
error  of  the  second  order,  and  may  •*•  be  neglected. 

The  attraction  of  P  to  T  being  dimhiished  in  the  course  of  a  revolution, 
the  absolute  force  towards  T  is  diminished,  (being  diminished  by  the 

S  r  r^ 

mean  disturbing  force  —  i  -p-, ,  439,)  .*.  the  period  which  oc  — ==,,  is 

Iv  V  f 

increased,  supposing  r  constant 

But  as  T  approaches  S  (which  it  will  do  from  its  higher  apse  to  the 

lower)  R  is  diminished,  the  disturbing  force  Twhich  involves  ^^  will  be 

Increased,  and  the  gravity  of  P  to  T  still  more  diminished,  and  .«•  r  will 
be  increased ;  •*•  on  both  accounts  (the  diminution  of  f  and  increase  of  r) 
the  period  will  be  increased. 

(Thus  the  period  of  the  moon  round  the  earth  is  shorter  in  summer 
than  in  winter.     Hence  the  Annual  equation  in  astronomy.) 

When  T  recedes  from  S,  R  is  increased,  and  the  disturbing  force  di- 
minished and  r  diminished.  •*.  the  period  will  be  diminished  (not  in  com- 
parison with  the  period  round  T  if  there  were  no  body  S,  but  in  compari- 
son with  what  the  period  was  before,  from  the  Actual  disturbance.) 

447.  Cor.  6.  The  whole  force  of  P  to  T  in  the  quadratures=-— -H—w^ 

the  syzygies       =^, gj 

• .  on  the  whole  the  attraction  of  P  to  T  is  diminished  in  a  revolution. 
For  the  ablatitious  force  in  the  syzygies  equals  twice  the  addititious  force 
in  the  quadratures. 
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At  a  certain  point  the  ablatitious  force  =  the  addititious ;  when 

I  =  3sin.'«    ' 
or 

« 

and 

A  =  550,  &c.  • 

f  the  whole  force  being  then  =  -—jA 

• 

Up  to  this  point  from  the  quadratures  the  addititious  force  is  greater 
than  the  ablatitious  force,  and  from  this  point  to  one  equally  distant  from 
the  syzygies  on  the  other  side,  the  ablatitious  is  greater  than  the  addititious ; 
.*.  in  a  whole  revolution  Ps  gravity  to  T  is  diminished. 

Again  since  T  alternately  approaches  to  and  recedes  from  S,  the  radius 

P  T  is  increased  when  T  approaches  S,  and  the  period  x  —  _ 

V  absolute  force 

and  since  f  is  diminished,  and  .*.  r  increased,  .*.  the  periodic  time  is  in* 
creased  on  both  accounts,  (for  f  is  diminished  by  the  increase  of  the  dis- 

turbing  forces  which  involve  -^.j     If  the  distance  of  S  be  diminished,  the 

absoluteforceof  Son  P  will  be  increased.  •*•  the  disturbing  forces  which  Qc=r-^ 
from  S  are  increased,  and  P's  gravity  to  T  diminished^  and  •*.  the  periodic 
time  is  increased  in  a  greater  ratio  than  r  '  (because  of  the  diminution  of 

r^x 
f  in  the  expression  --^ J  and  when  the  distance  of  S  is  increased,  the  dis- 
turbing force  will  be  diminished,  (but  still  the  attraction  of  P  to  T  will  be 
diminished  by  the  disturbance  of  S)   and  r  will  be  decreased,    •*•  the 

period  will  be  diminished  in  a  less  ratio  than  r  "• 

448.  Cor.  7.  To  find  the  effect  of  the  disturbing  force  on  the  motion 

of  the  apsides  of  P^s  orbit  during  one  whole  revolution. 

T        S .  r 
Whole  force  in  the  direction  P  T  =     ,  +  Wj-  (1  — 8  cos.  *  A) 

=  J,  +  T  .  c  .  r,  (if  T  .  c  =  ^,(1  -3 cos.«A)  =  Il+I^^ill, 

/.  the  L,  between  the  apsides  =  180  "j"^    by  the  IXth  Sect  which 

is  less  than  180  when  c  is  positive,  i.  e.  from  Q'  to  P  and  from  P  to  P, 

y4 
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(fig.  (446,))  and  greater  than  180  when  c  is  ii^;atiTe,  L  e.  from  P  to  F 

and  from  Q  to  Q', 

•*.  upon  the  whole  the  apsides  are  progressive,  (regressive  in  the  quadra* 

tures  and  progressive  in  the  syzygies) ; 

X       8  S  r 
force  =  ^ pa-  =  force  in  conjunction 


Now 


T        S.Sr'        .         ; 

-^ nT"  =  force  in  opposition 


R^T— 8Sr'      ,  R»T  — SSr'' 
—  and  — 


r«R 


r/«Rj 


differ  most  from  -5  and  ->-5 

r*         r ' 

when  r  is  least  with  respect  to  r', 

which  is  the  case  when  the  Apsides  are  in  the  syzygies. 

But 

R»T+Sr»      R^T+Sr'* 


r«R 


7TI 


differ  least  from  — ,•  and  -75  when  r  is  most  nearly  equal  to  r', 

449.  Cor.  7.  Ex.  Find  the  angle  from  the  quadratures,  when  the  apses 
are  stationary. 


Draw  P  m  parallel  to  T  S,  and  =  8  P  K,  m  n  perpendicular  to  T  P, 
resolve  P  m  into  P  n;  n  m,  whereof  n  m  neither  increases  nor  diminishes 
the  accelerating  force  of  P  to  T,  but  P  n  lessens  that  force,  .-.  when  P  n 
5=  P  T,  the  accelerating  force  of  P  is  neither  increased  nor  diminished, 
and  the  apses  are  quiescent, 

by  the  triangles  P  T  :'p  K  : :  P  M  =  3  P  K  :  P  n  =  P  T       ^ 
,•.  in  the  required  position  3PK*  =  PT* 
or 

PK  =  ?^=  PT.sin.  tf, 


Book  L]  NEWTON'S  PRINCIPIA.  S46 

or 

t  =  35°  26'. 

Tbe  addititious  force  P  T  —  P  n  is  a  maximnm  in  quadratures. 

ForPT:PK::8PK:Pn  =  ^pjp* 

S  P  K* 
/.  PT  —  Pn=  PT p^    ,  which  is  a  maximum  when  P  K  =  0, 

or  the  body  is  in  syzygy. 

450.  Cor.  8.  Since  the  progression  or  regression  of  the  Apsides  de- 
pends on  the  decrement  of  the  force  in  a  greater  or  less  ratio  than  D  %  from 
the  lower  apse  to  the  upper,  and  on  a  similar  increment  from  the  upper 
to  the  lower,  (by  the  IXth  Sect.),  and  is  •*•  greatest  when  the  proportion 
of  the  force  in  the  upper  apse  to  that  in  the  lower,  recedes  the  most  from  the 
inverse  square  of  D,  it  is  manifest  that  the  Apsides  progress  the  £Eistest  from 
the  ablatitious  force,  when  they  are  in  the  syzygies,  (because  the  whole  fwces 
in  conjunction  and  opposition,  i.  e.  at  the  upper  and  lower  apses  being 

-j rT"'  ^^^^  the  apsides  are  In  the  syzygies  and  when  r  is  greatest 

T 

at  the  upper  apse,  — -,  being  least,  and  the  n^ative  part  of  the  expression 

2  S  r     . 

~^^  bdng  greatest,  the  whole  expression  is  •*;  least,  and  when  r  is  least, 

T 
at  the  lower  apse,  —i  being  greatest,  and  the  negative  part  least,  .*.  the 

whole  expression  is  greatest,  and  •*•  the  disproportion  between  the  forces  at 

the  upper  and  lower  apse  is  greatest),  and  that  they  regress  the  slowest 

T        S  r 
in  that  case  from  the  addititious  force,  (for  —«  +  jn »  ^*^^c^  '^  ^^  whole 

force  in  the  quadratures,  both  before  and  after  conjuncticm,  r  being  the 
semi  minor  axis  in  each  case,  differs  least  from  the  inverse  square) ;  there* 
fore,  on  the  whole  the  progression  in  the  course  of  a  revolution  is  greatest 
when  the  apsides  are  in  the  syzygies. 

Similarly  the  regression  is  greatest  when  the  apsides  are  in  the  quadra- 
tures, but  still  it  is  not  equal  to  the  progression  in  the  course  of  the  re- 
tolution*^ 

451.  Con.  8.  Let  the  apsides  be  in  the  syzygies,  and  let  the  force 
at  the   upper    apse    :    that  at  the    lower,    :  :  D  E  :   A  B,     DA 
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being  the  curve  whose  ordinate  is  inversely 
as  the  distance  *  from  C,  /•  these  forces  being 
diminished,  the  force  D  E  at  the  upper  apse 

by  the  greatest  quantity  -pj   ,  and  the  force 

A  B  at  the  lower  apse  by  the  least  quantity 

2  r'  S 
p  3    ;  the  curve  a  d  which  is  the  new  force 

curve  has  its  ordinates  decreasing  in  a 
greater  ratio  than  ^ . 

Let  the  apsides  be  in  the  quadratures,  then  the  force  E  D  will  be  increased 

S  r 
by  the  greatest  quantity  ^^j^  and  the  force  A  B  by  the  least  quantity 

S  r' 

g-j- ,    .'.  the  curve  a'  d'  which  is  the  new  force   curve  will  have  its 

ordinates  decreasing  in  a  less  ratio  than  ^^r-^  • 

451.  Cor.  9.  Suppose  the  line  of  apsides  to  be  in  quadratures,  then  while  the 
body  moves  from  a  higher  to  a  lower  apse,  it  is  acted  on  by  a  force  which 

does  not  increase  so  fast  as  ^rj  (^"^  the  force  = ^  ^j        ,  ••.  the 


numerator  decreases  as  the  denominator  increases),  .*.  the  orbit  will  be 
exterior  to  the  elliptic  orbit  and  the  excentricity  will  be  decreased.    Also  as 


Sr 


tlie  descent  is  caused  by  the  force   -|t-^  (1  —  3  cos.'  A),  the  less 


diis 


force  is  with  respect  to  —^ ,  the  less  will  the  excentricity  be  diminished. 

Now  while  the  line  of  the  apsides  moves  from  the  line  of  quadratures,  tbe 

S  r 
force  PS  (1  —  3  cos.*  A)  is  diminished,  and  when  it  is  inclined  at  z.  35^ 

16^  the  disturbing  force  =  0,  and  .*•  at  those  four  points  the  excentricity 
is  unaltered.  After  this,  it  may  be  shown  in  the  same  manner  that  the 
excentricity  will  be  continually  increased  until  the  line  of  apsides  coin- 
cides with  the  line  of  syzygies.  Here  it  is  a  maximum,  since  the  disturb- 
ing force  is  negative.  Afterwards  it  will  decrease  as  before  it  increased 
until  the  line  of  apsides  again  coincides  with  the  quadrature,  and  then  the 
excentricity  =  maximum. 
(Hence  Evection  in  Astron.) 
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452.  Lemma.  To  calculate  that  part  of  the  ablatitious  force  which  is 
employed  in  drawing  P  from  the  plane  of  its  orbit 

Let  A  =  angular  distance  from  syzygj. 

Q  =  angular  distance  of  nodes  from  syzygy. 

I  =  inclination  of  orbit  to  orbit  of  S  and  T* 

S  S  r 
Then  the  force  required  =    p  3  ■  •  cos.  A  •  sin.  Q  •  sin.  L  (not  quite 

accurately.) 

When  P  is  in  quadratures,  this  force  vanishes,  since  oos.  A  =:  0. 

When  nodes  are  in  syzygy,  since  sin.  Q  =:  0, 

quadratures,  this  force  (c©t  par.)  =  maxi- 
mum, since  sin.  Q  =  sin.  90  =  rad. 

453.  CoR.  12.  The  effects  produced  by  the  disturbing  forces  are  all 
greater  when  P  is  in  conjunction  than  when  in  opposition. 

For  they  involve  ^ ,  •*.  when  R  is  least,  they  are  greatest 

454.  Cor.  18.  Let  S  be  supposed  so  great  that  the  system  Pand  T  re- 
volve round  S  fixed.  Then  the  disturbing  forces  will  be  of  the  same  kind 
as  before,  when  we  supposed  S  to  revolve  round  T  at  rest 

The  only  difference  will  be  in  the  magnitude  of  these  forces,  which  will 
be  increased  in  the  same  ratio  as  S  is  increased. 

455.  Cor.  14.  If  we  suppose  the  different  systems  in  which  S  and  S  T 
oc,  but  P  T  and  P  and  T  remain  the  same,  and  the  period  (p)  of  P  round 

T  remains  the  same,  all  the  errors  «  p-,  oc    -^|^  ,  if  A  =  density  of  S, 

and  d  its  diameter, 

a  d\i{A given,  and 3 = apparent  diam. 
also 

p-,  «  ^  if  P  =  period  of  T  round  S, 

.*.  the  errors  «  ^^ . 

These  are  the  linear  errors,  and  angular  errors  oc  in  the  same  ratio, 
since  P  T  is  given. 

456.  CoR.  15.  If  S  and  T  be  varied  in  the  same  ratio, 

S      T 
Accelerating  force  of  S  :  that  of  T  : :  ^-^  :  — ,  the  same  ratio  as  before. 

.*.  the  distui'bances  remain  the  same  as  before. 
(The  same  will  hold  if  R  and  r  be  also  varied  proportionally.) 
.'.  the  linear  errors  described  in  Ps  orbit  oc  P  T,  (since  they  involve  r), 

if  P  T  a,the  rest  remaining  constant 
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1      ^1         ^  1                  r  -n              c       rri  ^  lincaT  errors      P  T 
also  the  angular  errors  of  P  as  seen  from  T  oc — = a  ~—  «  i, 

and  are  •*•  the  same  in  the  two  systems. 

The  similar  linear  errors  a   f.  TS   ••.  P   T  a  f.  T*,   and  f  « 

P  T  P  T 

-rpx  f  but  f  a  accelerating  force  of  T  on  P  «  — j-  ,  (p  =  period  of  P 

round  T,) 

.••Tap  and  .•.  oc  p 

S  T'      P  T' 
(forP^a^af:^  «p«) 

Cor.  14.  In  the  systems    ' 

Sj  T,  P,  Radii  R,  r  Periods  P,  p 
S',  T,  P  R',r F,p. 


.*.  angular  errors  in  the  period  of  P    — 

CoR*  15.  In  the  systems 

S,  T,  P,  R,  r- 

S;  T',  P R',  r'. 


la 

inseccmd 

1 

•  •                • 

1 

..    1   . 

1 
p/«* 

P, 

P 
P', 

so  that  -^  =  m-  and  k*  =  — 

••p- p,- 

Linev  errors  in  a  revolution  of  P  in  1st  :  do.  in  second  : :  r  :  r' 
angular  errors  :  : :  1  :  1. 

Cor.  16.  In  the  systems 

S,  T,  P,  R,  r  P,  p 

S,  T',  P,  R,  r' P,p'. 

Linear  errors  in  a  revolution  of  P  in  1st.  :  do  in  second  : :  r  p' :  r'  p" 
angular  errors  in  a  revolution  of  P  :  : :    p  *  :    p 

To  compare  the  systems 

(1)  S,  T,  P R,  r P,  p 

(2)  S',  T,  F R',  r' P',  p'. 

Assume  the  system 

(3)  S',T,  P R',  r F,  p 

•*•  by  (14)  angular  errors  in  P  S  revolution  in  (1) :  in  (3)  : :  ^  :  p^, 
by  (16)  angular  errors  in  (3)  :  in  (2)  : :  p*  :  p'* 
therefore  errors  in  (1)  :  in  (2)  : :  W^  :  &7|. 


/t 
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Or  sMume  the  system  (3)  3,  T,  P  —  ;,  r —  n,  p 

so  that  g^  s  fj^f  ^  ^^  "? 

.•.theerror8in(l):  errors  in(8)::^:  f^i'-' -^t'^p'-  Y  '  ~ 

(8) :  (2) : :  1  :  1 

..SS;^.  R»   R^*..S     T.B.»    r" 
'S'  sR'»*  g*    'S'  •  T  *•  R'»*T» 
S  X*     S'     r'»      p»     p'» 

457.  Cor.  16.  In  the  different  systems  the  mean  angular  errors  of 
P  a  ^  whether  we  consider  the  motion  of  apses  or  of  nodes  (or  errors 

m  latitude  and  longitude.) 

For  first,  suppose  every  thing  in  the  two  different  sjrstems  to  be  the  same 
except  P  T,  •*•  p  will  vary.  Divide  the  whole  times  p,  p',  into  the  same 
number  of  indefinitely  small  portions  proportional  to  the  wholes.  Then  if 
the  position  of  P  be  given,  the  disturbing  forces  all  oc  each  other  a  P  T; 
and  the  space  a  f  •  T%  •*.  the  linear  errors  generated  in  any  two  corre- 
sponding portions  of  time  oc  P  T.  p*. 

.%  the  angular  errors  generated  in  these  portions,  as  seen  from  T, «  p*. 

•*.  Comp^.  the  periodic  angular  errors  as  seen  firom  T  oc  p  ^ 

Now  by  Cor.  14,  if  in  two  different  systems  P  T  and  •*•  p  be  the  same, 
eveiy  thing  else  varying,  the  angular  errors  generated  in  a  given  time^  as  in 
1 
P 

.*•  neutris  datis,  in  different  systems  the  angular  errors  generated  in  the 

tmie  p  <x  Wi  • 
Now 

p     .   1      •  .  pt  •   pj> 

.*.  the  angular  errors  generated  in  1^  (or  the  mean  angular  errors)  or  ^ 
Hence  the  mean  motion  of  the  nodes  as  seen  from  T  a  mean  motion 

of  the  apses,  for  each  oc  £^ . 

458.  Cob.  17. 

Mean  addititious  force  :  mean  force  of  P  on  T  : :   p  *  :  P^ 
For 

mean  addititious  force  :  force  of  S  on  T  : :  P  T  :  S  T, 


P»«pt 
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Sr     S 


force  of  S  on  T  :  mean  force  of  T  on  P; : 


' '  R^  *  "K*'  •  *'  •     y 
ST     PT 


( 


p.  p- 

^  rad.N 

force  Qc 


T^) 


•*•  mean  addititious  force  :  mean  force  of  T  on  P: :  p ' :  P* 

.*•  ablatitious  force  :  mean  force  of  T  on  P: :  8  cos.  i*p*  :  P. 

Similarly,  the  tangential  and  central  ablatitious  and  all  the  forces  may 
be  found  in  terms  of  the  mean  force  of  T  on  P. 

459.  Prop.  LXVII.  Things  behig  as  in  Prop.  LXVI,  S  describes 
the  areas  more  nearly  proportional  to  the  times,  and  the  orbit  more  ellipti- 
cal round  the  center  of  gravity  of  P  and  T  than  round  T. 

P  T 

For  the  forces  on  S  are  p-^^  and  7po~s • 


.*•  the  direction  of  the  compound  force  lies  between  S  P,  S  T ;  and  T 
attracts  S  more  than  P. 

.-.  it  lies  nearer  T  than  P,  and  .•.  nearer  C  the  center  of  gravity  of  T 
and  P. 

•*•  the  areas  round  C  are  more  proportional  to  the  times,  than  when 
round  T. 

Also  as  S  P  increases  or  decreases,  S  C  increases  or  decreases,  but  S  T 
remains  the  same ;  .*•  the  compound  force  is  more  nearly  proportional  to 
the  inverse  square  of  S  C  than  of  S  T;  .*•  also  the  orbit  round  C  is  more 
nearly  elliptic  (having  C  in  the  focus)  than  the  orbit  round  T. 


SECOND   COMMENTARY 


ON 
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460«  To  find  the  axis  major  of  an  ellipse^  whose  periodic  time  round 
S  at  rest  would  equal  the  periodic  time  of  P  round  S  in  motion. 

Let  A  equal  the  axis  major  of  an  ellipse  described  round  P  at  rest 
equal  the  axis  major  of  P  Q  v. 

Let  X  equal  the  axis  major  required^ 

P.  T.  of  P  round  S  in  motion  :  p  S  at  rest : :  v^  S  :  V  S  +  P 

P.  T.  of  p  m  the  elliptic  axis  A :  P.  T.  in  the  elliptic  axis  x  : :  A  "  :  x  « 

/.  P.  T.  of  P  round  S  in  motion :  P.T. in  the eLax. x : :  v'^^^S :  Vx^CS+P). 
By  hyp.  the  1st  term  equals  the  Sd, 

.•.  A»S  =  x».S  +  P 

.-.  A:x::(S+P)*:S*. 

46L  Pbop.  LXIII.  Having  given  the  velocity,  places,  and  directions 
of  two  bodies  attracted  to  their  common  center  of  gravity,  the  forces  vary* 
ing  inversely  as  the  distance  %  to  determine  the  actual  motions  of  bodies  in 
fixed  space. 

Since  the  initial  motions  of  the  bodies  are  given,  the  motions  of  the  center 
of  gravity  are  given.  And  the  bodies  describe  the  same  moveable  curve 
round  the  center  of  gravity  as  if  the  center  were  at  rest,  while  the  center 
moves  uniformly  in  a  right  line. 

^  Take  therefore  the  motion  of  the  center  proportional  to  the  time, 
i*  e.  proportional  to  the  area  described  in  moveable  orbits. 


*  Since  a  bodj  deacribes  soiiie  cnrra  in  Ssnd  tgtM,  It  dMeribee  afwa  in  proportion  to  tlM  timoi 
In  tids  tnrf%  and  rfnoa  dio  center  nuvTcc  uniformly  forward*  dia  i^aoo  dcMribed  liy  it  ii  ia  pro- 
portion to  tlM  tiaoe,  therefore,  ko. 


852 


A  COMMENTARY  ON 


[Sect.  XI, 


462.  Ex.  1.  Let  the  body  P  describe  a  circle  round  Q  while  the  center  C 
moves  uniformly  forward.  Take  C  G  :  C  P  :  :  v  of  C  :  v  of  P,  and  with  the 


center  C  and  rad.  C  G  describe  a  circle  G  C  N,  and  suppose  it  to  move 
round  along  G  H,  then  P  will  describe  the  trochoid  P  L  T,  and  when  P 
has  described  the  semicircle  P  A  B^  P  will  be  at  the  summit  of  the  trochoid 

•%  every  point  of  the  semicircumference  G  F  N  will  have  touched  G  H, 

.'.  G  H  equals  the  semicircumference  G  F  N, 

.'.  V  of  P  :  V  of  C  : :  P  A  B  semicircumference :  C  R=:6  F  N semicircle 

•::CP:CG  Q.  e.i 

.468.  Kx.  2.   Let  the  moveable  curve  ^^^ 

be  a  parabola,  and  let  the  center  of  gravity 
.  move  in  the  direction  of  its  primitive 
axis.  When  the  body  is  at  the  vertex 
A^  let  S'  be  the  position  of  the  center 
of  gravity,  and  while  S'  has  described 
uniformly  S'  S,  let  A  have  described  the 
arc  of  the  parabola  A  P. 

Let  A'  N  =  x,  N  P  =  y,  be  the  ab- A'  S' 
scissa  and  ordinate  of  the  curve  A  P  in  fixed  space. 

Let  4  p  equal  the  parameter  of  the  parabola  A  P. 

.-.  A N  =  Ji,  A's  =  s's  =: x-y- =  *P|i:2! 

SN  =  AN  — AS=  AN  — p  =  ^— —  p'=Zi 
AreaASP=ANP— SNP=iANxNP— iNSxNP     ^ 

-,  y'     ,y'-*P'y^y'+iap«y 

'   4p       »         4p  24  p 

By  Prop.  S'  S  oo  A  S  P ;  therefore  they  are  in  some  given  ratia 

LetASP;yS::a;b::y'+J^P'y:*P'~y' 

24  p  4  p 

*  If  C  P  :s  C  G  the  eurre  in  fixed  tpaoe  becomes  the  common  cydoid. 
U  C  P  >  C  G_ the  oMongftted  trodioid. 


i£. 
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y.  y*  +  12  p*y  as  4  p  ax  — ay* 
.-.  y«  +  ay*+  12p«y — 4pax=>0. 
Equation  to  the  curve  in  fixed  space. 
464.  Ex.  3.  «  Let  B  B'  be  the  orbit  of  the  earth  round  the  sun,  M  A 


that  of  the  moon  round  the  earth,  then  the  inoon  \rill,  during  a  revolution, 
trace  out  a  contracted  or  protracted  epicycloid  according  as  A  L  has  a 
greater  or  less  circumference  than  A  M,  and  the  orbit  of  the  moon  round 
the  sun  will  consist  of  twelve  epicycloids,  and  it  will  be  always  concave  to 
the  sun.     For 


Fof  the  earth  to  the  sun :  F  of  the  moou  to  the  earth : : 


R 

400 


r 


I 


(S65)«\(27)« 

in  a  greater  ratio  than  2 :  1.  But  the  force  of  the  earth  to  the  sun  is 
nearly  equal  to  the  force  of  the  moon  to  the  sun,  •*•  the  force  of  the  moon 
to  the  earth,  •*•  the  deflection  to  the  sun  will  always  be  within  the  tan- 
gential or  the  curve  is  always  concave  towards  the  sun. 

465.  Prop.  LXVI.     If  three  bodies  attract  each  other  with   forces 


PJi 


varying  inversely  as  the  square  of  the  distance,  but  the  two  least  revolve 

•  To  determine  tlie  natiire  of  the  oorre  described  by  the  moon  with  respect  to  the  eon. 
Vat  I.  Z 
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about  the  greatest,  tbe  innermost  of  tbe  two  will  more  nearly  describe  the 
areas  proportional  to  the  time,  and  a  figure  more  nearly  similar  to  an  el- 
lipse»  if  tlie  greatest  body  be  attracted  by  the  others,  than  if  it  were  at  rest, 
or  than  if  it  were  attracted  much  more  or  much  less  than  the  other  bodies. 
(L  M  :-  P  T  :  :  S  L  :  S  P, 

P  T 

•*•   Li   M      QC       Q   p3    , 

T  Tu  -  P  T  X  S  L       SKVxPTx 
.••1.  M  ^         ^^ = g-p^^ )  , 

A  SK«  :  SP«  ::  SL  :  SP). 

Let  P  and  S  revolve  in  the  same  plane  about  the  greatest  body  T,  and 
P  describe  the  orbit  P  A  B,  and  S,  E  S  £.  Take  S  K  the  mean  distance 
of  P  from  S,  and  let  S  K  represent  the  attraction  of  P  to  S  at  that  dis- 
tance. Take  S  L  :  S  K  :  :  S  R'  :  S  P%  and  S  L  will  represent  the 
attraction  of  S  on  P  at  the  distance  S  P.  Resolve  it  into  two  S  M,  and 
L  M  parallel  to  P  T,  and  P  will  be  acted  upon  by  three  forces  P  T,  L  M, 
S  M.  The  first  force  P  T  tends  to  T',  and  varies  inversely  as  the  dis- 
tance *,  .%  P  ought  by  this  force  to  describe  an  ellipse,  whose  focus  is  T. 
The  second,  L  M,  being  parallel  to  P  T  may  be  made  to  coincide  with  it 
in  this  direction,  and  .*.  the  body  P  will  still,  being  acted  upon  by  a  centri- 
petal force  to  T,  describe  areas  proportional  to  the  time.  But  since  L  M 
does  not  vary  inversely  as  P  T,  it  will  make  P  describe  a  curve  different 
from  an  ellipse,  and  •*.  the  longer  L  M  is  compared  with  P  T,  the  more 
will  the  curves  differ  from  an  ellipse.  The  third  force  S  M,  being  neither 
in  the  direction  P  T,  nor  varying  in  the  inverse  square  of  the  distance,  will 
make  the  body  no  longer  describe  areas  in  proportion  to  the  times,  and  the 
curve  differ  more  from  the  form  of  an  ellipse.  The  body  P  will  •*.  describe 
areas  most  nearly  proportional  to  the  times,  when  this  third  force  is  a 
minimum,  and  P  A  B  will  approach  nearest  to  the  form  of  an  ellipse,  when 
both  second  and  third  forces  are  minima.  Now  let  S  N  represent  the 
attraction  of  S  on  T  towards  S,  and  if  S  N  and  S  M  were  equal,  P  and 
T  being  equally  attracted  in  parallel  directions  would  have  relatively  the 
same  situation,  and  if  S  N  be  greater  or  less  then  S  M,  their  difference 
M  N  is  the  disturbing  force,  and  the  body  P  will  approach  most  nearly 
the  equable  description  of  areas,  and  P  A  B  to  the  form  of  an  ellipse^ 
when  M  N  is  either  nothing  or  a  minimum. 

Case  2.  If  the  bodies  P  and  S  revolve  about  T  in  different  planes,  L  M 
being  parallel  to  P  S  will  have  the  same  effect  as  before, .  and  will  not 
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tend  to  move  P  from  its  plane.  But  N  M  acting  in  a  different  plane, 
will  tend  to  draw  P  out  of  its  plane,  besides  disturbing  the  equable  des- 
cription of  areas,  Slc  and  as  before  this  disturbing  force  is  a  minimum, 
when  M  N  is  a  minimum,  or  when  S  N  =:  nearly  S  K* 

466.  To  estimate  the  magnitude  of  the  disturbing  forces  on  P,  when  P 
moves  in  a  circular  orbit,  and  in  the  same  plane  with  S  and  T. 

Let  the  angle  from  the  quadratures  P  C  T  =  ^, 


PC 


S  T  =  d,  P  T  =  r,  F  at  the  distance  (a)  =s  M, 

Ma< 


FonP  = 


"ST^ 


••.  From  P  in  the  direction  SP:  PT::SP:PT, 

AFinthedirectionPT=p|^;x||. 
But  S  P«  =  d«  +  r  *  —  2  d  r  sin,  ^, 


A  F  in  the  direction  P  T  =s 


Ma*r 


Ma«r 


(d«  +  r*  — 2drsin.  <;)  J 
_  Ma«r  f,        -  r«  — 2dr  sm.  tfl 

-^■ff^V-i r^ / 


=  — g-j —  =  A  nearly,  since  d  bebg  indejQnitely  great  compared  with  r 
in  the  expansion,  all  the  terms  may  be  neglected  except  twa     First  -}- 

vanishes  when  compared  witli  j,,  .-.  the  addititious  force  in  the  dirc^ction 

P  T  •=  A.     By  proportion  as  before,  force  in  the  direction  S  T 

Ma^  ST_  Ma«d f 

-  SP«  SP  "d'  (1  +  rr«  — 2dr  sin.tf. 


-) 


__Ma*/-        8r»  — Sdrsin.  tfv 

~~d^V*  ~2 T* ) 

__Ma*       8Ma«r»   .   8Ma«r  mn.  » 

At  o  J  *  + 


2d 


22 
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.••  force'in  the  direction  S  T  =  — t^ — |- ttj —  sin.  4  nearly,  since 

I  .1  Ma* 

-7^  vanishes  when  compared  with  y,  and  the  force  of  S  on  T  =      .^   , 

1.1  ..:       T?       Ma«       SMa   r     .     ^       Ma* 
.••  ablatittous  F  =     s^     +  — gi —  .  sm.  4  — 

=  3  A  •  sin.  0, 


If  P  T  equal  the  addititious  force,  then  the  abladtious  force  equals  3  P  K, 
forPK:PT::sin.  <:(1  z=  r), 

.%  3  P  K  =  3  P  T.  sin.  d  =  3  A. sin.  6. 
To  resolve  the  ablatitious  force.     Take 

P  m  :  P  n  : :  P  T  :  T  K  :  :  1  :  COS.  d, 

3  A 

/.  P  n  =  P  m  X  COS.  ^  =  3  A  X  sin.  ^  cos.  6  =  -^- .  sin.  2  4 

da 

mnsPmX   PK=:3A.sin.*<  =  8A.i-=^-^^, 

.*•  the  disturbing  forces  of  S  on  P  are 

1.  The  addititious  force = — -r, —  =  A. 

2.  The  ablatitious  force  which  is  resolved  into  the  tangential  part 
=  -jr~ .  sin.  2  tf,  and  that  in  the  direction  T  P  =  3  A .  •  ■       ■  > —  , 

•••  whole  disturbing  force  in  the  direction  P  T  =  A  —  3  A . 5 

s-  A ^  +  -^  •  cos.  2  4  =  —  -o"  +  "o*'  *  ^^^  ^  ^>  ^'^^  ^  ^^  whole 

revolution  the  positive  cosine  destroys  the  negative,  therefore  the  whole 
disturbing  force  in  a  complete  revolution  b  ablatitious,  and  equal  to  one 
half  of  the  mean  addititious  force. 


467.  To  compare  N  M  and  L  M. 


SK 


L  M  :  P  T : :  (S  L  =  J^)  :  S  P, 


.•.LM  =  g-^,-xPT 
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MN  = 


||.;x"sT-ST  =  Sli^\sT 
SK*— (SK  — KP)» 


X  ST 
SK»— SK»  +  3SR«  X  KP 

8SK*  X  PK 
ST* 

-g-yr  X  P  T  X  wn.  tf, 

.%  M  N  :  L  M  : :  I  :  S  sin.  4. 


X  S  T  nearly 
X  STnearly=:?^^'x  PK 


468.  Next  let  S  and  P  revolve  about  T  in  different  planes,  and  let 
N  P  N^  be  Fs  orbit,  N  N'  the  line  of  the  nodes.  Take  T  K  in  T  S  = 
3  A .  sin.  ^.  Pass  a  plane  through  T  K  and  turn  it  round  till  it  is  per- 
pendicular to  Fs  orbit  Let  T  e  be  the  intersection  of  it  with  Fs  orbit. 
Produce  T  E  and  draw  K  F  perpendicular  to  it,  .••  K  F  is  perpendicular 
to  the  plane  of  P*s  orbit,  and  therefore  perpendicular  to  every  line  meet- 
ing it  in  that  orbit,  T  in  the  plane  of  S's  orbit ;  draw  K  H  perpendicular 
to  N'  N  produced ;  join  H  F,  then  F  H  K  equals  the  inclination  of  the 
planes  of  the  two  orbits.  For  K  H  T,  K  F  T,  K  F  H  being  all  right  angles, 

KT«=  KH*+  HT« 
KF»+  H«5=  K  F«+  FH«  +  HT«, 
*.-.  FT«  =  F  H«+  HT«, 
.••  F  H  is  perpendicular  to  H  T. 
Since  PT=A,  TK  =  Ax  sin.  4 

*  Let  the  angle  KHTssT,  HTKcs^s=  angular  dittancc  of  the  line  of  the  ncflce 
fran  Sy  %m 

Z3 
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P  T  :  T  K  : :  1 :  8  sin.  tf 
TK  :  KH::  1  :  sin.  p 
K  H  :  K  F  : :  1  :  sin.  T, 
.•.  P  T  :  E  F  : :  1  :  3  sin.  tf .  sin.  f .  sin.  T, 
•%  ablatitious  force  perpendicular  to  Ps  orbit  =;  K  F 
=  8  P  T  X  sin.  ^.  sin.  p  x  sin.  T  =  8  A  X  sin.  tf .  sin.  f  X  sin.  T. 
2d.  Hence  it  appears  that  there  are  four  forces  acting  on  P. 

C 


1 


1.  Attraction  of  P  to  T  a  — , . 

r* 


3.  Addititious  F  in  the  direction  P  T  =  - 


M 


a«r 


3.  Ablatitious  F  in  the  direction  P  T  = jg —  .  sin.  •  tf. 

Xu  a '  r 

4.  Tangential  part  of  the  ablatitious  force  =:  f .  — -rs —  •  sin.*  tf. 

Of  these  the  three  first  acting  in  the  direction  of  the  radius-vector  do 
not  disturb  the  equable  description  of  areas,  the  fourth  acting  in  the  di- 
rection of  a  tangent  at  P  does  interrupt  it 

Since  the  tangential  part  of  F  is  formed  by  the  revolution  of  P  M=8  A  X 
sin.  ^  at  C|  ^  =  0,  therefore  P  m  =  0,  and  consequently  the  tangential 
F  =  0 ;  from  C  to  A,  P  n  is  in  consequentia,  and  therefore  accelerates 
the  body  P  at  A,  it  again  equals  0,  and  from  A  to  D  is  in  antecedentia, 
and  therefore  retards  P ;  from  D  to  B  it  accelerates ;  from  B  to  C  it  re* 
tards. 

Therefore  the  velocity  of  P  is  greatest  at  A  and  B,  because  these  are 
the  points  at  which  the  accelerations  cease  and  retardations  begin,  and 
the  velocity  is  least  at  D  and  C.  To  find  the  velocity  gained  by  the  ac- 
tion of  the  tangential  force.* 

dZ  =  Fdx  =  }A.  sin.  2  ^  d  ^ 


*  F  in  the  cUroction  P  T  is  a  wmgimmn  at  the  qundntim^ 
quadntim  la  0,  and  at  crery  other  point  it  it  eomething. 


beoBiiM  the  ablatitious  Pin  tlia 
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sin.  2  ^  X  2  ^  =  —  {cw.  2  ^y, 

•••  Z  =  5—  =  Cor.  —  J  A.  COS.  2  6. 

2  g  * 

But  when  4  =  0,  the  tangential  F  a:  0,  and  no  velocity  is  produced, 
•*•  COS.  2  ^  s  R  =  1, 

y'        3  A 

.-.  2~  ^''IT  ^^  —  <»s-  2  d)  =  5  A.  2  sin. «  d, 

.-.  v'  =  3  g  A.  sin.*  ^9 
.•.  V  s=  v^  8  g  A.  sin.  6j 
.*.  v'  a  (sin*  i)\ 

.%  whole  f  on  the  moon  at  the  mean  distance  :  f  of  S  on  T  : :  --s :  -rr: 

p'    P* 

and  the  force  of  S  on  T  :  add.  f  at  the  mean  distance  (m)  '*  Tz-  ^if 

pt 
.*•  whole  f  at  the  mean  distance  :  m  :  :  P ' :  p '  and  ^  x  whole  f  &c.  =  m. 

f         or 
Now  f  on  the  moon  at  any  distance  (r)  =  -^  —  -^^^  and  at  the  mean 

distance  (1)  =  f  —  ^,  =  f  —  ^  , 

p*f      mp* 
"^-   pi        2P«' 

_       2p»f 
•'•""  ~2P'  +  p«' 


^   1^      i.              1         P*f        P*f 
and  therefore  nearly  =  *- ^-p-j , 

f  p'       2  p^  1 
.•.  m  r  (which  equals  the  addititious  force)  —  f.  r.  |p-^ W^\  • 

m 

469.  To  compare  the  ablatitious  and  addititious  forces  upon  the  moon, 
with  the  force  of  gravity  upon  the  eailh's  sur&ce.  (Newton,  Vol.  III. 
Prop.  XXV.) 

add.  f  :  f  of  S  on  T  : :  P  T  :  S  T 

ST     P  V       P  T 

f  of  S  on  T  :  f  of  the  earth  on  the  moon  : :  -p^  :  ^^~  =  — ^ , 


p-  p 

.*.  add.  f  :  f  of  the  earth  on  the  moon  : :  p'  :  P' 
f  of  the  earth  on  the  moon- :  force  of  gravity  : :   1    :  60', 

.%  add.  f  :  force  of  gravity  : :  p«  :  P*.  60«    .    .    .    (I) 

Also  ablat  f  :  addititious  force  : :  3  P  K  :  P  T, 

.-.  ablat  f :  addititious  force  : :  3  P  K.p«  :  60«.  P  T.  P« .  (2) 

I 
470.  Cor.  2.    In  a  system  of  three  bodies  S|  P,  T,  force  oc^  j|,  the 

Z4 
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body  P  will  describe^  greater  areas  in  a  given  time  at  the  syzygies  than  at 
the  quadrature. 

The  tangent  ablatitious  f  =  }  •  P  T  •  sin.  2  4 ;  therefore  this  force  will 
accelerate  the  description  of  areas  from  quadratures  to  syzygies  and  retard 
it  from  syzygies  to  quadratures,  since  in  the  former  ease  sin.  2  4  is  positive^ 
and  in  the  latter  negative. 

Cor.  S.  is  contained  in  Cor.  2. 

The  first  quadrant  d.  sin.  being  positive  tiie  velocity  increases, 
in  the  second  d.  sin.  negative  the  velocity  decreases,  &c.  for  the  1st  Cor. 
2d  Cor.  &c. 

Also  V  is  a  maximum  when  sin.  ^  is  a  maximum,^  i.  e.  a,t  A  and  B. 

471.  CoR.  4.  The  curvature  of  Ps  orbit  is  greater  in  quadratures  than 

in  the  sjrzygy. 

mu      1   1    T^       r.      Ma»  ,   Ma«r       3Ma«r,-  ^..  ^ 

The  whole  F  on  P  =  -jj-  +  —p 2U^  ^   ~  ' 

(3  M  a '  r .  sin.  2  4\ 
2d^  )' 

In  quadratures  sin.  2^  =  0, 

.  „      Ma«   .   Ma'r 

And  in  syz.  2  $  =z  180, 

.*.  sin.  2^  =  0,     COS.  2^=1 

8Ma«r    ,,  ^,.       3Ma»r 

.'.^g-j3-.(l— cos.2tf)=  — jj— , 

^u      u  1    T?       ti  •    -.1.               Ma*      2Ma*r 
.•.  the  whole  F  on  P  m  the  syz.  =  — p -i 

.'.  F  is  greater  in  the  quadratures  than  in  the  syzygies ;  and  the  velocity 
is  greater  in  the  syzygies  than  in  the  quadratures. 

1  F 

But  the  curvature  a  p-v^  a  ^  ^ ,  .*.  is  greatest  in  the  quadratures  and 

least  in  the  syzygies. 

472.  CoR.  5.  Since  the  curvature  of  P's  orbit  is  greatest  in  the  quadra- 
ture and  least  in  the  syzygy,  the  circular  orbit  must  assume  the  form  of  an 
ellipse  whose  major  axis  is  C  D  and  minor  A  B* 

.".  P  recedes  farther  from  T  in  the  quadrature  than  in  the  syzygy. 

473.  Cor.  6. 

The  whole  F  on  P  in  the  line  P  T=::^^+  — ji ' — jl —  •  s*"'  ' 

,  M  a*       M  a*r 
=  m  quad,  -p-  +  —J  3— 
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,  .                 Ma«       2Ma«r 
and  in  syz.  =  -^5 j3 — 

let  the  ablatitious  force  on  P  equal  the  addititious,  and 

Ma«r_8MaJr     .    ,. 
— jp--       j^      .sm.    i 

.\  sin.  0  =5  -7==-  sin.  85* .  M. 
V  S 

Therefore  up  to  this  point  from  quadrature  the  ablatitious  fi>ree  is  less 

than  the  addititious,  and  from  this  to  one  equally  distant  from  the  other) 

point  of  quadrature^  the  ablatitious  is  greater  than  the  addititious,  therefore 

in  a  whole  revolution  the  gravity  of  P  to  T  is  diminutive  from  what  it 

would  be  if  the  orbit  were  circular  or  if  S  did  not  act.  and  P  a    ,    . ,  y. 

V  abl.  F 

and  since  the  action  of  S  is  alternately  increased  or  diminished,  therefore 

P  a  from  what  it  would  be  were  P  T  constant,  both  on  account  of  the 

variation,  and  of  the  absolute  force. 

474.  Cob.  7.  *  Let  P  revolve  round  T  in  an  elliptic  orbit,  the  force  on 

^.     .           ,        Ma*       Ma'r   .    b  ^ 
P  m  the  quad.  =  ~-  ,-  +  — jj h  rt  +  c  r. 


/  b  -f-  c 
.*.  G  +  180     /*— — -  and  since  the  number  is  greater  than  the  de* 

nomination  G  is  less  than  180.  •*.  the  apsides  are  regressive  if  the  same 
effect  is  produced  as  long  as  the  addititious  force  is  greater  than  the  abla* 
titious,  i.  e.  through  85®.  16'. 

rp,^c  Ti  •    .1-  Ma*      2Ma*r       b        ^ 

ine  force  on  Pm  the  syz.  = tt —  =—5- — 2cr 

J  r  d'  r* 

•  Sinee  P  oc  and  In  winter  the  sun  is  nearer  the  earth  than  in  rammer, 

V'  ablatitious  foree 

R  is  increased  in  winter,  and  A  is  diminishedi  therefore  the  lonar  months  are  shorter  in  winter 

than  in  summer. 
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V  b  —  8  c 


•*.  in  the  sjz.  the  apsides  are  progressive,  and  since  ^r will  be 

an  improper  fraction  as  long  as  the  ablatitious  force  is  greater  than  the 
addititious,  and  when  the  disturbing  forces  are  equal,  mesne,  therefore 
G  =  180^9  i.  e.  the  line  of  apsides  is  at  rest  (or  it  lies  in  V  C  produced 
9th.)  .%  since  they  are  regressive  through  14P.  4'  and  progressive 
218°.  66'  they  are  on  the  whole  progressive. 

To  find  the  effect  produced  by  the  tangential  ablatitious  force,  on  the 
velocity  of  P  in  its  orbit     Assume  u  =  velocity  of  a  body  at  the  mean 

distance  1,  then —  =  velocity  at  any  other  distance  r  nearly,  the  orbit 

being  nearly  circular. 

Let  V  be  the  true  velocity  of  P  at  any  distance  (r),  vdv  =  gFdx 

(1=  16^.  For  the  tangent  ablatitious  f  r:  f .  P  T.2tf,and  x' ==  r  ^) 

=  3PT.mr.sin.  2^.^, 

.-.  V*  =  —  3  P  T  m  r  COS.  2  tf  +  C, 
and 


u« 


J.2 


U« 


V«=   ^  —  &C. 

r* 


Hence  it  appears  that  the  velocity  is  greatest  in  syzygy  and  least  in 
quadrature,  since  in  the  former  case,  cos.  2  6  is  greatest  and  negative,  and 
in  the  latter,  greatest  and  positive. 

To  find  the  increment  of  the  moon's  velocity  by  the  tangential  force 
while  she  moves  from  quadrature  to  syzygy. 

v*  =  — 3PT.m.r.cos.2^  +  C, 

but  (v)  the  increment  =:  0,  when  ^  =  0, 

.%  C  =  3  P  T .  m .  r, 

•%  v«  =  3  P  T .  m  •  r  (1— cos.  2  tf)=6  P  T.  m.  r.  sin.'^, 
and  when  tf  =  90®,  or  the  body  is  in  syzygy  v*  =  6PTm.r. 

476.  CoR.  6.  Since  the  gravity  of  P  to  T  is  twice  as  much  diminished 
in  syzygy  as  it  is  increased  in  quadrature,  by  the  action  of  the  disturbing 
force  S,  the  gravity  of  P  to  T  during  a  whole  revolution  is  diminished. 
Now  the  disturbing  forces  depend  on  the  proportion  between  P  T  and 
T  S,  and  therefore  they  become  less  or  greater  as  T  S  becomes  greater 
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or  less.  If  ^erefore  T  approach  S,  the  gravity  of  P  to  T  will  be  still 
more  diminished,  and  therefore  P  T  will  be  the  increment  ' 

Now  P .  T  Qc  ,     .        ^         ;   since,  therefore,  when  S  T  is  di- 

^  absolute   force 

mmished,  R  is  increased  and  the  absolute  force  diminished  (for  the  ab- 
solute force  to  T  is  diminished  by  the  increase  of  the  disturbing  force)  the 
P .  T  is  increased.  In  the  same  way  when  S  T  is  increased  the  P  .  T  is 
diminished,  therefore  P.  T  is  increased  or  diminished  according  as  S  T 
is  diminished  or  increased.  Hence  per.  t  of  the  moon  is  shorter  in  winter 
than  in  summer. 


OTHERWISE. 


476.  Cob.  7.  To  find  the  effect  of  the  disturbing  force  on  the  motion 
of  the  apsides  of  Ps  orbit  during  a  whole  revolution. 

Let  f  =  gravity  of  P  to  T  at  the  mean  distance  (1),  then  — ^  =  gravity 

of  P  at  any  other  distance  r. 

f  f 

Now  in  quadrature  the  whole  force  of  P  to  T  =  — j  +  add.  f  =  — ,  +  r 

f  r -I-  r *  /f+I 

=  — -Sj —  and  with  this  force  the  distance  of  the  apsides  =  180<*    /  s^^ 

which  is  less  than  180^,  therefore  the  apsides  are  regressive  when  the 

f 
body  is  in  quadrature.     Now  in  syz.  the  whole  force  of  P  to  T  =  -j  — 

f  r  _  2  r* 

2  r  =  ■ 5 ,  therefore  the  distance  between  the  apsides  =   180* 

^  -X 5  which  is  greater  than  180<>,  therefore  the  apsides  are  progressive 

when  the  body  is  in  syzygy. 

But  as -the  force  (2  r)  which  causes  the  progression  in  syzygy  is  double 
tlie  force  (r)  which  causes  the  regression  in  quadrature^  the  progressive 
motion  in  sjrzygy  is  greater  than  the  regressive  motion  in  the  quadrature. 
Hence,  upon  the  whole,  the  motion  of  the  apsides  will  be  progressive 
during  a  whole  revolution. 

At  any  other  point,  the  motion  of  the  apsides  will  be  progressive  or 

P  T      8"  P  T 
retrograde,  according  as  the  whole  central  force s — I 5 —  •  cos.  2  6 

is  negative  or  positive. 
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477.  Cor.  8.   To  calculate  the  distarbing  force  when  Pa  orbit  b  ex« 

centric. 


6_M 


m      D 


P  T       3  P  T 

The  whole  central  disturbing  force  =  —  -5—  +  — - —  cos.  2  ^  = 

mr.Smr  04/-   ^u  jjir\vT  1  —  e* 

—  ^^-  +  — K—  •  COS.  2  tf  (m  IS  the  mean  add.  t).   Now  r  =  •= . — 

2  2  1  —  e  COS.  u 

=  by  div.  1  —  e*  +  e .  cos.  u  +  e*.  cos.  *  u,  &c.  neglecting  terms  in- 

e'  e' 

volving  e',  &c  =  1 5   +  e .  cos.  u  +  —  .  cos.  2  u;  therefore  the 


m 


whole  central  disturbing  force  =  —  -^  + 


2 
m  e* 


m  .  e .  cos.  u 


4  2 

m  e*  cos.  2u,8  ^.      3me*  n^,3  '«. 

5 +  -rr-mcos.2^ 5 — «.cos.2^  +  -—me.cos.  u.  cos.  2 4 

Ht  A  a  A 

+  I  m  e  '•  COS.  2  u  •  cos.  2  tf. 

478.  Cor.  8.  It  has  been  shown  that  the  apsides  are  progressive  in 
syzygy  in  consequence  of  the  ablatitious  force,  and  that  they  are  regres- 
sive in  quadrature  from  the  effect  of  the  ablatitious  force,  aud  also,  that 
they  are  upon  the  whole  progressive.  It  follows,  therefore,  that  the 
greater  the  excess  of  the  ablatitious  over  the  addititious  force,  the  more  will 
the  apsides  be  progressive  in  the  course  of  a  revolution.  Now  ia  any 
position  m  M  of  the  line  of  the  apside&,  the  excess  of  the  ablatitious  in 
conjunction  =  2  A  T  in  opposition  =  T  B,  therefore  the  whole  excess 
=  2  A  B.  Again,  the  excess  of  the  addititious  above  the  ablatitious  force 
in  quadrature  =  C  D.  Therefore  the  apsides  in  a  whole  revolution  will 
be  retrograde  if  2  A  B  be  less  than  C  D,  and  progressive  if  2  A  B  be 
greater  than  C  D.  Also  their  progression  wiU  be  greater,  the  greater  the 
excess  of  2  A  B  above  C  D ;  but  the  exeess  is  the  greatest  when  M  m  i.s 
in  syzygy,  for  then  A  B  is  greatest  and  C  D  the  least.  Also,  when  M  m 
is  in  syzygy  the  apsides  being  progressive  are  moving  in  the  same  direc- 
tion with  S,  and  therefore  will  remain  for  some  length  of  time  in  syzygy. 
Again,  when  the  apsides  are  in  quadrature  A  B  =  P  p,  and  C  D  =  M  ni, 
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bat  if  the  orbit  be  nearly  circular,  2  A  B  is  greater  than  C  D ;  therefore 
the  apsides   are  still  in  a  whole  revolution  progressive,  though  not  so 

much  as  in  the  former  case. 

F 
In  orbits  nearly  circular  it  follows  from  G  =  — :=  when  F  oc  Ap-^, 

V  r 

that  if  the  force  vary  in  a  greater  ratio  than  the  inverse  square,  the 
apsides  are  progressive.  If  therefore  in  the  inverse  square  they  are  sta- 
tionaiy, — ^if  in  a  less  ratio  they  are  regressive.  Now  from  quadrature  to 
35®  a  force  which  oc  the  distance  is  added  to  one  varying  inversely  as 
the  square,  therefore  the  compound  varies  in  a  less  ratio  than  the  inverse 
square^  therefore  the  apsides  are  regressive  up  to  this  point   At  this  point 

F  a  -7 ; ,  therefore  they  are  stationary.     From  this  to  35®    from 

distance'  "^  ^ 

another   D    a   quantity  varying  as  the  distance  is  subtracted  from  one 

varying  inversely  as  the  square,  therefore  the  resulting  quantity  varies 

in  a  greater  ratio   than   the  inverse  square,  therefore  the  apsides  arc 

progressive  through  218®. 

OTHERWISE. 

479.  CoR.  8.  It  has  been  shown  that  the  apsides  are  progressive  in 
syzygyin  consequence  of  the  ablatitious  force,  and  that  they  are  regressive 
in  the  quadratures  on  account  of  the  additittous  force^  and  they  are  on  the 
whole  progressive,  because  the  ablatitious  force  is  on  the  whole  greater 
than  the  addititious.  .\  the  greater  the  excess  of  the  ablatitious  force 
above  the  addititious  the  more  will  be  the  apsides  progressive. 

In  any  position  of  the  line  A  B  in  conjunction  the  excess  of  the  ablati- 
tious force  above  the  addititious  is  2  P  T,  in  opposition  2  p  t.  .*.  the  whole 
excess  in  the  syzygies  =  2  P  p.  In.  the  quadratures  at  C  the  ablatitious 
force  vanishes.  .'.  the  excess  of  the  addititious  =  additions  =  C  T« 
/.  the  whole  addititious  in  the  quadratures  =r  C  D. 

Now  the  apsides  will,  in  the  whole  revolution,  be  progressive  or  regres- 
sive, according  as  2  P  p  is  greater  or  less  than  C  D,  and  then  the  progress* 
sion  will  be  greatest  in  that  position  of  the  line  of  the  i^ses  when  2  P  p— • 
C  D  is  the  greatest,  i.  e.  when  A  B  is  in  the  syzygy,  for  then  2  P  p  =: 
2  A  B,  the  greatest  line  in  the  ellipse,  and  C  D  =  R  r  =  ordinate  = 
least  through  the  focus.  •*.2Pp  —  CD  is  a  maximum.  Also  when 
A  B  is  in  the  syzygy,  the  line  of  apsides  being  progressive,  will  move  the 
same  way  as  S.  .*.  it  will  remain  in  the  syzygy  longer,  and  p^  this  account 
the  apsides  will  be  more  progressive.  But  when  the  apsides  are  in  the 
quadratures  S  P  =  R  r  and  C  D  =  A  B,  and  the  orbit  being  nearly 
circular,  R  r  nearly  equals  A  B.     .*.  2  P  p  —  C  D  is  positive,  and  the 
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apsides  are  progressive  on  the  whole,  though  not  so  much  as  in  the  last 
case ;  and  the  apsides  being  regressive  in  the  quadratures  move  in  the  op* 
posite  direction  to  S,  .«•  are  sooner  out  of  the  quadratures,  •%  the  regres- 
sion in  the  quadrature  is  less  than  the  progression  in  the  sjzygy. 

480.  Cob.  9.  Lemma.     If  from  a  quantity  which  oc  -n  any  quantity 

be  subtracted  which  a  A  the  remainder  will  vary  in  a  higher  ratio  tban 

1 

the  inverse  square  of  A,  but  if  to  a  quantity  varying  as  j-|  another  be 

1 

added  which  oc  A,  the  sum  will  vary  in  a  lower  ratio  than  -r-i  • 

If  .  ,  be  diminished  C  A  =:         'a  ." — .     If  A  increases  1  —  c  A* 
A*  A* 

decreases,  and  -^  increases.   •*•  the  quantity  decreases,  1  *—  c  A  increases 

1 

and  -XT  u^creases.     .\  increases  from  both  these  accounts.    .*.  the  whole 

...  .  1 

quantity  varies  in  a  higher  ratio  than  -j-^ . 

1  +  cA* 
If  C  A  be  added  — xi — ,  as  A  is  increased  the  numerator  increases, 

and  x~t  decreases.    .*.  the  quantity  does  not  decrease  so  fast  as  -^-i  9  snd 

if  A  be  diminished  1  +  c  A  *  is  diminished,  and  -^s  increased.    .*.  the 

quantity  is  not  increased  as  fast  as  -jr-^  •    •*•  &c.     Q.  e.  d. 

OTHEBWISC. 

481.  CoR.  9.   To  find  the  effect  of  the  disturbing  force  on  the  excen- 

1 

tricity  of  Ps  orbit     If  P  were  acted  on  by  a  force  oc  -^ ,  the  excentricity 

of  its  orbit  would  not  be  altered.    But  since  P  is  acted  on  by  a  force  vary* 

ing  partly  as  r-,  and  partly  as  the  distance,  the  excentricity  will  continual- 
ly vary. 

Suppose  the  line  of  the  apsides  to  coincide  with  the  quadrature,  then 
while  the  body  moves  from  the  higher  to  the  lower  apse,  it  is  acted  upon 

by  a  force  which  does  not  increase  so  fast  as  -n ,  for  the  force  at  the  quad- 

f  ' 
rature  =  — ^  -f  m  r,  and  .-.  the  body  will  describe  an  orbit  exterior  to  the 

elliptic  which  would  be  described  by  the  force  a  t-^.     Hence  the  body 
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will  be  fiurther  from  the  focus  at  the  lower  apse  than  it  would  have  been 

had  it  moved  in  an  elliptic  orbit,  or  the  excentricity  is  diminished.     Also 

AS  the  decrease  in  excentricity  is  caused  by  the  force  (m  r),  the  less  this 

f 
force  is  with  respect  to  — , ,  the  less  will  be  the  dimmution  of  excentricity. 

Now  while  the  line  of  apsides  moves  from  the  line  of  quadratures^  the  force 
(m  r)  is  diminished,  and  when  it  is  inclined  at  an  angle  of  85^  16'  the 
disturbing  force  is  nothing,  and  .%  at  those  four  points  the  excentricity 
remains  unaltered.  After  this  it  may  be  shown  in  the  same  manner  that 
the  excentricity  will  be  continually  increased,  until  the  line  of  apsides 
coincides  with  the  syzygies.  Hence  it  is  a  maximum,  since  the  disturbing 
force  in  these  is  negative.  Afterwards  it  will  decrease  as  before  it  in- 
creased, until  the  line  of  apsides  again  coincides  with  the  line  of  quadra- 
ture, and  the  excentricity  is  a  minimum. 

CoR.  14.  Let  P  T  =  r,  S  T  =  d,  f  =  force  of  T  on  P  at  the  distance 
1,  g  =  force  of  S  on  T  at  the   distance,  then  the  ablatitious  force 

3  £^  r  sii)    6  ^ 

=  ^  ,3 — ^—;  if.',  the  position  of  P  be  given,  and  d  varies,  the  ablati- 
tious &rce  oc  >^ .  But  when  the  position  of  P  is  given,  the  ablatitious 
:  addititious  ; :  in  a  given  ratio^  .%  addititious  force  oc  -p ,  or  the  dis- 
turbing force  Qc  -p .     Hence  if  the  absolute  force  of  S  should  oc  the  dis- 

absol  f     • 
turbing  force  oc  — , ,'     .     Let  P  =  the  periodical  time  of  T  about  S, 

•'.  w^  a  —  ,3*     .     Let  A  ==  density,  d  =  diameter  of  the  sun,  then  the 

absolute  force  a  A  ^  *,  then  the  disturbing  force  oc  ,,  «  ^  a  A  (ap- 
parent diameter)'  of  the  sun.  Or  since  P  T  is  constant,  the  linear  as  well 
as  the  angular  errors  oc  in  the  same  ratio. 

483.  Cor.  15.  If  the  bodies  S  and  T  either  remain  unchanged,  or  their 
absolute  forces  are  changed  in  any  given  ratio,  and  the  magnitude  of  the 
orbits  described  by  S  and  P  be  so  changed  that  they  remain  similar  to 
what  they  were  before,  and  their  inclination  be  unaltered,  since  the  accel- 

absolute  force  of  m, 
erating force  of  P  to  T  :  accelerating  force  of  S  : :  pT« ' 

' — oTFTi 9  and  the  numerators  and  denominators  of  the  last 

terms  are  changed  in  the  same  given  ratio,  the  accelerating  forces  remain 
in  the  same  ratio  as  before,  and  the  linear  or  angular  errors  oc  as  before, 
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L  e.  as  the  diameter  of  the  orbits»  and  the  times  of  those  errors  oc  P  Ps 
of  the  bodies. 

Cor.  16*  Hence  if  the  forms  and  inclinations  of  the  orbits  remain,  and 
the  magnitude  of  the  forces  and  the  distances  of  the  bodies  be  changed;  to 
find  the  variation  of  the  errors  and  the  times  of  the  errors.    In  Con  U. 

it  was  shown,  how  that  when  P  T  remained  constant,  tbe  errors  cc  p. 

Now  let  P  T  also  a,  then  since  the  addititious  force  in 'a  given  portion 
of  P  oc  P  T,  and  in  a  giyen  position  of  P  the  addititious  :  ablatitious  in 

a  given  ratio. 

CoK.  If  a  body  in  an  ellipse  be  acted  upon  bv  a  force  which  faries 

in  a  ratio  greater  than  the  inverse 
square  of  the  distance,  it  will  in  de- 
scending from  the  higher  apse  B  to  the 
lower  apse  A,  be  drawn  nearer  to  the 
center.  .*.  as  S  is  fixed-,  the  exccn- 
tricity  is  increased,  and  from  A  to  B 
the  excentricity  will  be  increased 
fdso,  because  the  force  decreases  the  faster  the  distance*  increases. 

484.  (CoR.  10.)  Let  the  plane  of  Fs  orbit  be  inclined  to  the  plane  of  Ts 
orbit  remaining  fixed.  Then  the  addititio'js  force  being  parallel  to  P  T, 
is  in  the  same  plane  with  it,  and  .*.  does  not  alter  the  inclination  of  tlie 
plane.  But  the  ablatitbus  force  acting  firom  P  to  S  may  be  resolved  into 
two,  one  parallel,  and  one  perpendicular  to  the  plane  of  Ps  orbit  The 
force  perpendicular  to  P's  orbit  =  3  A  X  sin.  6  X  sin.  Q  X  sin.  T 
when  6  =  perpendicular  distance  of  P  from  the  quadratures,  Q  =  angular 
distance  of  the  line  of  the  nodes  from  the  syzygy,  T  =  first  inclination  of 
the  planes. 

Hence  when  the  line  of  the  nodes  is  in  the  syzygy,  ^  s=  0, 
.*.  no  force  acts  perpendicular  to  the  plane, 
and  the  inclination  is  not  changed.  When 
the  line  of  the  nodes  is  in  the  quadratures, 
6  =  90^,  .*•  sin.  is  a  maximum,  •*.  force  per- 
pendicular produces  the  greatest  change 
in  the  inclination,  and  sin.  6  being  posi- 
tive from  C  to  D,  the  force  to  change  the 
inclination  continually  acts  from  C  to  D 
pulling  tlie  plane  down  from  D  to  C.  Sin.  4 
is  negative,  •*.  force  which  before  was  posi- 


sin.  =  0 
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tive  pulling  down  to  the  plane  of  S's  orbit  (or  to  the  plane  of  the  paper) 
now  is  negative,  and  .'.  pulls  up  to  the  plane  of  the  paper.  But  P's  orbit  is 
now  below  the  plane  of  the  paper,  .".  force  still  acts  to  change  the  inclina- 
tion. Now  since  the  force  from  C  to  D  continually  draws  P  towards  the 
plane  of  S's  orbit,  P  will  arrive  at  that  plane  before  it  gets  to  D. 

If  the  nodes  be  in  the  octants  past  the  quadrature,  that  is  between  C 
and  A.  Then  from  N  to  D,  sin.  tf  being  positive,  the  inclination  is  di- 
minished, and  from  D  to  N'  increased,  .*.  inclination  is  diminished  through 
^{y*y  and  increased  through  90^,  .*.  in  this,  as  in  the  former  case,  it  is 
more  diminished  than  increased.  When  the  nodes  are  in  the  octants  be- 
fore  the  quadratures,  i.  e.  in  G  H,  inclination  is  decreased  from  H  to  C, 
diminished  from  C  to  N,  (and  at  N  the  body  having  got  to  the  highest 
point)  increased  from  N  to  D,  diminished  from  D'  to  N',  and  increased 
from  2  N'  to  H,  .'.  inclination  is  increased  through  270^,  and  diminished 
through  90^,  .*.  it  is  increased  upon  the  whole.  Now  the  inclination  of 
Ps  orbit  is  a  maximum  when  the  force  perpendicular  to  it  is  a  minimum, 
i.  e.  when  (by  expression)  the  line  of  the  nodes  is  in  the  syzygies.  When 
is  the  quadratures,  and  the  body  is  in  the  syzygies,  the  least  it  is  increased 
when  the  apsides  move  from  the  syzygies  to  the  quadratures ;  it  is  dimin- 
ished and  again  increased  as  they  return  to  the  syzygies. 

485.  (CoR.  11.)  While  P  moves  from  the  quadrature  in  C,  the  nodes 
being  in  the  quadrature  it  is  drawn  towards  S,  and  .%  comes  to  the  plane 
of  S's  orbit  at  a  point  nearer  S  than  N  or  D,  i.  e.  cuts  the  plane  before  it 
arrives  at  the  node.  .'.  in  this  case  the  line  of  the  nodes  is  regressive.  In 
the  syzygies  the  nodes  rest^  and  in  the  points  between  the  syzygies  and 
quadratures,  they  are  sometimes  progressive  and  sometimes  regressive, 
but  on  the  whole  regressive;  .'.  they  are  either  retrograde  or  stationary. 

486.  (Cor.  12.)  All  the  errors  mentioned  in  the  preceding  corollaries  are 
greater  in  the  syzygies  than  in  any  other  points,  because  the  disturbing 
force  is  greater  at  the  conjunction  and  opposition. 

487.  (CoR.  13.)  And  since  in  deducing  the  preceding  corollaries,  no  re- 
gard was  had  to  the  magnitude  of  S,  the  principles  are  true  if  S  be  so 
great  that  P  and  T  revolve  about  it,  and  since  S  is  increased,  the  disturbing 
force  is  increased ;  .•.  irregularities  will  be  greater  than  they  were  before. 

488.  (CoR,  14.).L  M  =  ^^^  =  N  N  M  =  ^^f'^  sin.  tf,  .-.  in 
a  given  position  of  P,  if  P  T  remain  unaltered,  the  forces  N  M  and  L  M 

Vol..  I.  A  a 
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1  1  ^  ^ 

oc  J-,  X  absolute  force  x  ^p^j^jy,  of  T  for  (sect  8  .  P«  ce  ^^^^^  J 

whether  the  absolute  force  vary  or  be  constant  Let  D  =  diameter  of  S, 
6  =  density  of  Sy  and  attractive  force  of  S  oc  magnitude  or  quantity  of 
matter  a  D  ^  3, 

/.  forces  L  M  and  N  M  a  --J7-. 

But--?-  =  apparent  diameter  of  S,  ' 

.*.  forces  oc  (apparent  diameter) '  d  another  expression. 

489.  (Coiu  15.)  Let  another  body  as  P  revolve  round  T'  in  an  orbit 

similar  to  the  orbit  of  P  round  T,  while  T'  is  carried  round  S'  in  an  orbit 

similar  to  that  of  T  round  S,  and  let  the  orbit  of  P  be  equally  inclined  to 

that  of  T''  with  the  orbit  P  to  that  of  T.    Let  A,  a,  be  the  absolute  forces 

of  S,T,  A',  a',  ofS',  T', 

A  a 

accelerating  force  of  P  by  S  :  that  of  P  by  T  : :  ^  p,  :  w-pp;} 

and  the  orbits  being  similar 

A'  a 

accelerating  force  of  F  by  S' :  that  of  P  by  T' : :  ^-pri  •  pMfvii 

.*•  if  A' :  a' :  :  A  :  a,  and  the  orbits  being  similar, 

SP  :  PT«  ::  S'P  :  FT, 

accelerating  force  of  F  by  S' :  that  of  F  by  T' 

:  :  force  on  P  by  S  :  force  on  F  by  T', 

and  the  errors  due  to  the  disturbing  forces  in  the  case  of  P  are  as 

A  A' 

^rpj  X  r,  in  the  case  of  F  and  S'  are  as  ^r^s  ^  ^f 

.*.  linear  errors  in  the  first  case  :  that  in  the  second  : :  r  :  R. 

A        1                     sin.  errors 
Angular  errors  a  « , 

angular  errors  in  the  first  case  :  that  in  the  second  ::!:]. 

linear  errors 


Now  Cor.  2.  Lem.  X.  T  ■  oc 


TC 


anffular  errors.^  ^ 
oc— s^ — g X  R, 


.*.  T  •  oc  angular  errors, 
.-.  angular  errors  :  860  : :  T*  :  P*, 

•••  T*  a   P*  X  angular  errors, 
.".  T  oc  P  for  =  angular  errors. 
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490.  (Cor,  16.)  Suppose  the  forces  of  S,  P T,  ST  to  vary  in  any  man- 
ner,  it  is  required  to  compare  the  angular  errors  that  P  describes  in  simi- 
lar, and  similarly  situated  orbits.  Suppose  the  force  of  S  and  T  to  be 
constant,  .-.  addititious  force  «  P  T,  .•.  if  two  bodies  describe  in  similar 
orbits  =  evanescent  arcs.    Linear  errors  cc  p*  x  P  T. 

.-.  angular  errors  a  p«  (p  =  per.  time  of  P  round  T,  P  =  that  of  T 
round  S).     But  by  Cor.  14.  if  P  T  be  given,  the  absolute  force  of  A  and 

STx. 

I 
Angular  errors  oc  -p^ 

.•.  if  P T,  ST  and  the  absolute  force  alternately  vary, 

angular  errors  oc  -^H. , 

/P  =  per.  time  of  P  round  T\  ^  M  a«  r 

Vp  =  per.  time  of  T  round  SJ  *  ~d^~* 

I  linear  errors 

aninilar  errors  « p . 

°  radius 

M  a*  r 
.•.  lin*  errors  «  force  T  •  *  — g-5—  X  P  •  by  last  Cor. 

1  rP*       PS 

.-.  angular  errors  oc  jr^^^  p)  • 

Now  the  errors  d  t  X  p  =  whole  angular  errors  x  -^  • 

.'•  error  d  t  oo  ^,  thence  the  mean  motion  of  the  apsides  oc  mean  motion 

of  the  nodes,  for  each  x  -^,  for  each  error  ici  formed  by  forces  varying  as 

proof  of  the  preceding  corollaries,  both  the  disturbing  forces,  and  •'.  the 
errors  produced  by  them  in  a  given  time  will  oc  P  T.  Let  P  describe  an 
indeiSnite  small  angle  about  T  (in  a  given  position  of  P),  then  the  linear' 
errors  generated  in  that  time  x  force  T  P  time*,  but  the  time  of  describ- 
ing =  angles  about  T  x  whole  periodic  time  (p),  .*•  linear  errors  x 
P  T  p  %  and  as  the  same  is  true  for  every  small  pordon,  similar;  the 
linear  errors  during  a  whole  revolution   x   P  T  p '.     Angular  errors 

hnear  er  

x  — -T- — ' .".  a  p  *  .•.  when  S  T,.  P  T,  and  the  absolute  force  vary,  the 

D '        ftDSolule  o  n ' 

angdar  errors  x  ^  x  — rT^     '  *  ST*  i^^^^  ^®  absolute  force  is 

A«8 
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given.)  Now  the  error  in  wiy  given  timeX  p  varies  the  whole  errors  dariug 
a  revolution  «  ^  •  •'•  the  errors  in  any  given  time  oc  ^t  •  Hence  the 
mean  motion  of  the  apsides  of  P's  orbit  varies  the  mean  motion  of  the 
nodes,  and  each  will  a  -^  the  excentridties  and  inclination  being  small 

and  remaining  the  same. 

491.  (Cob.  17.)  To  compare  the  disturbing  forces  with  the  force  of 

P\oT. 

»     ^    n  T>       m       absolute  F  .      a 
F  of  S  on  T  :  F  of  P  on  T  : :  ■    gr^,  ^  :  ^rp. 

-. ,  ^   absolute  F  . .  A.  ST  .  a  T  P 

axis  major  ^  ©  *  * 

ST     TP  . .    d^  .  ^ 
•  ••  ^T  '•  pT^  *  •  P «  •  p  • 

mean  add.  F  :  F  of  S  on  T  : :  —^^  :  -jj-  {:  r  :  d 

A  mean  add.  F  :    F  P  on  T    ::p«:P*. 

492.  To  compare  the  densities  of  different  planets. 

Let  P  and  P'  be  the  periodic  times  of  A  and  B,  r  and  r'  their  distances 
from  the  body  round  which  they  revolve. 

F  of  A  to  S;  FofBtoS;:^:pi 

^^.  ^c 4.4r^^ ;«  A     Ar^  in  R       ^ » nf  A  V  dcusitv    D^ofBxdensitjr 

distance* 


tance* 

distance ' ' 

• 
• 

a 

r 

distance' 
r' 

D'Xd 
r* 

ly'xd' 

.-.  d  :  d' : 

1 

X 

1 

3                    jft 

•D» 

-p.jysjvt 

tf 

• 

*S^ 

I            1 

p»-  s'ipt 

where  S  and  S'  represent  the  apparent  diameters  of  the  two  planets. 
4©S.  In  what  part  of  the  moon's  orbit  is  her  gravity  towards  the  earth 

anaffected  by  the  action  of  die  sun. 
„    Ma»      Ma*r       8Ma*r  '1  — co8.*tf      8  Ma^^;„  ,^ 
F=— ^  +  — 3« J»       •         2        ^  2     d» 

and  when  it  is  acted  upon  only  by  the  force  of  gravity  =  — p  for  the 
other  forces  then  have  no  effect. 
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M  a*r       8  M  a  ■  r    1  —  cos.  2  ^   ,    8  M  a  ■  r    . 
.-.-^[3 d^ • 2 +  2  -^T-s»n-^  =  0 

,        ^    1  —  COS.  2  ^   ,    2    .     _,  ^ 

1  —  3 . g +  -^  sin.  2^=0 

8         8  S 

1  —  ^  +  -g  COS.  2  ^  +  -  sin.  2  tf  =  0 

,         3,8     1— sin.«C    .    3    .     ^ 

1  —  ^  +    2  • 2 +    2  sin.  2tf  =  0 

Let  X  =  sin.  ^, 

(.-.  1  —  }  +  f  —  I  sin.*  ^  +  I  X  2  sin.  tf  X  cos.  ^  =  0) 
and 

8x«  


1  — 


2 


+  8x^1— x«  =  0. 


An  equation  from  which  x  may  be  found. 

494.  Lemma.  If  a  body  moving  towards  a  plane  given  in  position,  be 
acted  upon  by  a  force  perpendicular  to  its  motion  tending  towards  that  plane, 
the  inclination  of  the  orbit  to  the  plane  will  be  increased.  Again,  if  the  body 
be  moving  from  the  plane,  and  the  force  acts  from  the  plane,  the  inclina- 
tion  is  also  increased.  But  if  the  body  be  moving  towards  the  plane,  and 
the  force  tends  from  the  plane,  or  if  the  body  be  moving  from  the  plane, 
and  the  force  tends  towards  the  plane,  the  inclination  of  the  orbit  to  the 
plane  is  diminished. 

495.  To  calculate  that  part  of  the  ablatitious  tangential  force  which  is 
employed  in  drawing  P  from  the  plane  of  its  orbit. 


SF 
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Let  the  dotted  line  upon  the  ecliptic  N  A  P  N'  be  that  part  of  Fs  orbit 
which  lies  above  it.  Let  C  D  be  the  intersection  of  a  plane  drawn  per- 
pendicular to  the  ecliptic ;  P  K  perpendicular  to  this  plane^  and  there- 
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fore  parallel  to  the  ecliptic  Take  T  F  =  3  P  K ;  join  P  F  and  it  will 
represent  the  disturbing  force  of  the  son.  Draw  P  i  a  tangent  to,  and 
F  i  perpendicular  to  the  plane  of  the  orbit  Complete  the  rectangle  i  id, 
and  P  F  may  be  resolved  into  P  m,  P  i,  of  which  P  m  is  the  effective  force 
to  alter  the  inclination*  Draw  the  plane  F  G  i  perpendicular  to  N  N^ 
then  F  G  is  perpendicular  to  N  N'.  Also  F  i  G  is  a  right  angle.  As- 
sume P  T  tabular  rad.    Then 

P  T  :  T  F : :  R  :  Sg-j .-.  P  T  :  P  m  : :  R»  :  3  g.  s.  i 


::  K :  sg'j.*- 
::  R  :  s     > 
::R:i    )'' 


Pm  = 


P  T.  3  ff.  s.  i 


R 


£ 


T  F  :  F  G 
FG:  Pm 

g  =  sin.  &  =  sin.  z.  dist  from  quad. 

s  =  sin.  f>  =  sin*  z.  dist  of  nodes  from  syz. 

i  =  sin.  F  T  i  =  sin.  F  G  i  =  sin.  inclination  of  orbit  to  ecliptic. 


Hence  the  force  to  draw  P  from  its  orbit  = 


_  P.Sgis 


R 


when  P  is  in 


the  quadratures.  Since  g  vanishes  this  force  vanishes.  When  the  nodes 
are  in  the  syzygies  s  vanishes,  and  when  in  the  quadratures  this  force  is  a 
ipaximum.     Since  s  =  rad.  cotan.  parte. 

496.  To  calculate  the  quantity  of  the  forces. 

Let  S  T  =  d,  P  T  =  r,  the  mean  distance  from  T  =  1.     The  force 


B     M 


of  T  on  P  at  the  mean  distance  =  f ;  the  force  of  S  on  P  at  the  mean 
distance  =  g. 

Then  the  force  S  T  =  ^,  and  the  force  S  T  :  f.  P  T  : :  d  :  r, 

^^       ^^  ^S        ^H       m^ 

••.  force  P  T  =  1^,  hence  the  add.  f  =  |^;  ablat  f  =  -^  sin.  ^, 

rr  S  IT  I* 

mean  add.  force  at  distance  1  =  ^| ,  the  central  ablat.  =  -4^  »in.  •  ^ 
tangential  ablat.  f  ==  ^-§-|-  •  sin.  2  ^. 


die 

^the 


Book  LI  NEWTON'S  PRINCIPIA.  376 

The  whole  disturbiog  force  of  S  on  P  =  -h-^-  +  o"jT  •  ^^*  2  ^ ;  the 
mean  disturbmg  f  =  ""a^r  (since  cos.  2  i  vanishes)  as  _  _  by  supposi- 


tion. 


Hence  we  have  the  whole  gravitation  of  P  to  T  =  -^  —  ^-p  +  s^jt  ^ 
COS.  2  ^9  and  the  mean  =3  --  -.  J2_  (since  cos.  2  4  vanishes). 

PROBLEM. 

497.  Required  the  whole  effisct,  and  also  the  mean  effect  of  the  san  to 
diminish  the  lunar  gravity;  and  show  that  if  P  and  p  be  the  periodic 
times  of  the  earth  and  moon»  f  the  earth's  attraction  at  the  mean 
distatice  <^  the  moon,  r  the  radius-vector  of  the  moon's  orbit ;  the  additi- 

tious  force  will  be  nearly  represented  by  the  formula  1  ^-^  *—  op«  J  ^^' 

Pn=SPT.  sin.*#,andPT  — 3PT.sin.M  =  — ?^  +  |-PT  x 

COS.  2  ^  s=3  whole  diminution  of  gravity  of  the  mooui  and  the  mean  di- 

PT   .   — 


mmution  »=  — 


+  -g-^  by  supposition. 


2 

Again, 

P«  «  d» 

ab.  f  '    d        «,.« 
.-.-jy-  oc  Yt  •     Vid.  seq. 

498.  To  find  the  central  and  ablatitious  tangential  forces. 


Take  Pm  =  SPK  =  8PT.sin.tf  =  ablatitious  force. 
Then  P  n  =  P  m .  sin.  tf  =  S  P  T .  sin.  *  ^  s  central  force 
m  n  =  P  m .  cos.  ^  =  S  P  T  •  sin.  ^ .  cos.  ^ 

s  f .  P  T  sin.  2  ^  =  tangential  ablatitious  force. 
To  find  what  is  the  disturbing  force  of  S  on  P. 
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The  disturbing  force  =  P  T  —  3  P  T .  sin. «  ^  =  (=i±|^25:lf  J  ^ 

P  T  =  —  ^  +  -|  P  T.  COS.  2  <>. 

To  find  the  mean  disturbing  force  of  S  during  a  whole  revolution. 

P  T       3 
Let  P  T  at  the  mean  distance  =  m,  then ^  +  -g- .  P  T  cos.  2  ^ 

= ^—  =  —^ —  since  cos.  2  6  is  destroyed  during  a  whole  revolution. 

499.  To  find  the  disturbing  force  in  syzygy. 

3AT  —  AT  =  2ATss  disturbing  force  in  syzygy; 

the  force  in  quadrature  is  wboUy  eiBPective  and  equal  P  T, 

.•.  force  in  quadrature  :  f  in  syzygy  : :  P  T  :  2  ]?  T  : :  1  :  2.  - 

To  find  that  point  in  P's  orbit  when  the  force  of  P  to  T  is  neither 
increased  nor  diminished  by  the  force  of  S  to  T* 

In  thb  point  P  n  =  P  T  or  3  P  T  sin.«  tf  =  P  T, 

•'.  sm.  tf  =  -== 
V  3 

and 

tf  =  350  16'. 

To  find  when  tlie  central  ablatitious  force  is  a  maximum. 

P  n  =  3  P  T .  sin. '  ^  =s  maximumi 

.*.  d .  (sin.  •  tf)  or  ^  sin.  tf  ♦  cos.  d  —  d  tf  =  0, 

.*.  sin.  ^ .  cos.  ^  ^  0, 

or 


sin.  tf .  V  J  —  sin.  ■  tf  =  0, 
and 

sin.  tf  s=  1, 
or  the  body  is  in  opposition. 
Then  (Prop.  LVIII,  LIX,) 

T*  :  t*::  SP  :  CP  ::  S+  P  :  S 
and 

T«  :  t*  ;:  A»  :  x» 

•.  A»  :  x»  ::  S+  P  :  S 

and 

A  :  X  ::(S+P)*  :  S*. 
600.  Prob.  Hence  to  correct  for  the  axis  major  of  the  moon's  orbi^ 
Let  S  be  the  earth,  P  the  moon,  and  let  per.  t  of  a  body  moving  in  a 
secondary  at  the  earth's  surface  be  found,  and  also  the  periodic  time  ot 
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the  moon.     Then  we  may  find  the  axis  major  of  the  moon's  orbit  round 
the  earth  supposed  at  rest  =  x,  by  supposition.    Then  the  corrected  axis 

or  axis  major  round  the  earth  in  motion  :  x  : :  (S  +  P)  ^  ^  S  ^ 


.'.  axis  major  round  the  earth  in  motion 


ion  =  X .  ^ —     ,         sr  v- 


s* 


Hence  to  compare  the  quantity  of  matter  in  the  earth  and  moon, 


y  :  X  : :  V  S  +  P  :  V  S 
.•.y '  —  X* :  X*  ::  P  :  S. 

501.  To  define  the  addititious  and  ablatitious  forces.     Let  S  T  repre< 


sent  the  attractive  force  of  T  to  S.     Take 


SL:ST:: 


i 


::  ST«:  SP* 


and  S  L  will  represent  the  attractive  force  of  P  to  S*  Resolve  this  into 
S  M,  and  L  M ;  then  L  M,  that  part  of  the  force  in  the  direction  P  T 
is  called  the  addititious  forces  and  SM  —  ST=:  NMis  die  ablatitious 
force. 

502.  To  compare  these  forces. 

Since  S  L  :  S  T  :  :  S  T« :  S  PS  .-.  S  L  =  |~^|  =  attractive  force  of 

S  T'    ST* 
P  to  S  in  the  direction  S  P,  and  S  P  :  S  T  :  :  ^  p, :  c-p-j  =  attractive 

force  of  P  to  S  in  the  direction  tS  =  ST*(ST  —  PK)^    =ST 

+  3  P  K  =  S  M  nearly, 

.-.  3PK  =  TM  =  PL  =  ablatitious  force  =  3  P  T .  sin.  ^. 

S  T'    S  T' 
Also  o  X  :  x    1  :  ;  ^  pg  •  c  p  a  • 

P  T  =  attractive  force  of  P  to  S  in  the  direction  L  M  =  P  T  nearly. 
Hence  the  addititious  force  :  ablatitious  force  :  :  P  T :  3  P  T .  sin.  0  :  1 

:  3  sin.  i.    Q.  e.  d. 
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!•  Prop.  L  All  secondaries  are  found  to  describe  areas  round  the 
primaiy  proportional  to  the  time,  and  these  periodic  times  to  be  to  each 
other  in  the  sesquiplicate  ratio  of  their  radiL     Therefore  the  center  of 

force  is  in  the  primary,  and  the  force  oc  ^Yt* 

2.  Prop.  !!•    In  the  same  way,  it  may  be  proved,  that  the  sun  is  the 

center  of  force  to  the  primaries,  and  that  the  forces  oc  -p — |  •     Also  the 

Aphelion  points  are  nearly  at  rest,  which  would  not  be  the  case  if  the 
force  varied  in  a  greater  or  less  ratio  than  the  inverse  square  of  the  dis- 
tance, by  principles  of  the  9th  Section,  Book  1st* 

3.  Prop.  III.  The  foregoing  applies  to  the  moon.  The  motion  of  the 
moon's  apogee  is  very  slow — about  3^  3'  in  a  revolution,  whence  the  force 

will  cc  ;n-r-t  ^  •    I^  ^^  proved  in  the  9th  Section,  that  if  the  ablatitious 

force  of  the  sun  were  to  the  centripetal  force  of  the  earth  : :  1  :  357.45, 
that  the  motion  of  the  moon's  apogee  would  be  i  the  real  motion. 
.*.  the  ablatitious  force  of  the  sun  :  centripetal  force  : :  2  :  357.45 

1  :  178  fg. 


This  being  very  small  may  be  neglected,  the  remainder  oc  ^. 

4w  CoR.   The  mean  force  of  the  earth  on  the  moon  :  force  of  attraction 

::  177  |§:  178  1^. 
The  centripetal  force  at  the  distance  of  the  moon  :  centripetal  force  at 

the  earth  : :  I  :  D*. 

5.  Prop.  IV*    By  the  best  observations,  the  dbtance  of  the  moon  from 

the  earth  equals  about  60  semidiameters  of  the  earth  in  syzygies.     If  the 

moon  or  any  heavy  body  at  the  same  distance  were  deprived  of  motion  in 

the  space  of  one  minute,  it  would  fall  through  a  space  =  16  ^  V  ^^^^  ^^^  ^^® 
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deflexion  from  the  tangent  in  the  same  time  s  16  ^^  feet    Therefore  the 
space  fallen  through  at  the  surface  of  the  earth  in  T'  s  16  iV  feet 

For  6(K' :  t  : :  D  :  1, 


.•.  t  = 


60 


thence  the  moon  is  retained  in  its  orbit  by  the  force  of  the  earth's  gravity 
like  heavy  bodies  on  the  earth's  surface. 

6.  Paop.  XIX*    By  the  figure  of  the  earth,   the  force  of  gravity  at 


the  pole  :  force  of  gravity  at  the  equator  : :  289':  288.   Suppose  A  B  Q  q 
a  spheroid  revolving,  the  lesser  diameter  P  Q,  and  A  C  Q  q  c  a  a  canal 
fiUed  with,  water.      Then  the  weight  of  the   arm  Q  q  c  C  :  ditto   of 
A  a  c  C  :  :  288  :  289.    The  centrifugal  force  at  the  equator,  therefore  1 
suppose  7^  of  the  weight 

Ag^n,  supposing  the  ratio  of  the  diameters  to  be  100  :  lOL  By  com- 
putation, the  attraction  to  the  earth  at  Q  :  attraction  to  a  sphere  whose 
radius  =  Q  C  : :  126  :  125.  And  the  attraction  to  a  sphere  whose  ra- 
dius A  C  :  attraction  of  a  spheroid  at  A  formed  by  the  revolutibn  of  an 
ellipse  about  its  major  axis  : :  126  :  125. 

The  attraction  to  the  earth  at  A  is  a  mean  proportional  between  the  at- 
tractions to  the  sphere  whose  radius  =  A  C,  and  the  oblong  spheroid, 
since  the  attraction  varies  as  the  quantity  of  matter,  and  the  quantity  of 
matter  in  the  oblate  spheroid  is  a  mean  to  the  quantities  of  matter  in  the 
oblong  spheroid  and  the  circumscribing  sphere. 

Hence  the  attraction  to  the  sphere  whose  radius  =  A  C  :  attraction  to 
the  earth  at  A  : :  126  :  125  i. 

•*.  attraction  to  the  earth  at  the  pole  :  attraction  to  the  earth  at  the  equa- 
tor : :  501  :  500. 

Now  the  weights  in  the  canals  oc  whole  weights  oc  magnitudes  X  gra* 
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vity,  therefore  the  weight  of  the  equatorial  arm  :  weight  of  the  polar 

: :  500  X  101  :  501  X  100 
:  :  .      505        :  50L 

Therefore  the  centnjfiigal  force  at  the  equator  supports  7^  to  make  an 
equilibrium. 

But  the  centrifugal  force  of  the  earth  supports  —^^ 

4         1  11 

'•  505  *  289  ' '  Too  •  229  ^  ^^^  excess  of  the  equatorial  over  the  polar 

radius. 

Hence  the  equatorial  radius  :  polar  :  :  1  +  ggg  :  1 

:  :  230  :  229. 

Again,  since  when  the  times  of  rotation  and  density  are  different  the 

v« 

difference  of  the  diameter  oc  -3 •  and  that  the  time  of  the  earth's  rota- 
dens. 

tion  =  23h.  56'. 

The  time  of  Jupiter's  rotation  =  9h.  56'. 

The  ratio  of  the  squares  of  the  velocity  are  as  29  :  5,  and  the  density 
of  the  earth  :  density  of  Jupiter  :  :  400  :  94.5. 

d  the  difference  of  Jupiter's  diameter  is  as  -=-  X  gr-R  ^  000  > 

29   '  400  1 

.-.  d  :  Jupiter's  least  diameter  : :  -^  X  oak  X  o5o  =  •  ^®  ^  ®^  •  ^^'^  X  229 


5  ^  94.5  '"  229 


The  polar  diameter  :  equatorial  diameter 


:  2320  :  21640 
:  232  :  2164 
:     1     :    9| 
:    9J    :    lOi 


ON  THE  TIDES. 

7.  THE   PHENOMENA   OF  THE  TIDES. 


1.  The  interval  between  two  succeeding  high  waters  is  12  hours  25 
minutes.  The  diminution  varies  nearly  as  the  squares  of  the  times  from 
high  water. 

~    S»  Twenty«four  hours  50  minutes  may  be  called  the  lunar  day.     The 
interval  between  two  complete  tides,  the  tide  day.     The  first  may  be  call- 
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ed  the  saperior,  the  other  inferior,  and  at  the  dme  of  new  moon,  the 
morning  and  evening. 

3.  The*  high  water  is  when  the  moon  is  in  S.W.  to  us.  The  highest  tide 
at  Brest  is  a  day  and  a  half  after  full  or  change.  The  third  full  sea  after 
the  high  water  at  the  fiill  moon  is  the  highest ;  the  third  after  quadrature 
is  the  lowest  or  neap  tide. 

4.  Also  the  highest  spring  tide  is  when  the  moon  is  in  perigee,  the  next 
spring  tide  is  the  lowest,  since  the  moon  is  nearly  in  the  apogee. 

5.  In  winter  the  spring  tides  are  greater  than  in  summer,  and  from  the 
same  reasoning  the  neap  tides  are  lower. 

6.  In  north  latitude,  when  the  moon's  declination  is  north,  that  tide  in 
which  the  moon  is  above  the  horizon  is  greater  than  the  other  of  the  same 
day  in  which  the  moon  is  below  the  horizon*  The  contrary  will  take 
place  if  either  the  observer  be  in  south  latitude  or  the  moon's  decUnation 
south. 

7.  Prop.  I.  Suppose  P  to  be  any 
particle  attracted  towards  a  center  £, 
and  let  the  gravity  of  E  to  S  be  repre- 
sented by  E  S.  Draw  B  A  perpendi- 
cular to  E  S,  which  will  therefore  re- 
present the  diameter  of  the  plane  of  il- 
lumination. Draw  Q  P  N  perpendicu- 
lar to  B  A,  P  M  perpendicular  to  E  C. 
Then  take  E  I  =  3  P  N,  and  join  P  I, 
P  I  will  represent  the  disturbing  force 
of  P.  PI  may  be  resolved  into  the 
two  P  E,  P  Q,  of  which  P  E  is  counter- 
balanced by  an  equal  and  opposite  force, 
P  Q  acts  in  the  direction  N  P. 

Hence  if  the  whole  body  be  supposed 
to  be  fluid,  the  fluid  in  the  canal  N  P 
will  lose  its  equilibrium,  and  therefore 
cannot  remain  at  rest.  Now,  the  equi- 
librium may  be  restored  by  adding  a  • 
small  portion  P  p  to  the  canal,  or  by 
supposing  the  water  to  subside  round 
the  circle  B  A,  and  to  be  collected  to- 
wards O  and  C,  so  that  the  earth  may  put  on  the  form  of  a  prolate  sphe- 
roid, whose  axis  is  m  the  line  O  C,  and  poles  in  O  and  C,  whidi  may  be 
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the  case  since  the  forces  which  are  superadded  oc  N  P,  or  tlie  distance 
from  B  A,  so  that  this  mass  may  acquire  such  a  protuberance  at  O  and  Cy 
that  the  fqrce  at  O  shall  be  to  the  force  at  B  :  :  E  A  :  £  C;  and  by  the 
above  formula 

£  -  LC  -  EC— E  A 

r  ""  4g  ■"         E  A 

8.  Prop.  II.  Let  W  equal  the  terrestrial  gravitation  of  C ;  G  equal  iu 
gravitation  to  the  sun ;  F  the  disturbing  force  of  a  particle  acting  at  O  and 
C ;  S  and  E  the  quantities  of  matter  in  the  sun  and  earth. 

•n       ^j|»  3    S  C 

•*•  *  •  ^  • '  CS«  X  CG'CE* 

Since  the  gravitation  to  the  sun  «  ^ 

CS«:ES«::ES:CG 
.-.  CGx  CS«  =  ES^ 


and 


IT      \KT  E 


E  :  S  :  :  I  :  338343 
EC:ES::  I:    23668 

14,:^::  1:1277354 


.-.  4  W  :  6  F  : :  C  E  :  E  C  —  E  A. 

Attraction  to  the  pole  :  attraction  to  the  equator  :  :  1 v    :  1 g- 

Quantity  of  matter  at  the  pole  :  do.  at  equator  :  :  1  :  1  —  d. 

A  A  ft  #1 

Weight  of  the  polar  arm :  weight  of  the  equatorial  arm  : :  1 5"  •  ^ 5" 

: :  1  +  -^-  :  1 
5 

.-.  Excess  of  the  polar  =  attractive  force  :  weight  of  jthe  equator  or 
mean  weight  W : :  —^  :  1 

A  ^^ 

9.   Prop.  III.    Let  A  E  a  Q  be  the  spheroid,  B  E  b  Q  the  inscribed 
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sphere,  A  O  a  g  the  cu'cumscrlbed  sphere,  and  D  F  d  f  the  sphere  equal 
(in  capacity)  to  the  spheroid. 


Then  since  spheres  and  spheroids  are  equal  to  |  of  their  circumscribing 
cylinder,  and  that  the  spheroid  =  sphere  D  F  d  f. 

CF*  X  CD  =  CE»  X  C  A 
CE«:  CF':  :  CD:  C  A, 


and  make 


but 


Also 


C  E  :  C  F  : :  C  F  :  C  X 
CE«:  CF«::  CE  :  Cx 


CD  :  C  A 
CD:  C  E 


C  E:  Cx 
C  A  :  Cx 


C  D  =  C  E  nearly 

.-.  C  A  =  C  X. 

E  X  =  2  E  F  nearly 

.-.  A  D  =  2  E  F.* 


•LetCEss=a,CF=sa  +  x, 

.  •.  C  X  =s  — -s s= 


.%  £  X  =  2  X  nearly. 


ss  a  -{-  2  X  nearly 
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Fbop.  IV.  By  the  triangles  p  I  L,  C  I  N, 

AB:  IL::r»:  (oos.)«^TC  A 

.'.  I  L  =  A  B  X  (cos.)* ^ I  C  A  =  S  X  (cos.)» X 

(if  S  =  A  B  and  x  =  apguhr  distance  from  the  sun's  jdace.) 

Again, 

GE:  KI::r»:(sin.)»^TCA 

.-.  K  I  =  S  X  (sin.)  •  t.  K. 

■ 

Cor.  1.  The  elevation  of  a  spheroid  above  the  level  of  the  undisturbed 


S 


ocean  =  11  —  I  m  =  S  X  (cos.)* x  -^  ^  =  S  X  (cos.)*  x  —  jr. 


The  depression  of  the  same  =  S  X  (sin.) '  x  —  S  =  S  X  (sin.) '  x  —  j. 
CoB«  2.  The  spheroid  cuts  the  sphei'e  equal  in  capacity  to  itself  in  a 

point  where  S  X  (cos.)  •  x  =  -^  =  0,  or  (cos.)  *  x  =  i. 

•'.  cos.  X  =  .57734,  &c. 
=  COS.  54<'.  44'. 

10.  Prop.  V.  The  unequal  gravitation  of  the  earth  to  the  moon  is 
(4000) '  times  greater  than  towards  the  sun. 

Let  M  equal  the  elevation  above  the  inscribed  sphere  at  the  pole  of 
the  spheroid)  y  equal  the  angular  distance  from  the  pole. 

.'.  the  elevation  above  the  equally  capacious  sphere=M  X  (cos.)  */ —  i 

the  depression =  M  X  (sin.)  *  y  —  f. 

Hence  the  effect  of  the  joint  action  of  the  sun  and  moon  is  equal  to  the 
sum  or  difference  of  their  separate  actions. 

.'.  the  elevation  at  any  places  Sx  (cos.)'  x+Mx(cos.)*7  —  i  S+M 
the  depression = S X (sin.)  *  x  +  M  X  (sin.)  * y  —  |  S+M. 

1.  Suppose  the  sun  and  moon  in  the  same  place  in  the  heavens. 
Then  the  elevation  at  the  pole  =  S  +  M  —  ^  S  +  M  =  §  S  +  M,  and 
the  depression  at  the  equator  =  S  +  M  —  |  S  +  M  =  \  S  +  M, 

.'.  the  elevation  above  the  inscribed  ^here  =  S  +  M. 

2.  Suppose  the  moon  to  be  in  the  quadratures. 

The  elevation  at  S  =  S  —  J  S  +  M  =  |  S  —  ^  M. 
the  depression  at  M  =  S  —  §  S  +  M  =:  i  S  —  |  M, 
the  deration  at  S  above  the  inscribed  sphere  ==  S  —  M, 
the  elevation  at  M  (by  the  same  reasoning)  =  M  ^—  S. 
But  (by  observation)  it  is  found  that  it  is  high  water  under  the  moon 
when  it  is  in  the  quadratures,  also  that  the  depression  at  S  is  below  the 
natural  level  of  the  ocean;  hence  M  is  more  than  twice  S,  and  although 

ToL.  I.  Bb 
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the  high  water  is  never  directly  under  the  sun  or  moon,  when  the  moon  is 
in  the  quadratures  high  water  is  always  6  hours  after  the  high  water  at 

full  or  change. 

Suppose  the  moon  to  be  in  neither  of  the  former  positions. 


Then  the  place  of  high  water  is  where  the  elevation  =  maximum, 
or  when  S  X  cos*  *  x  +  M  X  cos.  *  y  s  maximum, 
and  since 

cos. *x  ss  i  +  i  cos.  2  X, 
and 

cos.  y  =  i  +  i  COS.  2  y, 
elevation  =  maximum,  when  S  X  cos.  2  x  +  M  X  cos.  2  y  =  niax« 
imum. 

Therefore,  let  A  B  S  D  be  a  great  circle  of  the  earth  passing  through 
S  and  M,  (those  places  on  its  surface  which  have  the  sun  and  moon  in  the 
zenith).  Join  C  M,  cutting  the  circle  described  on  C  S  in  (m).  Make 
S  d  :  da::  force  of  the  moon  :  force  of  the  sun  (which  force  is  supposed 
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known).    Join  m  a,  m  d,  and  let  H  be  any  point  on  the  surfiice  of  the 
ocean.    Join  C  H  cutting  the  circle  C  m  S  in  (h) ;  draw  the  diameter 
h  d  h'y  and  draw  m  t,  a  x  perpendicular  to  h  h',  and  a  y  parallel  to  it. 
Then 

MsS^Ssad 
and 

£.MCH  =  y,  aSCH  =  x, 
.*.  iL  md  h  =  2  z.  M  C  H  =  2y 
and 

^adx  =  z.SdH=:2x. 
.-•  d  t  =:  M  X  cos.  2  y,  d  X  :=  S  X  cos.  2  x, 
•*•  elevation  =  maximum  when  tx  =  a  y  =:  maximum, 
or  when  a  y  ==  a  m,  i.  e.  when  h  h'  is  parallel  to  a  m^  hence 

•      CONSTBUCTION. 

Make 

S  d  :  d  a  : :  M  :  S, 

and  join  m  a,  draw  h  h'  parallel  to  a  m,  and  from  C  draw  C  h  H  cutting 
the  suT&ce  of  the  ocean  in  H,  which  is  the  point  of  high.water. 

Again,  through  h'  draw  L  C  h',  meeting  the  circle  in  L,  L';  these  are 
the  points  of  low  water.     For  let 

LCS  =  u,  LCM=:z. 
cos.  Z.  a  d  X  s=  cos.  Zi  S  d  h'  s=  cos.  2  i^  S  C  h'  =:  cos.  2  u  =  d  x 
and 

COS.  2  z  =r  cos.  2  L  C  M  =  d  t 
.*•  S  X  COS.  2  u  +  M  X  COS.  2  z  =  max. 
Com   If  d  f  be  drawn  perpendicular  to  a  m,  a  m  represents  the  whole 
difference  between  high  and  low  water,  a  f  equals  the  point  effected  by  the 
ran,  m  f  that  by  the  moon. 
For 

8in«*u  ss  oo8.'x, 
sin.  *  y  =  cos.  *  x. 
.'.  elevation  +  depression  =:  S  X  :  cos*  *  x  —  i  +  M  X  :  cos. '  y  — ■"! 

+  S  X  cos.  •  X  —  f 


+  M  X  :  cog.*y  —  |  =  S  X  :  2  9o$.*x—  1  +  Mx  :2cos.«y—  1 

=  S  X  COS.  2  X  +  M  X  cos.  2  y 
and 

d  t  =  M  X  COS.  2  y 
d  X  =:  S  X  COS.  2  X. 
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12.  Conclusions  deduced  from  the  above  (supposing  that  both  tlie  sun 
and  moon  are  in  the  equator*) 


B 


I*  At  new  and  full  moon,  high  water  will  be  at  noon  and  midnight 
For  in  this  case  C  M,  a  m,  C  S,  d  h,  C  H,  all  coincide. 

2*  When  the  moon  is  in  the  quadrature  at  B,  the  place  of  high  water  is 
also  at  B  under  the  moon,  when  the  moon  is  on  the  meridian,  for  C  M  is 
perpendicular  to  C  S,  (m)  coincides  with  C,  (a  m)  with  (a  C),  d  h  with 
dC. 

3.  While  the  moon  passes  from  the  9jzygy.  to  the  quadrature  the  place 
of  high  water  follows  the  moon's  place,  and  is  to  the  westward  of  it,  over- 
takes the  moon  at  the  quadratures,  and  ia  again  overtaken  at  the  next 
syzygy.  Hence  in  the  first  and  third  quadrants  high  water  is  after  noon 
or  midnight,  but  before  the  moon's  southing,  and  in  second  and  fourth  vice 
versd* 

4.  ^  M  C  H  -  max,  when  S  C  H  =  45<>.  S  d  h'  =  90».  and  m'  a 
perpendicular  to  S  C,  and  Caiaf  d  =  max.,  and  a  m'  d  -  m'  d  h'=  2  y'. 


Book  III.]  NEWTON'S  PRINCIPIA.  369 

Hence  in  the  octants^  the  motion  of  the  high  water  =  moon's  easterly 
motion;  in  syzygy  it  is  slower;  in  quadratures  faster.  Therefore  the  tide 
day  in  the  octants  =:  24h.  5(K  s  the  lunar  day ;  in  syzygy  it  is  less  ==  24h. 
35';  in  quadratures  =  25h.  25'. 

For  take  any  point  (u)  near  (m),  draw  u  a,  u  d,  and  d  i  parallel  to  a  u 

and  with  the  center  (a)  and  radius  a  u,  describe  an  arc  (u  v)  which  may 

be  considered  as  a  straight  line  perpendicular  to  a  m ;  u  m  and  i  h  are 

respectively  equal  to  the  motions  ol  M  and  H,  and  by  triangles  u  m  v, 

d  m  f. 

um:ih::ma:mf. 

Therefore  the  synodic  motion  of  the  moon's  place  :  synodic  motion  ot 

high  water  :  :  m  a  :  m  f. 

CoR.  I.  At  new  or  full  moon^  m  a  coincides  with  S  a,  and  m  f  with  S  d ; 
at  the  quadratures,  m  a  coincides  with  C  a,  and  m  f  with  C  d ;  therefore 
the  retardation  of  the  tides  at  new  or  full  moon  :  retardation  at  quadra- 
tures ::Sa:Ca::M  +  S:M— S. 

Cob.  2.  In  the  octants,  m  a  is  perpendicular  to  8  a,  therefore  m  a,  m  f 
coincide.  Therefore  the  synodic  motion  of  high  water  equals  the  synodic 
motion  of  the  moon. 

CoR.  8.   The  variation  of  the  tide  dujring  a  lunation  b  represented  by 
(m  a) ;  at  S,  m  a  =  S  a,  at  C  =  C  a. 
Therefore  the  spring  tide  :  neap  tide  : :  M  +  S  :  M  —  8. 

CoR.  4.  The  sun  contributes  to  the  elevation,  till  the  high  water  is  in 
the  octants,  after  which  (a  f)  is  ---  v  e,  therefore  the  sun  diminishes  the 
elevation. 

Cob.  5.   Let  m  u  be  a  given  arc  of  the  moon's  synodic  motion,  m  v  is 
the  difSsrence  between  the  tides  m  a,  u  a  corresponding  to  iU 
Therefore  by  the  triangles  m  u  v,  m  d  f. 

mu:mv::md:df. 
•*.  m  V  Qc  d  f ; 
and  since 

m  d  :  d  f :  :  r  :  an.  d  m  f  : :  r  :  sin.  m  d  h  :  :  r  :  sin.  2  M  C  H 

m  V  ce  sin.  2  arc  M  H. 

13.  Prof.  VI.  In  the  triangle  m  d  a,  m  d,  d  a  and  iL  m  d  a  are  known 
when  the  proportion  M  :  S  is  known  and  the  moon's  elongation. 

Let  the  angle  m  d  a  s  a, 
and  make 

M  +  S  :  M  —  S  : :  tan.  a  :  tan.  h 

Bbd 
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then 


For 


M+  S:M  —  S::md  +  da:md  —  da 


mad+amd    ^       mad  —  amd 
:  :  tan. 5 :  tan, 5 

2x  +  2y    ,       2x  —  2y 

:  :  tan.  • 5 ^  :  tan. 5 — ^ 


:  :  tan.  x  +  y  :  tan.  x  —  y 

:  :  tan.  a  :  tan.  b, 

.'.  X  +  y  :  X  —  y  :  :  a  :  b, 

.'.  2  X  =:  a  +  b,  2  y  =:  a  —  b, 

a  +  b 
•  •  ""  ^  ~2~ 

and 

a  —  b  , 

y  =  -2-- 

14.  Prop.  VII.  To  find  the  proportion  between  the  accelerating  forces 
of  the  moon  and  sun.  1st  By  comparing  the  tide  day  at  new  and  full 
moon  with  the  tide  day  at  quadratures. 

35  :  85  :  :  M  :  S, 
...  M :  M  :  :  2i+J5^ :  ^L=^  :  :  5  :  2^- 

Also,  at  the  time  of  the  greatest  separation  of  high  water  firom  the  moon 
in  the  triangle  m'  d  a,  m  d  :  d  a  :  :  r  ;  sin.  2  y  :  :  M  :  S, 

•••  jf  =  sm.  2  y, 
at  the  octants  y  is  found  =  12^'  30^ 

...  ^  =  sin.  250, 

.*.  M  :  S  :  :  5  :  2j-  nearly. 
•    Hence  taking  this  as  the  mean  proportion  at  the  mean  distances  of  the 

moon  and  sun  (if  the  earth  =  I)  the  moon  =  =?:• 

Cor.  1.  If  the  disturbing  forces  were  equal  there  would  be  no  hig^h  or 
low  water  at  quadratures,  but  there  would  be  an  elevation  above  the  in- 
scribed spheroid  all  round  the  circle,  passing  through  the  sun  and  moon 
b:  f  M+  & 


J 
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Coiu  The  gravitation  of  the  sun  produces  an  elevation  of  24  inchesi 
the  gravitation  of  the  moon  produces  an  elevation  of  58  inches. 
.*.  the  spring  tide  s  82  inches,  and  the  neap  tide  =:  38|  inches. 


15.  Cob.  S.    Though  M  :  S  : :  5  :  2,  this  ratio  varies  nearly  from  (6  :  2) 
to  4  :  2,  for  supposing  the  sun  and  moon's  distance  each  =:  1000. 

In  January,  the  distance  of  the  sun  zs  983,  perigee  distance  of  the 
moon  r=  945. 

In  July,  the  distance  of  the  sun  =  1017,  apogee  distance  of  the  moon 
=  1055. 

Disturbing  force  oc  j^s*  hence 


s 

M 

apogee 

1.901 

4.258 

mean 

2 

5 

perigee 

'S.105 

5.925.* 

•    » 

,       6  „ 

A' 

'     d» 

The  geqpral  expression  isM=-^Sx7Ys^7i* 

To  find  the  general  expression  above. 

Disturbing  force  of  different  bodies  (See  Newton,  Sect.  11th,  p.  G6j 

^  1 

Cor.  14.)  oe  jp , 

.'.  disturbing  force  S  :  disturbing  force  at  mean  distance  :  :  D' :  A' 
disturbing  force  M  :  disturbing  force  at  mean  distance  :  :  d  ^  :  d\ 

M     5       d'     ^' 
•  •  S  '  2  '''W'a'' 

U  _  5       A^      d^ 
•'•  s  ""2  ^  D3  ^  a^' 

HIT  5  ^  A'         d' 

.-.  M  =   2^  X  S  X  jj ,  X  yi 

(or  supposing  that  the  absolute  force  of  the  sun  and  moon  are  the  same). 

16.  Prop.  VIII.  Let  N  Q  S  £  be  the  earth,  N  S  its  axis,  £  Q  its  equa* 
tor,  O  its  center ;  let  the  moon  be  in  the  direction  O  M  having  the  de- 
clination B  Q. 

*  The  solar  foroe  may  be  neglected,  but  the  Tuiatioii  of  the  nooii*s  dlstanee^  and  proportion, 
ally  the  Tariation  of  its  aetioD»  producaa  an  effect  en  the  time%  and  a  much  greater  on  the  heights 
ofthetldee. 

Bb4 
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Let  D  be  any  point  on  the  surfiice  of  the  earth,  D  C  L  its  parallel  of 
latitude,  N  D  S  its  meridian ;  and  let  B'  F  b'  f  be  the  elliptical  i^heroid 
of  the  ocean,  having  its  poles  in  O  M,  and  its  equator  F  O  £ 


(\ 

//L         d| 

\ 

y\  c\Y| 

Ie       G 

\p              jo/ 

As  the  point  D  is  carried  along  its  parallel  of  latitude^  it  will  pass 
through  all  the  states  of  the  tide,  haying  high  water  at  C  and  L,  and  low 
water  when  it  comes  to  (d)  the  intersection  of  its  parallel  of  latitude  with 
the  equator  of  the  watery  spheroid. 

Draw  the  meridian  N  d  O  cutting  the  terrestrial  equator  in  G.  Then 
the  arc  Q  G  (converted  into  lunar  hours)  will  give  the  duration  of  the 
ebb  of  the  superior  tide,  G  E  in  the  same  way  the  flood  of  the  inferior. 
N.  B.,  the  whole  tide  G  Q  C,  consisting  of  the  ebb  Q  G,  and  the  flood 
O  Q  is  more  than  four  times  G  O  greater  than  the  inferior  tide. 

CoR.  If  the  spheroid  touch  the  sphere  in  F  and  f,  C  C  is  the  height 
at  C,  L  L'  the  height  at  L,  hence  if  L'  q  be  a  concentric  circle  G  q  will 
be  the  difference  of  superior  and  inferior  tides. 

CONCLUSIONS  DRAWN  FROM  PROP.  VIII. 


1.  If  the  moon  has  no  declination,  the  duration  of  the  inferior  and  su- 
perior tides  is  equal  for  one  day  over  all  the  earth. 

2.  If  the  moon  has  declination,  the  duration  of  the  superior  will  be 
longer  or  shorter  than  the  duration  of  the  inferior  according  as  the 
moon's  declination  and  the  latitude  of  the  place  are  of  the  same  or  differ- 
ent denominaticHis. 

3.  When  the  moon's  declination  equals  the  colatitude  or  exceeds  it, 
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there  will  only  be  a  superior  or  inferior  tide  in  the  same  day,  (the  paral- 
lel of  latitude  passing  through  f  or  between  N  and  C) 
4.  The  sin.  of  arc  G  O  =  tan.  of  latitude  X  tan«  declination. 
For 

rad. :  cot  d  O  G  :  :  tan.  d  G  :  sm.  G  O, 
.*.  sin.  G  O  =:  cot  d  O  G  X  tan.  G  d 

=  tan.  declination  x  tan.  latitude. 

17.  Prop.  IX.   With  the  center  C  and  radius  C  Q  (representing  the 

P 


whole  elevation  of  the  lunar  tide)  describe  a  circle  which  may  represent 
the  terrestrial  meridian  of  any  place,  whose  poles  are  P,  p,  and  equator 
E  Q.  Bisect  P  C  in  O,  and  round  O  describe  a  circle  P  B  C  D ;  let  M 
be  the  place  on  the  earth's  surface  which  has  the  moon  in  its  zenith,  Z 
the  place  of  the  observer.  Draw  M  C  m,  cutting  the  small  circle  in  A, 
and  Z  C  N  cutting  the  small  circle  in  B ;  draw  the  diameter  BOD  and 
A  I  parallel  to  £  Q,  draw  A  F,  G  H,  I  K  perpeudicular  to  B  D,  and 
join  I  D,  A  B,  A  D,  and  through  I  draw  C  M^  cuttbg  the  meridian  in 
M^  Then  after  i  a  diurnal  revolution  the  moon  will  come  into  the 
situation  M^  and  the  angle  M'  C  N  ( =  the  nadir  distance)  s  supplement 
the  angle  ICBsz.IDB. 
Also  the  il.ADB=:BCA=:  zenith  distance  of  the  moon. 
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Hence  D  F,  D  K  a  cos.  *  of  the  zenith  and  nadir  distances  to  rad.  D  B. 

a  elevation  of  the  superior  and  inferior  tides. 

CONCLUSIONS  FROM  PROF.  IX. 

1.  The  greatest  tides  are  when  the  moon  is  in  the  zenith  or  nadir  of  the 
observer.  For  in  this  case  (when  M  approaches  to  Z)  A  and  I  move  to- 
wards D,  B,  and  F  coincides  with  B ;  but  in  this  case,  the  medium  tide 
which  is  represented  by  D  H  (an  arithmetic  mean  to  D  K,  D  F)  is  di- 
minished. 

If  Z  approach  to  M,  D  and  I  separate ;  and  hence^  the  superior  and 
inferior  and  the  medium  tides  all  increase. 

2.  If  the  moon  be  in  the  equator,  the  inferior  and  superior  tides  are 
equal,  and  equal  M  X  (cos) '  latitude.  For  since  A  and  I  coincide  with 
C,  and  F  and  K  with  (i)  D  i  =:  D  B  X  (cos.)*  B  D  C  =  M  X  (cos.)' 
latitude. 

8.  If  the  observer  be  in  the  equator,  the  superior  and  inferior  tides  are 
equal  every  where,  and  =  M  X  (cos.)  *  of  the  declination  of  the  moon. 
For  B  coincides  with  C,  and  F  and  K  with  G;  P  G  =  P  C  X  cos.*  of 
the  moon's  declination  =  M  x  (cos.)  *  of  the  moon's  declination. 

4p.  The  superior  tides  are  greater  or  less  than  the  inferior,  according  as 
the  moon  and  place  of  the  observer  are  on  the  same  or  different  sides  of 
the  equator. 

5.  If  the  colatitude  of  the  place  equal  the  moon's  declination  or  is  less 
than  it,  there  will  be  no  superior  or  inferior  tide,  according  as  tht  latitude 
and  the  declination  have  the  same  or  different  denominations.  For  when 
P  Z=M  Q,  D  coincides  with  I,  and  if  it  be  less  than  M  Q,  D  falls  between 
I  and  C,  so  that  Z  will  not  pass  through  the  equator  of  the  watery  spheroid. 

6.  At  the  pole  there  are  no  diurnal  tides,  but  a  rise  and  subsidence 
of  the  water  twice  in  the  month,  owing  to  the  moon's  declining  to  both 
sides  of  the  equator. 

18.  Prop.  X.  To  find  the  value  of  the  mean  tide. 
A  G  =:  sin.  2  declination  (to  rad.  =  O  C.) 


and 


O  G  =  cos.  8  declination  (to  the  same  radius). 

M 
.*.  O  H  =:  cos.  2  declination  X  cos.  2  lat  X  -^y 

.•.DH=OD  +  OH 

,•       1  +  cos.  2  lat.  X  cos.  2  declination 
=  MX  2 
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Now  as  the  moon's  declination  never  exceeds  30°,  the  cos.  2  declination 
is  always  +  v',  and  never  greater  than  i ;  if  the  latitude  be  less  than  4t59, 
the  cos.  2  lat.  is  +  v  e,  after  which  it  becomes  —  v  e. 

Hence 

1.  The  mean  tide  is  equally  affected  by  north  and  south  declination  of 
the  moon* 

2.  If  the  latitude  s  4^5^y  the  mean  tide  i  M. 

3.  If  the  lat.  be  less  than  45°,  the  mean  tide  decreases  as  the  declina- 
tion increases. 

4.  If  the  latitude  be  greater  than  45°,  the  mean  tide  decreases  as  the 
declination  diminishes. 

_^  ,     ,    .     ,         ^     ,  .  -         ^,       I  +  cos.  2  declination 

5.  If  the  latitude  =  0,  the  mean  Ude  =  M  X  —^ g 
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50S.  Prop.  LXX.    To  find  the  attraction  on  a  particle  {ilaced  *ai{hin 

a  spherical  surface,  force  a*,  tt-- ■,. 

'^  distance  * 

Let  P  be  a  parttdei  and  through  P  draw  H  P  K, 
I  P  L  making  a  very  small  angle,  and  let  them 
revolve  and  generate  conical  surfaces  I  P  H,  H^ 
L  P  K«  Now  since  the  angles  at  P  are  equal 
and  the  angles  at  H  and  L  are  also  equal  (for 
both  are  on  the  same  segment  of  the  circle), 
therefore  the  triangles  H  I  P,  P  L  K,  are  similar. 

.-.  H  I :  K  L  : :  H  P  :  P  L 

Now  since  the  surfiice  of  a  cone  oc  (slant  side) ', 

.%8urfaceinterceptedbyrevolutionofIPH:  thatofL  PK:  :  PH" :  P  L* 

::HI«:KL« 

and  attractions  of  each  particle  in  I  P  H  :  that  of  L  P  K: :  ttdc  •  n-T~i 

Jbl  Y       V  L« 

1 1 

but  the  whole  attraction  of  P  oc  the  number  of  particles  X  attraction  of 

each, 

HI*    K  L* 
•*•  the  whole  attraction  on  P  from  H  I :  from  K  L  : :  vr-p  -  \r\  % 

1      •  I ' 

and  the  same  may  be  proved  of  any  other  part  of  the  spherical  surface ; 
•-.  P  is  at  rest 

504.  Pbop.  LXXL    To  find  the  attraction  on  a  particle  placed  without 

a  spherical  surface,  force  «'•  '^r- -, . 

*^  distance  * 

1 
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Let  A  B,  a  b,  be  two  equal  spherical  surfaces,  and  let  P,  p  be  two 
particles  at  any  distances  P  S,  p  s  from  their  centers;   draw  P  H  K, 


P I L  very  near  each  other,  and  S  F  D,  S  £  perpendicular  upon  them,  and 

from  (p)  draw  p  h  k,  p  i  1,  so  that  h  k,  i  1  may  equal  H  K,  I L  respectiTe- 

ly,  and  s  f  d,  s  e,  i  r  perpendiculars  upon  them  may  equal  S  F  D,  S  £, 

I  R  respectively ;  then  ultimately  P£  =  PF  =  pe  =  pi^  and  D  F 

ae  d  f*    Draw  I  Q,  i  q  perpendicular  upon  P  S,  p  s. 

Now 

PI:PF::IR:DP 
and       ^       .        _    .        J^.-.PI   pf:pi.PF::IR:ir::IH:ih 

Again 

PI:PS::IQ:SF 
and 

ps 

.-.  P I«.  p  f .  p  s  :  (p  i) «.  P  F.  P  S  :  :  I  Q.  I  H  :  i  q.  i  h 
:  :  circumfer.  of  circle  rad*  I  Q  X I H :  circumfer.  of  circle  rad  i  q  X  i  h 
: :  annulus  described  by  reyolution  of  I  Q  :  that  by  revolution  of  i  q. 
Now 

1st  annulus    2d  annulus 


I:  PF::IR:DP"J 

V.-.PI   pf:pi.PF::IR:ir::IH:i 
f:pi:;df:ir    j 

:  PS::IQ:  S  F) 

>.-.  PI.ps:pi.PS::IQ:iq 
:pi::sf:iq3 


attraction  on  Ist  annulus  :  attraction  on  2d  : : 


And 


distance*  *   distance' 
PP.pf.ps    (pi)'.PF-PS 
'••       PI*       •         (pip 
::    pf.  ps    :PF.  PSL 


attraction  on  the  annulus  :  attraction  in  the  direction  P  S  : :  P  I :  P  Q 

::PS:PF 

P  F 

••.  attraction  in  direction  P  S  =  p  f.  p  s.  ^-^ 

P  F  nf 

.-.  wholeaU^.of  P  toS:  wholeattVof  (p)  tos : :  p f.  p  s .  p^:  P  F.  PS-*^ 

::ps«:PS«::pL,:^ 
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and  the  same  may  be  proved  of  all  the  ammli  of  which  the  sm&ces  are 

composed^  and  therefore  the  attraction  of  P  «  rr^  ^  ;r7r 1  ^'^™ 

the  center. 

Cor.  The  attraction  of  the  particles  within  the  sur&ce  on  P  equals  the 
attraction  of  the  particles  without  the  surface. 

For  K  L  :  I  H  : :  P  L  :  P  I : :  L  N  :  I  Q. 

•%  annulus  described  by  I H  :  annulus  described  by  K  L 

::IQ.IH:KL.LN::PI«:PL« 
.*•  attraction  on  the  annulus  I  H  :  attraction  on  the  annulus  K  L 

PI*    PL«      ,     , 
•  •  p^  •  p  Lt  ••*•*> 

and  so  on  for  every  other  annulus,  and  one  set  of  annuli  equals  the  part 
within  the  surface,  and  the  other  set  equals  the  part  without 

506.  Prop.  LXXIL    To  find  the  attraction  on  a  particle  placed  wiiA* 

out  a  solid  sphere,  force  a*,  -jr— r. 

«^      ^  distance* 

Let  the  sphere  be  supposed  to  be  made  up  of  spherical  sur&ces,  and 

the  attraction  of  these  surfaces  upon  P  will  oe  li-^ — 2,  and  therefore 

the  whole  attractions 

numbet  of  surfiices'      content  of  sphere      diameter* 

*  P"S^^  *  TS'^  *      PS* 

and  if  P  S  bear  a  given  ratio  to  the  diameter,  then 

diameter  * 

the  whole  attraction  on  P  oc  -jz : — i  «  diameter. 

diameter' 

507.  Prop.  LXXIIL     To  find  the  attraction  on  the  particle  placed 

Let  P  be  the  particle ;  with  rad.  S  P  describe 

the  interior  sphere  P  Q ;  then  by  Prop.  LXX. 

(considering  die  sphere  to  be  made  of  spherical 

surfaces,)  the  attraction  of  all  the  particles  con-  ^^j 

tained  between  the  circumferences  of  the  two 

circles  on  P  will  lie  nothing,  inasmuch  as  they 

are  equal  on  each  side  of  P,  and  the  attraction 

PS* 
of  the  other  part  by  the  last  Prop,  oc p-^j  a P  S. 

1 
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508.  P&op.  LXXIV.  If  the  attractions  of  the  particles  of  a  sphere 
Qt  \,      x^gi  and  two  similar  spheres  attract  each  other^  then  the  spheres 

will  attract  with  a  force  «»  as  -«-r- -,  of  their  centers. 

1 

For  the  attraction  of  each  particle  oc  -p-- from  the  center  of  the 

attracting  sphere  (A),  and  therefore  with  respect  to  the  attracted  particle 
the  attracting  sphere  is  the  same  as  if  all  its  particles  were  concentrated 
in  its  center.     Hence  the  attraction  of  each  particle  in  (A)  upon  the 

whole  of  (B)  will  a  -jr— •,  of  each  particle  in  B  from  the  center  of  P, 

and  if  all  the  particles  in  B  were  concentrated  in  the  center,  the  attraction 
would  be  the  same;  and  hence  the  attractions  of  A  and  B  upon  each  other 
will  be  the  same  as  if  each  of  them  were  concentrated  in  its  center,  and 

therefore  a  -yr— ; . 

distance* 

509.  Prop.  LXXVI.  Let  the  spheres  attract  each  other,  and  let 
them  not  be  homogeneous,  but  let  them  be  homogeneous  at  correspond- 
ing distances  from  the  center,  then  they  attract  each  other  with  forces 

'  distance ' ' 


Suppose  any  number  of  spheres  C  D  and  E  F,  I  K  and  L  M,  &c.  to 
be  concentric  with  the  spheres  A  B,  G  H,  respectively;  and  let  C  D  and 
I  K,  E  F  and  L  M  be  homogeneous  respectively ;  then  each  of  these 

spheres  will  attract  each  other  with  forces  a«.        ^     ■■.     Now  suppose 

the  original  spheres  to  be  made  up  by  the  addition  and  subtraction  of 
similar  and  homogeneous  spheres,  each  of  these  spheres  attracting  each 
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Let  A  C  and  E  be  the  respective  places  of  the  object,  eye,  and  reflector 
at  first,  and  B  Q  and  F  their  places  at  any  other  time,  or  if  K  F  =  F  Q 
=  C  E,  K  may  also  be  the  place  of  the  eye,  and  since  K  Falways  =C  E, 
and  that  B  F  is  constant,  K  will  trace  out  an  ellipse  by  next  problem* 
Also  by  optics  the  angle  K  F  H  r:  H  F  Q,  and  from  similar  triangles, 

KH:KF::KD:KB, 
E  F  :  B  F  ::  KD  :  KB, 

.-.  KH  +  DH:KF  +  BF::KD:KB, 

or 

DQ:DK::KF  +  BF:KBina  given  ratio, 
•*•  Q  traces  an  ellipse. 
To  determine  the  quantity  of  fluid  issuing  through  an  orifice  of  a 
given  form  and  magnitude,  in  the  side  of  a  cylindrical  vessel,  supposed  to 
be  kept  constantly  full.    ' 

Let 
S  B  =  h,  S  A  =  h',  A  P  =  X, 

PM  =  y, 
•'.  velocity  of  the  efllux  in  M  N 

=  v^g(h'  +  x) 
and  the  area  of  the  lamina  =  2  y  x' 
and  the  time  =:  t, 

•'•  the  quantity  of  fluid  through  M  N 
m  n  ==  area  of  the  section  x  vel.  X  t, 

=  2  y  x'  V  g{W+  x)  X  t, 
•*.  the  quantity  e£9uent  through  the  whole  area  A  m  S  t  A  =  sum  of 

•M  the  portions  effluent  through  M  N  =  /2  y  x'  V  gh'  +  xt— 2t 

^g/V1i^-fx  +  C  connected  between  the  values  x  =  0,  and 
1  =  h  ~  h'. 


8 


™^ (y  x'  +  C\ »  —  "*®^"  height 


I 
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other  with  a  force  oc'.-jr- =;  then  the  sum  or  differences  will  attract 

distance' 

each  otlier  in  the  same  ratia 

510.  Pbop.  LXXVIL    Let  the  force  oo  distance^  to  find  the  attraction 
of  a  sphere  on  a  particle  placed  without  or  within  it 


Let  P  be  the  particle,  S  the  center,  draw  two  planes  E  F,  e  ^  equally 
distant  from  S ;  let  H  be  a  particle  in  the  plane  E  F,  then  the  attraction 
of  H  on  P  Qc  HP,  and  therefore  the  attraction  in  the  direction  S  P  oc 
P  G,  and  the  attraction  of  the  sum  of  the  particles  in  E  F  on  P  towards 
S  oc  circle  £  F .  P  G,  and  the  attraction  of  the  sum  of  the  particles  in 
(e  f)  on  P  towards  S  oc  circle  e  f .  P  g,  therefore  the  whole  attraction  of 
E  F,  e  f,  a  circle  E  F  (P  G  +  P  g)  a  circle  E  F .  2  P  S,  therefore  the 
whole  attraction  of  the  sphere  oc  sphere  X  P  S. 

When  P  is  within  tlie  sphere,  the  attraction  of  the  circle  E  F  on  P  to- 
wards S  QC  circle  E  F .  P  G,  and  the  attraction  of  the  circle  (e  f )  towards 
S  oc  circle  e  f  •  P  g,  and  the  difference  of  these  attractions  on  the  whole 
attraction  to  S  a  circle  E  F  (P  g  —  P  G)  a  circle  E  F.  2  P  &  There- 
fore  the  whole  attraction  of  the  sphere  on  P  oc  sphere  X  P  & 

51 L  LcHSffA  XXIX.    If  any  arc  be  described  with  die  center  S,  rad. 


S*  B,  and  with  the  center  P,  two  circles  be  described  very  near  each  other 
Yob  I.  Ce 
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PE«=PS'  +  SE*  +  2PS.SD 


But 


SE»=  SH*  =s  PS.SI, 
•.PE»  =  PS*  +  PS.SI  +  2PS.SD 
=  P  S  {P  S  +  S  I  +  2  S  DJ 
=  PS{{PI  +  IS)  +  SI  +  2SD1 
=  PS|2LI  +  2SI  +  2SD{ 
=r2PSiLI  +  SI  +  SD|s2PS.LD 

DE«=  SE»  — SD»  s=  SE«  — (LD  — LS)* 
=  SE«  — LD»  — LS»  +  2LD.LS 
=  2LD.LS  — LD*  — (LS  +  SE)(LS  — SE) 
=  2LD.LS  — LD*  — LB.LA, 

-,XT      DE*.PS       2LD.LS.PS 
PE.V  V2SD.PS.V 

LD*.PS  LB. LA. PS 


-•  2LD.PS.V       v'2LD.PS.V 

and  hence  if  V  be  given,  D  N  may  be  represented  in  terms  of  L  D  and 
known  quantities. 

515.  Ex.  1.  Let  the  force  ct  t-— — ;  to  find  the  area  A  N  Bw 

^      2LS.LD.PS      LP'.  PS      AL.LB.PS 
..DMoc      2LD.PS       ■"2LD.PS        2LD.PS 

T  c       LD       AL.LB 
2  2LD    ' 

T^vT   T^  ^        1                T  c    rk^       LD.Dd       AL.LB.Dd 
.-.  D  N .  D  d,  or  d .  area  oc  L  S .  D  d ^ »  ^   j. 1 

.'.  area  AND  between  the  values  of  L  A  and  L  B 
=  LS.(LB-LA)-tll=JiA:_.AL^  jLB 

Now 

LB*  — LA*  =  (LB  +  LA).  (LB  — LA) 

=  (LS  + AS  +  LS  — AS)AB  =  2LS.AB, 

A  M  r»       T  c    A  n      2LS.AB      AL.LB   ,  L  B 
.-.  area  A  N  D  =  LS.  AB -j 5 *  |~a" 

LS.AB      AL.LB  ,LB 
2  2  ITS 
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616.  To  construct  this  area. 
To  the  points'L,  A,  B  erect  L 1,  A  a,  6  b, 
perpendiculars,  and  let  A  a  s  L  B,  and  B  b  j 
=  L  A,  through  the  poinU  (a),  (b),  de- 
scribe an  hyperbola  to  which  L  1,  L  B  are 
asymptotes.  Then  by  property  of  the  hy- 
perbola, AL.AasLD.DF, 

AL.Aa       AL.LB 
LD      =       LD      ' 


.-.  D  F  = 


.-.  DF.Dd  = 


AL.LBJOd 
LD 


.-.  area  A  a  F  D  =/D  F.  D  d  =  A  L .  L  B/L  D, 
.%  hyperbolic  area  A  afbB=  A  L.  L  ^f^f—T' 

TheareftAaBb  r=  Bb.AB  +  ^  ^ ' " ? 

Bb.AB  .  an+Bb    .„      Aa+Bb.„ 
= 2 +        g '^^- 8 ^" 

rr^^^^^.ABrrLS.AB. 

.'.  area  a  f  b  a  =  area  A  a  B  b  — area  A  a  f  b  B 

=  LS.AB  —  AL.L  By-|    .. 

517.  Ex.  2.  Let  the  force  cc  -p— -.;  to  find  the  area  A  N  B. 

distance' 


LetV  = 


2  AS''* 


T^xT  -  2LS.LD.PS      LD*.  PS      AL.LB.  PS 
•**^^  -  PK.V  PE.V  PE.V 


but 


PE*       4PS».LD* 


PS 


^•^^  =  2XS^-       2  AS*      =2PS-j^,.  LDS 
.  T>  -KT  _  SI.  LS      SI      AL.LB.SI  _  ppo    *     t  n« 


.•./DN.x^  =  SI.LS/LD  — ^'g^^  +  ^^g^^-^^ 

.*.  area  between  the  values  of  L  A  and  L  B 

cT    tq/LB      si. (LB  — LA)       /LB. SI      AL.SK 
=  SI.LSy^-j 2 \—2 2—; 

=  SI.LS/^  — SLAB. 
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To  construct  this  area. 


Take  S I  =:  S  s,  and  describe  a  hyperbola  passing  through  a^  s,  b,  to  which 
L  I,  L  B  are  asymptotes ;  then  as  in  the  former  case,  the  area  A  a  n  b  B 

=  AL.SB./^  =  LS.Ss/^  =  SI.LS/^ 

A  the  area  A  N  B  =  S  I- L  S/]^  —  S  I.  A  B  . 

518.'  Prop.  LXXXII.   Let  I  be  a  particle  within  the  sphere,  and  P 
the  same  particle  without  the  sphere,  and  take 

S  P  :  S  A  :  :  S  A  :  S  I, 
then  will  the  attracting  power  of  the  sphere  on  I :  attracting  power  of  the 
sphere  on  P 

:  :  v^"SX  \^  force  on  I :  \^  S  P.  */  force  on  P. 


D  N  force  on  the  point  P 


EK  N'  force  on  the  point  I 
DE«  PS     DEMTS 
PE.V     '  TETT^ 
PS.IE.V'rIS.PE.V. 


I^t 


V  :  V  ::  PE-  :  IE", 
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then 


but 


DN:iyN'::  PS.IE.IE»:IS.PE-PE», 


PS:SE::SE:SI, 
and  the  angle  at  S  is  common, 

.*•  triangles  P  S  E^  I  S  E  are  similar. 


.-.  P  E  :  I  E 
.'.  D  N  :  ly  N' 


PS:SE::SE:SI, 
PS.SE,IE«  :  PS.SI.PE», 
SE.IE"  :  SI.PE« 

VSP".IE»:  VST.PE* 

VSF:  SI  5  VSTTPS*. 


519.  Prop.  LXXXIII.  To  find  the  attraction  of  a  segment  of  a  spheie 
upon  a  corpuscle  placed  within  its  centre. 

Draw  the  circle  F  E  6  with  the 
center  P,  let  R  B  S  be  the  segment  of 
the  sphere,  and  let  the  attraction  of  the 
spherical  lamina  E  F  6  upon  P  be 
proportional  to  F  N,  then  the  area  de- 

scribed  by  F  N  gc  whole  attraction  of    . — ^ 

the  segment  to  P. 

Now  the  surface  of  the  segment 
£  F  G  oc  P  F  D  F,  and  the  content 
of  the  lamina  whose  thickness  is  O  oc 
PF  DF  O. 


1  ^ 

Let  F  oc  TT- 5  and  the  attraction  on  P  of  the  particle  m  that 

uisiance 

DE*  O 
spherical  lamina,  oc  ( Prop.  LXXIII.) 


PF 


^2PF  FD  — FD')0 
*' FFi 

2FDO       FD*  O 

*     -p  pTTT 


PF»      ' 

2  F  D         F  D* 
.-.  if  F  N  be  taken  proportional  to  ^  ^^^^  —  p-pj ,  the  area  traced 

out  by  F  N  will  be  the  whole  attraction  on  P. 

520.  Prop.  LXXXIV.  To  find  the  attraction  when  the  body  is  placed 

in  the  axis  of  the  segment,  but  not  in  the  center  of  the  spheie. 

r<i4 
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Describe  a  circle  with  the  radius  P  £,  and  the  segment  cut  off  by  the 
revolution  of  this  circle  E  F  K  round  P  B,  will  have  P  in  its  center,  and 


the  attraction  on  P  of  this  part  may  be  found  by  the  precedmg  Proposi- 
tion, and  of  the  other  part  by  Prop.  LXXXI.  and  the  sum  of  these  at- 
tractions will  be  the  whole  attraction  on  P. 


SECTION  XIII. 


521.  Prok  LXXXV.  If  the  attraction  of  a  body  on  a  particle  placed 
in  contact  with  it,  be  much  greater  than  if  the  particle  were  removed  at 
any  the  least  distance  from  contact,  the  force  of  the  attraction  of  the  par- 
ticles a  in  a  higher  ratio  than  that  of-r ;. 

°  distance  * 

For  if  the  force  a  -rr- 5 ,  and  the  particle  be  placed  at  any  distance 

from  the  sphere,  then  the  attraction  oc  tt— ;  from  the  center  of  the 

^  distance' 

s}}here,  and  •*.  is  not  sensibly  increased  by  being  placed  in  contact  with 

the  sphere,  and  it  is  still  less  increased  when  the  force  a   in  a  less  ratio 

than  that  of  -r- ?»  and  it  is  indifferent  whether  the  sphere  be  homo- 
distance' 

geneous  or  not ;  if  it  be  homogeneous  at  equal  distances,  or  whether  the 

body  be  placed  within  or  without  the  sphere,  the  attraction  still  varying  in 

the  same  ratio,  or  whether  any  parts  of  tliis  orbit  remote  from  the  point  of 

contact  be  taken  away,  and  be  supplied  by  other  parts,  whether  attractive 

or  not,     •*.  so  far  as  attraction  is  concerned,  the  attracting  power  of  this 

sphere,  and  of  any  other  body  will  not  sensibly  differ ;  .*.  if  the  phcno- 
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maia  stated  in  the  Froposiiion  be  observed,  the  force  must  irary  in  a  higher 

ratio  than  that  of  ^rr- — —. . 

distance* 

522.  Prop.  LXXXVI.  If  the  attraction  of  the  particles  oc  in  a  higher 

ratio  than  5: = ,  or  oc  -p = ,  then  the  attraction  of  a  body  placed 

distance^  distance'  "^  ^ 

in  contact  with  any  body,  is  much  greater  than  if  they  were  separated 

even  by  an  evanescent  distance. 

For  if  the  force  of  each  particle  of  the  sphere  oc  in  a  higher  raUo  than 

that  of  T 3 ,  the  attraction  of  the  sphere  on  the  particle  is  indefinitely 

mcreased  by  their  being  placed  in  contact,  and  the  same  is  the  case  for 
any  meniscus  of  a  sphere ;  and  by  the  addition  and  subtraction  of  attrac* 
tive  particles  to  a  sphere,  the  body  may  assume  any  given  figure,  and 
.*.  the  increase  or  decrease  of  the  attraction  of  this  body  will  not  be  sensi- 
bly different  from  the  attraction  of  a  sphere,  if  the  body  be  placed  in  con- 
tact with  it 

523.  Prop.  LXXXVII.  Let  two  similar  bodies,  composed  of  particles 
equally  attractive,  be  placed  at  proportional  distances  from  two  particles 
which  are  also  proportional  to  the  bodies  themselves,  then  the  accelerat-* 
ing  attractions  of  corpuscles  to  the  attracting  bodies  will  be  proportional 
to  the  whole  bodies  of  which  they  are  a  part,  and  in  which  they  are  simi- 
larly situated. 

For  if  the  bodies  be  supposed  to  consist  of  particles  which  are  propor- 
tional to  the  bodies  themselves,  then  the  attraction  of  each  particle  in  one 
body  :  the  attraction  of  each  particle  in  the  other  body,  :  :  the  attraction 
of  all  the  particles  in  the  first  body  :  the  attraction  of  all  the  particles  in 
the  second  body,  which  is  the  Proposition. 

Cob.  Let  the  attracting  forces  a  -p— 5 ,  then  the  attraction  of  a 

partide  in  a  body  whose  side  is  A  :  —  B 

..  A'  .  B» 

*  *  distance  **  from  A  *  distance  "  from  I\ 

A'     52 

'-'  "A«  •  B» 

1  1 

if  the  distances  oc  as  A  and  H. 
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524.  Prop.  LXXXVIIL  If  the  particles  of  any  bodj  attract  with  a 
force  a  distance,  then  the  whole  body  will  be  acted  upon  by  a  particle 
without  it,  in  the  same  manner  as  if  all  the  particles  of  which  the  body  is 
composed,  were  concentrated  in  its  center  of  gravity. 

Let  RSTV  be  the  body,  Z  the  par- 
ticle without  it,  let  A  and  B  be  any 
two  particles  of  the  body,  G  their  cen- 
ter of  gravity,  then  A  A  6  =  B  B  G, 
and  then  the  forces  of  Z  of  these  parti- 
cles QC  A  A  Z,  B  B  Z,  and  these 
forces  may  be  resolved  into  A  A  G  -|- 
A  G  Z,  B  B  G  +  B  G  Z,  and  A  A  G 
being  r=  B  B  G  and  acting  in  opposite 
directions,  they  will  destroy  each  other, 
and  .*•  force  of  Z  upon  A  and  B  will  be 

proportional  to  A  Z  G  +  B  Z  G,  or  to  (A  +  B)  Z  G,  •'•  particles  A 
and  B  will  be  equally  acted  upon  by  Z,  whether  they  be  at  A  and  B,  or 
collected  in  their  center  of  gravity.  And  if  there  be  three  bodies  A,  B» 
C,  the  same  may  be  proved  of  the  center  of  gravity  of  A  and  B  (G)  and 
C,  and  •*•  of  A,  B,  and  C,  and  so  on  for  all  the  particles  of  which  the 
body  is  composed,  or  for  the  body  itself. 

525.  Prop.  LXXXIX.  The  same  applies  to  any  number  of  bodies 
acting  upon  a  particle,  the  force  of  each  body  being  the  same  as  if  it 
were  collected  in  its  center  of  gravity,  and  the  force  of  the  whole  system 
of  bodies  being  the  same  as  if  the  several  centers  of  gravity  were  collected 
in  the  common  center  of  the  whole. 

526.  Prop.  XC.  Let  a  body  be  placed  in  a  perpendicular  to  the  plane 
of  a  given  circle  drawn  from  its  center ;  to  find  the  attraction  of  the  circu- 
lar area  upon  the  body. 

With  the  center  A,  radius  s=  A  D,  let 
a  circle  be  supposed  to  be  described,  to 
whose  plane  A  P  is  perpendicular.  From 
any  point  E  in  this  circle  draw  P  E^  in 
P  A  or  it  produced  take  P  F  =  P  E,  and 
draw  F  K  perpendicular  to  P  F,  and  let 
F  K  QC  attracting  force  at  E  on  P.  Let 
1  K  L  be  the  curve  described  by  the  point 
K,  and  let  I  K  L  meet  A  D  in  L,  take 
P  H  =  P  D,  and  draw  H I  perpendicular 
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to  P  H  meedng  this  curre  in  I,  then  the  attraction  on  P  of  the  circle 
Qc  A  P  the  area  A  H  I  L. 

For  take  £  e  an  evanescent  part  of  A  D,  and  join  P  e^  draw  e  C  per- 
pendicular upon  PE, .-.  Ee  :  EC  :  :PE  :  AE,  A  Ee.AE  =  ECx 
P  £  QC  annulus  described  by  A  E,  and  the  attraction  of  that  annulus  in 

PA 
the  direction  P  A  oc  E  C  •  P  E .  ^^  x  force  of  each  particle  at  E  «  E  C  X 

PA  X  force  of  each  particle  at  E,  but  EC  =  F  f,  /.  FK.  F  fa  ECx 
the  force  of  each  particle  at  E^  .%  attraction  of  the  annulus  in  the  direction 
PA  a  P  A  •  F  f .  F  K,  and  .-.  P  A  x  sum  of  the  areas  F  K .  Ff  or  P  A 
the  area  A  H  I  L  is  proportional  to  the  attraction  of  the  whole  part  de- 
scribed by  the  reyolution  of  A  E« 

627.  COb.  L  Let  the  force  of  each  particle  cc  v-- j,  at  P  F  s=  x» 

let  b  =:  force  at  the  distance  a, 

ba« 


•*.  F  K  the  force  at  the  distance  x  = 


^» 


.-.  attraction  =  P  A .  F  K .  F  f  =  P  A /^^^ 

«PA  —  —  oe      A  —  p-p, 

and  between  the  Talues  of  P  A  and  P  H,  the  attraction 

BA      1  1  ,        PA 

1  b  a* 

528.  Cob.  2.  Letthe  force  a  y~z i  >  ^^^  T  K  =  —5- » 

/.  attraction  =  P  A  f^-^xo:  ^^  X  — -^+  Cor., 
and  between  the  talues  of  P  A  and  P  H| 

attraction  =  j— -^  {yT-^'^  -"FIT^} 

1  PA 

«    li^n-l  — PH»-^    • 

529.  Cor.  S.   Let  the  diameter  of  a  circle  become  infinite^  or  P  H 
QC   GO,  then  the  attraction  oc  <p  a  ..  -  2  • 

530.  Prop.  XCI.  To  find  the  attraction  on  a  particle  placed  in  the 
axis  produced  of  a  regular  solid. 
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Lei  P  be  a  body  situated  in  the  axis  A  B  of  the  curve  D  £  C  G^  bj 
the  revolution  of  which  the  solid  is  generated.  Let  any  circle  K  F  S 
perpendicular  to  the  axis,  cut  the  solid,  and  in  the  semidiameter  F  S  of 
the  solid,  take  F  K  proportional  to  the  attraction  of  the  circle  on  P,  then 
F  K  •  F  f  a  attraction  of  the  solid  whose  base  =:  circle  R  F  S,  and  depth 
:=  F  f,  let  I  K  L  be  the  curve  traced  out  by  F  K,  .*.  A  L  K  F  a  at- 
traction of  the  solid. 

Cor.  1.  Let  the  solid  be  a  cylinder,  the  force  varying  as  -»-- ^ , 


D 


R 


E 


^ 

^ 

A 

F 

B 

.-^ 

y 

IC 

G 

y^ 

\y 

X     s 

L 

V  • 

Then  the  attraction  of  the  circle  R  F  S^  or  F  K  which  b  proportional 

to  that  attraction  <x  1  ~  ^ . 

P  R 

LetPFsx,  FR=b, 
.*.  F  K  oc  1  — 


.-.  FK.Ff  adx  — 


Vx*  +  b*' 
XX' 


Vx«  +  b" 


•.  area  a  — x  Vx*  +  b*. 
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No«r  if  P  A  s  z»  attraction  s  0» 
.%  Cgr.  =  PD  — P  A, 
•*•  whole  attraction  =  P  B 

=  AB 

LetABr=  QD  =PE  =  PD, 
•*.  atraction  =  A  B. 


PE  +  PD  — PA 
P  E  +  P  D. 


531.  CoR.  8.  Let  the  body  P  be  placed 
within  a  spheroid,  let  a  spheroidical  shell 
be  included  between  the  two  similar 
spheroids  DOG,  K  N  I,  and  let  the 
spheroid  be  described  round  S  which 
will  pass  through  P,  and  which  is  simi- 
lar to  the  original  spheroid,  draw  D  P  E, 
F  P  G,  very  near  each  other.  Now  P  D 
=  BE,  PF=CG,  PH=:BI,  PK 
=  CL. 

.-.  F  K  =  L  G,  find  D  H  =:  I  E, 
and  the  parts  of  the  spheroidical  shell  which  are  intercepted  between  these 
lines,  are  of  equal  thickness,  as  also  the  conical  frustums  intercepted  by 
the  revolution  of  these  lines,  and 

•-•  attraction  on  P  by  the  part  D  K  :  • . . .  G  I 

number  of  particles  in  D  K     . . .  G* 
•  •  PlJi  •  TG"« 

PD*     PG«       ,     , 

•  •    p  £)t   •    p  Qt    •  •    *    •    *> 

and  the  same  may  be  proved  of  every  other  part  of  a  spheroidical  shell,  and 
•-.  body  is  not  at  all  attracted  by  it;  and  the  same  may  be  proved  of  all  the 
other  spheroidical  shells  which  are  included  between  the  spheroids,  A  O  G, 
and  C  P  M,  and  .*.  P  is  not  affected  by  the  parts  external  to  C  P  M,  and 
••.  (Prop.  LXXIL), 

attraction  on  P  :  attraction  on  A  :  ;  P  S  :  A  S. 

532*  Prop.  XCIIl.  To  find  the  attraction  of  a  body  placed  without  an 

1 
infinite  solid,  the  force  of  each  particle  varying  as  y^ ^ ,  where  n  is 

greater  than  8. 

Let  C  be  the  body,  and  let  G  L,  H  M,  K  O,  &c.  be  the  attractions 
at   the   several  incite  planea  of  which  a  solid  is  ppmposed  on  the 
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body  C;  Uien  the  area  G  L  O  K  equals  the  whole  attraction  of  a  solid 
on  C. 


L 

"^ 

. K 

o 

C— 

6 

H 

I 

K 

I 

ID 

n 

o 

Now  if  the  force  a 


distance'^  * 


Then 


H  M  a  ^s|j„,^  (Con S.  Prop.  XC ) 


.%/HM.dx  «/— s^,  a— 7iJ:r3  +  Cor. 


1  1 


andifHC  s=  od 


then  the  area  G  L  O  K  oe 


1 


Case  2.  Let  a  body  be  placed  withm  the  solid. 


6 


N 


C 


O 


I     K 


Let  C  be  the  place  of  the  body,  and  take  C  K  =  C  G ;  the  part  of 
the  solid  between  G  and  K  will  have  no  effect  on  the  body  Q  and  there* 
fore  it  is  attracted  to  remain  as  if  it  were  placed  without  it  at  the  distance 
CK. 

..attraction  cc  ^  ]g>,,a  a  CU^TTs* 
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534.  Prop.  XCIV.  Let  a  body  move  through  a  similar  medium,  ter- 
minated by  parallel  plane  surfaces,  and  let  the  body,  in  its  passage  through 
this  medium,  be  attracted  by  a  force  varying  according  to  any  law  of  its 
distance  from  the  plane  of  incidence.  Then  will  the  sine  of  inclination  be 
to  the  sine  of  refraction  in  a  given  ratio. 


Let  A  a,  B  b  be  the  planes  which  terminate  the  medium^  and  O  H  be 
the  direction  of  the  body's  incidence,  and  I  R  that  of  its  emergence. 

Case  1.  Let  the  force  to  the  plane  A  a  be  constant,  then  the  body  will 
describe  ^parabola,  the  force  acting  parallel  to  I R,  which  will  be  a  diameter 
of  the  parabola  described.  H  M  will  be  a  tangent  to  the  parabola,  and  if 
K  I  be  produced  I  L  will  also  be  a  tangent  to  the  parabola  at  L  Let  K I 
produced  meet  G  M  in  L  with  the  center  L,  and  distance  L  I  describe 
a  circle  cutting  I R  in  N,  and  draw  L  O  perpendicular  to  I  R«  Now  by  a 
property  of  the  parabola  M  I  =1  I  v, 

.%  M  L  =  H  L,  .-.  M  O  =  O  R,  and.-.  M  N  =  I  R. 

The  angle  L  M  I=the  angle  of  incidence,  and  the  angle  M I L  =  sup- 
plement of  M  I  K  <=  supplemental  angle  of  emergence. 
Now 

L.MI  =  MH'  =  4ML* 
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but 


MN.MI=:MI.IR=MQ.MP=ML+L<l.5n:^TQ 

=  ML«  — LQ« 
.^j^MLl-LQ. 

.-.  L:IR::4ML«:ML*  — LQ« 
but  L  and  I  R  are  given 

.•.4ML«  aML«  — LQ» 
.♦.ML*  <xLQ«  «LI« 

.*.  M  L  oe  L I  or  sin.  refraction  :  sin.  inclination  in  a  given  ratio. 


^ 


iP/ 


Case  2,    Let  the  force  vary  according  to      ^ 
any  law  of  distance  from  A  a.  g~~ 

Divide  the  medium  by  parallel  planes  A  a,       c^ 
B  b,  C  c,  D  d,  &c  and  let  the  planes  be  at      ^ 
evanescent  distances  from  each  other,  and 
let  the  force  in  passing  from  A  a  to  B  b, 
from  B  b  to  C  c>  from  C  c  to  D  d,  &c.  be 
uniform. 

.*•  sin.  I  at  H :  sin.  R  at  H  : :  a  :  b 

sin.  R  or  I  at  I :  sin.  R  at  K  : :  c  :  d 
sin.  R  or  I  at  K :  sin.  R  at  R  :  ;  e  :  f,  and  so  on. 
.*•  sin.  I  at  H  :  sin.  RatR::a.c.e:b.d.f  and  ia  a  constant  pro- 
portion. 

635.  Prop.  XCV.  The  velocity  of  a  particle  before  incidence :  velocity 
after  emergence : :  sin.  emei^uce  :  sin.  incidence. 

G 


Take  A  H  =  I  d,  and  draw  A  G,  d  K  perpendicular  upon  A  a,  D  d» 
meeting  the  directions  of  incidence  and  emergence  in  G,  K.  Let  the 
motion  of  the  body  be  resolved  into  the  two  G  A,  A  H,  Id,  d  k»  the  ve- 
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locity  perpendicular  to  A  a  cannot  alter  the  motion  in  the  direction  A  a ; 
therefore  the  body  will  describe  G  H,  I  K  in  the  same  time  as  the  spaces 
A  H,  I  d  are  described,  that  is,  it  wiU  describe  G  H,  I  K  in  equal  times 
before  the  incidence  and  after  the  emergence. 
Velocity  before  incidence  :  velocity  after  emergence  : :  G  H  :  I  K 

AH  Id 

•  •        III        ,        •  . 

sin.  incidence  '  ein.  emergence 
: :  sin.  emergence :  sin.  incidence. 
536.  Prop.  XCVL   Let  the  velocity  before  incidence  be  greater  tlian 
the  velocity  after  emergence,  then,  by  inclining  the  direction  of  the  inci- 
dent particle  perpetually,  the  ray  will  be  refracted  back  again  in  a  similar 
curve,  and  the  angle  of  reflection  will  equal  the  angle  of  incidence. 

G  g. 


A^H 

h/i 

b\p 

pX   . 

c      Xq 

.  R^ 

y    » 

E 

e 

Let  the  medium  be  separated  by  parallel  planes  A  a,  B  b,  C  c,  D  d, 
E  e,  8cc.  and  since  the  velocity  before  incidence  is  greater  than  the 
velocity  after  emergence.  .-.  sin.  of  emergence  is  greater  than  sin.  of  in- 
cidence. .-.  H  P,  P  Q,  Q  R,  &C.  will  continually  make  a  less  angle  with 
H  a,  P  b,  Q  c,  R  d,  &c.  till  at  last  it  coincides  with  it  as  at  R ;  and  after 
this  it  will  be  reflected  back  again  and  describe  the  curve  R  q  p  h  g  simi- 
lar to  R  Q  P  H  G,  and  the  angle  of  emergence  at  h  will  equal  the  angle 
of  inddence  at  H. 

537.  Prop.  XCVIL  Let  sin.  incidence  :  sin.  refraction  in  a  given  tbi* 
tio,  and  let  the  rays  diverge  from  a  given  point ;  to  find^  the  sur&ce  of 
medium  so  that  they  may  be  refracted  to  another  given  point. 


Let  A  be  the  focus  of  incident,  B  of  refracted  rays,  and  let  C  D  E 
be  the  surface  which  it  is  requu'cd  to  determine.     Take  D  £  a  small  arc, 

Vol.  I.  D  d 
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and  draw  £  F,  E  G  perpendiculars  upon  A  D  and  DB;  then  D  F»  DG 
are  the  sines  of  incidence  and  refraction ;  or  increment  of  A  D :  decrement 
of  B  D  :  :  sin*  incidence  :  sin.  refraction.  Take  •*.  a  point  C  in  the  axis 
through  which  the  curve  ought  to  pass,  and  let  C  M  :  C  N  : :  sin.  inci* 
dence  :  sin.  refraction,  and  points  where  the  circles  described  with  radii 
A  M)  B  N  intersect  each  other  will  trace  out  the  curve. 

538.  Cor.  1.  If  A  and  B  be  either  of  them  at  an  infinite  distance  or  at 
any  assigned  situation,  all  the  curves,  which  are  the  loci  of  D  in  different 
situations  of  A  and  B  with  respect  to  C,  will  be  traced  out  by  t!iis 
process. 


A 

539.  Cor.  2.  Describe  circles  with  radii  A  C  and  C  B»  meeting  A  D, 
B  D  in  P  and  Q ;  then  P  D  :  D  Q  :  :  sin.  incidence  :  sin.  refiraction,  since 
P  D,  D  Q  are  the  increments  of  B  C  and  A  C. 
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L  Prop.  L  Suppose  the  resistance  oe  velocity,  and  supposing  the  whole 
time  to  be  di^ded  into  equal  portions,  the  motion  lost  will  cc  velocity,  and 
oc  space  described.  Therefore  by  composition,  the  whole  decrement  of  the 
velocity  cc  space  described. 

Cor.  Hence  the  whole  velocity  at  the  beginning  of  motion  :  that  part 
which  is  lost : :  the  whole  space  which  the  velocity  can  describe  :  space 
already  described. 

2.  Prop.  XL    Suppose  the  resistance  oc  velocity. 

Case  1.  Suppose  the  whole  time  to  be  divided  into  equal  portions,  and 
at  the  beginning  of  each  portion,  the  force  of  resistance  to  make  a  single 
impulse  wliich  will  a  velocity,  and  the  decrement  of  the  velocity 
a  resistance  in  a  given  time,  a  velocity.  Therefore  the  velocities 
at  the  beginning  of  the  respective  portions  of  time  will  be  in  a  con- 
tinued progression.  Now  suppose  the  portions  of  time  to  be  diminished 
sine  limiley  and  then  the  number  increased  ad  infinitum^  then  the  force  of 
resistance  will  act  constantly,  and  the  velocity  at  the  beginning  of  equal 
successive  portions  of  time  will  be  in  geometric  progression. 

Case  2.  The  spaces  described  will  be  as  the  decrements  of  the  velocity 
oc  veloci^. 

3.  Cor.  1.  Hence  if  the  time  be  represented  by  any  line  and  be  divid- 
ed into  equal  portions,  and  ordinates  be  drawn  perpendicular  to  this 
line  in  geometric  progression,  the  ordinates  will  represent  the  velocities, 
and  the  area  of  the  curve  which  is  the  logarithmic  curve,  will  be  as  the 
spaces  described. 

Dd2 
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Suppose  L  S  T  to  be  the  logarithmic  curve  to  the  asjnmptote  A  Z. 
A  Ly  the  velocity  of  the  body  at  the  beginning  of  the  motion. 

P  Q 


The  space  described  in  the  time  A  H  with  the  first  velocity  continued 
uniform  :  space  described  in  the  resisting  medium,  in  the  same  time  : : 
A  H  P  L  :  area  A  L  S  H  :  :  rect  A  L  X  PL:  rect.  A  L  X  PS* 

: :  P  L  :  P  S^if  A  L  =  subtan.  of  the  curve). 

Also  since  H  S,  K  T  representing  the  velocities  in  the  times  A  H,  A  K; 
P  S,  Q  T  are  the  velocities  lost,  and  therefore  oc  spaces  described. 

4.  Cor.  I.    Suppose  the  resistance  as  well  as  the  velocity  at  the  begin- 


ning of  the  motion  to  be  represented  by  the  line  C  A,  and  after  any  time  by 
the  line  C  D.  The  area  A  B  G  D  will  be  as  the  time,  and  A  D  as  the 
space  described. 

For  if  A  B  6  D  increase  in  arithmetical  progression  the  areas  being 
the  hyperbolic  logarithms  of  the  abscissas,  the  abscissa  will  decrease  in 
geometrical  progression,  and  therefore  A  D  will  increase  in  the  same 
proportion. 

5.  Prop.  III.  Let  the  force  of  gravity  be  represented  by  the  rectangle 

*  Let  the  lubtaDgent  =  M.     Then  the  wh«le  area  of  the  curre  =  M  X  A  L. 
.%  the  area  ALSHssMXAL  —  MxHS=:MxPSs=:ALXP& 
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B  A  C  Hy  and  the  force  of  resistance  at  the  beginning  of  the  motion  by 
the  rectangle  B  A  D  E  on  the  other  side  of  A  B. 


Describe  the  hyperbola  G  B  K  between  the  asymptotes  A  C  and  C  H 
cutting  the  perpendiculars  D  E,  d  e,  in  G  and  g. 

Then  if  the  body  ascend  in  the  time  represented  by  the  area  D  G  g  d, 
the  body  will  describe  a  space  proportional  to  the  area  E  G  g  e,  and  the 
whole  space  through  which  it  can  ascend  will  be  proportional  to  the  area 

EGB. 
If  the  body  descend  in  the  time  A  B  K  I,  the  area  described  is  B  F  K. 
For  suppose  the  whole  area  of  the  parallelogram  B  A  C  H  to  be  di- 


AaKLMN       I 


vided  into  portions,  which  shall  be  as  the  increments  of  the  velocity  in 
equ2il  times,  therefore  A  k,  A 1,  A  Ki,  A  n,  &c.  will  oc  velocity,  and  there- 
fore a  resistances  at  the  beginning  of  the  respective  times. 

Let  A  C  :  A  K  :  :  force  of  gravity  :  resistance  at  the  beginning  of  the 
second  portion  of  time,  then  the  parallelograms  B  A  C  H,  k  K  C  H,  &c 
will  represent  the  absoluteforceson  the  body,  and  will  decrease  in  geome- 
trical progression.    Hence  if  the  lines  K  k,  L  1,  &c.  be  produced  to  meet 
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the  cun^e  in  q,  r,  &c.  these  hyperbolic  areas  being  all  equal  will  repre- 
sent the  times,  and  also  the  force  of  gravity  which  is  constant  Bot  the 
area  B  A  K  q  :  area  Bqk::Kq:jkq::AC:jAK::  force  of 
gravity  :  resistance  in  the  middle  of  the  first  portion  of  time* 

In  the  same  way,  the  areas  qKLr,  rLMs,  &c.  are  to  the  areas 
q  k  1  r,  r  1  m  s,  &c.  as  the  force  of  gravity  to  the  force  of  resistance  in  the  mid- 
dle of  the  second,  third,  &c.  pottions  of  time.  And  since  the  first  term  is 
constant  and  proportional  to  the  third,  the  second  is  proportional  to  the 
fourth,  similarly  as  to  the  velocities,  and  therefore  to  the  spaces  described. 

•'.  by  composition  B  k  q,  B  r  1,  B  s  m,  &&  will  be  as  the  whole  spaces 
described,  Q.  e.  d. 

The  same  may  be  proved  of  the  ascent  of  the  body  in  the  same  way. 

6.  CoR.  1.  The  greatest  velocity  which  the  body  can  acquire  :  the  velo- 
city acquired  in  any  given  time  :  :  force  of  gravity  :  force  of  resbtance 
at  the  end  of  the  given  time. 

7.  CoR.  2.  The  times  are  logarithms  of  the  velocities. 

8.  Cor.  4.  The  space  described  by  the  body  is  the  difference  of  the  space 
representing  the  time,  and  the  area  representing  the  velocity,  which  at  the 
beginning  of  the  motion  are  mutually  equal  to  each  other. 

Suppose  the  resistance  to  a  velocity. 


c 

t=  retarding  force  corresp 

.%  V  d  V 

r  V*        , 
=  — g  X    ^,    X  dx, 

.*.  d  X 

_  c«      dv 
-7X7 

.•.  X 

=  —  b  X  1  V  +  C, 

.•.  X 

=  b  X  1    "" 

V 

t 

dx            bdv 
""  V  ■"         v«  ' 

.%  t 

=  —  b  X  — -+  Cor. 

V 

,1111 

=  b  X ac , 

V        c        V        c 

•«.  the  times  being  in  geometrical  progression,  the  velocities  C,  d,  E»  &c. 

will  be  in  the  same  inverse  geometrical  progression. 

Also  the  spaces  will  be  in  arithmetical  progression. 


i 
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9.  Prop.  IV.  Liet  D  P  be  the  direction  of  the  projectile,  and  let  it 
represent  the  initial  velocity;    draw  C  P  perpendicular  to  C  D,  and 


N 


..•H 


i^^     c 


let  D  A  :  A  C  : :  resistance  :  gravity.  Also  DP:  C  P  : :  resistance  : 
gravity,  .%  D  AxD  P  :  C  Px  C  A  : :  R  :  G.  Between  D  C,  C  P  de- 
scribe a  hyperbola  cutting  D  6  and  A  B  perpendicular  to  D  C  in  G  and  B, 
from  R  draw  R  V  perpendicular  cutting  D  P  in  V  and  the  hyperbola  in  T, 
complete  the  parallelogram  6  K  C  D  and  make  N  :  Q  B  :  :  C  D  :  C  P. 

Take 


^j         GTt      ^  GTEI 

V  r  =  -^j—  or  R  r  = jj — 


for  Ance 


N:QB::CD:CP::DR:R  V, 


^••^DR  X  QB 
n  V  — j^j. — ^ — , 


and 


GTEI       DRxQB  — GTt       •. 

— jj— •= N ^^\ 

in  the  time  represented  by  D  R  T  G  the  body  will  be  at  (r),  and  the  great- 
est altitude  =  a,  and  the  velocity  oc  r  L. 

For  the  motion  may  be  resolved  into  two,  ascending  and  lateral.  The 
lateral  motion  is  represented  by  D  R,  and  the  motion  in  ascent  by  R  r, 
which 

a  DR  X  QB  — GTt, 
or 

DRxAB— DG.RT 


N 


Ddi 


424 


A  COMMENTARY  ON 


[Sect.  II. 


or 


PR  X  AB~D  R  X  AQ 

N  ' 

.-.  D  R  :  R  r  :  :  N :  A  B  —  A  Q,  or  Q  B 

:  :  C  D  :  C  P, 

;  :  lateral  motion  .  ascending  motion  at  tlie  beginning, 
.'.  (r)  will  be  the  place  of  the  body  required. 


SECTION  II. 


10.  Prop.  V.  Suppose*  the  resistance  to  vary  as  the  velocity  ^ 
Then  as  before,  the  decrement  of  velocity  a  resistance  a  velocity 


M       T      D 


Let  the  whole  time  A  D  be  divided  into  a  great  number  of  equal  por- 
tions, and  draw  the  ordinates  A  B,  K  k,  L  1,  M  m,  &c.  to  the  hyperbola 
described  between  the  two  rectangular  asymptotes,  C  H,  CD;  then  by  the 
property  of  the  hyperbola, 

AB:Kk::CK:CA, 
.-.  AB  —  Kk:Kk::AK:CA  *    . 

::ABxAK:ABxCA. 
.-.  AB— KkaABxKk. 
In  the  same  way 

Kk  — LI  a  KkS&c. 
or 

AB«,  Kk«,  LlS&c.     . 
are  proportional  to  their  differences. 

.'.  velocities  will  decrease  in  the  same  proportion.  Also  the  spaces  de- 
scribed are  represented  by  the  areas  described  by  the  ordinates ;  hence  In 
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the  time  A  M  the  space  described  may  be  represented  by  the  whole  area 
AMmB. 

Now  suppose  the  lines  C  A,  C  K,  fcc.  and  similarly  A  K,  K  L,  &c.  in 
geometrical  progriession,'  then  the  ordinates  will  decrease  in  the  inverse 
geometrical  progression,  and  the  spares  will  be  all  equal  to  each  other. 

Q.  e.  d, 

11.  Cor.  1.  The  space  described  in  the  resisting  medium  :  the  space  de- 
scribed with  the  first  velocity  continued  uniform  for  the  time  AD::  the 
hyperbolic  area  A  D  O  B  :  rectangle  A  B  K  A  D. 

12.  Cor.  3.  The  first  resistance  equals  the  centripetal  force  which  would 
generate  the  first  velocity  in  the  time  A  C,  for  if  the  tangent  B  T  be  drawn 
to  the  hyperbola  at  B,  since  the  hyperbola  is  rectangular  A  T  =:  A  C,  and 
with  the  first  resistance  continued  uniform  for  the  time  A  C  the  whole 
velocity  A  B  would  be  destroyed,  which  is  the  time  in  which  the  same  ve- 
locity would  be  generated  by  a  force  equal  the  first  resistance.  For  the 
first  decrement  is  A  B  —  K  k,  and  in  equal  times  diere  would  be  equal  de* 
crements  of  velocity. 

13.  Cor.  4.  The  first  resistance  :  force  of  gravity  : :  velocity  generated 
by  the  force  equal  the  first  resistance  in  the  time  A  C  :  velocity  generated 
by  the  force  of  gravity  in  the  same  time. 

14.  Cor.  5,  Vice  versdy  if  this  ratio  is  given,  every  thing  else  may  be 
found. 


C  Q  P  L  K   I  A 


15,  Prop.  VIII.  Let  C  A  represent  the  force  of  gravity,  A  K  the  resis- 
tance, •«.  C  K  represents  the  absolute  force  at  any  time  (if  the  body  de- 
scend) ;  A  P,  a  mean  proportional  to  A  C  and  A  K,  represents  the  velo- 
city ;  K  L,  P  Q  are  contemporaneous  increments  of  the  resistance  and 
the  velocity. 

Then  since    • 

AP«aAK,  KLa2APxPQQcAPxKC, 
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the  increment  of  velocity  oc  force  when  the  time  is  given, 

.-.KLxKNaAPxKCxKN, 

•-.  ultimately  K  L  O  N  (equal  the  increment  of  the  hyperbolic  area) 
oc  A  P  a  velocity,  oc  space  described,  and  the  whole  hyperbolic  area  = 
the  sum  of  all  the  K  L  O  Ns  which  are  proportional  to  the  velocity^  and 
.%  space  described.  .-.  If  the  whole  hyperbolic  area  be  divided  into  equal 
portions  the  absolute  force  C  A,  C  I,  C  K,  &c,  are  in  gtometrical  pro* 
gression«     Q.  e.  d. 

16.  Cor.  1.  Hence  if  the  space  described  be  represented  by  a  hyper- 
bolic area,  the  force  of  gravity,  velocity,  and  resistance,  may  be  repre- 
sented by  lines  which  are  in  continued  proportion. 

17.  CoE.  2.  The  greatest  velocity  =  A  C. 

18.  Cor.  S.  If  the  resistance  is  known  for  a  given  velocity,  the  greatest 

velocity  :  given  velocity  :  :  V  force  of  gravity  :  V  given  resistance. 

19.  Prop.  IX.  Let  A  C  rq)resent  the  greatest  velocity,  and  A  D  be  per- 


pendicular and  equal  to  it.  With  the  center  D  and  radius  A  D  describe 
the  quadrant  A  t  E  and  the  hyperbola  A  V  Z.  Draw  the  radii  D  P,  D  p. 
Then 

Case  1,  If  the  body  ascend  ;  draw  D  v  q  near  to  D  p,  .•.  since  the  sector 
and  the  triangle  are  small, 

D  V  t:  Dpq::  D  t*:Dp« 


.%  D  V  t  a 


Dp«. 
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^  AD  X  pq  pq 

*  AD'  + AD  X  AR  *  CK 
oe  increment  of  die  time. 
.•.  by  compositioa,   the  whole  sector  «    whole  time  till  the  whole 
V  =  0.' 
Case  2.  If  the  body  descend ;  as  before 

DVT:DPQ::DT»:DP» 

::DX«:D  A*::  TX*:  AP* 
::DX'  — TX»:DA»  — AP* 

::  AD«:  AD*  — ADx  AK 
::  AD:  C  K. 
By  the  proper^  of  the  hyperbola, 

TX»  =  DX«  — DA» 
.-.  D  A»  =  DX«  — TX» 

..DVTa^jj  X  CK«  CT 

a  increment  of  the  time. 
•«.  by  composition,  the  whole  time  of  descent  till  the  body  acquire  its 
greatest  V  =:  the  whole  hyperbolic  sector  DAT. 

20.  Cor.  1.   If  AB  =  i  A  C. 

The  space  which  the  descending  body  describes  in  any  time  :  space 

which  it  would  describe  in  a  non^resisting  medium  to  acquire  the  greatest 

velocity  : :  area  ABNK:aATD,  which  represents  the  time.     For 

since  AC:AP::AP:AK 

KL:iPQ::  A  P:i  AC 
and 

KN:    AC    ::  AB:  CK 

.-.  K  L  O  N  :  D  T  v.:  :  A  P  :  A  C 

:  :  Tel*  of  the  body  at  any  time  :  the  greatest  vel. 
Hence  the  increments  of  the  areas  oc  velocity  cc  spaces  described. 

.-.  by  composition  the  whole  A  B  N  K  :  sector  A  T  D  :  :  space  described 
to  acquire  any  velocity  :  space  described  in  a  non-resisting  medium  for 
the  same  time. 

21.  CoR.  2.  In  the  same  way,  if  the  body  ascend,  the  space  described 
till  the  velocity  =:  A  p.:  space  through  which  a  body  would  move  :  : 
A  B  n  k  :  A  D  t. 

22.  Cor*  8.  Also,  the  velocity  of  a  body  falling  for  the  time  A  T  D  : 
velocity  which  a  body  would  acquire  in  a  non-resisting  medium  in  the 
same  time  : :  A  A  D  P  :  sector  T  D  A ;  for  since  the  force  is  constant, 
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the  velocity  in  a  non-resisting  medium  oc  time,  and  the  force  in  a  resist- 
ing medium  acAPa^ADP. 

23.  Cor.  4.  In  the  same  waj,  the  velocity  in  the  ascent :  velocity  with  which 
a  body  should  move,  to  lose  its  whole  motion  in  the  same  time  :  :  A  Ap  D 
:  sector  A  t  D  :  :  A  p  :  arc  A  t. 

For  let  A  Y  be  any  other  velocity  acquired  in  a  non^resisting  medium 
in  the  same  time  with  A  P. 

.-.  A  P  :  A  C  :  :  A  P  D  :  this  area 
and 

AP:AC::APD:AeD. 

Therefore  the  area  which  represents  the  time  of  acquiring  the  greatest 
velocity  in  a  non-resisting  medium  =  A  C  D. 

In  the  same  way,  let  Ay  be  velocity  lost  in  a  non-resisting  medium  in 
the  same  time  as  A  p  in  a  resisting  medium. 

.'.  Ap:Ay::AApD:  area  which  represents  the  time  of  losing  the 
velocity  A  p. 

.*•  time  of  losing  the  velocity  A  y  =  A  A  p  D. 

24.  Cor.  5.  Hence  the  time  in  which  a  falling  body  would  acquire  the 
velocity  A  P  :  time  in  which,  in  a  non-resisting  medium,  it  would  acquire 
the  greatest  velocity  :  :  sector  A  D  T  :  A  C  A  D. 

Also  the  time  in  which  it  would  lose  the  velocity  A  p  :  time  in  which, 
in  a  non-resisting  medium,  it  would  lose  the  6ame  velocity  : :  arc  A  t : 
tangent  A  p. 

25.  CoR.  6.  Hence  the  time  being  given,  the  space  described  in  ascent 
or  descent  may  be  known,  for  the  greatest  velocity  which  the  body  can 
acquire  is  constant,  therefore  the  time  in  which  a  JxKly  falling  in  a  non- 
residing  medium,  would  acquire  that  velocity  is  also  known.  Then  the 
sector  A  D  T  or  A  D  t :  A  A  D  C  :  :  given  time  :  time  just  found;  there- 
fore the  velocity  A  P  is  known  or  A  p. 

Then  theareaABNK  or  ABnk  :  A  D  T  or  A  D  t :  :  space  sought 
for  :  space  which  the  body  would  describe  uniformly  with  its  greatest 
velocity. 

26.  CoR*  7.  Hence  vice  versa,  if  the  space  be  given,  the  time  will  be 
known. 
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27.  Prop.  X.   Let  P  F  Q  be  the  curve  meeting  the  plane  P  Q.     Let 


G,  H,  I,  K  be  the  points  in  the  curve,  draw  the  ordinates ;  let  B  C  =  C  D 
=  D  E,  &c. 

Draw  H  N,  G  L  tangents  at  H  and  G,  meeting  the  ordinates  produced 
in  L  and  N,  complete  the  parallelogram  C  H  M  D.     Then  tiie  times 

a  V  LH  and  */  N  t,  and  the  velocities  a  G  H  and  H  I,  and  the  times 

G  H         HI 

Qc  ;  let  T  and  t  =  times,  and  the  velocities  a  -  rp  -  and  — — ,  therefore 

the  decrement  of  the  velocity  arising  from  the  retardation  of  resistance  and 

G  H       H  T 

the  acceleration  of  gravity  a  -rw — ,  also  the  accelerating  force  of 

gravity  would  cause  a  body  to  describe  2  I  N  in  the  same  time,  therefore 

2N  1 

the  increment  of  the  velocity  from  G  ==  — 7 —  9  again  the  arc  is  increased 

by  the  space  =  HI  —  HN=  RI=r ry-y ,  therefore  tlie  de- 

^        ,,          .^           ,             GH       HI2MIXNI 
crement  n'om  the  resistance  alone  =     r^.  '  -^  — : h  ett —  >  •'• 

X  t  t  X  Jnl  1 


resistance  :  gravity  :  : 
Again,  let 


GHxt 


—  HI  + 


2MI X  NI 


Til 


*  :  2  N  I. 


and 


A  B,  C  D,  C  E,  &C.  be  —  o  +  o,  2o,  So,  Stc 
CH  =  P 

MI  =  Qo  +  Ro«+So3  +  &c. 

.-.  D  I  =  P  —  Q  o  +  &a 
EK  =  P  —  2Qo  —  4Ro«  —  &c. 
BG  =  P  +  Qo  +  &c. 
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(BG  — CH)»+  BC»(=  GH«)  =  o«  +  Q»o«  +  SQRo*  +  &c. 

.-.  G  H*  =  l  +  Q*  X  o*  +  S  Q  R  o', 

QRo* 


.•.GH=  V'  1  +  Q»x  o  + 


VT+Q"' 

and 

HT=ovrrT^  +  -Q^. 

Subtract  from  C  H  j^  the  sum  G  B  and  D  I,  and  R  o*  and  R  o  *  + 
S  S  o '  will  be  the  remainder,  equal  to  the  sa^ttse  of  the  arcs,  and  which 
are  pn^ortional  to  L  H  and  N  I,  and  therefore,  in  the  subtracted  num- 
ber of  the  times, 

.t^      /  R  +  SSo  _  R  +  fSo  _  ,    .   8So 

T        -  o  V  1  +  1^    +  ^  j^Q,  ><  *  +    2  R 

-  «  4/TXS5   .   QRo*  .3So'VT+Q7     SSo     QRo* 

QRo* 


HI  =  o.  V  1  +  Q«  + 


V  1  +  Q» 


MI  xNI_  Ro'  X  Qo  +  Ro«  +  &c. 
HT  o.  v'  1  +  Q»        QRo* 

+  Vl  +  Q* 

G  H  X  t       „ T  .  2MI X  NI    _ „  , 
/.  resistance  :  gravi^  : : rrn H  1  + jt-t — —  :  2  N  I 


2R 
::3S  V  1  +  Q«:4R«. 

The  velocity  is  equal  to  that  in  the  parabola  whose  diameter  =:  H  C, 

H  N"       1  +  Q" 
and  the  lat.  rect  =  -rp  -j,^-  or  — jr —  .     The  resistance  oc  density  x  V *, 

,,       ^       .u    J       . resistance  ^  3  S  v'  1  +  Q*  ,.       .  R 

therefore  the  density  «  — ^i —  ^ .  p,  directly  « 

directly  oc  --^^ — .  -    . 

^        R  V  1  +  Q« 

28.  Ex.  1.   Let  it  be  a  circular  arc,  CHs=e9  AQ=:n|  AC=:at 
CD  =  o, 
.••  D  I»  =  n«—  (a+  o)«  =  n«  — a*— 2ao  — o«  =  e«— 2ao — o*, 
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a  o 


n«o» 


I>I  =  e-=f-^^- 


e 


2e 


a  n*  o* 


4^> 


2e 


and  therefore 


.••  density  oc 


S  ^  an«      2e»        e 

R  v'  1  +  Q*      2e*^   n«    ^   n» 


a         a       sin.  ^  . 

a  —  a  —  a a  tangent. 

n  e       e       cos.  ^ 


^.  .  3an"nn*^ 

The  resistance  :  gravity  :  :  -5 — j-  X  — :  g-5 : :  S  a  :  2  n. 

29.  Ex.  2.    Of  the  hyperbola. 


P  A         CD    g 

PIxb=  PD«, 
.-.put  PC  =  a,  CD  =  o^  QP  =  c, 


.*.  a+oxc  —  a  —  o  =  ac  —  a'— 2ao  +  co  —  o 


.-.  D  I  = 


a  c  —  a 


2  a  -f  c 


.  o  —  -T- 


b' 


and  since  there  is  no  fourth  term, 

S  =  0, 
.%  draw  y  =  0. 
30.  Prop.  XIII.   Suppose  the  resistance  to  oc  V  .f.  V>. 


Case  1.    Suppose  the  body  to  ascend ;  with  the  center  D  and  rad.  D  Bf 


4S2 
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[Sect.  II. 

describe  the  quadrant  B  T  F;  draw  B  P  an  indefi  nite  line  perpendicular 
to  B  D)  and  parallel  to  D  F.  Let  A  P  represent  the  velocity ;  join  D  P, 
D  A,  and  draw  D  Q  near  D  P. 

/.  resistance  «AP*  +  2BAxAP,  suppose  gravity  «  D  A% 
.'.  decrement  of  V  «  gravity  +  resistance  oc  A  D  *+ A  P*+2  B  Ax  AP. 

aDP« 
D  P  Q  (oc  P  Q)  :  D  T  V  :  :  D  P*  :  D  TS 
.-.  DT  Va  DT«  «  1, 

therefore  the  whole  sector  £  T  D,  is  proportional  to  the  time. 

Case  2.   Suppose  the  force  of  gravity  proportional  to  a  less  quantity 
than  DA*,  draw  B  D  perpendicular  to  B  P,  and  let  the  force  of  gravity 


P    a 


oc  A  B*—  B D»,  Draw  D  F  parallel  to  P  B  and  =  D  B  and  with  the 
center  D  —  i  axis-major  =  i  axis-minor  =  D  B,  describe  a  hyperbola 
from  the  vertex  F,  cutting  A  D  produced  in  E,  and  D  P,  D  Q  m  T,  V. 

Now  since  the  body  is  supposed  to  ascend. 

The  decrement  of  the  velocity  oc  AP«  +  2AB  X  AP  +  AB*  — 
BD»a  BP»  — BD*CBP'  =  AP*  +  AB«  +  2AB  X  BP). 

Also,  D  T  V  :  D  P  Q  :  :  D  T« :  D  P«  (by  similar  triangles) 

T  G« :  B  D«  (T  G  perpendicular  to  G) 
DF«:PB«  — DB«. 

Now  D  P  Q  oc  decrement  of  velocity  oc  P  B*  —  D  B«, 

.%  DTVocDF'al  a  increment  of  the  time,  since  the  time  flows  uni- 
formly. 
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With  center  D  and  verte*  B,  describe  the  rectangular  hyperbola  B  T  V 
cutting  the  lines  D  A,  D  P,  D  Q  produced  in  E,  T,  V.  ' 

The  increment  ofVaBD*  —  AB«  —  8ABxAP  —  AP» 

«BD«  — (AB  +AP)»«  BD»  — BP« 

DTV:DPQ(«PQ)::DT':DP» 

GT«:BP«::GD«  — BD»:BP» 

GD«:BD'::BD»:BD»-.BP« 
.-.  DTVa  BD»oc  1,  * 

.••  the  whole  sector  E  D  T  «  time. 

81.  Cob.  With  the  center  C  and  distance  D  A  describe  an  arc  similar 
to  B  T, 

Then  the  velocity  A  P  :  the  velocity  which  in  the  time  E  D  t  a  body 
would  lose  or  acquire  in  a  non-resisting  medium  : :  a  D  A  P  :  sector 

For  V  in  a  non-resisting  medium  a  time. 
32.  In  the  case  of  the  ascent. 

Let  the  force  of  gravity  «  I.     Resistance  a  2  a  v  +  v « 

.-.  dva  )  +  2av  +  V*  , 

••.  by  Demoirre's  first  formula, 

f*  or  time  =:  0 
when 


dv 


1 


r+2aV+Ti  ^  ^  ^  ^^^-  "^^-  ^^^'  =  g  and 


Vol  l 


tangent  =  v  -f  a 
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The  whole  lime  .•.  whea  v  =  0  =   -j  X  cir,  arc  rad.  =  g 

and  tangent  =  a  -|-  C. 

.%  coi-'.  time  =  —  x  cir.  arc  rad,  =  g  and  tangent  v  +  a  —  cir.  arc  rad, 

=  g  and  tangent  a, 
.'.  the  time  of  ascent  =  sector  EDT-^g*  =  1  —  a*. 

33.  In  the  case  of  descent, 

d  V  X  1  — 2a  V  — V* 

let 

V  4-  a  =  X 

.%  d  V  =:  d  X 

.•.  v*  +  2av-f-a*  =  x* 

A  l  +  a«  — x«=  1  — 2av  — v« 


•••*^=^a^/f^x  +  ^'<S'=»  +  '''> 


2g      •'g 
Time  =  0,   V  s=  0, 

2g     ^  g  — a 

.-.  Coi\  time  =  1  X  /:£±3_  /!SjL?. 

%      -^  g  — X     ^  g  — a 

34.  Prop.  XIV.  Take  A  C  proportional  to  gravity,  and  A  K  to  the 
resistance  on  contrary  sides  if  the  body  ascend,  and  vice  versa. 
Between  the  asymptotes  describe  a  hyperbola,  &c.  &c. 
Draw  A  b  perpendicular  to  C  A,  and 

Ab:DB::DB«:4BA  xAC. 

The  area  A  b  N  K  increases  or  decreases  in  arithmetic  progression  it 
the  forces  be  taken  in  geometric  progression. 

Now 

A  K  Qc  resistance  oc  2  B  A  P  +  A  P*. 

Let 

.^       2BAP  +  AP* 
AK  = 2 

„r       2BA X PQ+SAPxPQ 
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K-  T  n  M      2BPx  PQ  ^  ,  ^ 

.%  K  L  O  N  =  rr -^  X  L  O. 


Now 


Ab:LO:  :CK:CA 
DB:Ab::4BAx  CA:DB» 
BD» 


.-.  L  O  =s 


4BAx  CK 


.  KT  /^xT_2PBxPQxBD» 
•  •  ^^^^  =     4BAxCKx2    • 

Case  1-  Suppose  the  body  to  ascend* 

gravity  a  AB«  +  BD«  =  ^^'^^'^ 

£e2 


4S«  A  COMMENTARY  ON 

•  ^      AP«  +  2BAP 
AKr: ^ 

.•.DP'  =  CKx  Z. 
.•.DT»:DP»::DB«:CKx  Z 
and  in  the  other  two  cases  the  same  result  will  obtain. 
Make 

DTV  =  DBx  m. 
.•.DBxm:iDB  X  PQ::DB«:CK  XZ 
.-.  BD»xPQ  =  2BDxmxCKxZ. 
.•.AbNK=:PPx^BDxm 


[Sect.  IV. 


.•.AbNK-.DTV  =  "*^-^?><°^?-><ig«AP.avelocity. 


AB 


.'.  it  will  represent  the  space. 


SECTION  IV. 


35.  Prop.- XV.    Lemma.    The 

z.  b  P  Q  =  a  rectangle  =  ^.  O  Q  R 
and 

£.  S  P  Q  =  z.  of  the  spiral  =  i.  S  Q  R 

.-./:.  O  P  S  =:  z.  O  Q  S. 


.'.  the  circle  which  passes  through  the  points  P,  S,  O,  also  passes 

Clf*clG 

through  Q.    Also  when  Q  coincides  with  P,  this  — ^ —  touches  the  spiral. 

circle 
.*.  ^  P  S  O       ^  in  a  — rr —  whose  diameter  =  P  O. 
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Also 

TQ:PQ::PQ:2PS. 

.:.  PQ'  =  2PS  X  TO 

which  also  follows  from  the  general  property  of  every  curve. 

PQ*  =  PVx  QR. 

36.  Hence  the  resistance  a  density  X  square  of  the  velocit}'. 

37.  Density  «  gj^ ,  centripetal  forqs  «  density «  «  g-j^.. 

Then  produce  S  Q  to  V  so  that  S  V  =  S  P,  and  let  P  Q  be  an  arc 
described  in  a  small  time,  P  R  described  in  twice  that  time ,  •*•  the  decre- 
ments  of  the  arcs  from  what  would  be  defscribed  in  a  non-resisting  me- 
dium a  T  «. 

.'•  decrement  of  the  arc  P  Q  =:  ^  decrement  of  the  arc  P  R 

.-.  decrement  of  the  arc  P  Q  =  i  R  r  (if  Q  S  r  =  area  P  S  Q). 

For  let  P  q,  q  V  be  arcs  described  (in  the  same  time  as  P  Q,  Q  R)  in  a 
non*resisting  medium, 

P  S  q  —  PSQ  =  QSq  =  qSv  —  QSr 

=  r  Sv  — QSq 
.%  2QSq  =  rSv 
•*•  if  S  T  ultimately  =  S  t  be  the  perpendicular  on  the  tangents 
S  T  X  Q  q  ==  i  S  t  X  r  V 
.-.  2  Q  q  =  r  V 
and 

R  V  =  4  Q  q. 
.•.  2  Q  q  =  R  r. 


Hence 


Also 


Resistance  :  centripetal  force  : :  I  R  r  :  T  Q, 

T  Q  X  S  P«  a  times  (Newt  Sect  II.) 
.•.PQ*X    S  P  a  time* 

.-.  time  oc  P  Q  X   V"ST 


PQX   VSP        V  SP 


also 


VatQ  oe 


£e3 
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F  Q  :  Q  R  : :  V~S^'.  VST 

::SQ:  ^^  S  Q  X  S  P 
PQ:  Q  r  ::SQ:SP 
since  the  areas  are  equal,  and  the  angles  at  P  and  Q  are  equaL 

.-.  P  Q  ;  R  r  :  :  S  Q  :  S  P  —  v'  SQ  X  SP 

:  :  S  Q  :  i  V  Q 

For 

SQ  =  SP  — VQ 
.•.SQxSP  =  SP*  —  VQx  SP 

.-,  VSQxSP=:SP  — iVQ  — 1^  — &c 

.-.  i  V  Q  ultimately  =  S  P  —  V  S¥  x  SQ 

„    ,                decrement  of  V  R  r 

Resistance  a g^p ce  p  q.  ^  SP 

*  PQx  SQ  XSP 
jVQ:PQ::JOS:PO 

and 

S  Q  =  S  P  oc  ^5-p-5^-g-jr. 

OS 

.-.  density  X  square  of  the  velocity  a  resistance  a  O  P  X  S  P* 

A       ♦  OS 

O  S  . 

and  in  the  logarithmic  spiral  ^y-p  is  constant- 

.-.  density  cc  -w-p  •    Q.  e.  d. 

38.  Cor.  1.  V  in  spiral  =  V  in  the  circle  in  a  non-resisting  medium  at 
:he  same  distance* 

39.  Cor.  8.  Resistance :  centripetal  force : :  i  R  r :  T  Q 

iVQxPQJPQ* 
•'         SQ  ""S^ 

::iVQ:PQ 
::  iOS:OP. 

.-.  the  ratio  of  resistance  to  the  centripetal  force  is  known  if  the  spiral  be 
given,  and  vice  versd. 

40.  Cor.  4.  If  the  resistance  exceed  J  the  centripetal  force,  the  body 
cannot  move  in  this  spiral.     For  if  the  resistance  equal  J  the  centripetal 


Book  IL]  NEWTON'S  PRINCIPIA.  439 

force,  O  S  =  O  P,     •%  the  body  will  descend  to  the  center  in  a  straight 
line  P  & 

V  oF  descent  in  a  straight  line  :  V  in  a  non-resisting  medium  of  de- 
scent in  an  evanescent  parabola  : :  1  :  V  2 ;  for  V  in  the  spiral  =  V  in  the 
circle  at  the  same  distance,  V  in  the  parabola  =  V  in  the  circle  nt 
I  distance. 

Hence  since  time  oc  -^  , 

time  of  descent  in  the  1st  case  :  that  in  2d  : :  v^~2  :  1. 

41.  CoR.  6.  V  in  the  spiral  P  Q  R  z=  V  in  the  line  P  S  at  the  same 
distance.     Also 

PQR:  P  S  in  a  given  ratio  : :  PS:  PT::  OP:  OS 
.-.  time  of  descending  PQR:  that  of  P  S:  :  O  P :  O  S.* 
Length  of  the  spiral  =  T  P  =  sector  of  the  ^  T  P  S. 

a:  b::  b:c::  c:  d::d  :  e 
a  +  b+c-f-&c.  :b  +  c  +  d+&c.  ::a:b 


.*.  a  +  b  +  c  +  &C. :  a  : :  a  :  a  —  b. 

42.   CoK.  6.     If  with  the   center   S  and  any  two  given  radii,  two 

circles  be  described,  the  number  of  revolutions  which  the  body  makes 

between  the  two  circumferences  in  the  different  spirals  a  tangent  of  the 

PS 
angle  of  the  spiral  a  -jy^  * 

The  time  of  describing  the  revolution  :  time  down  the  difference  of  the 
radii  : :  length  of  the  revolution  :  that  difference. 

2d  (X  4th, 
.*.  time  Gc  length  of  the  revolution  a  secant  of  the  angle  of  the  spiral 

OP 
*  O  S" 


•  pq:pt::  Sp:  Sy 
or 

p  d  X 

X  d  X 


d  w  :  '    -i-I =-T  :  :  X  :  p. 

A/r»  — p* 


.'.  d  was 


V'r*--p* 


2  V  r«  — p» 

Er  1 


440 


A  COMMENTARY  ON 


[Sect.  IV 


43.  Con.  7.  Suppose  a  body  to  revolve  as  in  the  proposition,  and  to  cut 


the  radius  in  tl.e  points  A,  B,  C,  D,  the  intersections  by  the  nature  of  the 
spiral  are  in  continued  proportion. 

,_          r        1  X-           perimeters  described 
limes  of  revolution  a  s » 


and  velocity  oc 


1 


V  distance 
a  AS*,  Bsi  CS^ 

5  5  i 

.••  the  whole  time  :  time  of  one  revolution  : :  A  S  ^+B  S  •  +  &c  :  A  S* 

::  AS^:  as'  — BS^. 
44.  Prop.  XVI.  Suppose  the  centripetal  force  oc    ^^^  pn  +  i  > 

time  a  P  Q  X  S  P  * 
I 


and  velocity  oc 


SP5 


P  Q  :  Q  R  : :  S  Q  '  :  S  P  5f 
Qr  :   PQ  ::   SP      :  SQ 


Qr  :    QR 
.'.  Q  r  :     R  r 


For 


S  Q 


—  t 


I  .  sp»-« 

:  SQ'-'  — SP« 


—  I 


1  —  i  n .  V  Q. 


SP  =  SQ+  VQ, 
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.•.SP»-'  =  SQi-'  +  5  — 1.  VQxSQ'-«+&c. 


...  SQS-'  — SP»-'  =  1— gX  VQ  xSQ»-». 
Then  as  before  it  may  be  proved,  if  the  spiral  be  given,  that  the  density 
<t>  "c^-    Q-  c.  d. 
45.  Cor.  1. 


Resistance  :  centripetal  force  ::  1  —  ^n.OS:OP, 
for  the  resistance  :  centripetal  force  :  :  ^  R  r  :  T  Q 

::  (i— f )  X  VQ  x  PQ     PQ* 

2S~Q  ■  2SP 


::  1— I^X  VQ:PQ 


::  1— |x  OS:  OP. 

46.  Cor.  2.  If  n  +  1  =  8,  I  — ^  =  0, 

.*•  resistance  =  0. 
Con.  3.  If  n  +  1  be  greater  than  3,  the  resistance  is  propelling. 

SECTION  VI. 

^^  ft 

47.  Prop.  XXIV.  The  distances  of  any  bodies'  centers  of  oscillation  from 
the  axis  of  motion  being  the  same,  the  quantities  of  matter  oo  weight 
X  squares  of  the  times  of  oscillation  in  vacuo. 

For  the  velocity  venerated  oo tt t; ——  .    Force  on  bodies  at 

"^  ^.  quantities  ot  matter 

equal  distances  from  the  lowest  points  oo  weights,  times  of  describing 

corresponding  parts  of  the  motion  x  whole  time  of  oscillation, 

-      ^^  force  X  time  of  oscil. 

.'.  quantities  of  matter  a z — =-. 

^  velocities 

QO  weights  X  squares  of  the  times, 
since  the  velocities  generated  oo  -: for  equal  spaces. 

48.  Cor.  1.  Hence  the  times  being  the  same,  the  quantities  of  matter 
«  weights. 

Coil.  2.  If  the  weights  be  the  same,  the  quantities  of  matter  oo  time  \ 

CoR.  3.  If  the  quantities  of  matter  be  the  same,  the  weights  oo  p j . 
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49.  Cor.  4.  Generally  the  accelerating  force  cc ^^-r-  of  matter. 

•^  °  quantities  ' 

and  L  ao  T  T«, 
WxT« 


.*.  L    QD 


.-.  Q    OD 


WxT* 


L 

.-.  if  W  and  Q  be  given  L  c»  T «. 
If  T  and  Q  be  given  L  ao  W. 

eft  i-.       ft     «        11    *!.            *•*     r      **        weightx  time*  of  oscillation 
50.  Cor.  5.  generally  the  quantity  of  matter  qd — « j r • 

51  Prop.  XXV.    Let  A  B  be  the  arc  which  a  body  would  describe  in  a 


non-resisting  medium  in  any  time.  Then  the  accelerating  force  at  aii; 
point  D  00  C  D ;  let  C  D  represent  it,  and  since  the  resistance  co  time, 
it  may  be  represented  by  the  arc  C  o. 

.*.  the  accelerating  force  in  a  resisting  medium  of  any  body  d,  =  o  d. 
Take 

od:CD::eB:CB. 

Therefore  at  the  beginning  of  motion,  the  accelerating  force  will  be  io 
this  ratio,  .*.  the  initial  velocities  and  spaces  described  will  be  in  the  seme 
ratio,  •'.  the  spaces  to  be  described  will  also  be  in  the  same  ratio,  and 
vanish  together,  .*.  the  bodies  will  arrive  at  the  same  time  at  the  points 
C  and  o. 

* 

In  the  same  way  when  the  bodies  ascend,  it  may  be  proved  that  thev 
will  arrive  at  their  highest  points  at  the  same  time.  .*.  IT  A  B  :  a  B  i" 
the  ratio  C  B  :  o  B,  the  oscillations  in  a  non-resisting  and  resisting  me- 
dium will  be  isochronous.     Q.  e.  d. 
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Cor.   llie  greatest  velocity  in  a  resisting  medium  is  at  the  point  o. 
The  expression  for  the  ^  time  of  an  oscillation  in  vacuo,  or  time  of  de« 
scent  down  to  the  lowest  point  a  quadrant  whose  radius  =  1.     Now 


B 


/ 

\                         / 

R 

/ 

"V           { 

N 

/s 

MV                I 

y 

suppose  the  body  to  move  in  a  resisting  medium  when  the  resistance 
:  force  of  gravity  :  :  r  :  1. 

Then  vdv  =  — gFdx  +  grdz  ==  —  gd*x  +  grdz.     Now  by 


a 


a  property  of  the  cycloid,  if  -^  be  the  axis,  d  x  :  d  z : :  x :  -  :  :  z  :  a, 


2 


J          zdz 
A  d  x  = , 


a 


<j  V  * 

.*.  V  d  v  =s  —  -2-  xzdz  +  Ki*dz  —  — 

a  ®  2 


=._J- 


a 


a 


X  z  •  +  g  r  z, 

-  X  z«  +  2grz+  C. 


Now 


.'.  V 


z  =  d,  V  =  o, 
=    8    X  d«— z«  — 2gr  X  d  — z 

=    f-    X  d*  — 4a  rd  +  2adrz  — z% 


.'.  V 


=/ 


.%  d  t  = 


a 
— dz 


^— xVd»  —  2ard  +  2arz  —  z% 

—  dz 


=  /  J^    X 


g 


v'd*  —  2a  rd  +  2arz  — 


z*. 


Assume 


cP  — 


z  —  a  r 

.•.  z*  —  2arz+  a*r* 

.'.  2  a  r  z  —  z  • 

2ard  +2arz  —  z* 


=  y» 


a«v«  — y*, 

(d  — ar)«  — y'  =  (b«  — y'.) 
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and 

d  z  =:  d-y 

... d t  =  /  J^  X  ~^y 

J     fir         4/h«_v« 


.••  t  =  y*  —    X  circular  arc,  radius  =1, 
and 

COS.  =  \~^^  +  C  and  C  =  o. 
a  —  a  r 

.%  the  whole  time  of  descent  to  the  lowest  point  =  /*  —  x  circular  arc 


g 


a  r 


a  r 
r 


whose  COS.  =  j_^^ ,    .-.  time   in   vacuo   :   time   in   resisting  medium 

: :  quadrant :  arc  whose  ^o^,'=Z'^ — 

a  —  a 

Cor.  1.  Time  of  descent  to  the  point  of  greatest  acceleration  is  constant^ 
for  in  that  case  z  =  a  r, 

•••  t  =  /*  —    x  quadrant,  for  d  v  =  0, 

.*.  V  d  V  =r  0, 

.%  —  g  z  d  z  +  g  a  f  z  =  0, 
.*.  z  =  a  r, 
.*.  z  :  r  :  :  a  :  1. 

CoR.  2.  To  find  the  excess  of  arc  in  descent  above  that  in  ascent. 
V  d  V  =  +  g  T  d  X  +  g  r  d  z, 

,  g  z  d  z  . 

.'.  V  d  V  =  —  « —  fif  r  d  z 

a  ® 

V*             m  z*  ^ 

.-.— = __grz  +  C, 

.-.  v«=    f-    (d«  — z«)  — (z  — d)  X  2ar 
a 

=    £-    X(d*  —  2ard)  —  (2ar  z— z  M 
a  ' 

which  when  the  body  arrives  to  the  highest  point  =  0, 
d*  —  2ard-:-2arz  —  z*  =  0, 
.-.  cl «  —  2  a  r  d  =  z  *  +  2  a  r  z, 
.-.  z  +  a  r  z=  d  —  a  r, 
.-.  z  =  d  —  2  a  r, 
.*.  d  —  z  =  2  a  r, 
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52.  Prop.  XXVI.  Since  V  oe  arc,  and  resistance  a  V,  resistance  oc  arc. 
.*.  Accelerating  force  in  the  resisting  medium  a  arcs. 

Also  the  increments  or  decrements  of  V  a  accelerating  force. 

.*.  the  V  will  always  a  arc. 

But  in  the  beginning  of  the  motion,  the  forces  which  od  arcs  will  generate 
velocities  which  are  proportional  to  the  arcs  to  be  described.  .*.  the  velo- 
cities will  always  go  arcs  to  be  described. 

.'.  the  times  of  oscillation  will  be  constant. 

53.  Prop*  XXVIII.  Let  C  B  be  the  arc  described  in  the  descent,  C  a 
in  the  ascent. 


.*.  A  a  =  the  difference  (if  A  C  =  C  B) 
Force  of  gravity  at  D  :  resistance  : ;  C  D  :  C  O. 
CA  =  CB 
Oa  =  OB 
.-.  CA  —  OaorAa  —  eO  =  CB  —  OB  =  CO 

.-.  CO  =  i  Aa 
••.  Force  of  gravity  at  D  :  resistance  :  :  C  D  •  J  A  a 
»'.  At  the  beginning  of  the  motion, 

Force  of  gravity  :  resistance  :  :  2  C  B  :  A  a 

:  :  2  length  of  pendulum  :  A  a. 

54.  Prob.  To  find  the  resistance  on  a  thread  of  a  sensible  thickness. 


Resistance  qd  V*  X  D*  of  suspended  globe. 

.*.  resistance  on  the  whole  thread  :  resistance  on  the  globe  C  : : 
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::2a*b*-(ii— b)«  :  a'r*c«  — r«c«.  (a— 2b) ',  c^  a  +  r. 

::  a»b«.{a  — b)«  :  3 a«r«c«b  — bab*r*c«  +  4b»r«cS 
::  a*b  .(a  — b)«  :  8a«r«c*  — bab  r«c«  +  4b*r«c% 
•%  resistance  on  the  thread  :  whole  resistance 
::a»b.(a— b)*  :  r«c«. (Sa«  — bab  +  4b«). 

Cor*  If  the  thickness  (b)  be  small  when  compared  with  the  length  (a) 
Sa*  —  bab+4b«=3a»  —  bab  +  3  b«{nearly)  =  3.  (a—  b)  *. 
•*•  Resistance  on  the  whole  thread  :  resistance  on  the  globe 
:  :  a'  b:  3r«c* 
and 

Resistance  on  the  thread  :  whole  resistance  to  the  pendulum 
:  :  a'b  :  a'b  +  3r*c*. 

Suppose,  instead  of  a  globe,  a  cylinder  be  suspended  whose  ax.  =:  2  r. 
Now  by  differentials 

the  resistance  on  the  circumference  :  resistance  on  the  base  :  :  2  :  3. 


By  composition  the  resistance  to  the  cylinder  :  resistance  on  the  square 
s  2  r  :  :  2  :  3. 

Resistance  oc  x  *  x^ 
.*.  resistance  ac  x  ^ 
.*.  resistance  to  the  whole  thread  a  x  \ 
Resistance  on  A  £  a  (a  —  2  b) '  if  2  b  =  £  D. 
.'.  Resistance  on  the  thread  :  resistance  of  the  globe 

::  16.a'b«,  (a  —  b) ' :  3  p.  a' —  (a  — 2  b;  ^  Xr«.  (a  +  O*- 

55.  Prop.  XXIX.  B  a  is  the  whole  arc  of  oscillation.    In  the  line  O  Q 
take  four  points  S,  P,  Q,  R,  so  that  if  O  K,  S  T,  P  I,  Q  E  be  erected 
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perpendiculars  to  O  Q  meeting  a  rectangular  h3rperbola  between  tlie 
asymptotes  O  Q,  O  K  in  T,  I,  G,  £,  and  through  I,  K  F  be  drawn 


rKQ 


parallel  to  O  Q,  meeting  Q  £  produced  in  R     The  area  P  I  £  Q  may 
be  :  area  P  I  S  T  : :  C  B  :  C  a.     Also  I  E  F  :  I  L  T  :  :  O  R  :  O  S. 

Draw  M  N  perpendicular  to  O  Q  meeting  the  hyperbola  in  N9  so  tliat 
P  L  M  N  may  be  proportional  to  C  Z,  and  P  I  G  R  to  C  D. 

Then  the  resistance  :  gravity  : :  ^-^  xTEF  —  IGH:PINM. 

Now  since  the  force  oc  distance,  the  arcs  and  forces  are  as  the  hyper- 
bolic areas.     •*•  D  d  is  proportional  to  R  r  G  g. 

/O  R 
Now  by  taking  the  differentials  the  increment  of  (q-q  '^  ^  F-*I  G  H^ 

=  GHgh— ?4:,4?^:RrxGR::HG  — i?J^:GR::ORx 


OR 


OQ 


HG  — IEZxg^:OPx  PI— (ORx  HG=ORxHR  — 
OPxPI  =  PIHR=  PIRG+IGH)::PIRG+IGH  — 

^^X  I£F:OPx  PI. 


OQ 


OR 


NowifY=  g-gxIEF  — IGH,theincrcmentYa  PIGR  — Y. 

Let  V  =s  the  whole  from  gravity.  .••  V  —  R  =  actual  accelerating 
force.  .••  Increment  of  tlie  velocity  a  V  —  R  X  increment  of  the  lime. 
As  the  resistance  oc  V  the  increment  of  resistance  oc  V  X  increment  of 

the  velocity,  and  the  velocity  a  -. ^    j,^.    ^ — .     .'.  Increment  of 

^'  ^        mcrement  of  the  time 

resistance  at  V  —  R  if  the  space  be  given,  qd  P  I  G  R  —  Z,  if  Z  be  the 

area  which  represents  the  resistance  R  e. 

Since  the  increment  Y  a  PIGR  —  Y,   and   the  increment  of  Z 
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qdPIGR  —  Z.  IfY  and  Z  be  eqaal  at  the  beginning  of  the  motion  and 
begin  at  the  same  time  by  the  addition  of  equal  increments,  they  will  still 
remain  equal,  and  vanish  at  the  same  time. 

Now  both  Z  and  Y  begin  and  end  when  resistance  s  0,  L  e.  when 

OR 


or 


^.IEF-IGH  =  0 

?^  xOR  —  IGH  =  0^ 

O  R  X  lEF 

D13 

OR 


IGH  =  Z 


/.  Resistance  :  gravity  : :  -^^  .lEF  —  IGHiPMNI. 

SECTION  VIII. 
56.  Prop.  XLIV.  The  friction  not  being  considered,  suppose  the  mean 


K 


M 


£ 

0 

A 


F 
B 


C 
6 


D 
H 


N 


P    Q 


altitude,  of  the  water  in  the  two  arms  of  the  vessel  to  be  A  B,  C  D.  Then 
when  the  water  in  the  arm  K  L  has  ascended  to  E  F,  the  water  in  the  arm 
M  N  will  descend  to  G  H,  and  the  moving  force  of  the  water  equals  the 
excess  of  the  water  in  one  arm  above  the  water  in  the  other,  equals  twice 
A  E  F  B.  Let  V  P  be  a  pendulum,  R  S  a  cycloid  s  ^  length  of  the 
canal,  and  P  Q  =  A  E.  The  accelerating  force  of  the  water  :  whole 
weight : :  A  E  or  P  Q  :  P  R. 
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AlsOy  the  accelerating  force  of  P  through  the  arc  P  Q  :  whole  weight 
of  P  : :  P  Q  :  P  R;  therefore  the  accelerating  force  of  the  water  and  P 
Qc  the  weights.  Therefore  if  P  equal  the  weight  of  the  water  in  the  canal, 
the  vibration  of  the  water  in  the  canal  will  be  similar  and  cotemperaneous 
with  the  oscillations  of  P  in  the  cycloid. 

CoR.  1.   Hence  the  vibradons  of  the  water  are  isochronous. 

CoR.  2.  If  the  length  of  the  canal  equal  twice  the  length  of  the 
pendulum  which  oscillates  in  seconds;  the  vibrations  will  also  be  performed 
in  seconds. 

CoR.  3.  The  time  of  a  vibration  will  oc  vTL. 
LfCt  the  length  =  L,  A  £  =  a, 

then  the  accelerating  force  :  whole  weight : :  2  a  :  L, 

.*.  accelerating  force  =  -^ ; 

.%  when  the  surface  is  at  0,  the  accelerating  force  =  — ^ —  • 

Put  E  0  =  X, 

A  0  =  a  —  X, 

.*.  accelerating  force  = ^ , 


,           IT.  2adx— 2xdx 
,•.  v  d  V  =  « Y , 

.-.  V »  =  -y^  X  2  ax  —  x«, 


.-.  V  =  ^  -j^  X  v'  2  a  X  —  X 


t 


V  V 


2ga'        V2ax  — X' 


•••  *■  =J 


l  X  cir.  arc  rad.  ^a,  and  vers.  =  x 


2ga 
+  cor*,  and  cor°.  =  0, 

•.•  t  =  0,  X  =  0, 

.•.  ifp  =  8.  14159,  &c. 

.•.  time  of  one  entire  vibration  =  p  x  ^  -^ —  =  time  of  one  entire  vi- 


bration of  a  pendulum  whose  length  =   ^ . 

Vol-  I.  Ff 
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67.  Cor.  L  Since  the  distance  (a)  above  the  quiescent  surface  does 
not  enter  into  tht  expression.  The  time  will  be  the  same^  whatever  be 
the  value  of  A  E. 

58.  Cor.  2.  The  greatest  velocity  is  at  A  =  ^-j^    X  a,  ac  f-^-^J^' 

59.  Prop.  XLVIL  Let  E,  F,  G  be  three  physical  points  in  the  line 
B  Cy  which  are  equally  distant;  E  e,  F  ^ 

G  g  the  spaces  through  which  they  move  ^  tP 

during  the  time  of  one  vibration.  Let  i,  ^,  y 

be  their  place  at  any  time*    Make  P  S  =: 

E  e,  and  bisect  it  in  O,  and  with  center  O 

and  radius  O  P  =:  O  S^  describe  a  circle. 

Let  the  circumference  of  this  circle  repre*^ 

sent  the  dme  of  one  vibration,  so  that  in 

the  time  P  H  or  P  H  S  h,  if  H  L  or  h  1 

be  drawn  perpendicular  to  P  S  and  E  t  be 

taken  =:  P  L  or  P 1,  E  f  may  be  found  in 

E;  suppose  this  the  nature  of  the  medium. 

Take  in  the  circumference  P  H  S  h,  the  arcs 

HI,  IK,  hi,  i  k  which  may  bear  the 

same  ratio  to  the  circumference  of  the  circle  as  E  F  or  F  G  to 

B  C.   Draw  I M,  K  N  or  i  m,  k  n  perpendicular  to  P  S.   Hence 

PI,  or  P  H  S  i  will  rq[>resent  the  motion  of  F  •  and  P  K  or 

PHSkthatof  G.Ei,  Ff,  Gy  =  PL,  P  M,  P  Nor  PI, 

P  m,  P  n  respectively. 

Hence  eyorEG+Gy  —  Ei  =  GE  —  LN=:  expan- 
sion at  I  7 ;  or  =  E  G  +  1  n. 

•*•  in  going,  escpansion  :  mean  expansion :  :  G  £  —  L  N  :  E  0 
In  returning^ : : :  E  G  +  In  :  EG 

Now  join  I  O,  and  draw  K  r  perpendicular  to  H  L,  H  K  r, 
I  O  M  are  similar  triangles,  since  the^KHr  =  ^KOk=:^ 
I  O  i  =  z.  I  O  P  and  ^  at  r  and  M  =  90<», 
•%  L  N :  K  H  : :  I  M  :  I  O  or  O  P,  and  by  supposition  K  H : 
EG::  circumference  PSLP:BC::OP:V=:  radius  of 
the  circle  whose  circumference  =  B  C. 

.%  by  composition  L  N  :  G  E  : :  I  M  :  V.  j^  ^ 

••.  expansion  :  mean  expansion  :  :  V  —  I  M  :  V, 


I.  ■ 

G. 
F- 


Q 


--B 


Book  IL]                  NEWTON'S  PRINCIPIA.  451 

.•.  elasticity  :  mean  elasticity  : :  y ^  j*  :  -^ .     In  the  same  way,  for  the 

pobts  E  and  G,  the  ratio  will  be  y  _^^  j^  :  ^   «  y-^^r-xr  :  -^ 

:  excess  of  elasticity  of  E  :  mean  elasticity 

HL  — KN  1 

•  V^— HLxV— KNx  V  +  HLx  KN-"V 

:  H  L  —  K  N  :  V, 

Now 

V  al. 

.'.  the  excess  of  E*s  elasticity  a  H  L  —  K  N,  and  since  H  L K  N 

=  H  r  :  H  K  : :  O  M  :  O  P, 

.-.  H  L  —  K  N  a  O  M, 

.*•  excess  of  E's  elasticity  a  O  M. 

Since  E  and  G  exert  themselves  in  opposite  directions  by  the  arc's  ten- 
dency to  dilate,  this  excess  is  the  acceleratincr  force  of  1 7,  .*.  accelerating 
force  OD  O  M.* 


ON  THE  HARMONIC  CURVE. 


Since  the  ordinates  in  the  harmonic  curve  drawn  perpendicular  to  the 

axis  are  in  a  constant  ratio,  the  subtenses  of  the  angle  of  contact  will  be 

arcs 

in  the  same  iriven  ratio.     Now  the  subtenses  a  — 3 — y ,  and  when 

®  rag.  of  curv. 

the  curve  performs  very  small  vibrations,  the  arcs  are  nearly  equal. 

Now  the  curv.  cc  — y- ,  .*.  subtense  oc  curvature. 

rad. 

Hence  the  accelerating  force  on  any  point  of  the  string  oc  curvature  at 
tliat  point. 


•  NowbiMct  Ffino, 

.*.  O  M  =  n  f 

Fcff 

OMssOP— -PMbbOF — F^ssQ^ 
I.  c  die  aoeelerating  force  at  diitanoe  from  Q  tbe  middle  point.     Q^  e.  d. 

Ff'i? 


452 


A  COMMENTARY  ON 


[Sect.  VIIL 


To  fiiid  the  equation  to  the  harmonic  curve. 


O       8 


Let  A  C  be  the  axis  of  the  harmonic  curve  C  B  A,  D  the  middle  point, 
draw  B  D  perpendicular  cutting  the  curve  in  B ;  draw  P  M  perpendi- 
cular to  B  D  cutting  the  curve  in  P,  and  cutting  the  quadrant  described 
widi  the  center  D  and  radius  D  B  in  N.   Draw  P  S  perpendicular  to  A  C. 
Put 

BD  =  a,  PM  =  y,  BM  =  x, 
.-.  D  M  =  a  —  X  =  P  S. 

r  =  rad.  of  curv.  at  B,  B  P  =  z, 

"■^  d  z  d  X 
.*.  rad.  of  curv.  =  — ^ (if  d  e  be  constant). 


Now 


"3^7 


B  D  :  P  S  :  :  curvature  at  B  :  curvature  at  P 

:  rad.  of  cur.  at  P  :  rad.  at  B 


or 


a  •  a  "■"•  X  s  • 


d  z  d  X 
d«v 


:  r, 


.'.  rad*y  +  adzdx  —  xdxdz  =  0, 
.-.rady  +  adzx 5 —  =  0  +  C. 


2 


Now 


X  =z  0,  d  y  =  d  X, 

.•.  r  a  d  z  =  0  +  C  =  C, 

J       .  J  x*  dz  ,    • 

/.  rady  +  axdz  —  — g —  =  r  a  d  z. 


Put 


ax-_  =  bS 


.%  r  a  d  y  =  r  a — b*  d  z, 
.•.r«a«dy«=  (ra  — b«)«  X  dx«  +  r«a'dy «— 2r  ab«dy»+ b*d  y  % 
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•.(ra  — b«)«xdx«=  2  r  a  b*dy «— b^dy », 

.-.  r«  a*dx*=z  2r  ab'd  v* 
if  (b)  be  small  compared  to  (aj, 

••^y  =  2  b— ^ 


_     V  r  a  xdx    __      i  t^  adx 

•*      y"  V  2ax  — x«  ""Va^V2ax  — x«' 

.*.  y  =     / —  X  circular  arc  whose  rad.  =  a,  and  vers.  =  x 
+  C,  and  cor".  =  0, 

because  when  y  =  0,  x  =  0, 
.*.  arc  =  0, 

.%  C  D  =  J^  X  quadrant  B  N  E, 

and  therefore 

r         CD 


V  a  "  ] 


■^ » 


BNE 
BNx  }Z 

••y=   BNiE  • 

60.  Prop.  XLIX.  Put  A  =  attraction  of  a  homogeneous  atmosphere 
when  the  weight  and  density  equal  the  weight  and  density  of  the  medium 
through  which  the  physical  line  E  G  is  supposed  to  vibrate.  Then  every 
thing  remainiijg  as  in  Prop.  XLVII.  the  vibration  of  the  line  E  G  will 
be  performed  in  the  same  times  as  the  vibrations  in  a  cycloid,  whose 
length  =:  P  Sy  since  in  each  case  they  would  move  according  to  the  same 
law,  and  through  the  same  space.  Also,  if  A  be  the  length  of  a  pendulum, 
since  T  a  VLT 

The  time  of  a  vibration  :  time  of  escillation  of  a  pendulum  A 

Also  (Prop.  XLVII.),  the  accelerating  force  of  E  G  in  medium  :  ao 
celeratiiig  force  in  cycloid 

::  Ax  HK:  V  X  EG; 
since  H  K  :  G  E  : :  P  O  :  V. 

:  :  P  O  X  A  :  V«. 

Ff  3 
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Now 

T  a  ^  rp-  when  L  is  given. 
.*•  the  time  of  vibration  :  time  of  oscillation  of  the  pendulum  A 


: :  V  :  A 

: :  B  C  :  circumference  of  a  circle  rad.  =  A. 


Now  B  C  ==  space  described  in  the  time  of  one  vibration,  therefore 
the  circumference  of  the  circle  of  radius  A  =:  space  described  in  the  time 
of  the  oscillation  of  a  pendulum  whose  length  =  A. 

Since  the  time  of  vibration  :  time  of  describing  a  space  r=  circum- 
ference of  the  circle  whose  rad.  =  A  : :  B  C  :  that  circumference. 

Cor.  1.  The  velocity  equals  that  acquired  down  half  the  altitude  of 
A.  For  in  the  same  time,  with  this  velocity  uniform,  the  body  would  de- 
scribe A ;  and  since  the  time  down  half  A :  time  of  an  oscillation  : :  r  : 
circumference.  In  the  time  of  an  oscillation  the  body  would  describe  the 
circumference. 

CoR.  2.  Since  the  comparative  force  or  weight  oc  densi^  X  attraction 

elastic  force  '~~~' 

of  a  homogeneous  atmosphere^  A  od  — t^ — r— — ,  and  the  velocity  ao  V  A 

V  elastic  force 


V  density 


7Z=~   • 
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61.  Prop.  XLIX.  Sound  is  produced  by  the  pulses  of  air,  which 
theory  is  confirmed,  1st,  from  the  vibrations  of  solid  bodies  opposed  to  it 
2d.  from  the  coincidence  of  theory  with  experiment,  with  respect  to  the 
velocity  of  sound. 

The  specific  gravity  of  air  :  that  of  mercury  : :  1  :  1 1890. 

Now  since  the  alt.  cc  ,  .-.  1  ;  1 1890  :  :  30  inches  :  29725  feet  = 

sp.gr. 

altitude  of  the  homogeneous  atmosphere.  Hence  a  pendulmn  whose 
length  z=  29725,  will  perform  an  oscillation  in  190^^  in  which  time  by 
Prop.  XLIX,  sound  will  move  over  186768  feet,  therefore  in  I''  sound 
will  describe  979  feet  This  computation  does  not  take  into  considera- 
tion the  solidity  of  the  particles  of  air,  through  which  sound  is  pro- 
pagated instantly.  Now  suppose  the  particles  of  air  to  have  the  siune 
density  as  the  particles  of  water,  then  the  diameter  of  each  particle  :  dis- 
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tance  between  their  centers : :  1  :  9,  or  1  :  10  nearly.  (For  if  there  are 
two  cubes  of  air  and  water  equal  to  each  other,  D  the  diameter  of  the  par- 
ticles, S  the  interval  between  them,  S  +  D  s=  the  side  of  the  cube,  and  if 
N  =  N».  N  S  +  N  D  =  N«.  in  the  side  of  the  cube,  N^  in  the  cube 
JO  N  \  Also,  if  M  be  the  N°.  in  the  cube  of  water,  M  D  the  side  of  the 
cube  and  the  N^.  in  the  cube  oc  M  \ 

Put  1  ;  A::N«:  MS 

.-.  M  =  A*N, 
By  Proposition 

NS  +  ND  =  MD  =  NA*D, 

.••S  =  D  X  A*  — 1, 
.-.  S:  D:  :  A*— .1  :  1, 

.-.  S  +  D  :  D :  :  A*  :  1  :  :  9  :  1  if  A  =  870 

or  10:  1  if  A  =  1000). 


Now  the  space  described  by  sound ;  space  which  the  air  occupies : :  9 :  11, 

m 

9 


979 
/.  space  to  be  added  =:  -g-  =  108  or  the  velocity  of  sound  is  1088 


feet  per  1". 

Again,  also  the  elasticity  of  air  is  increased  by  vapours.  Hence  since 
the  velocity  a  .  ^ ;  if  the  density  remain  the  same  the  vdocity 

QC  V  elasticiQr.  Hence  if  the  air  be  supposed  to  consist  of  11  feet,  10  of 
air,  and  1  of  vapour,  the  elasticity  will  be  increased  in  the  ratio  of  1 1  :  10, 
therefore  the  velocity  will  be  increased  in  the  ratio  of  11^  :  10^  or  21  :  20, 
therefore  the  velocity  of  sound  will  altogether  be  1142  feet  pei*  y\  which 
is  the  same  as  found  by  experiment 

In  summer  the  air  being  more  elastic  than  in  winter,  sound  will  be 
propagate<l  with  a  greater  velocity  than  in  winter.  The  above  calculation 
relates  to  the  mean  elasticity  of  the  air  which  is  in  spring  and  autumn. 
Hence  may  be  found  the  intervals  of  pulses  of  the  air. 

By  experiment,  a  tube  whose  length  is  five  Paris  feet,  was  observed  to 
give  the  same  sound  as  a  chord  which  vibrated  100  times  in  1'',  and  in 
the*same  time  sound  moves  through  1070  feet,  therefore  the  interval  of 
the  pulses  of  air  =  10.7  or  about  twice  the  length  c^  the  pipe. 
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62.  On  the  vibrations  of  a  harmonic  string. 

The  force  with  which  a  string  tends  to  the  center  of  the  curve  :  force 
which  stretches  the  string  :  :  length  :  radius  of  curvature.     Let  P  p  be  a 


small  portion  of  the  string,  O  the  center  of  the  curve;  join  O  P,  O  p,  and 
draw  P  t,  p  t,  tangents  at  P  and  p  meeting  in  t,  complete  the  parallelo- 
gram P  t  p  r.  Join  t  r,  then  P  t,  p  t  represent  the  stretching  force  of 
the  string,  which  may  be  resolved  into  P  jc,  t  x  and  p  x,  t  x  of  which 
P  X,  p  X  destroy  each  other,  and  2  t  x  =:  force  with  which  the  string 
tends  to  the  center  O.  Now  the^tPr  =  iiiPOp,  .•.  z-tPx  =z. 
P  O  p,  .'.  t  r  :  P  t : :  P  p  :  O  P,  i.  e.  the  force  with  which  any  particle 
moves  towards  the  center  of  the  curve  :  force  which  stretches  it  :  :  length 
:  radius. 
63.  To  find  the  times  of  vibration  of  a  harmonic  string. 


O 


G 


Let   w  =  weight  of  the  string.     L  s:  length. 
D  d  :  L  :  :  weight  D  d  :  w 

.•.  weight  of  D  d  =  * 
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Also 

JD  d  .•     ,    >  =  rad.  of  curve  :  :  the  moving  force  of  D  d  :  P 

.-.  the  moving  force  of  D  d  =r  ^  ^  ^/^^  ^^'' 

.-.  accelerating  force  =  ^^^f.^^P'  X  ^,^ 

*^  L'  Dd  X  w 

_  P  X  ap« 
""       Lw. 

if  D  O  =  X,  D  C  =  a,  O  C  =  a  —  X, 

.*.  the  acceleratmg  force  at  O  =  — ^-i — ^^^^^^ 


...  V  d  s  =  ^;  ,  P  X  a  d  X  —  X  d 


TTw 


X 


,..yt  =:J£,£JLx   2ax  — z« 
L  w 


■•''=V^r^^   V2ax  — x«. 
.-.  C  and  1  =  0, 

A     —  4-?  —      y     L  w  d  X 

.••  t  =  ^  --B— i  X  cir.  arc  rad.  =  1 
V  gPp' 

and 

X 

vers,  sine  =  — * 

a 

ivhen  X  =  a, 

t  =  0. 


/TTw 
.•.  time  of  a  vibration  =r  ^ — «-  1" 


P 


.*.  number  of  vibrations  in  1"  =  ^  -f —  • 

Cor.  Time  of  vibration  =  time  of  the  oscillation  of  a  pendulum  whose 

,        ,  L  w 

length  =-p-5-. 
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For  this  time  rs  ^■ 


Lw 


64.  Prop.  LI.     Let  A  F  be  a   cylinder  moving  'in  a  fluid   round  a 
fixed  axis  in  S,  and  suppose  the  fluid  divided  ink)  a  great  number  of  solid 


orbs  of  the  same  thickness.  Then  the  disturbing  force  a  translation  of 
parts  X  surfaces.  Now  the  disturbing  forces  are  constant  •*•  Transla- 
tion of  parts,  from  the  defect  of  lubricity  a  tt-- .     Now  the  diffcr- 

■^  ^       distance 

ence  of  the  angular  motions  a  --p-- oc  t-— =  •     On  A  Q  draw 

°  distance         distance' 

A  a,   B  b,  C  c,  &c. :  :  -rr-r ^j  then  the  sum  of  the  differences  will 

oc  hyperbolic  area. 

.•.  periodic  time  a \ -: —   «  r ttv *  distance. 

^  angular  motion       hyperbolic  area 

In  the  same  way,  if  they  were  globes  or  spheres,  the  periodic  time 

would  vary  as  the  distance  \ 
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ANALYTICAL  GEOMETRY 

1.    To  determine  tie  posUian  of  a  point  in  Jxed  space. 

Assume  any  point  A  in  fixed  space  as  known  and  inunoveabl€b  and  let 


three  fixed  planes  of  indefinite  extent,  be  taken  at  right  angles  to  one 
another  and  passing  through  A.  Then  shall  their  intersections  A  X^, 
A  Y',  A  TI  pass  through  A  and  be  at  right  angles  to  one  another. 


»r 
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This  being  premised,  let  P  be  any  point  in  fixed  space ;  fix>m  P  draw 
P  z  parallel  to  A  iZ,  and  from  z  where  it  meets  the  plane  X  A  Y,  draw 
ZX9  zy  parallel  to  A  Y,  AX  respectively.     Make 

.  Ax  =  x,  Ay=y,  Pz  =  z, 

Then  it  is  evident  that  if  x,  y,  z  are  given,  the  point  P  can  be  found 
practically  by  taking  Ax=:x,  Ay  =  y,  drawing  x  z,  y  z  parallel  to 
AY,  AX;  lastly,  from  their  intersection,  making  z  P  parallel  to  A  Z 
and  equal  to  z.     Hence  x,  y,  z  determine  the  position  of  the  point  P. 

The  lines  x,  y,  z  are  called  the  rectangular  coordinates  of  the  point  P ; 
the  point  A  the  origin  of  coordinates ;  the  lines  AX,  AY,  A  Z  the  axes 
of  coordinates,  A  X  being  further  designated  the  axis  of  x,  AY  the  axis 
of  y,  and  A  Z  the  axis  of  z;  and  the  planes  XAY,  ZAX,  ZAYco- 
ordinate  planes. 

These  coordinate  planes  are  respectively  denoted  by 
plane  (x,  y),  plane  (x,  z),  plane  (y,  z) ; 
and  in  like  manner,  any  point  whose  coordinates  are  ^,  y,  z  is  denoted 
briefly  by 

point  (x,  y,  z). 
If  the  coordinates  x,  y,  z  when  measured  along  AX,  AY,  A  Z  be 
always  considered  positive;  when  measured  in  the  opposite  directions, 
viz.  along  A  X'  A  Y',  A  Z',  they  must  be  taken  negatively.     Thus  ac- 
cordingly as  P  is  in  the  spaces 

ZAXY,  ZAYX',  ZAX'Y',  ZAY'X; 
Z'AXY,  Z'AYX',  Z'AX'Y',  Z'AY'X, 
the  point  P  will  be  denoted  by 

point  (x,  y,  z),  point  (—  x,  y,  z),  pomt  (—  x,  —  y,  z),  point  (x,  —  y,  z) ; 
point  (x,  y,  -  z),  point  (-  x,  y,  -  z),  point  (-  x,  -  y,  -  z),  point  (x,  -  y,  -z) 
respectively. 

2.  Given  the  position  of  two  points  (a,  j3,  7),  {a\  jS',  /)  injixed  space^ 
tojlnd  the  distance  between  them. 

The  distance  P  P'  is  evidently  the  diagonal  of  a  rectangular  parallele- 
piped whose  three  edges  are  parallel  to  A  X,  AY,  A  Z  and  equal  to 

as  a',  iSsjS',  ys/. 
Hence 

P  F  =  V  («-«')' +  (/5  — e')'  +  (r  — /)• . . .  .  (U 

tlie  distance  required. 

Hence  if  P'  coincides  with  A  or  «',  jS',  y  equal  zero, 

P  A  =  V«*  +  i8«  +  7« (2) 
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3.  CaHipg  the  distance  of  any  point  P  (x,  y,  z)  from  tbe  origin  A  of 
coordinates  the  radiui^^eior,  and  de^otIX%  it  by  f,  suppose  jt  inclined  to 
the  axes  A  X,  A  Y,  A  Z  or  to  th^  planes  (y,  a),  (x,  z),  (x,  y),  by  the 
angles  X,  Y,  Z. 

Then  it  is  easily  seen  that 

X  r=  ^  COS.  X,  y  =  f  cos.  Y,  z  =  ^  cos.  Z (S) 

Hence  (see  2) 

cos.  Z  =     .  .   ,  J — = -V ^4) 

80  that  when  the  coordinates  of  a  point  are  given^  the  angles  nhich  the  ra- 
dius-vector makes  with  each  of  the  axes  may  hence  bejbund. 
Again,  adding  together  the  squares  of  equations  (3),  we  have 

(X«  +y»  +  2«)  =f«(C0S.«X+C08.«Y  +  COS.  «  Z). 

But 

f»=  x«  +  y»  +  z«(see2), 

.•.  cos.«X  +  cos.«Y  +  cos.*Z  =  1 (5) 

which  shows  that  when  two  of  these  angles  are  given  the  other  may  be 
found. 

4.  Given  two  points  in  space,  viz.  (a,  A  y),  («',  /9',  y),  and  one  of  the 
coordinates  of  any  other  point  (x,  y,  z)  in  the  straight  line  that  passes 
through  them,  to  determine  this  other  point ,-  that  is,  required  the  equations 
to  a  straight  line  given  in  space. 

The  distances  of  the  point  (^  ft  y)  from  the  pomts  («',  /S',  /),  and 
(^9  Jf  z)  are  respectively,  (see  2) 

P  F  =  V  i^  —  a^r  +  iP-^V  +  {7  —  y)\ 
and 

But  from  similar  tnan^es,.we  get  . 

(y~a)^:  (PQ)«::  (y_/)«:(PF)* 

whence 

which  givea 

{(«-«')•+ (15-^0*}  (y  —  z)«  =  (y_/)*.[(«—x)«  +  (/3—y)«l 

But  $ince  a,  a'  are  independent  of  ft  jS^  and  vice  versa,  the  two  first 
terms  of  the  eqnation, 
(*-«  )•.  (y_2)«-(y_y')»  (a_x)«  -  (y-V)«  0-y)«  +  (ji-^')*  (y-z)*  =  0 


a2 


IV 
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are  essentialty  different  from  the  last     Consequently  bjr  (6  yoL  1.) 

(«-«')*(7  — 2)*  =  (7  — /)'(«  — X)' 


which  give 


(/3-^)»  (y-z)*  =  (/-/)*  0-y)» 


b' 


These  results  may  be  otherwise  obtained;  thus,  pgpVs  the  projection 
of  the  given  line  on  the  plane  (x,  y)  &c.  as  in  fig*        ^ 


Hence 


z  —  y:/  —  ys-pq-pp' 

::mn:mp'         " 


Also 


z  — "y":  /  —  y::pq:pp'::pr:pm 

: :  «  -^  X  :  a  —  a'. 
'    Hence  the  general  forms  of  the  equations  to  a  straight  line  given  in 
space,  not  considering  signs,  are 

2  =  «X  +  bl ^j 

z  =  a'y  +  b'f  \^\ 

To  find  where  the  straight  line  meets  the  planes,  (x,  y),  (x,  z),  (y,  2), 
we  make 

z  =  0,  y  =  0,  X  =  0, 
which  gtre 

""         a 
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y  =  --7 


b'  — b 

X  s=   

a 

z  =  b 

b  — b' 

which  determine  the  points  required. 

To  find  vfhen  the  straight  line  is  parallel  to  the  planes,  (x,  y),  (x,  z), 
(y,  z)i  we  must  make  z»  y,  x,  respectively  'constant,  and  the  equations  be  - 
come  of  the  form 

a'y  =  ax  + b  —  b'! ^®^ 

To  find  when  the  straight  line  is  perpendicular  to  the  planes,  (x,  y), 
(x,  z)  (y,  z),  or  parallel  to  the  axes  of  z,  y,  x,  we  must  assume  x,  y ; 
X,  z;  y,  z;  respectively  constant,  and  z,  y,  x,  will  be  any  whatever. 

To  find  the  equations  to  a  straight  line  passing  through  the  origin  of 
coordinates ;  we  have,  since  x  =  0,  and  y  =  0,  when  z  =  0, 

"  =  ",H (9) 

5.  Tojind  the  conditions  that  two  straight  lines  injlaed  space  may  inter- 
sect one  another  }  and  also  their  point  (^intersection. 

Let  their  equations  be 

z  i=  ax  4-  A ) 
z  =  by  +  B/ 

z  =  a'x+  A'l 
z=b'y+  B'f 

from  whicb  eUminating  x,  y,  z,  we  get  the  equation  of  condition 

a'A  — aA^  _  b'  B  —  b  g 
a'  — a      -      b'  — b      • 

Also  when  this  condition  is  fulfilled>  the  point  is  found  from 

A  — A'.  B  — B'  a' A— a  A'  ,.^. 

6.  Tojind  the  angle  /,  at  which  these  lines  intersect 

Take  an  isosceles  triangle,  whose  equal  sides  measured  along  these 
lines  equal  1,  and  let  the  side  opposite  the  angle  required  be  calleil  i ; 
then  it  is  evident  that 

COS.  1=1  — i'l^ 

a3 


I 
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But  if  at  the  extremides  of  the  line  ij'the  points  in  the  intersectiDg  lines 
be  (x",  y*,  z'),  (x",  f,  z"),  then  (see  2) 

i«  =  (x'  — j^O*  +  (y— y)*  +  (i'  —  O* 
.-.  2C0S.I  =  2  — {(x'  — x")*  +  (y'  — y'0*  +  (2"— z")*} 

But  by  the  equations  to  the  straight  lines,  we  bare  (5) 


'  =  ax'  +  A\ 
r=:by'  +  B/ 

'=:a'x"+  A!\ 
"=i)'y"  +  B'/ 


Z' 

and  by  the  construction,  and  Art  2,  if  (x,  y,  z)  be  the  point  of  kiteneo* 

tion, 

(x-x')«+(y_y)«  +  (z_z')»  =  l» 

-     •     (X— s^')*  + (y^/')*  +  (a  — 0*  =  li 
Also  at  the  point  of  intersection, 

z  =  ax  +  A  =  a'x  +  Afy 
z  =  by+  B  s  b'y  +  B'j 

From  these  several  equations  we  easily  get 

z  —  z'  ss  a  (x  -~  aO 

y  — y'=,J-(xr-x') 

z  —  Tf'ss  a'(x  — x") 

y-r=p  (»-»") 

whence  by  substitution, 

(X  —  x')*  +  a*  (X  —  x')»  +  g^  (x  —  x/)*  =  1 

(x  —  x")*  +  a*  (x  —  x") »  +  g^  (X— x'O  •  =  1 

which  ^Te 

1 

X  — X    = 


^/0  +  '^*+TO 


X— X''    =  ' -/£. 


Hence 

(X'-X'0'= ^T+  '  ^ 


l  +  a*+g     l  +  a'«+^,     ^.^O+^'+^VO+^'+J^) 


AlsOl  since 
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y— y"=-^(x  — X") 


and 


we  have 


SB  — z'  =s    a  (x  —  x') 
z— 2"  =  a'  (x  — x'O 


(2'-«")*= !^+       ""       -aa^ ? 

Hence  by  adding  these  squares  together  we  get 


8C06.  I 


which  gives 


a  a' 


1  +  aa'   +  ^ 

This  result  may  be  obtained  with  less  trouble  by  drawing  straight  lines 
from  the  origin  of  coordinates,  parallel  to  the  intersecting  lines ;  and  then 
finding  the  cosine  of  the  angle  formed  by  these  new  lines.  For  the  new 
angle  is  equal  to  the  one  sought,  and  the  equations  simplify  into 

z"  =  ax'  =  by',  z"  =  a'x"  =  b'y" 
z  s=  ax  =:  by^    z  =  a'x    =  I/y 
x'*  +  y'*+z'«  =1  r 

x"«  +  y'^+z"*  =  1  J 

From  the  above  general  expression  for  the  angle  formed  by  two  inter- 
secting lines,  many  particular  consequences  may  be  deduced. 

For  instance,  required  the  conditions  requisite  that  two  straight  lines 
given  in  space  may  intersect  at  right  armies* 

That  they  intersect  at  all,  this  equation  must  be  fulfilled,  (see  5) 

a'A  — aA'         b'B  —  b  B'; 
a' —  a        ^       b'— b 

/i4 


▼iu  INTRODUCTION. 

and  that  bdng  the  case^  in  order  for  them  to  intersect  at  right  angles, 
ve  have 


I  =:  — ,  COS.  1  =  0 


and  therefore 


a  a' 


1  +  aa'  +  ^,  =  0 (12) 

?•  In  the  preceding  No.  the  angle  between  two  intersecting  lines  is 
expressed  in  a  function  of  the  rectangular  coordinates,  which  determine 
the  positions  of  those  lines.  But  since  the  lines  themselves  would  be 
given  in  parallel  position,  if  their  inclinations  to  the  planes,  (x,  y),  (x,  z), 
(j)  z),  were  given,  it  may  be  required,  from  other  daia^  to  find  the  same 
angle. 

Hence  denoting  generally  the  complements  of  the  inclinations  of  a 
straight  line  to  the  planes,  (x,  y),  (x,  z),  (y,  z),  by  Z,  Y,  X,  the  problem 
may  be  stated  and  resolved,  as  follows: 

Required  the  angle  made  by  the  two  straight  Unes,  tohaie  angles  qfindma- 
tion  are  Z,Y,  X;  Z',  Y,',  X'. 

Let  two  lines  be  drawn,  from  the  origin  of  the  coordinates,  parallel 
to  given  lines.  These  make  the  same  angles  with  the  coordinate  planes, 
and  with  one  another,  as  the  given  lines.  Moreover,  making  an  isosceles 
triangle,  whose  vertex  is  the  origin,  and  equal  sides  equal  uni^,  we  have^ 
as  in  (6), 

cos.  I  =  1— ii«  =  i-.j{(x—xO«+  (7—3^)*+  (z  — z")'}  ' 
the  points  in  the  straight  lines  equally  distant  from^the  origin  being 
(x,  y,  z),  (x',  y\  zO. 

But  in  this  case, 

X*  +  y«  +  z«  =  1 

x'«  +  y'«+ z'«=  1 
and 

X  z=  cos.  X,  y  =  cos.  Y,  z  =  cos.  Z 
x'  =  COS.  X',  y'  =  cos.  Y',  r'  =  COS.  Z' 
•.  COS.  I  =:  X  x'  +  y/  +  zzf 

=  COS.  X.  COS.  X'  +  COS.  Y.  COS.  Y'  +  cos.  Z.  cos.  Z'.  .  (13) 
Hence  when  the  lines  pass  through  the  origin  of  coordinates,  the  same 
expression  for  their  mutual  inclination  holds  good ;  but  at  the  same  time 
X,  Y,  Z ;  X',  Y',  Z',  not  only  mean  the  complements  of  the  inclinations 
to  the  planes  as  above  described,  but  also  the  inclinations  of  the  lines  to 
the  axes  of  coordinates  of  x,  y,  z,  respectively^ 
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6.  Qiven  the  length  (L)  of  &  straight  line  and  the  complements  of  its  in^ 
dinafions  to  the  planes  (x,  y),  (x,  t\  (y  z),  viz.  Z,  Y,  X,  tojlnd  the  lengths 
of  Us  projections  upon  those  planes* 
By  the  figure  in  (4)  it  is  easily  seen  that 

LpiQJected  on  the  plane  (x»  y)  =  L.  sin.  Z-\ 

(x,  z)  =  L.  sin.  Y  V     .    .    .    (M) 

■     i  (y,  z)  =±  L.  sin.  X  J 

9.  Instead  of  detennining  the  parallelism  or  direction  of  a  straight  line 
in  space  by  the  angles  Z,  Y,  X,  it  is  more  concise  to  do  it  by  means  of 
Z  (for  instance)  and  the  angle  4  which  its  projection  on  the  plane  (x,  y) 
makes  with  the  axis  of  x. 

For,  drawing  a  line  parallel  to  the  given  line  from  the  origin  of  the  co- 
ordinates, the  projection  of  this  line  is  parallel  to  that  of  the  given  line, 
and  letting  fall  from  any  point  (x,  y,  z)  of  the  new  line,  perpendiculars 
upon  the  plane  (x,  y)  and  upon  the  axes  of  x  and  of  y,  it  easily  appears, 
that 

X  =  L  COS.  X  =  (L  sin.  Z)  cos.  $  (see  No.  8) 
y  =  L.  cos«  Y  =  (L.  sin.  Z)  sin.  $ 
which  give 

cos*  X  =  sin.  Z.  COS.  $\  ._. 

COS.  Y  :a  sin.  Z .  sin.  $  } ^     ' 

Hence  the  expression  (13)  assumes  this  form, 
COS.  I  =  idn.  Z  •  sin.  7/  (eos.  t  cos.  ^  -f  sin.  t  sin.  if)  -f  cos.  Z  cos.  7/ 
=  sin. Z •  sin.  Z' cos.  (^  —  ^)  +  cos.Z.cos. Z'  .    .    .    .     (16) 
which  may  easily  be  adapted  to  logarithmic  computation. 
The  expression  (5)  is  merely  verified  by  the  substitution. 

10.  Given  the  angle  of  intersection  (I)  between  two  lines  in  space  and 
their  inclinations  to  the  plane  (x,  y),  tojind  the  ar^le  at  which  their  pro^ 
jections.upon  that  plane  intersect  one  another. 

If,  as  above,  Z,  Z'  be  the  complements  of  the  inclinations  of  the  lines 
upon  the  plane,  and  4,  ^  the  inclinations  of  the  projections  to  the  axis  of 
X,  we  have  firom  (16) 

/J       j/\       COS.  I  —  COS.  Z.  COS.  Z'  ,--,* 

<^(^-n^  sin.  2. sin.  2- t"> 

This  result  indicates  that  I,  Z,  Z'  are  sides  of  a  spherical  triangle 
(radius  =  1),  ^  —  ^  being  the  angle  subtended  by  I.  The  form  may  at 
once  indeed  be  obtained  by  taking  the  origin  of  coordinates  as  the  center 
of  the  sphere,  and  radii  to  pass  through  the  angles  of  the  spherical  tri- 
angle, measured  along  the  axis  of  ty  and  along  lines  parallel  to  the 
given  lines. 
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ocxDsidtired  at  some  lengdi  the  mode  of  determiniDg  the  pesi* 
tkm  and  properties  of  points  and  straight  lines  in  fixed  space,  we  proceed 
to  treat,  in  like  manner,  of  planes. 

It  is  evident  that  the  position  of  a  plane  is  fixed  or  determinate  in  posi- 
tion when  three  of  its  points  are  knowit  Henoe  is  suggested  the  follow* 
ing  problem* 

11.  Hamng  given  the  three  points  (a,  ft  y%  (»',  ff,  /)>  {<^\  ff\  /O  m 
^ace^  fojlnd  tiie  ejuaiian  to  the  plane  passing  through  them  /  that  is^  to 
JML  the  relation  between  the  coordinates  of  any  other  point  in  Hie  plane. 

Sappose  the  plane  to  make  with  the  planes  (2,  y),  (as,  x)  the  intersec- 


tions or  traces  B  D,  B  C  respectively,  and  let  P  be  any  point  whatever 
in  the  pUne  ;^  then  through  P  draw  P  Q  in  that  plane  parallel  to  B  D, 
&C.  as  above.    Then 

z  —  Q  N  =  P  Q'  =z  Q  Q'  cot  D  B  Z 
ss  y  cot  D  B  Z. 
But 

QNsAB  —  NA.cotCBA 

sABrf-xcotCB:^ 
.%  z  =  A  B  -f  X  cot'C  B  Z  +  y  cot  D  B  Z. 
Consequently  if  we  put  A  B  =:  g,  and  denote  by  (X,  Z),  (T,  Z)  the 
inclinations  to  A  Z  of  the  traces  in  the  planes  of  (x,  z),  (y,  z)  respectively, 
we  have 

a 

z  =  g  +  X  COL  (X,  Z)  +  y  cot  (Y,  Z)    .    ,    .    .     (18) 
HeDoe  the  form  of  the  equation  to  the  plane  is  generally 

zss  Ax  +  By  +  C a9) 
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Now  to  find  these  constants  there  are  giTe^  the  coordinates  of  three 
points  of  the  plane ;  that  Is 

7s:  Aa  +  B/?   -f  C 

/  =  A*'  +  SIS'  +  C 

/'  s:  A  «"  +  B  P''  +  C 
from  which  we  get 

^  -  .^  — *'/3+  «'/J"  — •>'/3^  +  «"/3— «/3"  -  cot- (X,  Z) . . .  (80) 

^  ~  •  /S'  —  a'  5  +  «/  J8"— «"  /9*  +  «"  $  —  m^'  '  * '  ^^^' 

HeDce  when  the  trace  coincides  with  the  axis  of  x,  we  hare 

C  =  0» 
and 

A  =  cot  7=0 

and  the  equation  to  the  plane  becomes 

z  =  By (26) 

When  the  plane  is  parallel  to  the  plane  (x,  y), 

A  =  0,   B  =  0, 

and 

z  =  C {2^y^ 

from  whichy  by  means  of  A  =  0,  B  =  0,  any  two  of  the  quantities  7, /, /' 
being  eliminated,  the  value  of  C  will  be  somewhat  simplified. 

Hence  also  will  easily  be  deduced  a  number  of  other  particular  results 
connected  with  the  theory  of  the  plane,  the  point,  and  the  strught  line,  of 
which  the  following  are  some. 

To  find  the  projections  on  the  planes  (x,  y),  (x,  z),  (y,  z)  of  the  intersect 
turn  of  the  planes^ 

z=Ax  +  By+C, 

z  =  A'x  +  B'y+Q. 
Eliminating  z,  we  have 

(A  — AOx  +  (B  — BOy  +  C  — C'  =  0    ....    (27) 
which  ill  the  equation  to  the  projection  on  (x,  y)* 
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Elimiiiftting  x,  we  get 

(A'  — A)z  +  (AB'  — A'B)y  +  AC'  — A'C  =  0    .    .    *    .     (28) 

which  is  the  equation  to  the  projection  on  the  plane  (y,  z). 
And  in  like  manneri  we  obtain 

(B'  — B)z  +  (A'B  — AB')?  +  BC  — B'CsO    ....    (29) 
for  the  projection  on  the  plane  (x,  z). 

To  find  the  conditions  requisite  that  a  plane  and  straight  line  shall  be 
parallel  or  coincide. 

"Let  the  equations  to  the  straight  line  and  plane  be 

^  =  az  H-  A*! 
y  =  bz  +  Bj 
z  =  A'  X  +  B'  y  +  C. 
Then  by  substitution  in  the  latter,  we  get 

z  (A'a  +  B'b  —  1)  +  A' A  +  B'B  +  C'  =  0. 
Now  if  the  straight  line  and  plane  have  only  one  point  common,  we 
should  thus  at  once  have  the  coordinates  to  that  point. 

Also  if  the  straight  line  coincide  with  the  plane  in  the  above  equation, 
z  is  indeterminate,  and  (Art.  6.  toL  L) 

A'a  +  B'b— 1  =  0,  A'A  +  B'B+C'=0    .    .    .    (27) 

But  finally  if  the  straight  line  is  merely  to  be  parallel  to  the  plane,  the 

above  conditions  ought  to  be  fulfilled  even  when  the  plane  and  line  are 

moved  parallelly  up  to  the  origin  or  when  A,  B,  C  are  zero.     The  only 

condition  in  this  case  is 

A'  a  +  B'  b  =  1 (28) 

To  find  the  conditions  that  a  straight  line  be  perpendictdar  to  a  plane 
z=:Ax  +  By  +  C. 

Since  the  straight  line  is  to  be  perpendicular  to  the  given  plane,  the 
plane  which  projects  it  upon  (x,  y)  is  at  right  angles  both  to  the  plane 
(x,  y)  and  to  the  given  plane.  Tlie  intersection,  therefore,  of  the  plane 
(x,  y)  and  the  given  plane  is  perpendicular  to  the  projecting  plane.  Hence 
the  trace  of  the  given  plane  upon  (x,  y)  is  perpendicular  to  the  projec- 
tion on  (x,  y)  of  the  given  straight  line.  But  the  equations  of  the  traces 
of  the  plane  on  (x,  z),  (y,  z),  are 

z=  Ax+  C,   z  =  By  +  C 

(29) 

and  if  those  of  the  perpendicular  be 

X  =:  a  z  +  A/ 


y  =  b  z 


+  B,i 
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it  is  easily  seen  from  (11)  or  at  once»  that  the  condition  of  these  traces 
being  at  right  angles  to  the  projection%  are 

A  +  a  =  0,  A  +  bzO. 

To  dram  a  straigAi  line  passing  tkraugh  a  given  paini  (ct,  fi,  y)  at  right 
armies  to  a  given  plane* 
The  equations  to  the  straight  line,  are  clearly 

X  —  a  +  A  (z  —  y)  =  0,  y  —  ^  +  B  (z  —  7)  sz  0.  .  .  .  (SO) 

To  find  the  distance  of  a  given  point  (ct,  jS,  y)from  a  given  plane* 
The  distance  is  (30)  evidentlyi  when  (x,  y,  z)  is  the  common  point  in 
the  plane  and  perpendicular 

V(z— 7)«  +  (y  — /3)*+(x  — «)•  =  (z— 7)  Vl  +  A«+B«. 

But  the  equation  to  the  plane  then  also  subsistSi  viz* 

z=Ax+By+C 
from  which,  and  the  equations  to  the  perpendicuiari  we  have 

z*— 7=0  —  7+Aa  +  Bi?, 
therefore  the  distance  required  is 

C  — 7  +  A«  +  Bg  . 
A«  +  B« ^^'^ 

Tojlnd  the  angle  I  /armed  by  two  planes 

zsAx  +  By  +  C, 
z  =:  A'x  +  B'y  +  C. 

If  from  the  origin  perpendiculars  be  let  &11  upon  the  planes,  the  angle 
which  they  make  is  equal  to  that  of  the  planes  themselves.  Hence^  if 
generally,  the  equations  to  a  line  passing  through  the  origin  be 


xs  az) 

y  =  bzJ 


y 

the  conditions  that  it  shall  be  perp^idicular  to  the  first  plane  are 

A  +  a  2=  0, 

B  -f-  b  =  0, 
and  for  the  other  plane 

A'  +  a  =  0, 

B'  +  b  =  0. 
Hence  the  equations  to  these  perpendiculars  are 

X  +  A  z  =r  0\ 
=  0) 


y  +  Bz 
X  +  A'  z  =  0 

y 


+  A'z  =  0  \ 
+  B'z  ==  0,J 
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which  may  also  ha  dfldaoed  fiwa  the  fona»  (80). 
Hence  from  (II)  we  get 

^  , 1  + AA^+By 

V(1+A«  +  B»)V(1  +  A'»  +  J9')     •    •    •    <'2) 

Hence  to  find  the  inclination  (•)  of  a  pkme  loith  thejitme  (x,  y). 
We  make  the  second  plane  coincident  with  (x»  y),  which  mm 

A'  3  (V  B'  s  0, 
and  therafbce 


COS.  • 


V  (1  +  A*  +  B«)     •    • 

In  JUke  ssanaer  may  <be  indinalions  {Q^  («)  of  a  plane 

ZB  Ax+  By+C 
to  the  planes  (x,  z),  (y,  z)  be  expressed  by 

r  B 


(83) 


=  V  t»  +  A»  +  B*)) 

A        r 

--•(l  +  A^  +  B*)) 


(34) 


COS*  19 

Hence 

COS.  *  f  -f  COS.  ^  ^  +  COS.  '  ly  =:  1 (S5) 

Hence  also,  if  /,  t^^  nf  be  the  inclinations  of  anodier  plane  to  (Z|  y)* 

(x>  z)»  (y»  «)• 

cos.  I  =  cos.  f  cos.  /  -f  cos.  ^ COS.  ^  +  cos.  ncos.  if    .    .    .    (36) 

Tojindihe  inclhuziion  v  of  a  straight  line  x  ==  a  z  -f  A',  y  =  b  z  +  B', 
to  the  plane  z  =  Ax  +  By+C. 

The  angle  required  is  that  which  it  makes  with  its  projection  upon  (be 
plane.  If  we  let  fall  from  any  part  of  the  straight  line  a  perpendicnkr 
upon  the  plane,  the  angle  of  these  two  lines  will  be  tlie  complement  of  u. 
From  the  origin,  draw  any  straight  line  whaterer,  yiz.  x=:a'z,  ysb's. 
Then  in  order  that  it  may  be  perpendicular  to  the  plane^  we  must  ha^e    i 

a'  =  —  A,  b'  =  —  B. 

The  angle  which  this  makes  with  the  given  line  can  be  (bund  from (II); 

consequently  by  that  expression 

1  —  A  a  —  B  b  foff\ 

'"*'  '  =  V(I+a«  +  b«)  V(l  +  A'  +  T6«)    •    •    •  '^'^ 

Hence  we  easily  find  that  the  angles  made  by  this  line  and  the  coor- 
dinate planes  (x,  y),  (x,  z),  (y,  z),  viz.  Z,  Y,  X  are  found  from 

«>«-Z=  V(l  +  a«  +  b*)' 
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COS.  Y  =s 


which  agrees  with  what  is  done  in  (S). 


TRANS90IIMATK>V  OF  COOBBIKATESt 


12.  To  transfer  the  origin  of  coordinates  to  the  point  («,  ft  y) 
chafing  their  direction* 

Let  it  be  premised  that  instead  of  supposing  the  coordinate  {danes  at 
right  angles  to  one  anodier,  we  shall  here  suf^Kwe  tiiein  to  jndce  any 
angles  whatever  with  each  other.  In  this  case  the  axes  cease  to  be  reo* 
tangular,  but  the  coordinates  x,  y,  z  are  stiU  drawn  parallel  to  the  axes. 

This  being  undmtood,  assume 

x  =  x'  +  «,y  =  /+ftz  =  z'  +  y (99) 

and  substitute  in  the  expression  involving  x,  y,  z.   The  result  will  contain 
x^  y^  z  the  coordinates  referred  to  the  origin  (a,  ft  y). 

When  the  substitution  is  made,  the  signs  of  a,  ft  7  as  explained  in  (1), 
roust  be  attended  to. 

13.  To  change  the  direction  of  the  axes  from  rectangular^  without 
affecting  the  origin. 

Conceive  three  new  axes  A x',  Ay^  Azf^  the  first  axes  being  supposed 
rectangular,  and  these,  having  any  given  arbitrary  direction  whatever. 
Take  any  point;  draw  the  coordinates  x^  y\  t!  of  this  point,  and  project 
them  upon  the  axis  A  X.  The  abscissa  x  will  equal  the  sum,  taken  with 
their  proper  signs,  of  these  three  projections,  (as  is  easily  seen  by  drawing 
the  figure) ;  but  if  (x  x'),  (y,  y'),  (z,  z^)  denote  the  angles  between  the 
axes  A  X,  A  x';  A  y,  A  7';  A  z,  A  z'  respectively ;  these  projections 
are 

x'  cos.  (x'  x),  y  cos.  (3/  x),  z'cos*  (z'  x). 

In  like  manner  we  proceed  wi^  the  other  axes,  and  therefore  get 

x  =  x'  cos.  (x'  x)  +  /  cos.  (/  x)  +  t!  cos.  {t!  x)  "\ 

y  =  y'  cos.  (y'  y)  +  z'  cos.  (z'  y)  +  x'  cos.  (x'  y)  >   .     .     .  (4-0) 

z  =  2^  cos.  (z'  z)  +  /  cos.  (/  z)  +  x'  cos.  (x'  z)  J 
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Since  (x'x),  (x'y)^  (x'as)  are  the  angles  which  the  staight  line  A  x^ 
makes  with  the  rectangahir  axes  of  x,  y,  z»  we  have  (5) 
COS.*  (x'  x)  +  COS.*  (x'y)  +  cos.*  x'z  =   1   "i 
COS.*  (y'x)  +  cos.«(y'y) +cos.«(y^2)s=  1    >      •    •     -    (41; 
COS. « (z'  x)  +  COS.*  {if  y)  +  cos.* (z'x)  ss  1  J 
We  also  have  from  (18)  p. 

cos.(x'yO=cos.(x'x)cos.(/x)+cofl.(x'y)cos.(y'y)+cos.(x'2)co8.(y'z)'\ 
cos.(xV)=cos.(x'x)cos.(r'x)+cos.(x'y)cos.(2'y)+cos.(x'2)cos^         t.  (42) 
cos.(y'z')  =cos.(y'x)ooB.(Vx)+cos.)y'y)oo8.(z'y)+cos.(y'z)cos.(z'z)  ) 

The  equations  (40)  and  (41)}  contain  the  nine  angles  which  the  axes  of 
x'}  /»  z'  make  with  the  axes  of  x,  y,  z. 

Since  the  equations  (41)  detennine  three  of  these  angles  only,  six  of 
them  remain  arbitrary.  Also  when  the  new  system  is  likewise  rectangu- 
lar} or  cos.  (x'yO  =  cos.  (x'z')  ss  cos.  (/z')  =:  I,  three  others  of  the 
arbitraries  are  determined  by  equations  (42).  Hence  in  that  case  there 
remain  but  three  arbitrary  angles, 

14.  Required  to  trantform  the  rectangular  axe  of  coordinates  to  other 
rectangular  axes^  having  the  same  origin^  but  ivo  of  which  shall  be  situated 
in  a  given  plane* 

Let  the  given  plane  be  Y'  A  C,  of  which  the  trace  in  the  plane  (z,  x)  is 


A  C.  At  the  distance  A  C  describe  the  arcs  C  T^  C  x,  xx^  in  the  phmes 
C  A  Y^  (z,  x)}  and  X' AX.  Then  if  one  of  the  new  axes  c^tfaeooonli- 
nates  be  A  X',  its  position  and  that  of  the  other  two,  A  Y',  A  Z\  will  be 
determined  by  C  x'  =  ^,  C  x  =  -4/,  and  the  spherical  angle  x  C  x'  =  tzz 
inclination  of  the  given  plane  to  the  plane  (z,  x). 

Hence  to  transform  the  axes,  it  only  remains  to  express  the  angles 
'  (^'3l)}  (/x)}  &c  which  enter  the  equations  (40)  in  terms  ofi^  and  p. 
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By  spherios 

cos*  (x'x)  ss  eos.  4^  eos.  f  4.  sin.  •4^  gin.  f  cog.  ^. 
In  like  manner  formings  other  spherical  triangles,  we  get 
COS.  (j'x)  —  cos,  {90^  +  p)  008.  4^  +  sin.  >j/  sin.  (0O»  +  ^)  cos.  ^ 
COS.  (x'  y)  =  cos.  (90*  -f  4^}  Cos.  p  «{-  sin.  (90«»  +  4)  sin.  f  oos.  ^ 

COS.  (fy)  s  COS.  (90«+-4/)oos.(90+p)+8in.(90«+>J.)sin.(90o+p)cos.l 
So  that  we  obtain  these  four  equations 

cos.  (x^  x)  =:  cos.  '^  COS.  f  .f '  sin.  ^  nn*  ^  cos.  4      f| 

COS.  (/  x)  =  —  sin.  4/  sin.  f  +,  sm.  +  cofc  f  COS.  ^  7  .^. 

COS.  (x:'  y)  zr  —  sin.  >(/  cos.  f  +  cos.  >)/  sin.  9  cos.  ^|         *    •     \     / 
COS.  (y'  y)  ;=  sin.  >(/  sin.  f  4-  cos.  >}/  cos.  f  cos*  i     ^ 
Again  by  spherics,  (since  A  Z  is  perpendicular  to  A  C,  and  the  inclin- 
ation of  di^  planes  Z'A  C,  (x,  y)  i»  90*  —  t)  we  hav^ 

eos  (z'  x)  r:  sin.  >)/  sin.  $  y^ 

cos.  (z  'y)  =  COS.  ^i/  sin.  ^  j ^^^ 

And  by.  considermg  that  the  angle  between  the  planes  Z  A  C,  Z  A  X',  =z 
900  4.  4,  by  spherics,  we  also  get 

COS.  (x'z)  =  —  sin.  p  sin.  §  n 

cos.  (y'z)  =s  —  COS.  f  sin.  ^  t (45) 

COS.  (z'z)  =  COS.  $  J 

wh jch  give  the  nine  coeiSScients  of  equations  (40). 

Equations  (41),  (42)  will  also  hereby  be  satisfied  when  the  systems  are 
rectangular. 

15.  To  find  the  section  of  a  surface  made  by  a  plane* 

The  last  transformation  of  axes  is  of  great  use  in  determining  the  na- 
ture of  the  section  df  a  surface,  made  by  a  plane,  or  of  the  section  made 
by  any  two  surfaces,  plane  or  not,  provided  the  section  lies  in  one  plane ; 
for  having  transformed  the  axes  to  others,  A  Z',  A  X',  A  Y',  the  two  lat- 
ter lying  in  the  plane  of  the  section,  by  the  equations  (40),  and  the  de- 
terminations of  the  last  article,  by  putting  a^  =:  0  in  the  equation  to  tlie 
surface,  we  have  that  of  the  section  at  once.  It  is  better,  however,  to 
make  z  s=  0  in  the  equations  (40),  and  to  seek  directiy  the  values  of 
COS.  (x'x),  COS..  (y'x),  &c    The  equations  (40)  thus  beoomB 

X  =  f  COS.  '^  +  y  sin.  4  COS.  0    ^ 
y  ==  x'  sin.  -vj^  —  y'  cos.  '^  cos.  ^    v     •...'.     (46) 
z  «a  y  sin.  ^  J 

10.  7b  determine  the  nature  and  position  of  all  surfaces  qf  the  second 
order ,-  or  to  discuss  the  general  equation  qfthe  second  order^  viz. 
ax*  +  by*  +  cz*+  2dxy  +  2exz  +  2fyz  +  g?  +  hy  +i«  =  k     .    .     (a) 

First  simplify  it  by  such  a  transformation  of  coordinates  as  shall  destroy 
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the  terms  in  x  y,  x  z,  y  z ;  the  axes  from  rectangular  will  become  oblique, 
'by  substituting  the  values  (40),  and  the  nine  angles  which  enter  these, 
being  subjected  to  the  conditions  (41),  there  will  remain  six  of  them 
arbitrary,  which  we  may  dispose  of  in  an  infinity  of  way^.  Equate  to 
zero  the  coefficients  of  the  terms  in  x'  y',  x'  z',  y  z*. 

But  if  it  be  required. that  the  new  axes  shall  be  also  rectangular,  as  this 
condition  will.be  expressed  by  putting  each  of  the  equations  (42)  equal 
zero,  the  six  arbitrary  angles  will  be  reduced  to  threcj  which  the  three 
coefficients  to  be  destroyed  will  make  known,  and  the  problem  will  thus 
be  determined. 

This  inyestigation  will  be  rendered. easier  by  the  following  process : 
Let  x=  az,  y  =  j8zbe  ^^the  equations  of  the  axis  of  x';  then  for 
brevity  making 

1  =  J 

V(l  +  «^  +  /S«) 
we  find  that  (3) 

COS.  (x'  X  =  a  1,  COS.  (x'  y)  =  jS  1,  cos.  x'  z  =  1. 

Reasoning  thus  also  as  to  the  equations  xsa'z,  j  z^  ^  z  of  the  axis 

of  y^  and  the  same  for  the  axis  of  z',  we  get 

cos.  (/x)  =  aM',  COS.  (y'y)  =  jST,  cos.  (y'z)  =  1' 

COS.  (z'  x)  =  a''  V\  COS.  (z'  y)  =  jS"  V\  cos.  (z'  z)  =  V\ 

Hence  by  substitution  the  equations  (40)  become 

X  =  lax'  +  Fa'y'  +  Pa^'z' 

y 

z 

The  nine  angles  of  the  problem  are  replaced  by  the  six  unknowns  a, 
a',  a'\  jS,  /^,  ff'f  provided  the  equations  (41)  are  thereby  also  satisfied. 

Substitute  therefore  these  values  of  x,  y,  z,  in  the  general  equation  of 
the  2d  degree,  and  equate  to  zero  the  coefficients  of  x'  y',  x'  z',  y  z',  and 
we  get 

(aa+  dp  +  e)  of  +  (da  +  bi3  +  f)i8'  +ea  +  f/3  +  c=0 
(a  a  +  d0   +  e)af'+  (da   +  b^  +  f) /S"  +  ea  +  f/S 
(a«''  +  d/9"  +  e)af  +  (da"  +  h^'+   f)  jS'  +ea''  +  fjO" 
One  of  these  equations  may  be  found  without  the  others»  and  by  making 
the  substitution  only  in  part.     Moreover  from  the  symmetry  of  the  pro- 
cess the  other  two  equations  may  be  found  from  this  one.     Eliminate  a% 
ff  from  the  first  of  them,  and\)ie  equations  x  =  a'  z,  y  =:  /3'  as,  of  the 
axis  of  y';  the  resulting  equation 

(aa  +  d/5  + e)x  +  (da  +  biS  +  f)y  +  (ea  +  fe+ c)8  =  0  .  .  (b) 
is  that  of  a  plane  (19). 


=  lax'  +  Fa'y'  +  Pa''z'-v 
=  IjSx'  +•  V0'y  +  V'p''z'l 
=  1  x'     +  1'   /    +  1"  z'.     ) 


l  +  c=0^ 
I  +  c=  0 > 
"  +  c  =  o3 
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But  the  first  equation  is  the  condition  which  destroys  the  term  x^y'r 
since  if  we  only  consider  it,  «,  ft  «',  j8',  may  be  any  whatever  that  will 
satisfy  it;  it  suffices  therefore  that  the  axis  of  y'  be  traced  ii}  the  plane 
aboye  alluded  to,  in  order  that  the  transformed  equations  may  not  contain 
•my  term  in  x'  y'. . 

In  the  same  manner  eliminating  o^^,  fi\  from  the  2d  equation  by  means 
of  the  equations  of  the  axis  of  2^,  viz.  x  =  a"  z,  y  =  /3"  z,  we  shall  have 
a  plane  such,  that  if  we  take  for  the  axis  of  z'  every  straight  line  which  it 
will  there  trace  out,  the  transformed  equation  will  not  contain  the  term  in 
X'  2^«  But,  from  the  form  of  the  two  first  equations,  it  is  evident  that  this 
second  plane  is  the  same  as  the  first:  therefore,  if  we  there  trace  the  axes 
of  y  and  2^  at  pleasure,  this  plane  will  be  that  of  y  and  a^,  and  the 
transformed  equation  will  have  no  terms  involving  x'  y'  or  x  z'.  The 
direction  of  these  axes  in  the  plane  being  any  whatever,  we  have  an  in- 
finity of  systems  which  will  serve  this  purpose;  the  equation  (b)  will  be 
that  of  a  plane  parallel  to  the  plane  which  bisects  all  the  parallels  to  x, 
^d  which  i^  therefore  called  the  Diametrical  Plane. 

Again,  if  we  wish  to  make  the  term  in  y'  z'  disappear,  the  third  equa-, 
tion  will  give  a ,  ff,  and  there  are  an  infinity  of  oblique  axes  which  will 
answer  the  three  required  conditions.  But  make  x',  /,  z',  rectangular. 
The  axis'^'of  x'-  must  be  perpendicular  to  the  plane  (y  if)  whose  equa- 
tion we  have  just  found ;  and  that*  x=:az,y=:j3z,  may  be  the  equa- 
tions (see  equations  b)  we  must  have 

aa  +  dj8  +  e  =  (e«  +  fjS  +  c)  a     .     .     .     .     (c) 
da  +  bj8  +  f  =  (ea  +  f^  +  c)^    .     •     .     .     (d) 

Substituting  in  (c)  the  value  of  a  found  from  (d)  we  get 
{(a-.b)fe  +  (f«  — e«)d}i9' 

+  I  (a  — b)  (c  — b).e  +  (2d«— f«  — e*)  e  +  (2c  — a  — b)fd  }  ^« 

+  [(c— a)(c  — b)d  +  (2e*  — f«  — d*)d  +  (2b  — a  — c)fe}^ 

+  (a  — c)  fd  +  (f«  — d«)  e  =  0. 

This  equation  of  the  3d  d^ree  gives  for  P  at  least  one  real  root ;  hence 
the  equation  (d)  gives  one  for  a;  so  that  the  axis  of  x'  is  determined  so  as 
to  be  perpendic^ar  to  the  plane  (y',  2',)  and  to  be  free  from  terms  in 
X'  r,  and  y'  Z'.  It  remains  to  make  in  this  plane  (y,  z*,)  the  axes  at  right 
angles  and  such  that  the  term  x'  y'  may  also  disappear.  But  it  is  evident 
that  we  shall  find  at  the  same  time  a  plane  (x',  z',)  such  that  the  axis  of  y' 
is  perpendicular  to  it,  and  also  that  the  terms  in  x'  y,  z'  y'  are  not  involved* 
But  it  happens  that  the  conditions  for  making  the  axis  of  y  perpendicular 
to  this  plane  are  both  (c)  and  (d)  so  that  the  same  equation  of  the  3d  de- 

68 


XX  INTRODUCnON. 

gree  must  give  also  ft,  Tbe  same  holds  good  for  fhe  axis  of  z.  Conse- 
quently the  three  roots  of  the  equation  /3  ure  all  real»  and  are  the  values 
of  jS,  p^  p\  Therefore  a,  a,  a",  are  given  by  the  equati<»i  (d).  Hence, 
TTiere  is  only  me  st^stem  of  rectangtdar  ases  *mhich  dimnates  7i  /,  x'z', 
x'/;  and  there  exists  vne  in  all  cases.  These  axes  are  called  tbe  Princi* 
val  axes  of  the  Surface. 

Let  us  analyze  the  case  which  the  cubic  in  jS  pr^ents. 

L  If  we  make 

(a  — b)fe  +  (f«_e*)d  n  0 
the  equation  is  deprived  of  its  first  term.  This  shows  that  then  one  of 
tll#  roots  of  /3  is  infinite,  as  well  as  that  a  derived  fix>m  equation  (d)  be- 
^mes  e  a  4-  f  j9  =  0.  The  corresponding  angles  are  right  angles.  One 
of  the  axes,  that  of  z  for  instance,  fidls  upon  the  plane  (x,  y),  and  we 
obtain  its  equation  by  eliminating  a  and  /3  from  the  equations  x  =  az, 
y  =:  |3  z,  which  equation  is 

ex  -f  fy  =:  0 

llie  directions  of  y ,  2^  are  given  by  the  equation  in  jS  reduced  to  a 
quadrature. 

2ndly.  If  besides  this  first  coefficient  the  second  is  also  =  0,  by  substi- 
tuting b,  found  from  the  above  equation,  in  the  factor  of  j8 ',  it  reduces  to 
the  last  term  of  the  equation  in  fi,  vis. 

(a— c)fd  +  (P  — d*)e  =  0. 

These  two  equations  express  the  condition  required.  But  the  coeffi- 
cient of  B  is  deduced  from  that  of  jS  '  by  changing  b  into  c  and  d  into  e, 
and  the  same  holds  for  the  first  and  last  term  of  the  equation  in  jSL 
Therefore  tbe  cubic  equation  is  dso  thus  satisfied.  There  exists  therefore 
an  infinity  of  rectangular  systems,  which  destroy  the  terms  in  x'  y',  x'  ^, 
y  t!.  Eliminating  a  and  b  from  equations  {t)  and  f  d)  by  fdd  of  the  above 
two  equations  of  condition,  we  find  that  they  are  the  product  of  f  a^d 
and  e|3  —  d  by  the  common  factor  eda  +  fdjS  +  fe.  These  fiictors 
are  therefore  nothing;  and  eliminating  a  and  ^,  we  find    , 

fx=»dz,  ey  =  dz,  edx  +  fdy  +  feasO. 

The  two  first  are  the  equations  of  one  of  the  axes.  The  third  that  ol 
a  plane  which  is  perpendicular  to  it,  and  in  which  are  traced  the  two 
other  axes  under  arbitrary  directions.  This  plane  will  cut  the  surface  in 
a  curve  wherein  all  the  rectangular  axes  are  principal,  which  curve  is 
therefore  a  circle,  the  only  one  of  curves  of  the  second  order  which  has 
that  property.  The  surface  is  one  then  of  revolution  rovad  the 
whose  equations  we  have  just  given. 
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The  equatu»  onoe^freed  from  the  three  reBtaDglei»  beoomes  of  the 
form 

kz*  +  my*  4*  Ds' +  qx  4- q'y  +  q"s  =  h    .    •    .    •    (e) 

The  terms  of  the  first  dimension  are  evidently  destroyed  by  removing 
the  origin  (89).  It  is  dear  this  can  be  effected,  except  in  the  case 
where  one  of  the  squares  x ',  y  ^  s  *  is  deficient  We  shall  examine  these 
cases  separately.     First,  let  us  discuss  the  equation 

kz*  +  my*  +  nx*  =  h (f) 

Every  straight  line  passing  through  the  origin,  cuts  the  surface  in  two 
points  at  equal  distances  on  both  sides,  since  the  equation  remains  the  same 
after  having  changed  the  signs  of  x,  y,  z.  The  origin  being  in  the  middle 
of  all  the  chords  drawn  through  this  point  is  a  center.  The  surface  therefore 
has  the  property  of  possessing  a  center  whenever  the  transformed  equation 
has  the  squares  qfaU  the  varieties* 

We  shall  always  take  n  positive :  it  remains  to  examine  the  cases  where 
k  and  m  are  both  positive,  both  negative,  or  of  different  signs. 

If  in  the  equation  (f)  k,  m,  and  n,  are  all  positive,  h  is  also  positive ; 
and  if  h  is  nothings  we  have  x  =;  0,  y  =:  0,  z  =  0,  and  the  sur&ce  has 
but  one  point 

But  when  h  is  positive  by  making  x,  y,  or  z,  separately  equal  zero,  we 
find  the  equations  to  an  ellipse,  curves  which  result  from  the  section  of 
the  surface  in  question  by  the  three  coordinate  planes.  Every  plane 
parallel  to  them  gives  also  an  ellipse,  and  it  will  be  easy  to  show  the 
sane  of  all  plane  sections.  Hence  the  surface  is  termed  an  Ellip- 
soid. 

The  lengths  A,  B,  C,  of  the  three  principal  axes  are  obtained  by  find- 
ing ^e  sections  of  the  surface  through  the  axes  of  x,  y,  and  z.     Th^-.^e 

give 

kC'sh,  mB«  =  h,  nA«  =  h. 

fiom  which  eliminating  k,  m  and  n,  and  substituting  in  equation  (f)  we  get 

C^+^  +  X«'=  ^  I      (47) 

A«  B*  a«  +  A«  C«y«  +  B«<;«x*  =:  A«  B«  C"J 

which  is  the  equation  to  an  Ellipsoid  referred  to  its  cesUer  and  principal 
axes. 

We  may  concave  this  surface  to  be  generated  by  an  eUipse,  traced  in 
the  plane  (x,  y),  moving  parallel  to  itself,  whilst  its  two  axes  vary,  the 
curve  sliding*  along  another  ellipse,  traced  in  the  plane  (x,  z)  as  a  diiect- 
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rix.     If  two  of  tlie  quantities  A,  B,  C,  are  equal,  we  have  an  ellipsoid  of 
revolution.     If  all  three  are  equal,  we  have  a  sphere. 

Now  suppose  k  negative,  and  m  and  h  positive  or 

k  2  *  —  my*  —  ax*  =  — b. 

Making  x  or  y  equal  zero,  we  perceive  that  the  sections  by  the  planes 
(y  a)  and  (x  z),  are  hyperbolas,  whose  axis  of  z  is  the  second  axis.  AH 
planes  passing  through  the  axis  of  z,  give  this  same  curve.  Hence  the 
surface  is  called  an  hyperbohid.  Sections  parallel  to  the  plane  (x  y)  are 
always  real  ellipses.  A,  B,  C  V  —  I  designating  the  lengths  upon  the 
axes  from  the  origin,  the  equation  is  the  same  as  the  above  equation  ex- 
cepting the  first  term  becoming  negative. 

Lastly,  when  k  and  h  are  negative 

k  z*  +  >n  y' +  II  X*  =  — h; 
all  the  planes  which  pas^- through  the  axis  of  z  cut  the  surface  in  hyper- 
bolas, whose  axis  of  z  is  the  first  axis.  The  plane  (x  y)  does  not  meet 
the  surface  and  its  parallels  passing  through  the  opposite  limits,  give 
ellipses.  This  is  a  hyperholoid  also,  but  having  two  vertexes  about  tlie 
axis  of  z.  The  equation  in  A,  B,  C  is  still  the  same  as  above,  excepting 
that  the  term  in  z*  is  the  only  positive  one. 

When  h  =  0,  we  have,  in  these  two  cases* 

k«*=z  my«  +  nx* (48) 

the  equation  to  a  cone,  which  cone  is  the  same  to  theit  hyperboloids  that 
an  asymptote  is  to  hyperbolas. 

It  remains  to  consider  the  case  of  k  and  m  being  negative.  But  by  a  sim- 
ple inversion  in  the  axes,  this  is  referred  to  the  two  preceding  ones.  The 
hyperboloid  in  this  case  has  one  or  two  vertexes  about  the  axis  of  x  ac- 
cording as  h  is  negative  or  positive. 

When  the  equation  (e)  is  deprived  of  one  of  the  squares,  of  x  •  for  in- 
stance, by  transferring  the  origin,  we  may  disengage  that  equation  from 
the  constant  term  and  from  those  in  y  and  z ;  thus  it  becomes 

'kz«  +  my«  =  hx (4-9) 

The  sections  due  to  die  planes  (x  z),  (x  y)  are  parabolas  in  the  same 
or  opposite  directions  according  to  the  signs  of  k,  m,  h  ;  the  planes  par- 
allel to  these  give  also  parabolas.  The  planes  parallel  to  that  of  (y  z) 
give  ellipses  or  parabolas  according  to  the  sign  of  m.  The  surface  is  an 
elliptic  paraboloid  in  the  one  case,  and  a  hyperbclie  paraboloid  in  the 
other  case.     When  k  =  m,  it  is  a  paraboloid  (^revolution* 

When  h  =  0,  the  equation  takes  the  form 

a«z«+b«y«  =  0 
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according  to  the  signs  of  k  and  m.     In  the  one  case  we  have 

z  =  0,  y  =  0 

whatever  may  be  the  value  of  x,  and  the  surface  reduces  to  the  axis  of  x» 
In  the  other  case. 

(a  2  +  b  y)  (a  z  —  by)  =  0 

shows  that  we  make  another  factor  equal  zero;  thus  we  have  the  system 
of  two  planes  which  increase  along  the  axis  of  x. 

« 

When  the  equation  (e)  is  deprived  of  two  squares,  for  instance  of  x^ 
yS  by  transferring  the  origin  parallelly  to  z»  we  reduce  the  equation  to 

kz*  +  py  +  qx  =  0. (50) 

The  sections  made  by  the  planes  drawn  according  to  the  axis  of  z,  are 
parabolas.  The  plane  (x  y)  and  its  parallels  give  straight  lines  par- 
allel to  them.  The  surface  is,  therefore,  a  cylinder  whose  base  is  a  para- 
boh,  or  a  parabolic  cylinder.  , 

If  the  three  squares  in  (e)  are  wanting,  it  will  be  that  of  a  plane. 

It  is  easy  to  recognise  the  case  where  the  proposed  equation  is  decom- 
posable into  rational  factors;  the  case  where  it  is  formed  of  positive 
squares,  which  resolve  into  two  equations  representing  the  sector  of  two 
planes. 
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17.  If  u  =;  f  (x,  y,  z,  &c.)  denote  any  function  of  the  variable  x,  y,  z, 
&c.  d  u  be  taken  on  the  supposition  that  y,  z,  &c.  are  constant,  then  is  the 
result  termed  the  partial  difference  of  u  relative  to  x,  and  is  thus  written 


Similarly 


&^^'  i^)^''^'^ 


denote  the  partial  differences  of  u  relatively  to  y,  z,  &c.  respectively. 

Now  since  the  total  difference  of  u  arises  from  the  increase  or  decrease 
of  its  variables,  it  is  evident  that 

1  "  =  (o) ""+ (37) ->  y  +  (ji)  "'  +  *'••■•  <"> 
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But,  by  the  general  principle  laid  down  in  (6)  Vel.  f ,  dni  result  may 
be  demonstrated  as  follows ;    Let 

u  +  du  =  A  +  Adx  +Bdy  +Cd»  +&c. 

A'dx«+  B'dy«  +  Cd2«  +  &c.^ 
+  Mdx.dy  +  Ndx.dz  +&cj 
+  A"dx^  +  &c 
Then  equating  quantities  of  the  smne  nature,  we  ha^e 
dusAdx-fBdy-fCdz  +  ate. 

H^ce  when  d  y,  d  z,  &a  ss  D»  or  whep  y,  z»  2^  are  fonstdered  oon- 

stant 

d  u  =:  A  dx 
or  according  to  the  above  notation 

In  the  same  manner  it  is  shown,  that 

-da 


^^  =  (31) 


&c 
Hence 


du\  ,   .  /dux  1   .  /du 


d"  =  (S)  d-  +  (-37) -dy  +  m  d«  +  &c.  asbefo^. 

* 

Ex*  1.  u  =  X  y  z,  &C. 
/duv /      /du\       /du\ 

fe)  =  y**  (-37)  =  *"'  (irr)  =  *y' 

.%  dusyzdx  +  xz3y  +  xydz 

du       dx   .   dy   .   dz 

or  — — =-^—  -f  — s-  +  -^ — • 
u        X  y  z 

Ex*  2.    u  =  X  y  Z|  &c     Here  as  above 

u  X    ^    y  a 

And  in  like  manner  the  total  difference  of  any  function  of  any  number 
of  variables  may  be  found,  viz.  by  first  taking  the  partial  diflferences,  as  in 
the  rules  laid  down  in  the  Comments  upon  the  first  section  ci  the  first 
book  of  the  Principia. 

But  this  is  not  the  only  use  of  partial  differences.  They  are  frequently 
used  to  abbreviate  expressions.    Thus,  in  p.  13,  and  14,  Vol.  IL  we 
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leant  that  the  actioin  of  A^-  /%  id',  U^  upon  m  reoolved  pamllel  to  x, 
amount  to 

. A«^"  (X'"— x) I   .  fc.  Mx 

+[(xr"— x)»  +  (y'"-y)«+(r'-z)*]*  +  *^  ~  L(x'  +  7*+  z«)  ]J 
retaining  the  notation  there  adt^ted. 

But  if  we  make 


V(x'-x)  •  +  (y-y)«  +  (IT— a) «  -  f 

0,1 

and  generally 

and  then  assume 


.'« 


^   +  ^  +  Ice 


U 


9 


1,3 


&c 


(A) 


(B) 


(C) 


we  get 


(H)  =  (4t)  =  '-^  +  "^  + »-] 


dx 


dA 


0,1  0,« 

We  also  get 

/dXx    ^        AtA*^(»^— x)    .     /dBx 

Vai7 ? —  +  Vdi^; 

0. «  1, « 

0,3  ],8  S^S 
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Hence  since  (B)  has  one  term  less  than  (A) ;  (C)  one  term  less  than 
^B) ;  and  so  on ;  it  is  evident  that 

(a-^)  +  d?)  +  (3^)  +  ^  =  -  (ai)-(3l)  -  (rS  -»- 

t 

,  /dB\    .    /dC\  ,  . 
and  therefore  that 

See  p.  15,  Vol.  11. 
Hence  then  X  is  so  assumed  that  the  sum  of  Its  partial  differences  re« 
lative  to  x,  x',  x"  &c.  shall  equal  zero,  and  at  the  same  time  abbreviate 
the  expression  for  the  forces  upon  /l  along  x  from  the  above  complex 
formula  into 

dt«         ""   V   \dx)  g*  ^ 

and  the  same  may  be  said  relatively  to  the  forces  resolved  parallel  to 
y,  z,  &c.  &c. 

Another  consequence  of  this  assumption  is 

For 

'  Vdx^  ~         ('        "*"  e*  e* 

/dxx  _  „V(jC—y:)y    .    A^VlS^'  — x')y-      .         MA*'(x-x)yl 


l.« li?    .  »!> 


A\      /,  «#/ #r    \ .         /„#„»*/-,'*    ^»^1 


■v* 


fdxy.     ^Xx-'-x")  r  .  M>'"(x'"'-x')  y"  .  ...  /^"(x-.xjy     (^>'(x"-^-r 

iaT'} p +~^ P +**'• e»  P 

i;3  «,4  o^s  >•• 

&c 
Hence  it  is  evident  that 

3  V  /'iA\    =  /■^M'Cx-x)  (y-y')        A*/(x-x)  (y-y-Q  ^  ^^^ 
'•^  Vdx  /  i*  i* 

^  f^y  (X -X')  (y-/ )  ^  ^>''(x"~x^  (y-y")  ^  g^ 

^   A>^(x— x)(y— yO  _j_  A* A*  (X  — x)(y— y  )  ^  j^c. 

f  » 

S,  3  St  4 

&C 
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In  like  manner  it  is  found  thai 


Q.I  *.* 


which  is  also  perceptible  from  the  substitution  in  the  above  equation  of 
y  for  X,  X  for  y;  y  for  x',  x'  for  / ;  and  so  on. 

But 

(y -  y)  (x-xO  =   (x-x)  (y-y ) 
(y -y)  (x-x")  =  (x^_x)  (y-y") 

&c. 
consequently 

See  p.  16.    For  similar  uses  of  partial  differences,  see  also  pp.  22,  and 
105. 


CHANGE  OF  THE   INDEPENDENT  VARIABLE. 

When  an  expression  is  given  containing  differential  coefficients,  such 

dx'  dx* 
in  which  the  first  differential  only  of  x  and  its  powers  are  to  be  found,  it 
shows  that  the  differential  had  been  taken  on  the  supposition  tliat  dx  is 
constant,  or  that  d  '  x  =  0,  d '  x  =:  0,  and  so  on.  But  it  may  be  re- 
quired to  transform  this  expression  to  another  in  which  d '  x,  d '  x  shall 
appear,  and  in  which  d  y  shall  be  constant,  or  from  which  d  '  y,  &c  shall 
be  excluded.  This  is  performed  as  follows : 
For  instance  if  we  have  the  expression 


1 

+ 

dy* 
dx» 

'y 

Ji 


(he  differential  coefficients 


dy       d^jr 
dx'     5x 
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may  be  eliminated  by  means  of  the  equation  of  the  curve  to  which  we 
mean  to  apply  that  expression.  For  instance,  from  the  equation  to  a 
parabola  y  =  a  x ',  we  derive  the  values  of 

^  andilf 
dx  dx« 

which  being  substituted  in  the  above  formula,  these  diffinrential  coefficients 
will  disappear.     If  we  consider 

dj    d*y 

d^'  dx* 
unknown,  we  must  in  general  have  two  equations  to  eliminate  them  from 
one  formula,  and  these  equations  will  be  given  by  twice  differentiating  the 
equation  to  the  curve. 

When  by  algebriacal  operations,  d  x  ceases  to  be  placed  underneath 
d  y,  as  in  this  form 

\  y(dx«  +  dy')  ,5^. 

dx*  +  dy«  — yd«y ^    ^ 

the  substitution  is  effected  by  regarding  d  x,  d  y,  d*y  as  unknown;  but 
then  in  order  to  eliminate  them,  there  must  be  in  general  the  same 
number  of  equations  as  of  unknowns,  and  consequently  it  would  seem  the 
elimination  cannot  be  accomplished,  because  by  means  of  the  equation  to 
the  curve,  only  two  of  the  equations  between  d  x,  dy,  d'y  can  be  ob- 
tained. It  must  be  remarked,  however,  that  when  by  means  of  these  two 
equations  we  shall  have  elimmated  d  y  and  d*  y,  there  will  remain  a  com- 
mon factor  d  X ',  which  will  also  vanish.  For  example,  if  the  cnrve  is 
always  a  parabola  represented  by  the  equation  y  =  ax  ,  by  differentiat- 
ing twice  we  obtain 

dy  =  daxdxOd'y  =  2adx* 
and  these  being  substituted  in  the  formula  immediately  above,  we  shall 
obtain,  after  suppressing  the  common  factor  d  x% 

y(l  +  4a«x«) 
4a*x*  —  2ay 

The  reason  why  d  x  *  becomes  a  common  factor  is  perceptible  at  once, 
for  when  from  a  formula  which  primitively  contained 

d'y     d^y 
dx«*  dx' 

we  have  taken  away  the  denominator  of  r--f     all  the  terms  independent 

of  r-^   and  T^  must  acquire  the  &ctor  d  x ' ;  then  the  terms  which 
dx*  a  X  ^ 

d* V  J       ^y 

were  affected  by  ^-^9  do  not  contain  d  x,  whilst  those  afiected  by  j^ 
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Gontam  d  x.  When  we  afterwards  difierentiaie  tli#  equation  of  the  cnnre, 
and  obtain  results  of  the. form  dy  r=  Mdx^d'y  =  Ndx^  these  values 
being  substituted  in  the  terms  in  d'y,  and  in  dy  dx,  will  change  them, 
as  likewise  the  other  terms,  into  products  of  d  x  ^ 

What  has  been  said  of  a  formula  containing  differentials  of  the  two  first 
orders  applying  equally  to  those  in  which  these  differentials  rise  to  supe- 
rior orders,  it  thence  follows  that  by  differentiating  the  equation  of  the 
curve  as  often  as  is  necessary,  we  can  always  make  disappear  from  the 
expression  proposed,  the  differentials  therein  contained. 

The  seme  will  also  hold  good  if,J)eside  these  differentials  which  we  have 
just  been  considering,  the  formula  contain  terms  in  d '  x,  in  d '  x,  &c. ; 
for  suppose  that  there  enter  the  formula  these  differentials  d  x,  d  y,  d '  x, 
d '  y  and  that  by  twice  differentiating  the  equation  represented  by  y  =  f  x, 
we  obtain  these  equations 

F  (X,  y,  d  y,  d  X)  =  0 
F(x,y,dx,dy,d«x,d«y)  =  0, 

we  can  only  find  two  of  the  three  differentials  d  y,  d'  x,  d'  y,  and  we  see 
ii  wiU  be  impossible  to  eliminate  all  the  differentials  of  the  formula ;  there 
is  therefore  a  condition  tacitly  expressed  by  the  differential  d '  x ;  it  is 
that  the  variable  x  is  itself  considered  a  function  of  a  third  variable  which 
does  not  enter  the  formula,  and  which  we  call  the  independent  variable. 
This  will  become  manifest  if  we  observe,  that  the  equation  y  =:  f  x  may 
be  derived  firom  the  system  of  two  equations 

X  =  Ft,   y  =  pt 
from  which  we  may  eliminate  t     Thus  the  equation 

y  =  *-    b^ 

is  derived  from  the  system  of  two  equations 

X  =  b  t  +  c,  y  =  a  t*, 
and  we  see  that  x  and  y  must  vary  by  virtue  of  the  variation  which  t  may 
undergo.  But  this  hypothesis  that  x  and  y  vary  as  t  alters,  supposes  that 
there  are  relations  between  x  and  t,  and  between  y  and  t  One  of  these 
relations  is  arbitrary,  for  the  equation  which  we  represent  generally  by 
y  =  f  X,  for  example 

if  we  substitute  between  x  and  t,  the  arbitrary  relation^ 

t^ 

X    =   — ;, 

C*' 
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this  Ttdue  being  put  in  the  equation 

will  change  it  to 

(t»_c')» 

y  =  '    b'c*    ;  . 

an  equation  which,  being  combined  with  this, 

t» 

ought  to  reproduce  by  elimination, 

(X  — c)* 

y  =  '>    b«    ' 

the  only  condition  which  we  ought  to  regard  in  the  selection  o(  the  varia^ 
ble  t. 

We  may  therefore  determine  the  independent  yariable  t  at  pleasure. 
For  example,  we  may  take  the  chord,  the  arc,  the  abscissa  or  ordinate 
for  this  independent  variable ;  if  t  represent  the  arc  of  the  curve,  we 
have 

t  =  V(dx«  +  dy«); 

if  t  denote  the  chord  and  the  origin  be  at  the  vertex  of  the  curve,  we 
have 

t  =  V  (x«  +  y«); 

lastly,  if  t  be  the  abscissa  or  ordinate  of  the  curve,  we  shall  have 

t  =  X,  or  t  =  y. 

The  choice  of  one  of  the  three  hypotheses  or  of  any  other,  becoming  in- 
dispensible  in  order  that  the  formula  which  contains  the  differentials,  may 
be  delivered  from  them,  if  we  do  not  always  adopt  it,  it  is  even  then  tadtly 
supposed  that  tlie  independent  variable  has  been  determined.  For  ex- 
ample, in  the  usual  case  where  a  formula  contains  only  the  differentials 
d  X,  d  y,  d '  y,  d '  y,  &c.  the  hypothesis  is  that  the  independent  variable 
t  has  been  taken  for  the  abscissa,  for  then  it  results  that 

dx       - 

t  =  X,  5-^  =  1, 

'  d '  X 
J^  =  0.&c 

and  we  see  that  the  formula  does  not  contain  the  second,  third,  &c.  dif- 
ferentials. 
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To  establish  this  formuLi,  in  all  its, generality  we  must,  as  above,  sup- 
pose X  and  y  to  be  functions  of  a  third  variable  t,  and  then  we  have 

d  y  ^  d_y    d  x 

dt  "  dx'ar* 

from  which  we  get 

d  y 

f^  =  ^ (53) 

dx       d  X  ^ 

dt 
taking  the  second  differential  ofy  and  operating  upon  the  second  membei. 
as  if  a  fraction,  we  shall  get 

d  X    d Vy d  y    d*x 

d Vy  _  ar  *   Jt        Jt  '   dt     ^ 
3x  "■  d  x'  * 

TP 

In  this  expression,  d  t  has  two  uses ;  the  one  is  to  indicate  that  it  is 
the  independent  variable,  and  the  other  to  enter  as  a  sign  of  algebra. 
In  the  second  relation  only  will  it  be  considered,  if  we  keep  in  view  that 
t  is  the  independent  variable.  Then  supposing  d  t*  Ae  common  factor, 
tlie  above  expression  simplifies  into 

d*y       dxd*y  —  dyd*x 

and  dividing  by  d  x,  it  will  become 

d'y  _  dxd'y  —  dyd^x 
dx»  ""  dx»  • 

Operating  in  the  same  way  upon  the  equation  (53),  we  see  that  in 
taking  t  as  the  independent  variable,  the  second  member  of  the  equation 
ought  to  become  identical  with  the  first ;  consequently  we  have  only  one 
change  to  make  in  tlie  formula  which  contuns  the  differential  coefficients 

cu'dT«'^^^^^^p^^^^dx«^y 


d  X  d'y  —  d  y  d*x 


Ix 


(64) 


To  apply  \hese  considerations  to  the  radius  of  corratare  which  is  given 
by  the  equaUon   See  p.  61.  vol.  I.) 

^  =  — ^ — ' 
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if  we  with  to  have  the  value  of  R,  in  the  case  where  t  shall  be  the  inde* 
pendent  variable^  we  must  change  the  equation  to 

~  dxd'y  — dTaf^' 
dx» 

and  observing  that  the  numerator  amoonts  to 

(dx«  +  dy«)^ 

we  shall  have 

^  -  dxd«y  — dy«d«x ^^^ 

This  value  of  R  supposes  therefore  that  x  and  j  are  functions  of  a  third 
independent  variable.  But  if  x  be  considered  this  variable,  that  is  to  say, 
if  t  =:  X,  we  shall  have  d*  x  =0,  and  the  expression  again  reverts  to  the 
common  one 

p  _(dx«  +  dy«)^     (^  +  avO 

*^""^     dxd«y        "         d«y 

But  if^  instead  of  x  for  the  independent  variable^  we  wish  to  have  the 
ordinate  y,  this  condition  is  expressed  by  y  =s  t ;  and  differentiating  this 
equation  twice,  we  have^ 

arr    ''  df-"* 

The  first  of  these  Aqoatioiis  merely  indicates  that  y  is  the  independoit 
variable,  which  effects  no  change  in  the  formula;  but  the  second  shows 
us  that  d '  y  ought  to  be  zero,  and  thai  the  equation  (65)  becomes 

_        (dx«  +  dy')^ 
^-         •     dyd«x  <**) 

We  next  remark,  that  when  x  is  the  independent  variable,  and 
consequently  d '  x  =:  0,  tliis  equation  indicated  that  d  x  is  oonstent. 
Whence  it  follows,  that  generally  the  independent  variable  has  always 
a  constant  differential. 

Lastly,  if  we  take  the  arc  for  the  independent  variable,  we  Aall  hare 

dt  =  V(dx*  +  dy«); 

Hence,  we  easily  deduce 

ii*  4.  ^"  - 1 . 
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diflbrentiflting  this  equation,  we  shall  regard  d  t  as  constanti  since  t  is  the 
independent  variable ;  we  get 

— dT^  +  -dt^  =  ^' 
which  gives 

dxd'x  =  — dyd*y 
Consequently,  if  we  substitute  the  value  of  d  ^  x,  or  that  df  d '  y,  in  tlie 
equation  (5/i),  we  shall  have  in  the  first  case 

R^Ih'^13^'^!!.    dx=:^<^V,+  '^y)d,.     .     (57) 
(dx+dy')d*y  d*y  ^' 

and  in  the  second  case, 

(dx'  +  dy-;)t  V(dx»  +  dy') 

*  -— (dx  +dy»)a«x**y-- d*x      ^y  •  ^^^ 

In  what  precedes,  we  have  only  considered  the  two  differential  coeffi- 
cients 

d  y    d'y 

cTi'dT*' 
but  if  the  formula  contain  coefficients  of  a  higher  order,  we  must,  by 
means  analogous  to  those  here  used,  determine  the  values  of 

Ts^f  j~^  &c. 
dx'      dx^ 

which  will  belong  to  thcf  case  where  x  and  y  are  functions  of  a  third  in- 
dependent variable. 


PROPERTIES  OF  HOMOGENEOUS  FUNCTIONS. 

If  M  dx  4.  Ndy  -f  Pdt  +  &e.  =:  dz,  be  a  homogeneous Jidnction  of 
any  number  of  variables^  x,  y,  t,  &c.  in  which  the  dimension  of  each  term  is 
n,  then  is 

Mx  +  Ny  +  Pt  +  &c.  =  nz. 
For  let  Mdx  -f-Ndybe  the  differential  of  a  homogeneous  function 
z  between  two  variables  x  and  y ;  if  we  represent  by  n  the  sum  of  the 
exponents  of  the  variables,  in  one  of  the  terms  which  compose  this  func- 
tion,  we  shall  have  therefore  the  equation 

Mdx  +  Ndy  =  dz. 

Making  ^  =  q,  we  shall  find  (vol.  I.) 

F(q)  X  x»  =  z; 
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and  replacing,  in  the  above  equation,  y  by  its  value  q  x,  and  calling  M' 
N'y  vhat  M  and  N  then  become,  that  equation  transforms  to 

M'  d  X  +  N'  d.  q  X  =  d  z ; 

and  substituting  the  value  of  z,  we  shall  have 

Mdx  +  N'd(qz)  =  d(x-F.q.) 

But  d  (q  z)  =  q  d  x  +  X  d  q.     Therefore 

(M'  +  N'q)dx  +  N'xdq  =  d(x"F.  q). 

But,  (Mf  +  N'  q)  d  X  being  the  differential  of  x  ■  F  q  relatively  to  x,  we 
have  (Art  6.  vol.  1.) 

M'  +  Nq  =  nx'*-*  X  F.q. 
If  in  this  equation  y  be  put  for  q  x,  it  will  become 

M  +  N-^  =  nx— »F.q, 

X  ^ 

or 

Mx+Ny  =  nz. 
This  theorem  is  applicable  to  homogeneous  functions  of  any  number  of 
variables ;  for  if  we  have,  for  example,  the  equation 

Mdx  +  Ndy+  Pdt  =  dz, 
in  which  tlie  dimension  is  n  in  every  term,  it  will  suffice  to  make 

^=  q,  — =  r 
X        ^    X 

to  prove,  by  reasoning  analogous  to  the  above,  that  we  get  z  =  x"  F  (q,  r), 

and,  consequently,  that 

Mx  +  Ny  +  Ptsnz     .......     (59) 

and  so  on  for  more  variables. 


THEORY  OF  ARBriRARY  CONSTANTS. 

» 

An  equation  V  =z  0  between  x,  y,  and  constants,  may  be  considered  as 
the  complete  integral  of  a  certain  differential  equation,  of  which  the  order 
depends  on  the  number  of  constants  contained  in  V  =  0.  Ttiese  constants 
are  named  arbitrary  constants^  because  if  one  of  them  is  represented  by  a, 
and  V  or  one  of  its  differentials  is  put  under  the  form  f  (x,  y)  =  a,  we  see 
that  a  will  be  nothing  else  than  the  arbitrary  constant  given  by  the  integra- 
tion of  d  f  (x,  y).  Hence,  if  the  differential  equation  in  question  is  of  the 
order  ;?,  each  integration  introducing  an  arbitrary  constant  we  have 
V  =  0,  which  is  given  by  the  last  of  three  integrations,  and  contains,  at 
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leasti  n  arbitrary  constants  more  than  the  given  differential  equation.    Let 
tlierefore 

F  (X,  y)  =  0.  F  (x,  y,  i^)  =  0,  F  (x,  y.  j|,  j^.)  =0  &c    (a) 

be  the  primitive  equation  of  a  differential  equation  of  the  second  order 
and  its  immediate  differentials. 

Hence  we  may  eliminate  from  the  two  first  of  these  three  equations, 
the  constants  a  and  b,  and  obtain  I 

^  i^^y^di*^)  -^'^  (^^y^di'^)  "^^    .  .  .  .  (b) 

If,  without  knowing  F  (x,  y)  =:  0,  we  find  these  equations,  it  will  be 

d  V  . 

sufficient  to  eliminate  from  them  -r-  >  ^^  obtain  F  (x,  y)  =  0,  which  will 

be  the  complete  integral,  since  it  will  contain  the  arbitrary  constants  a,  b. 
I^  on  the  contrary,  we  eliminate   these   two  constants  between  tlie 
above  three  equations,  we  shall  arrive  at  ati  equation  which,  containing 
the  same  differential  coefficients,  may  be  denoted  by 

^  i'-y'/i-'^)  = " w 

But  each  of  the  equations  (b)  will  give  the  same.  In  fact,  by  eliminating 
ibe  constant  contained  in  one  of  these  equations  and  its  immediate  differ- 
ential, we  shall  obtain  separately  two  equations  of  the  second  order, 
which  do  not  differ  from  equation  (c)  otherwise  than  the  values  of  x  and 
of  y  are  not  the  same  in  both.  Hence  it  follows,  that  a  differential  equa* 
tion  of  the  second  order  may  result  from  two  equations  of  the  first  order 
which  are  necessarily  different,  since  the  arbitrsiry  constant  of  the  one  is 
different  from  that  of  the  other.  The  equations  (b)  are  what  we  call  the 
first  integrals  of  the  equation  (c),  which  is  independent,  and  tlie  equation 
F  (x,  y )  =  0  is  the  second  integral  of  it. 

Take,  for  example,  the  equation  y  =  a  x  +  b,  which,  because  of  its 
two  constants,  may  be  regarded  as  the  primitive  equation  of  an  equation 
of  the  second  order.  *  Hence,  by  differenliation,  and  then  by  elimination 
of  a,  we  get 

^y  dy   •  u 

-|-i  =  a,y  =  XT-^  +  b. 

dx  '"^  dx    ' 

These  two  first  integrals  of  the  equation  of  the  second  order  which  we 

are  seeking,  being  differentiated  each  in  particular,  conduct  equally,  by 

d  'y 
the  elimination  of  a,  b,  to  the  independent  equation  -r— ^  =  0.     In  the 

c3 
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case  where  the  number  of  constants  exceeds  that  of  the  required  arbitnury 
'constants^  the- surplus  constants,  being  connected  with  the  same  equationsy 
do  not  acquire  any  new  relation.  Required,  for  instauce,  the  equation  of 
the  second  order,  whose  primitive  is 

y  =  Jax*+bx  +  c  =  0; 

di£Perentiating  we  get 

T-^  =  ax  +  b. 
dx 

The  elimination  of  a,  and  then  that  of  b,  from  these  equations,  give 
separately  these  two  first  integrals 

ri  "^  "'^  "^  *^*  y^'^Jx"*  ^^*  "^  ^       .     .     .     (d) 

Combining  them  each  with  their  immediate  differentials,  we  arrive, 

d '  V 
by  two  different  ways,  at  t— ^  =  a.  If,  on  the  contrary,  we  had  elimi- 
nated the  third  constant  a  between  the  primitive  equation  and  its  imme- 
diate differential,  that  would  not  have  produced  a  different  result;  for 
we  should  have  arrived  at  the  same  result  as  that  which  would  lead  to 
the  elimination  of  a  from  the  equations  (d),  and  we  should  then  have 

d '  v       d  V 
fallen  upon  the  equation  x  -p^,  =  -^  —  b,  an  equation  which  reduces 

d*v 

to  -1—4  =  a  by  combining  it  with  the  first  of  the  equations  (d). 


Let  us  apply  these  considerations  to  a  differential  equation  of  the  third 
order :  differentiating  three  times  successively  the  equation  F  (x,  y)  =  0, 
we  shall  have 

These  equations  admitting  the  same'  values  for  each  of  the  arbitraiy 
constants  contained  by  F  (x,  y)  =  0,  we  may  generally  eliminate  these 
constants  between  this  latter  equation  and  the  three  preceding  oness  and 
obtain  a  result  which  we  shall  denote  by 

'{^y'A-T-y^)-" w 

This  will  be  the  differential  equation  of  the  third  order  of  F  (x,  y)  =  0, 
and  whose  three  arbitrary  constants  are  eliminated ;  reciprocally, 
F  (x,  y)  =  0,  will  be  the  third  integral  of  the  equation  (e). 

If  we  eliminate  successively  each  of  the  arbitrary  constants  from  the 


ANALYTICAL  GEOMETRY.  xxxvii 

equation  F  (x,  y)  =  0,  and  that  which  we  have  derived  by  di£ferentiation, 
we  shall  obtain  three  equations  of  the  first  order,  which  will  be  the  second 
integrals  of  the  equation  (e)« 

Finally,  if  we  eliminate  two  of  the  three  arbitrary  constants  by  means 
of  the  equation  F  (x,  y)  s=  0,  and  the  equations  which  we  deduce  by  two 
successive  difierentiadons,  that  is  to  say,  if  we  eliminate  these  constants 
from  the  equations 

F(x;,)=0,F(x.,.^J)=.,r(..,.^,J^)=«.   .  (0 

we  shall  get,  successively,  in  the  equation  which  arises  from  the  elimina- 
tion, one  of  the  three  arbitrary  constants ;  consequently,  we  shall  have  as 
many  equations  as  arbitraiy  constants.  Let  a,  b,  c,  be  these  arbitrary 
constants.  Then  the  equations  in  question,  considered  only  with  regard 
to  tlie  ariNtrary  constants  which  they  contain,  may  be  represented  by 

^  c  =^  0,  ^  b  C5  0,  9  a  =  0     . ' (g) 

Since  the  equations  (f )  all  aid  in  the  elimination  which  gives  us  one  of 
these  last  equations,  it  thence  follows  that  the  equations  (g)  will  each  be 
of  the  second  order;  we  call  them  the  first  integrals  of  the  equation  (e). 

G^ierally,  a  difierential  equation  of  an  order  n  will  have  a  number  n 

of  first  integrals,  which  will  contain  therefore  the  differential  coefficients 

d  V      d*"' V 
from  -i-^  to  .'   ,j\  inclusively;  that  is  to  say,  a  number  „_|  of  differential 

coefiicients ;  and  we  see  that  then,  when  these  equntbns  are  all  known, 
to  obtain  the  primitive  equation  it  will  suffice  to  eliminate  from  these  equa- 
tions the  several  difierential  coefficients. 


FA&TICUIJIR  SOLUTSOMS  OV  niFFBRENTIAL  EQUATIONS. 

It  is  easily  seen  that  a  particular  integral  may  always  be  deduced  from 
the  complete  integral,  by  giving  a  suitable  value  to  the  arbitrary  con* 
stant. 

For  example^  if  we  have  given  the  equation 

xdx  +  ydy  =  dy  V  x'  +  y*  —  a% 
whose  complete  integral  is 

y  +  c  =:  V  (x*  +  y*  — a*), 
M'hence  (for  convenience,  by  rationalizing,)  we  get 

(«*-»•)  a^  + 2  xyjl  +  x«=:0     ....     (1.) 

c8 
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and  the  complete  integral  becomes 

2cy  +  c«  — x«  +  a«  =  0    .    ,     .     .     (i) 
Hence,  in  taking  for  c  an  arbitrary  constant  value  c  =  2  a,  we  shall 
obtain  this  particular  integral 

2cy  +  5  a*  —  x«  ==  0, 
which  will  have  the  property  of  satisfying  the  proposed  equation  (h)  as 
well  also  as  the  complete  integral.     In  fact,  we  shall  derive  from  this 
particular  integral 

—  x'  —  5  a*     d  y  _^  X 

« 

these  values  reduce  the  proposed  to 


x«       x« 


(x«-a«):^.=:3^(x*  +  c*-6a«), 

an  equation  which  becomes  identicali  by  substituting  in  the  second  mem- 
ber, the  value  of  cV  which  gives  the  relation  c  =:  2  a.     I^et 

Mdx  +  Ndy=zO, 

be  a  differential  equation  of  the  first  order  of  a  function  of  two  variables 
X  and  y ;  we  may  conceive  this  equation  as  derived  by  the  elimination  of 
a  constant  c  from  a  certain  equation  of  the  same  order,  which  we  shall 
represent  by 

mdx  +  ndy  =  0, 
and  the  complete  integral 

F  (X,  y,  c)  =  0, 

which  we  shall  designate  by  u.  But,  since  every  thing  is  reduced  to 
taking  the  constant  c  such,  that  the  equation 

Mdx  +  Ndyr=0, 

may  be  the  result  of  elimination,  we  perceive  that  is  at  the  same  time 
permitted  to  vary  the  constant  c,  provided  the  equation 

Mdx  +  Ndy  =  0, 

holds  good ;  in  this  case,  the  complete  integral 

F  (X,  y,  c)  =  0 

will  take  a  greater  generality,  and  will  represent  an  infinity  of  curves  of 
the  same  kind,  differing  from  one  another  ty  a  parameter,  that  is,  by  a 
constant. 

Suppose  therefore  that  the  complete  integral  being  differentiated,  by 
considering  c  as  the  variable,  we  have  obtained 

"y=(i^)?'+(ji)''« 
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an  equation  which,  for  breyity»  we  shall  write 

d  y  =  p  d  X  +  q  d  c (k) 

Hence  it  is  clear,  that  if  p  remaining  finite,  q  d  c  is  nothing,  the  result 
of  the  elimination  of  c  as  a  variable  from 

F  (X,  y,  c)  =  0, 

and  the  equation  (k),  will  be  the  same  as  that  arising  from  c  considered 
constant,  from 

F  (x,  y,  c)  =  0, 

and  the  equation 

d  y  =  p  d  X 

(this  result  is  on  the  hypothesis 

Mdx+Ndy  =  0), 

for  the  equation  (k),  since 

q  d  c  =  0, 
does  n<^  differ  from 

dy  =  pd  x; 

but  in  order  to  have 

q  d  c  =:  0, 

one  of  the  factors  of  this  equation  s:  constant,  that  is  to  say,  that  we 
have 

d  c  =  0,  or  q  =  0. 

In  the  first  case,  d  c  =  0,  gives  c  =  constantj  since  that  takes  place 
for  particular  integi'als ;  the  second  case,  only  therefore  conducts  to  a  par- 
ticular solution.  But,  q  being  the  coefficient  of  d  c  of  the  equation  (k), 
we  see  that  q  =  0,  gives 

dx 

This  equation  will  contain  c  or  be  independent  of  it  If  it  contain  c, 
there  will  be  two  cases ;  either  the  equation  q  r=  0,  will  contain  only  c 
and  constants,  or  this  equation  will  contain  c  with  variables.  In  the  first 
case,  the  equation  q  =  0,  will  still  give  c  =  constant^  and  in  the  second  case, 
it  will  give  c  =  f  (x,  y) ;  this  value  being  substituted  in  the  equation 
F  (x,  y,  c)  =5  0,  will  change  it  into  another  function  of  x,  y,  which  will 
satisfy  the  proposed,  without  being  comprised  in  its  complete  integral, 
and  consequently  will  be  a  singular  solution ;  but  we  shall  have  a  parti- 
cular integral  if  the  equation  c  =:  f  (x,  y),  by  means  of  the  complete  in- 
tegral, is  reduced  to  a  constant 

c4 
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When  the  factor  q  =  0  from  the  equati<w  q  d  c  s  0  not  coDtauuog 
the  arbitrary  constant  c,  we  shi^l}  perpeive  whether  the  equation  q  =  0 
gires  rise  to  a  particular  solution,  by  combining  this  equation  with  the 
complete  integral.  For  example^  if  from  q  =  0,  we  get  x  =  M,  and  put 
this  value  in  the  complete  intend  F  (x,  y,  c)  =:  0,  we  shall  obtain 

c  ==  constant  =  B  or  c  =  fy; 

In  the  first  case,  q  =  0,  gives  a  particular  int^ral ;  for  by  changing  c 
into  B  in  the  complete  integral,  we  only  give  a  particular  value  to  the 
constant,  which  is  the  same  as  when  ve  pass  from  the  complete  integral 
to  a  particular  integral.  In  the  second  case,  on  the  CQntrary»  the  value 
f  y  introduced  instead  of  c  in  the  complete  int^ral,  will  establish  between 
X  and  y  a  relation  different  frbm  that  whiqh  was  found  by  merely  re- 
placing c  by  an  arbitrary  constant  In  this  case,  therefore,  we  shall  have 
a  particulas  solution.     What  has  been  said  of  y,  applies  equally  to  x. 

It  happens  sometimes  that  the  value  of  c  presents  itself  under  the  form 

rr-:  thb  indicates  a  factor  common  to  the  equations  u  and  U  which  is  ex- 
traneous to  them,  and  which  must  be  made  to  disappear. 

Let  us  apply  this  theory  to  the  research  of  particular  solution^  when 
the  complete  integral  is  given. 
Let  the  equation  be 

y dx  —  xdy  =  a  V(dx«  +  dy») 
of  which  the  complete  integral  is  thus  found. 
Dividing  the  equation  by  d  x,  and  making 

dy 

we  obtain 

y  — px  =  a  V(l  +  p«). 

Then  differentiating  relatively  to  x  and  to  p,  we  get 

J  J  J  apdp 

dy-pd^-xdp=:   voTpT' 

observing  that 

d  y  =  p  d  X, 

this  equatioii  reduces  to 

^^P+    V(l  +  p*) 

and  this  is  satisfied  by  nuiking  d  p  =  0.     This  hypothesis  ^ves  p  s  con- 
stant =:  c,  a  value  which  being  put  in  the  above  equation  gives 
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y- c3t=:aV(l  +  c«) ,   .    .    .    (1) 

This  equation  containing  an  arbitrary  constant  c»  which  is  not  to  be 
found  in  the  proposed  equation,  is  the  complete  integral  of  it 

This  being  accomplished,  the  part  q  d  c  of  the  equation  d  y  =  p  d  x  + 
q  d  c  will  be  obtained  by  diflferentiating  the  last  equation  relatively  to  c 
regarded  as  the  only  variable.     Operating  thus  we  shall  have 

J      ,       a  e  d  c  ^ 

consequently  the  coeflBcients  of  dc,  equated  to  zero,  will  give  us 

ac  .    V 

»  -  ^  V{\  +  c«) ^"^ 

To  find  the  value  of  c,  we  have 

(1  +  c«)^x*  =  a«c% 
which  gives 

x'  a' 

""'^a'  — x«'  1  +  c*  =  ^x_yj> 

and 

by  means  of  this  last  equation,  eliminating  the  radical  of  the  equation  (m) 
we  shall  thus  obtain 

^  =  -  V(a«  -  x«)      •••••••••    (°) 

This  value  and  that  of  V(l  +  c*)  being  substituted  in  the  equation  (H 
wiD  give  us 

x'  a« 

y  +  V(a*  — X*)  '^   V(a«  — x«) 
whence  is  derived 

y=V(a«  — x«), 

an  equation  which,  being  squared,  witt  give  us 

.     y»  =  a«  —  X*; 

and  we  see  that  this  equation  is  a  particular  solution,  for  by  differentiating 

it  we  obtain 

J               xd  X 
d  y  = ; 

this  value  and  that  of  V(x*  +  y*),  being  substituted  in  the  equation 
originally  proposed,  reduce  it  to 

a«  =  a«. 
In  the  application  which  we  have  just  given,  we  have  determined  the 
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value  of  c  by  equating  to  zero  the  differential  coe£Scient  (71-^)  •     This 

process  may  sometimes  prove  insufficient     In  fact,  the  equation 

dy  =:  pdx  -}-  q  dc 
being  put  under  this  form 

Adx  +  Bdy  +  Cdc  =  0 
where  A,  B,  C,  are  functions  of  x  and  y,  we  shall  thence  obtain 

dy  =  — -gd^c—gdc     .     .     . (o) 

dx  =  —  j-dj  —  j^dc (p) 

and  we  perceive  that  if  all  that  has  been  said  of  y  considered  a  function  of 
X,  is  applied  to  x  considered  a  function  of  y,  the  value  of  the  coefficient  of 
d  c  will  not  be  the  same,  and  that  it  will  suffice  merely  that  any  factor  of  B 
destroys  in  C  another  factor  than  that  which  may  destroy  a  factor  of  A, 
in  order  that  the  value  of  the  coefficient  of  d  c,  on  both  hypotheses,  may 
appear  entirely  different.     Thus  although  very  often  the  equations 

give  for  c  the  same  value,  that  will  not  always  happen ;  the  reason  of 
which  is,  that  when  we  shall  have  determined  c  by  means  of  the  equation 

dx 
it  will  not  be  useless  to  see  whether  the  hypothesis  of  t — gives  the  same 

•  Q  C 

result. 

Clairaut  was  the  first  to  remark  a  general  class  of  equations  susceptible 
of  a  particular  solution ;  these  equations  are  contained  in  the  form 

•^        dx      ;'  dx 

an  equation  which  we  shall  represent  by 

y  =  px  +  Fp (0 

By  differentiating  it,  we  shall  find 

dy  =  pdx  +  xdp  +   (-5^)  dp; 
this  equation,  since  d y  =  pdx,  becomes 
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and  since  dp  is  a  common  factor,  it  may  be  thus  written : 

We  satisfy  this  equation  by  making  d  p  =  0,  which  gives  p  r:  consL 
=  c;  consequently,  by  substituting  this  value  in  the  equation  (r)  ive 
shall  find 

y  =  ex  +  Fc. 

This  equation  is  the  complete  integral  of  the  equation  proposed,  since 
an  arbitrary  constant  c  has  been  introduced  by  integration.  If  we  differ- 
entiate relatively  to  c  we  shall  get 

Consequently,  by  equating  to  zero  the  coefficients  of  d  c,  we  have 

X  +  -T —  =  0, 

d  c 

\^'hich  being  substituted  in  the  complete  integral,  will  give  the  particular 
solution. 


THE  INTEGRATION  OF  EQUATIONS  OF  PARTIAL  DIFFERENCES. 


An  equation  which  subsists  between  the  differential  coefficients,  com- 
,  bined  with  variables  and  constants,  is,  in  general,  a  partial  differential 
equation,  or  an  equation  of  partial  differences.  These  equations  are  thus 
named,  because  the  notation  of  the  differential  coefficients  which  they 
contain  indicates  that  the  differentiation  can  only  be  effected  partially ; 
that  is  to  say,  by  regarding  certain  variables  as  constant  This  supposes, 
therefore,  that  the  function  proposed  contains  only  one  variable. 

The  first  equation  which  we  shall  integrate  is  this ;  viz. 

(k)=- 

If  contrary  to  the  hypothesis,  z  instead  of  being  a  function  of  two  vari- 
ables X,  y,  contains  only  x,  we  shall  have  an  ordinary  differential  equation, 
which,  being  integrated,  will  give 

z  =  a  X  +  c 

but,  in  the  present  case,  z  being  a  function  of  x  and  of  y,  the  y^  con- 
tained in  z  have  been  made  to  disappear  by  differentiation,  since  differen- 
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tiating  reradvely  to  x»  we  have  considered  y  as  constant  '  We  ought, 
therefore,  when  integratuig,  to  preserve  the  same  hypothesis,  and  suppose 
that  the  arbitrary  constant  is  in  general  a  function  of  y ;  consequently,  we 
shall  have  for  the  integral  of  the  proposed  equation 

z  =  ax  -t-  py. 
Required  to  integrate  the  equation 

in  which  X  is  any  function  of  x.  Multiplying  by  d  x,  and  integrating, 
we  get 

2  =/Xdx  +  f  y. 

For  example,  if  the  function  X  were  x*  -{•  a%  the  integral  would  be 

x' 

In  like  manner,  it  is  found  that  the  integral  of 

is 

z  =  X  Y  +  f  y . 

Similarly,  we  shall  integrate  every  equation  in  which  ( j—)  is  equal  to 

a  function  of  two  variables  x,  y.     If^  for  example, 

(d  z\   ^  X 

die/        v'~ay  +  x«' 
considering  y  as  constant,  we  integrate  by  the  ordinary  rules,  makmg  tbe 
arbitrary  constant  a  function  of  y.     This  gives 

z  =  V(ay  +  x«)  +  py. 

Finally,  if  we  wish  to  integrate  the  equation 

/if  \  ^         ^ 

Vdx/  ^  V(y*  — x») 
regarding  y  as  constant,  we  get 

2  zz  sin.-*—  +  fy. 

Generally  to  integrate  the  equation 

(l^)dx  =  F(x,y)dx, 

we  shall  take  the  integral  relatively  to  x,  and  adding  to  il  an  arbitrary 
function  of  y,  as  the  constant,  to  complete  it,  we  shall  find 

z  =  /^(x,  y)  dx  +  f  y. 
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Now  let  us  consider  the  equations  of  partial  differences  which  contain 
two  di£ferential  coefficieuts  of  the  first  order ;  and  let  the  equation  be 

'd  z\    .    ^,  /d_2' 

y 

in  which  M  and  N  represent  given  functions  of  z,  y.     Hence 

'd^\  M  /d  z^ 

y^ 

substituting  this  value  in  the  formula 

'd  »\   ,      .    /d^^ 

y^ 

which  has  no  other  meaning  than  to  express  the  condition  that  z  is  a 
function  of  x  and  of  y»  we  obtain 


sent  given  functions  of  X] 

(d  z\   _        M  /d  z\ 
dyy  -  ~ "N^  \dx)* 

the  formula 

^»=(3i)<"+(r:)''» 


*'  =  (li)  {'■'-^''y} 


or 

J  /dzxNdx  —  Mdy 

Let  X  be  the  &ctor  proper  to  make  Ndx  —  Mdya  complete  differ** 
ential  d  s;  we  shall  have 

X  (N  d  X  —  M  d  y)  =  d  s. 

By  means  of  this  equation,  we  shall  eliminate  Ndx  —  Mdy  from  the 
preceding  equation,  and  we  shall  obtain 

—J  is  indeterminate,  we  may 

take  it  such  that  r-i^  •  (^ — \  d  s  may  be  integrable,  which  would  make  it 

a  function  of  s ;  for  we  know  that  the  differential  of  every  given  function 
of  8  must  be  of  the  form  F  s  •  d  s.  It  therefore  follows,  that  we  may 
assume 

rd   Zi 


xVGD'"* 


an  equation  which  will  change  the  preceding  one  into 

d  z  =:  F  s.d  8 
which  gives 

Z  =  f  8* 
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Integrating  by  this  method  the  equation 

we  have  in  this  case 

M  =  -y, 

and 

N  =  xj 

consequently 

d  s  =  X  (x  d  X  +  y  d  y). 

It  is  evident  that  the  fitctor  necessaiy  to  make  this  inte^^ble  is  2^ 

Substituting  this  for  X  and  integrating^we  get 

s  =  x»  +  y'- 

Hence  the  integral  of  the  proposed  equation  is 

z  =  f  (x=  +  y'j. 

Now  let  us  consider  the  equation 

ill  which  P,  Q,  R  are  functions  of  the  variables  x,  y,  z ;  dividing  it  by  P 
and  making 

Q  -  M   -^  -  N 

we  shall  put  it  under  this  form : 

(rD+«(^) +  »<  =  ■" 


and  again  making 


and 


/d  z\ 


d  z 
it  becomes 


(t?)  =  * 


y 


p  +  M  q  +  N  =  0 (a) 

This  equation  establishes  a  relation  between  the  coefficients  p  and  q  f>l 
the  general  formula 

=  pdx  +  qdy; 
without  which  relation  p  and  q  would  be  perfectly  arbitrary,  for  as  it  has 
been  already  observed,  this  formula  has  no  other  meaning  than  tojndicate 
that  z  is  a  function  of  two  variables  x,  y,  and  that  function  may  be  any 
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whatever;  so  that  we  ought  to  regard  p  and  q  as  indeterminate  in  ihis  last 
equation.     Eliminating  p  from  it,  we  shall  obtain 

dz  +  Ndx=:q(dy  —  Mdx) 
and  q  will  remain  always  indeterminate.     Hence  the  two  members  of  this 
equation  are  heterogeneous  (See  Art  6.  vol.  1),  and  consequently 

d2  +  Ndx  =  0,   dy  —  Mdx  =  0 (b) 

If  Py  Q,  R  do  not  contain  the  variable  z,  it  will  be  the  same  of  M  and 
N;  so  that  the  second  of  these  equations  will  be  an  equation  of  two  varia^ 
bles  X  and  y,  and  may  become  a  complete  differential  by  means  of  a  factor 
K    This  gives 

X  (d  y  —  M  d  x)  =  0. 
The  integral  of  this  equation  will  be  a  function  of  x  and  of  y,  to  which 
we  must  add  an  arbitrary  constant  s ;  so  that  we  shall  have 

F(x,y)  =  s; 
whence  we  derive 

y  =  f  (x,  s). 
Such  will  be  the  value  of  y  given  us  by  the  second  of  the  above  equa- 
tions; audio  show  that  they  subsist  simultaneously  we  must  substitute 
this  value  in  the  first  of  them.  But  although  the  variable  y  is  not  shown, 
it  is  contained  in  N.  This  substitution  of  the  value  of  y  just  found, 
amounts  to  considering  y  in  the  first  equation  as  a  function  of  x  and  of 
the  arbitrary  constant  s.  Integrating  therefore  this  first  equation  on  that 
hypothesis  we  find 

z  =r  — y  N  d  X  -(-  ^  s. 
To  give  an  example  of  this  integration,  take  the  equation 

and  comparing  it  with  the  general  equation  (a),  we  have 

M  =^,  N  =  — ~  ^(x«  +  y«). 
X  '  x       ^  "^ 

These  values  being  substituted  in  the  equations  (b)  will  change  them  to 
d  z  —  —  V  (x«  +  y«)  d  X  =  0,  d  y  —  -^  d  X  =  0 (cj 

Let  X  be  the  factor  necessary  to  make  the  last  of  these  integrable,  and 
we  have 


or  rather 


x(dy_idx)=0, 
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1  y 

which  is  integrable  when  X  =  — ;  for  then  the  integral  is  -^  =  constant. 

Put  therefore 

X 

and  consequently 

y  St  8  X. 
By  means  of  this  value  of  y,  we  change  the  first  of  the  equations 
(c)  into 


,               V  x'  —  s*x»    A^^tl 
d  z  — -  a  ■ .  d  X  =5  0, 

or  rather  into 

dz  =  adxV(l  +  s*)- 
Integrating  on  the  supposition  that  s  is  constant,  we  shall  obtain 

z  =  a/dx  V(l  +  s«)  +  fs 
and  consequently 

z  =  a  X  V  (1  +  s*)  +  p  s. 

Substituting  for  s  its  value  we  get 


z  =  ax^(l  +^.)  +  ^(x) 


=  a\^(x«  +  y«)  +  p(J). 

In  the  more  general  case  where  the  coefficients  P,  Q,  R  of  the  equation 
contain  the  three  variables  x,  y,  z  it  may  happen  that  the  equations 
(b)  contain  only  the  variables  which  are  visible,  and  which  consequently 
we  may  put  under  the  forms 

d  z  =  f  (x,  z)  d  X  =  0,   d  y  =  F  (X,  y)  d  X. 

These  equations  may  be  treated  distinctly,  by  writing  them  as  above^ 

z  =/f(x,2)dx+     z,   y  =/F(x,y)dx  +  *y 

for  then  we  see  we  may  make  z  constant  in  the  first  equation  and  y  in 
the  second;  contradictoiy  hypotheses,  since  one  of  three  coordinates 
X,  y,  z  cannot  be  supposed  constant  in  the  first  equation  without  its  b^g 
not  constant  in  the  second. 

Let  us  now  see  in  what  way  the  equations  (b)  may  be  integrated  in  the 
case  where  they  only  contain  the  variables  which  are  seen  in  them. 

Let  (I  and  X  be  the  factors  which  make  the  equations  (b)  inti^rmble. 
If  their  integrals  thus  obtained  be  denoted  by  U  and  by  V,  we  have 

A  (d  z  +  N  d  x)  =  d  U,  A*  (d  y.—  Mdx)  =  d  V.    ^ 
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Bt  taeutt  of  theie  Ttlues  the  above  equation  will  become 

dU  =  q-dV    ...     .    .    .     .     .     (d). 

Since  the  first  member  of  this  equation  is  a  complete  differential  the 

second  is  also  a  complete  differential,  which  requires  q  —  to  be  a  function 

of  V.     Represent  this  function  by  f  V.     Then  the  equation  (d)   will 
become 

dUspV.dV 
which  givesy  by  integrating, 

u  =  ♦v. 

Take^  for  example,  the  equation 
which  being  written  thus,  viz* 

we  compare  it  with  the  equation 

(ji)  +  « (a-p  +  N  = » 

and  obtain 

M  =  ^,  N  ss  — i 
y*  X 

By  means  of  these  values  tiie  equations  (b)  becomes 

z     .  ^     ,  X 

7 
which  reduce  to 

xdz  —  zdx  =  0,ydy  —  xdx  =  0. 

The  factors  necessary  to  make  these  integrable  are  evidently  —7  and  2« 


dz  — — .  dx  =  0,dy dx  =  0; 

X  "^      y 


Substituting  which  and  integrating,  we  find  —  and  y  *  —  x  «  for  the  in- 

tegrals.     Putting,  therefore,  these  values  for  U  and  V  in  the  equation 
U  =  «  V,  we  shall  obtain,  for  the  integral  of  the  proposed  equation, 

^=<D(y«-.xO 

It  must  be  remarked,  that,  if  we  had  eliminated  q  instead  of  p,  the  equft- 
dons  (b)  would  have  been  replaced  by  these 

Mdz+Ndy=::0,dy— Mdx  =  0.     ..    •     (e) 
and  since  all  that  has  been  said  of  equations  (b)  applies  equally  to  tbes^ 

d 
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It  followg  that,  in  the  case  where  the  first  of  equations  (b)  was  not  in- 
tegrable,  we  may  replace  those  equations  by  the  system  of  equations  (e), 
which  amounts  to  employing  the  first  of  the  equations  (e)  instead  of  the 
first  of  the  equations  (b). 
For  instance,  if  we  had 

this  equation  being  divided  by  a  z  and  compared  with 

(i^)  +  «0  +  N  =  » 

will  give  us 

M  =  — — ,  N=-^ 

a  a  z 

and  the  equations  (b)  will  become 

dz+^dx  =  0,dy+-dx=:0; 
a  z  •'a 

which  reduce  to 

azdz  +  ^ydx=:0,ady4-xdx  =  0     •    •    •     ({) 

The  first  of  these  equations,  which,  containing  three  variables,  is  not 

immediately  integroble,  we  ipplace  by  the  first  of  the  equations  (e),  and 

we  shall  have,  instead  of  the  equations  (f),  these 

dz  H ^dy  =sO,ady4-xdx=:0; 

a  a  z     "^  »        /  ^  » 

which  reduce  to 

2ydy  —  2zdz  =  0,2ady  +  2xdx  =  0; 

equations,  whose  integrals  are 

y*  —  z*,2ay  +  x*- 
These  values  being  substituted  for  U  and  V,  will  give  us 

y*  —  z*  =  ^  (2  ay  +  X*). 

It  may  be  remarked,  that  the  first  of  equations  (e)  is  nothing  else  than 
tlie  result  of  the  elimination  of  d  x  from  the  equations  (b)  • 

Generally  we  may  eliminate  every  variable  contained  in  the  coe£5cients 
M,  N,  and  in  a  word,  combine  these  equations  after  any  manner  what- 
ever; if  after  having' performed  these  operations,  and  we  obtain  two  in« 
tegrals,  represented  by  U  =  a,  V  =  b,  a  and  b  being  arbitrary  constants, 
we  can  always  conclude  that  the  integral  is  U  =s  <»  V.  In  fact,  since 
a  and  b  are  two  arbitrary  constants,  having  taken  b  at  pleasute,  we  may . 
compose  a  in  terms  of  b  in  any  way  whatsoever ;  which  is  tantamount  to 
saying  that  we  may  take  for  a  an  arbitrary  function  of  b.  This  condition 
will  be  expressed  by  the  equations  a  =  f  (b).     Consequently,  we  shall 
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have  the  equations  U  =  ^  b,  V  =  b^  in  which  x,  y,  z  represent  the  same 
coordinates.  If  we  eliminate  (b)  from  these  equations,  we  shall  obtain 
U  =  ?V. 

This  equation  also  shows  us  that  in  making  V  =  b,  we  ought  to  have 
U  =  f  b  =  constani  s  that  is  to  say,  that  U  and  V  are  at  the  same  time 
constant;  without  which  a  and  b  would  depend  upon  one  another,  where- 
as the  function  f  is  arbitrary.  But  this  is  precisely  the  condition  expressed 
by  the  equations  U  =  a,  V  =  b.  • 

To  give  an  application  of  this  theorem,  let 

"(ji)-^y(§|)-y*  =  «- 

Dividing  by  z  x  and  comparing  it  with  the  general  equation  we 
have 

M  =  — I,  N  ^—^—1 

X  zx 

and  the  equations  (b)  give  us 

dz  — ^dxsO,  dy+^dxtrO 

zx  '      "^         X 

or 

zxdz  —  y*dx==0,  xdy  +  ydz=:0. 
The  first  of  these  equations  containing  three  variables  we  shall  not  at« 
tempt  its  integration  in  that  state;  but  if  we  substitute  in  it  for  y  d  x  its 
value  derived  from  the  second  equation,  it  will  acquire  a  common  factor 
X,  which  being  suppressed,  the  equation  becomes 

z  d  z  +  yd  y  =  0, 
and  we  perceive  that  by  multiplying  by  2  it  becomes  integrable.     1  he 
other  equation  is  already  integrable,  and  by  integrating  we  find 

z*  +  y«  =  a,  xy  =b, 

whence  we  conclude  that 

z«  +  y*  =  pxy. 
We  shall  conclude  what  we  have  to  say  upon  equations  of  partial  differ- 
ences of  the  first  order,  by  the  solution  of  this  problem. 

Given  an  equation  lohich  contains  an  arbitrary  Junction  of  one  or  more 
variables^  tojind  the  equation  of  partial  differences  which  produced  it. 
Suppose  we  have 

z=F(x«  +  y*). 
Make 

x«  +  y«  =  u •    •     (0 

and  the  equation  becomes 

z  =  Fu. 

42 
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The  diflferential  of  F  u  must  be  of  the  fi>rm  f  a  .  d  a.  Come- 
quently 

d  z  =  d  u.  f  u 

If  we  take  the  differential  of  z  relatively  to  x  only,  that  is  to  say,  Id 
regarding  y  as  constant,  we  ought  to'  take  also  d  u  on  the  same 
hypothesis.  Consequently,  dividing  the  preceding  equation  by  d  x, 
we  get 

(d  z\         /d  u\ 

Again,  considenDg  z  as  constant  and  j  as  variably  we  shall  siiiiilsrlj 
6nd 

(ff|)  =  (d-f)  ^  "  • 

But  the  values  of  these  coefficients  are  found  from  the  equation  (f)^ 
which  gives 

(a-x)=".(j|)=»y 

Hence  our  equations  become 

(a-3=«""(a7)  =  «J"- 

and  eliminating  f  u  from  these^  we  get  the  equation  required ;  viz. 

^(ai)='(a|)- 

As  another  example,  take  this  equation 

z«  +  2ax  =±  F(x  -  y). 

Making 

X  — y  =  u, 

It  becomes 

a'  +  2ax  ;=  Fu 

amd  differ  ntiating,  we  get 

d  (z*  -f  2  a  x)  =  d  u  f  u  • 

Then  taking  the  differential  relatively  to  x,  we  have 

d  z\    .    ^  /d  u 


«'(I;)+»*=(H)'"- 


and  similarly,  with  regard  to  y,  we  get 
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Bot  since 

X  —  y  =  u 

which,  being  substituted  in  the  above  equation,  gives  ns 

and  eliminating  f  u  from  these,  we  have  the  equation  required ;  vii. 

We  now  come  to 


EQUATIONS  OF  PARTIAL  BIFFERSNCES  OF  THE  SECOND  ORDER. 

An  equation  of  Partial  Differences  of  the  second  order  in  which  z  is  a 
function  of  two  variables  X)  y  ought  always  to  contain  one  or  more  of  the 
differential  coefficients 

/d*g\     /d*  z\     /  d*z  \ 

\dxV'  \ip)'  \d7A}) 

bdependently  of  the  differential  coefficients  which  enter  equations  of  the 
first  order. 

We  shall  merely  integrate  the  simplest  equations  of  this  kind,  and  shall 
begin  with  this,  viz. 

Multiplying  by  d  x  and  integrating  relatively  to  x  we  add  to  the  inte* 
gral  an  arbitrary  function  of  y ;  and  we  shall  thus  get 

Again  multiplying  by  d  x  and  integrating,  the  integral  will  be  com- 
pleted when  we  add  another  arbitrary  function  of  y,  viz.  ^J/y.  We  thus 
obtain 

z  =  x^y  +  4'y. 

Now  let  us  integrate  the  equation. 

4» 
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in  which  P  is  any  fonction  of  x,  y.     Operating  as  bafore  we  first  obtain 

and  the  second  integration  gives  us 

z  =  /{/Fdx  +  fj]  dx  +  +y. 
In  the  same  manner  we  integrate 

o = *• 

and  find 

z  =/lf>x+/Pdy}dy  +  -^x. 
The  equation 

must  be  integrated  first  relatively  to  one  of  the  variables,  and  then  rela- 
tively to  the  other,  which  will  give 

^  =/lfy  +/Pdx}  dy  +  px. 
In  general,  similarly  may  be  treated  the  several  equations 

(j7^)  =  ^*  ("ara^^)  =*  ^'  (dx«dy«-0  =  »» *a 

in  which  P,  Q,  R,  &c.  are  functions  of  x,  y,  which  gives  place  to  a  seria 
of  integrations,  introducing  for  each  of  them  an  arbitrary  function. 

One  of  the  next  easiest  equations  to  integrate  is  this : 

(3p)  +  "^  (If)  =  «  = 

in  which  P  and  Q  will  always  denote  two  functions  of  x  and  y. 
M^ke 

and  the  proposed  will  transform  to 

To  integrate  this,  we  .consider  x  constant,  and  then  it  contains  onl; 
two  variables  y  and  u,  and  it  will  be  of  the  same  form  as  the  equation 

dy  +  Py  dx  =  Qdx 
whose  integral  (see  Vol.  1.  p.  109)  is 

y  =  f-TTdx  {/Qe/Pd«dx  +  C|. 
Hence  our  equation  gives 

u  sr  e-/wy  jy^Qe/P^ydy  +  #x|. 
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But 

/d  2\ 

"  =  (ry)  •, 

Hence  by  integration  we  get 

z  =/{  e-f^^y  (/Qe/'^iTdy)  +  ^x  }  dy  +  ^^x. 
By  the  same  method  we  may  integrate 

in  which  P,  Q  represent  functions  of  x,  and  because  of  the  divisor  d  x  d  y, 
we  perceive  that  the  value  of  z  will  not  contain  arbitrary  functions  of  the 
lame  variable. 


TSB  DETERMINATION   OF  THE   ABBITRART  FUNCTIONS  WHICH  £MT£R 
THS  INTEGRALS  OF  EQUATIONS  OF  PARTIAL  DIFFERENCES  O.Y 

THE  FIRST  OBDBB. 

« 
\ 

The  arbitrary  functions  which  complete  the  integrals  of  equations  of 
partial  differences,  ought  to  be  given  by  the  conditions  arising  from  tlie 
nature  of  the  problems  from  which  originated  these  equation^ ;  problems 
generally  belonging  to  the  physical  branches  of  the  Mathematics. 

But  in  order  tp  keep  in  view  the  subject  we  are  discussing,  we  shall 
Emit  ourselves  to  considerations  purely  analytical,  and  we  shall  first  seek 
what  are  the  conditions  contained  in  the  equation 

dz^ 


m)  = 


a. 


Since  z  is  a  function  of  x,  y,  this  equation  may  be  ^r^^nsidered  as  that  of 
a  sur&ce^    This  surface,  from  the  nature  of  its  equation,  has  the  following 

property,  that  Cr—)  must  always  be  constant     Hence  it  follows  that 

every  section  of  this  surface  made  by  a  plane  parallel  to  that  of  x,  y  is  a 
straight  line.  In  fact,  whatever  may  be  the  nature  of  this  section,  if  we 
divide  it  into  an  infinity  of  parts,  these,  to  a  small  extent,  may  be  con* 
iidered  straight  lines,  and  will  represent  the  elements  of  the  section,  one 
of  these  elements  making  with  a  parallel  to  the  axis  of  abscissas,  an  angle 


dz 


all 


whose  tangent  is   (t-)*     Since  this  angle  is  constant,  it  follows  that 

the  angles  formed  in  like  manner  by  the  elements  of  the  curve,  with  par- 
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allels  to  the  axis  of  abscissas  will  be  equal.     Which  proves  that  the  sec- 
tion in  question  is  a  straight  line. 

We  might'  arrive  at  the  same  result  by  considering  the  intend  of  the 
equation 


which  we  know  to  be 

z  =  ax  +  fy, 

since  for  all  the  points  of  the  surface  which  in  the  cutung  plane,  the  or^ 
dinate  is  equal  to  a  constant  c.  Replacing  therefore  f  y  by  f  c,  and 
making  p  c  =s  C,  the  above  equation  becomes 

z  ==  ax  4-  C; 

this  equation  being  that  of  a  straight  line,  shows  that  the  section  is  a 
straight  line. 

The  same  holding  good  relatively  to  other  cutting  planes  which  may  be 
drawn  parallel  to  that  of  x,  z,  we  conclude  that  all  these  planes  will  cut  the 
surface  in  straight  lines,  which  will  be  parallel,  since  they  will  each  form 
with  a  parallel  to  the  axis  of  x,  an  angle  whose  tangent  is  a. 

I^  however,  we  make  x  =  0,  the  equation  z  is  a  x  +  f  y  reduces  to 
z  =  9y,  and  will  be  that  of  a  curve  traced  upon  the  plane  of  y,  z;  this 
curve  containing  all  the  points  of  the  surface  whose  coordinates  are  x  =  0, 
will  meet  the  plane  in  a  point  whose  coordinate  is  x  sr  0;  and  since  we 
have  also  y  =  c,  the  third  coordinate  by  means  of  the  equatioh 

z  =  ax  -I-  C 
will  be 

z  =  C. 

What  has  been  said  of  this  one  plane,  applies  equally  to  all  others 
which  are  parallel  to  it,  and  it  thence  results  that  through  all  the  points 
of  the  curve  whose  equation  is  z  =:  f  y,  and  which  is  traced  in  the  pkne 
of  y,  z,  will  pass  straight  lines  parallel  to  the  axis  of  x.  This  is  ex- 
pressed by  the  equations 

and 

z  s  ax  -h  py; 
and  since  this  condition  is  always  ful6Iled,  whatever  may  be  the  figure  of 
the  curve  whose  equation  is  z  s  f  y,  we  see  that  this  curve  js  aibi- 
trary. 

From  what  precedes,  it  follows  that  the  curve  whose  equation  is  z  szpy$ 
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may  b«  composed  of  arcs  of  .different  curvesi  which  unite  at  their  extre* 
mitiesi  as  in  this  diagram 


or  which  have  a  break  off  in  their  course,  as  in  this  figure. 


In  the  first  case  the  curve  is  discontinuous,  and  in  the  second  it  is  dis* 
contiguous.^  We  may  remark  that  in  this  last  case,  two  difierent  ordinates 
P  M,  P  N  corresponding  to  the  same  abscissa  A  P;  finally,  it  is  possible^ 
that  without  being  discontiguous,  the  curve  may  be  comppsed  of  an  in- 
finite series  of  arcs  indefinitely  small,  which  belong  each  of  them  to 
different  curves;  in  this  case,  the  curve  is  irregular,  as  will  be,  for 
instance,  the  flourishes  of  tlie  pen  made  at  random ;  but  in  whatever  way 
itivis  formed,  the  curve  whose  equation  is  z  =  py,  it  will  suffice^  to  con*' 
struct  the  surface,  to  make  a  straight  line  move  parallelly  with  this  condl* 
tion,  that  its  general  point  shall  trace  out  the  curve  whose  equation  is 

z  =  fy» 

and  i^hich  is  traced  at  random  upon  the  plane  of  y,  z. 
If  instead  of  the  equation 

/d  z\ 

(di)  =  •' 

we  had 

in  which  X  was  a  function  of  x,  then  in  drawing  a  plane  parallel  to  the 
plane  (x,  z),  the  surface  will  be  cut  by  it  no  longer  in  a  straight  line,  as 

m 

in  the  preceding  case.  In  fact,  for  every  point  taken  in  this  section,  the 
tangent  of  the  angle  formed  by  the  element  produced  of  the  section,  with 
a  parallel  to  the  axis  of  x,  will  be  equal  to  a  function  X  of  the  abscissa  x 
of  this  point ;  and  since  the  abscissa  x  is  different  for  overy  pointr  li  fol* 
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lows  that  this  angle  will  be  different  at  each  point  of  the  section,  which 
section,  therefore,  is  no  longer,  as  bef9re,  a  straight  line.  The  surface 
will  be  constructed,  as  before,  by  moving  the  section  parallelly,  so  that  its 
point  may  ride  continually  in  the  curve  whose  equation  is  z  =  ^  y. 

Suppose  now  that  in  the  preceding  equation,  instead  of  X  we  have  a 
function,  P  of  x,  and  of  y.     The  equation 

containing  three  variables  will  belong  still  to  a  cuive  surface.  If  we  cut 
thb  surface  by  a  plane  parallel  to  that  of  x,  z,  we  shall  have  a  section  in 

which  y  will  be  constant;  and  since  in  all  its  points  ( j— )  will  be  equal 

to  a  function  of  the  variable  x,  this  section  must  be  a  curve,  as  in  the  pre- 
ceding case.     The  equation 

-    (5-:)=" 

being  integrated,,  we  shall  have  for  that  of  the  surface 

z  s=/Pdx  +  fj; 
if  in  this  equation  we  give  successively  to  y  the  increasing  values  /,  fi 
y%  &c.  and  make  P',  F',  F^  Stc.  what  the  function  P  becomes  in  these 
cases,  we  shall  have  the  equations 

2=/P'dx  +  oy\    z=/F'dx  +  py"  1 

z  =/F''dx  +  ^y''',  2  =/F'''dx  +  fy""  &c  / 
and' we  see  that  these  equations  will  belong  to  curves  of  the  same  nature, 
but  different  in  form,  since  the  values  of  the  constant  y  will  not  be  the 
same.  These  curves  are  nothing  else  than  the  sections  of  the  surface 
made  by  planes  parallel  to  the  plane  (x,  z) ;  and  in  meeting  the  pl^^ 
(y,  z)  they  will  form  a  curve  whose  equation  will  be  obtained  by  equating 
to  zero,  the  value  of  x  iit  that  of  the  surface.  Call  the  value  of/Pdxi 
in  this  case,  Y,  and  we  shall  have 

z  SI  Y  +fy; 

and  we  perceive  that  by  reason  of  f  y,  the  curve  determined  by  this  equa- 
tion must  be  arbitrary.  Thus,  having  traced  at  pleasure  a  curve,  Q  R  Sj 
upon  the  plane  (y,  z),  if  we  represent  by  R  L  the  section  whose  equation 

Q 

L 


w  *  «  /  P'd  X  +  f  y',  we  shall  move  this  section,  always  keeping  the  ex- 
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tremitj  R  applied  to  the  curve  Q  R  S ;  but  so  that  this  section  as  it 
moves,  may  assume  the  .successive  forms  determined  by  the  above  group 
of  equations,  and  we  shall  thus  construct  the  sur&ce  to  which  will  belong 
the  equation 

Finally  let  us  consider  the  general  equation 

(rx)  +  M  (rp  +  «  =  »• 

whdse  integral  is  U  s  f  V.  Since  U  s  a,  V  =  b^  each  of  these  equa* 
tions  subsisting  between  three  coordinates,  we  may  regard  them  as  be« 
longing  to  two  surfaces;  -and  since  the  coordinates  are  common,  they 
ought  to  belong  to  the  curve  of  intersection  of  the  two  surfaces.  This 
being  shown,  a  and  b  being  arbitrary  constants,  if  in  U  s  a,  we  give  to 
X  and  y  the  values  x',  y  we  shall  obtain  for  z,  a  function  of  x',  of  y  and 
of  a,  which  will  determine  a  point  of  the  surface  whose  equation  is  U  s  a. 
This  point,  which  is  any  whatever,  will  vary  in  position  if  we  give  suecea- 
sively  di£ferent  values  to  the  arbitrary  constant  a,  which  amounts  to  say- 
ing that  by  making  a  vary,  we  shall  pass  the  surface  whose  equation  is 
U  =  a,  through  a  new  systan  of  points.  This  applies  equally  to  V  a  b, 
and  we  cohclude  that  the  curve  of  intersection  of  the  two  surfaces  will 
change' continually  in  position,  and  consequently  will  describe  a  curved 
surface  in  which  a,  b  may  be  considered  as  two  coordinates ;  and  since 
the  relation  a  ==  f  b  which  connects  these  two  coordinates,  is  arbitrary 
we  perceive  that  the  determination  of  the  function  f  amounts  to  making 
a  surface  pass  through  a  curve  traced  arbitrarily. 

To  show  how  this  sort  of  problems  may  conduct  to  analytical  condi« 
tions,  let  us  examine  what  is  the  surface  whose  equation  is 

/d  z\  /d  z\ 

We  have  seen  that  this  equation  being  integrated  gives 

z  =  p(x«  +  y«). 
Reciprocally  we  hence  derive 

X*  +  y*  =  *  z. 
If  we  cut  the  surface  by  a  plane  parallel  to  the  plane  (x,  y)  the  equation 
of  the  section  will  be 

X*  +  y*  =  *  c; 
and  representing  by  a  *  the  constant  «  c,  we  shall  have 

X*  +  y*  =  a*. 
Thia  equation  belongs  to  the  circle.    Ck>nsequently  the  surface  will 
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bare  this  property^  vis.  that  every  section  made  by  a*  plane  paraQel  to  the 
plane  (x,  y)  will  be  a  circle. 

This  property  i»  also  indicated  by  the  equation 

for  this  equation  gives 

X  =  y-i-^. 
•^  dx 

This  eqaation  shows  us  that  the  subnoimal  ought  to  be  always  equal  to 
the  absciasa  which  is.  the  property  of  the  circle^ 

The  equation  z  »  ^  (x*  +  y*)  showing  merely  that  aU  the  sectioiis 
parallel  to  the  plane  (x,  y)  are  circles^  it  follows  thence  that  the  law  ao- 
coining  to  whidi  the  radii  of  these  sections  ought  to  increase,  is  not 
comprised  in  this  equation,,  and  that  consequently^  every  surlace  of  revo- 
lution will  satisfy  the  problem ;  for  we  know  that  in  this  aort  of  surfaces, 
the  sections  parallel  to  the  plane  (x,  y)  are  always  circles,  and  it  is  need- 
less to  say  that  the  generatrix  which,  during  a  revolution,  describes  the 
surface,  may  be  a  curve  discontinued,  discontiguous,  r^ular  or  irregular* 

Let  us  therefore  investigate  the  surface  for  which  this  generatrix  will 
be  a  parabola  A  N,  and  suppose  that,  in  this  hypothesis,  the  surface  is 
cut  by  a  plane  A  B,  which  shall  pass  through  the  axis  of  z;  the  trace  of 


this  plane  upon  the  plane  (x,  y)  will  be  a  straight  line  A  L,  which,  being 
drawn  through  the  origin,  will  have  the  equation  y  =  a  x ;  if  we  repre> 
sent  by  t  the  hypothenuse  of  the  right  angled  triangle  A  P  Q,  constmcted 
upon  the  plane  (x,  y)  we  shall  have 

t*  =  x«  +  y«i 
but  t  being  the  abscissa  of  the  parabola  A  M,  of  which  Q  M  =s  S  b  the 
ordinate,  we  have,  by  the  nature  of  the  curve, 

t«  =  b25. 
Putting  for  t *  its  value  x'  +  y ',  we  get 

2=   H(y'  +  x«),orz=:  ^^(a«x«  +  x«)=  !-x*(I  +a'); 
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and  making 


1 

we  shall  obtain 


-=-  (a^  +  1)  =  m, 


z  ;=:  mx'; 


so  that  the  condition  prescribed  in  the  bypothesia^  where  the  generatrix 
is  a  parabola,  b  that  we  ought  to  have 

z  =z  mx*,  when  y  =  ax. 
Let  us  now  investigate,  by  means  of  these  conditions,  the  arbitrary 
function  which  enters  the  equation  z  =  p  (x*  +  7*)«     I'^^i*  tiiat  pur- 
pose, we  shall  represent  by  U  the  quantity  x*  +  y  %  which  is  effected  by 
the  symbol  f,  and  the  equation  then,  becomes 

z  =  9U; 
and  we  shall  hare  the  three  equations 

X  •  +  y  •  =  U,  y  =:  a X,  z  =  m x*. 
By  means  of  the  two  first  we  eliminate  y  and  obtain  the  value  of  x  * 
which  being  put  into  the  third,  will  give 

an  equation  which  reduces  to 

Z=[U; 

the  value  of  z  being  substituted  in  the  equation  z  r=  f  U,  will  change 
it  to 

and  putting  the  value  of  U  in  this  equation,  we  shall  find  that 

p(x«  +  y«)=l{x«  +  y'), 

and  we  see  that  the  fimction  is  determined.     Substituting  this  value  of 
f  (x  •  +  y  •)  in  the  equation  z  =  p  (x  •  +  y  *),  we  get 

for  the  integral  sought,  an  equation  which  has  the  property  required, 
since  the  hypothesis  of  y  =  a  x  gives 

z  £=  m  X  '. 

This  process  is  general ;  for,  supposing  the  conditions  which  determine 
the  arbitrary  constant  to  be  that  the  integral  gives  F  (x,  y,  z)  =  0,  when 
we  have  f  (x,  y,  z)  saO,  we  shall  obtain  a  third  equation  by  equating  to 
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U  the  quantity  which  follows  f,  and  then  by  eliminating  aacceastvelj, 
two  of  the  variables  x,  y,  z,  we  shall  obtain  each  of  these  Tdriables  in  a 
function  of  U ;  putting  these  values  in  the  integral,  we  shall  get  an  equa- 
tion whose  first  member  is  ^  U,  and  whose  second  member  is  a  compound 
expression  in  terms  of  U ;  restoring  the  value  of  U  in  terms  of  the  vari- 
blesy  the  arbitrary  function  will  be  determined. 


THE  ARBITRARY  FUNCTIONS  WHICH  ENTER  THE  INTEGRALS  OF  THE 
EQUATIONS  OF  PARTIAL  DIFFERENCES  OF  THE  SECOND  ORDER. 

Equations  of  partial  differences  of  the  second  order  conduct  to  integrals 
which  contain  two  arbitrary  functions ;  the  determination  of  these  fiinc- 
tioDs  amounts  to  making  the  surface  pass  through  two  curves' which  may 
be  discontinuous  or  discontiguous;     For  example^  -take  the  equadoo 

(d  *  z\        -^ 

whose  integral  has  been  found  to  be 

2  =  xfy  +  '+y 
Let  A  Xf  A  y,  A  Zy  be  the  axis  of  coordinates ;  if  we  draw  a  place 


K  L  parallel  to  the  plane  (x,  z),  the  section  of  the  surface  by  this  plane 
will  be  a  straight  line ;  since*  for  all  the  points  of  this  section,  y  htini 
equal  to  A  p,  if  we  represent  A  p  by  a  constant  c,  the  quantities  f  y,  45 
will  become  f  c,  -J/  c,  and,  consequently,  may  be  replaced  by  two  con- 
stants^ a,  b,  so  that  the  equation 

2  =  Xf y  +  +y 
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will  become 

z  =  a  X  -I-  by 
and  this  is  the  equation  to  the  section  made  by  the  plane  K  L. 

To  find  the  point  where  this  section  meets  the  plane  (y,  z)  make 
X  =  0,  and  the  equation  above  gives  z  =  >)/  y,  which  indicates  a  curve 
II  m  by  traced  upon  the  plane  (y,  z).  It  will  be  easy  to  show  that  the 
section  meets  the  curve  a  m  b  in  a  pomt  m ;  and  since  this  section  is  a 
straight  line,  it  is  only  requisite,  to  find  the  position  of  it,  to  find  a  second 
point  For  that  purpose^  observe  that  when  x  =:  0,  the  first  equation 
reduces  to 

z  =  %J/y, 
whilst,  when  x  =  1«  the  same  equation  reduces  to 

zsz  py  +  -^j. 
Makings  as  above,  y  a  A  p  «  c,  these  two  values  of  z  will  become 

z  =r  b,  z  =  a  -f-  b, 
and  determining  two  points  m  and  r,  taken  upon  the  same  section,  m  t 
we  know  to  be  in  a  straight  line.     To  construct  theser  points  we  thus  pro- 
ceed :  we  stiall  arbitrarily  trace  upon  the  plane  (y,  z)  the  curve  a  m  b, 
and  through  the  point  p,  where  the  cutting  plane  K  L  meets  the  axis  of 
y,  raise  the  perpendicular  pm  =  b,  which  will  be  an  ordinate  to  the 
curve ;  we  shall  then  take  at  the  intersection  H  L  of  the  cutting  plane, 
and  the  plane  (x,  y),  the  part  p  p'  equal  to  unity,  and  through  the  point 
p^  we  shall  draw  a  plane  parallel  to  the  plane  (y,  z),  and  in  this  plane 
construct  the  curve  a'  m'  b',  after  the  modulus  of  the  curve  a  m  b,  and  so 
as  to  be  similarly  disposed ;  then  the  ordinate  m'  p'  will  be  equal  to  m  p ; 
and  if  we  produce  m^p'  by  m'r,  which  will  represent  a,  we  shall  deter- 
mine  the  point  r  of  the  section. 

If,  by  a  second  process,  we  then  produce  all  the  ordinates  of  the  curve 
a'  m'  W,  we  shall  construct  a  new  curve  a'  r'  b^  which  will  be  such,  that 
drawing  through  this  curve  and  through  a  m  b,  a  plane  parallel  to  the 
plane  (x,  z),  the  two  points  where  the  curves  meet,  will  belong  to  the 
same  section  of  the  surface. 

From  what  precedes,  it  follows  that  the  surface  may  be  constructed,  by 
moving  the  straight  line  m  r  so  as  continually  to  touch  the  two  curves, 
a  m  b,  af  m'  b'. 

This  example  suffices  to  show  that  the  determination  of  the  arbitrary 
functions  which  complete  the  integrals  of  equations  of  partial  differences 
of  the  second  order,  is  the  satne  as  making  the  surface  pass  through  two 
curves,  which,  as  well  as  the  functions  themselves^  may  be  discontinuous, 
disconti^ousy  regular  or  irregular. 
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CALCULUS  OF  TABIATIONS. 

If  we  have  given  a  function  Z  =  F,  (x,  y,  y',  y")f  wherein  y',  f  mean 

y  itself  being  a  function  of  x,  it  may  be  required  to  make  L  have  certua 
properties,  (such  as  that  of  being  a  maximum,  for  instance)  whether  by 
assigning  to  x,  y  numerical  values,  or  by  establishing  relations  between 
these  variables,  and  connecting  them  by  equations.  When  the  equation 
y  =1  f  X  is  given,  we  may  then  deduce  y,  y^,  y'^  •  •  •  in  terms  of  x  and  sub- 
stituting, we  have  the  form 

Z  =  f  X. 

By  the  known  rules  of  the  differential  calculus,  we  may  assign  the  vslnei 
of  x»  when  we  make  of  x  a  maximtun  or  minimum.  Thus  we  determine  what 
are  the  points  of  a  given  curve,  for  which  the  proposed  function  Z,  is 
greater  or  less  than  for  every  other  point  of  the  same  curve. 

But  if  the  equation  y  s  ^  x  is  not  given,  then  taking  successively  for 
f  X  different  forms,  the  function  Z  ss  f  x  will,  at  the  same  time,  assume 
different  functions  of  x.  It  may  be  proposed  to  assign  to  f  x  such  a 
form  as  shall  make  Z  greater  or  less  than  every  other  form  of  f  Hifor  the 
tame  numerical  value  qfx  'whatever  it  may  be  in  other  respects*  This  latter 
species  of  problem  belongs  to  the  calculus  of  variations.  This  theory 
relates  not  to  maxima  and  minima  only;  but  we  shall  confine  oar- 
selves  to  these  considerations,  because  it  will  suffice  to  make  knowti  all 
the  rules  of  the  calculus.  We  must  always  bear  in  mind,  that  the  variar 
bles  X,  y  are  not  independent^  but  that  the  equation  y  =  ^x  is> unknown, 
and  that  we  only  suppose  it  given  to  facilitate  the  resolution  of  the  prob 
lem.  We  must  consider  x  as  any  quantity  whatever  which  remains  the  same 
for  all  the  differential  forms  of  f  x ;  the  forms  of  f ,  ^,  f/' .*..  are  therefore 
variable,  whilst  x  is  constant 

In  Z  =»  F  (x,  y,  y',  f. . .)  put  y  +  k  for  y,  y'  +  k',  for  y'. . . ,  k  being 
an  arbitrary  function  of  x,  and  k^  k,'' . . .  the  quantities 

dk     d*k 

dT'dF'*-" 

But,  Zwill  become 

Z,  -  F  (X,  y  +  k,  /  +  V,  /'  +  k,'' . . .) 
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Taylor's  theorem  holds  good  whether  the  quantities  x,  y,  k  be  depen- 
dent or  independent.     Hence  we  have 

^'-2+  {''(lf)t'''(j7J+''"^^)  +  -}  +»- 

so  that  we  may  consider  x,  y,  /,  y" . .  •  as  so  many  independent  variables. 
The  nature  of  the  question  requires  that  the  equation  y  =  9  x  should 
be  determined,  so  that  for  the  same  value  of  x,  we  may  have  always 
Z^  >  Zy  or  Zy  ^  Z :  reasoning  as  in  the  ordinary  maxima  and  minima^ 
we  perceive  that  the  terms  of  the  first  order  must  equal  zero,  or  that  we 
have 

■■  (!|) + "'  (d|)  +  "^  (^)  +  *•=•  -  »• 

Since  k  is  arbitrary  for  every  value  of  x,  and  it  is  not  necessaiy  that  its 
value  or  its  form  should  remain  the  same,  when  x  varies  or  is  constant, 
k',  k'' . . .  is  as  well  arbitrary  as  k.  For  we  may  suppose  for  any  value 
X  «  X  that  k  =  a  +  b(x  —  X)  +ic(x  —  X)*+  &c,  X,  a,  b,  c. . . 
bebg  taken  at  pleasure ;  and  since  this  equation,  and  its  differentials, 
ought  to  hold  good,  whatever  is  x,  they  ought  also  to  subsist  when 
X  ss  X,  which  gives  k  ss  a,  k'  =  b,  k"  =  c,  &c.  Hence  the  equation 
Zy  a  Z  +  •  •  •  cannot  be  satisfied  when  a,  b,  c . .  •  are  considered  inde- 
pendent, unless  (see  6,  voL  L) 

n  being  the  highest  order  of  y  in  Z.  These  different  equations  subsist 
simultaneously,  whatever  may  be  the  value  of  x ;  and  if  so,  there  ought 
to  be  a  maximum  or  minimum ;  and  the  relation  which  then  subsists  be« 
tw^n  :^f,  y  will  be  the  equation  sought,  viz.  y  ==  9  x,  which  will  have  the 
property  of  making  Z  greater  or  less  than  every  other  relation  between 
X  and  y  can  make  it  We  can  distinguish  the  maximum  from  the  mini- 
mum  from  the   signs  of  the  terms  of  the  second  order,   as  in  vol.  L 

p.  (31.) 

But  if  all  these  equations  give  different  relations  between  x,  y,  the 
problem  will  be  impossible  in  the  state  of  generality  which  we  have 
ascribed  to  it ;  and  if  it  happen  that  some  only  of  these  equations  subsist 
mutually,  then  the  function  Z  will  have  maxima  and  minima^  relative  to 
some  of  the  quantities  y,  y',  y" .  •  •  without  their  being  common  to  them 
all.  The  equations  which  thus  subsist,  will  give  the  relative  maxima  and 
minima*  And  if  we  wish  to  make  X  a  maximum  or  minimum  only  relatively 
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to  one  of  the  quantities  y,  y',  y'' . .  • ,  since  then  we  have  only  one  eqna- 
^  tion  to  satisfy,  the  problem  will  be  always  possible. 

From  the  preceding  considerations  it  follows,  that  first,  the  quantities 
X,  y  depend  upon  one  another,  and  that,  nevertheless,  we  ought  to  make 
them  vary,  as  if  they  were  independent,  for  this  is  but  an  artifice  to  get 
the  more  readily  at  the  result 

Secondly,  that  these  variations  are  not  indefinitely  small ;  and  if  we  em- 
ploy the  differential  calculus  to  obtain  them,  it  is  only  an  expeditious 
means  of  getting  the  second  term  of  the  developement,  the  only  one 
which  is  here  necessary. 

Let  us  apply  these  general  nolionis  to  some  examples. 

Ex.  1.  Take,  upon  the  axis  of  x  of  a  curve,  two  abscissas  m,  n ;  and 
draw  indefinite  parallels  to  the  axis  of  y.  Let  y  =  9  x  be  the  equation 
of  this  curve :  if  through  any  point  whatever,  we  draw  a  tangent,  it  will 
cut  the  parallels  in  points  whose  ordinates  are 

1  =  y  +  y'  (m  —  x),  h  =  y  +  y'  (n  —  x) . 

If  the  form  of  9  is  given,  every  thing  else  is  known;  but  if  it  is  not 
given,  it  may  be  asked,  what  is  the  curve  which  has  the  property  of 
having  for  each  point  of  tangency,  the  product  of  these  two  ordinates  lesf 
than  for  every  other  curve. 

Here  we  have  1  X  h ;  or 

Z=  {yx  (ra— x)/|  +  Jy +  (n-x)y'|. 

From  the  enunciation  of  the  problem,  the  curves  "ohich  pass  through  the 
same  point  (x,  y )  have  tangents  taking  different  directions,  and  that  which 
is  required,  ought  to  have  a  tangent,  such  that  the  condition  Z  &=  maximum 
is  fulfilled.     We  may  consider  x  andy  constant ;  whence 

/d  Z  \  ^       2/    ^  2 X  —  in  —  n    _       1  1 

\d  y'/  "^    '     y     **  (x — ^m)  (x — n)    ^x  —  mx  —  n' 

Then  integrating  we  get 

y»  =  C(x  — m)  (X— n). 

The  curve  is  an  ellipse  or  a  hyperbola,  according  as  C  is  positive  or 
negative ;  tlje  veriexes  are  given  by  x  =  m,  x  -  n ;  in  the  first  case,  the 
product  h  X  1  or  Z  is  a  maximum^  because  y  is  negative;  in  the  second, 
Z  is  a  minimum  or  rather  a  negative  maximum  /  this  product  is  moreover 
constant,  and  1  h  =  —  ^  C  (m  -^  n)*,  the  square  of  the  semi-axis. 

Ex.  2.  What  is  the  curve  for  which^  in  each  of  its  points^  the  square  ^ 
the  fubnormal  added  to  the  abscissa  is  a  minimum  ? 

We  have  in  this  case 
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wbence  we  get  two  equations  subsisting  mutually  by  making 

y  y'  +  X  «  0 
and  thence 

X*  +  y*  =  r«. 

Therefore  all  the  drcles  described  from  the  origin  as  a  center  w7 1  alone 
latisfy  the  equation. 

The  theory  just  expounded  has  jDot  been  greatly  extended ;  but  it  serves 
as  a  preliminary  developement  of  great  use  for  the  comprehension  of  a 
far  more  interesting  problem  which  remains  to  be  considered.  This  re- 
quires all  the  preceding  reasonings  to  be  applied  to  a  function  of  the  form 
/*  Z:  the  sign  y* indicates  the  function  Z  to  be  a  differential  and  that  after 
having  integrated  it  between  prescribed  limits  it  is  require!^,  to  endow  it 
with  (he  preceding  properties.  The  difficulty  here  to  be  overcome  is  that 
of  resolving  the  problep  without  integrating. 

When  a  body  is  in  motion,  we  may  couipare  together  either  the  differ- 
ent points  of  the  bod^  in  one  of  its  positions  or  the  plane  occupied  suc- 
cessively by  a  given  point.  In  the  first  case,  the  body  is  considered  fixed, 
and  the  symbol  d  will  relate  to  the  change  of  the  coordinates  of  its  surface ; 
in  the  second,  we  must  express  by  a  convenient  symbol,  variations  alto- 
gether independent  of  the  first,  which  shall  be  denoted  by  d.  When  we 
consider  a  curve  immoveable,  or  even  variable,  but  taken  in  one  of  its  po- 
sitions, d  X9  d  y  • « •  announce  a  comparison  between  its  coordinates ;  but 
to  consider  the  different  planes  which  the  same  point  of  a  curve  occupies, 
the  curve  varying  in  form  according  to  any  law  whatever,  we  shall  write  d 
X,  d  y .  •  •  which  denote  the  increments  considered  under  this  point  of  view, 
and  are  functions  of  x,  y ...  In  like  manner,  d  x  becoming  d  (x  +  d  x) 
will  increase  by  d  3  x ;  d '  x  will  increase  by  d*  d  x,  &c. 

Observe  that  the  variations  indicated  by  the  symbol  d  are  finite,  and 

wholly  independent  of  those  which  d  represents;  the' operations  to  which 

these  symbols  relate  being  equally  independent,  the  order  in  which  they 

are  used  must  be  equally  a  matter  of  indifference  as  to  the  result     So 

that  we  have 

6  •  d  X  s=s  d .  d  X 

'   d'.ax  =  a.d«x 

&c. 

and  so  on. 

It  remains  to  establish  relations  between  x«  y,  z.  • .  such  thaty*Z  mny 
be  a  marimnm  or  a  minimum  between  given  limits*  That  the  calculus  may 
be  rendered  the  more  symmetrical,  we  shall  not  suppose  any  differenti^U 
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constant ;  moreover  we  shall  only  introduce  three  Yariables  because  it  will 
be  easy  to  generalise  the  result     To  abridge  the  labour  of  the  process, 

make 

d  X  s=:  X^f   d  *  X  =  X,,,  &c. 

so  that 

z  =  r  (x,  x^,  Xy^i  •  •  •  y>  y/f  y//f  •  •  •  2,  z^  z,^ .  • .). 

Now  X)  y  and  z  receiving  the  arbitrary  and  finite  increments'  d  x,  d  y, 
2  2)  d  X  or  X,  becomes 

d(x  +  dx)=dx  +  adxorx,  +  3"x,. 

In  the  same  manner,  x,,  increases  by  *  x,^  and  so  on ;  so  that  develop- 
ing Z^  by  Taylor's  theorem,  and  integrating  /  Z  becomes 

^z.  -/z  +/  { (dl) ' «  +  (37) '  y  +  Cil) '  »  +  (d-|)  "' 

+  (if) '  y- + (H) ' '' + © '  •" + «"• } +-^'^ 

The  condition  of  a  maximum  or  minimum  requires  the  integral  of  the 
terms  of  the  first  order  to  be  zero  between  given  limits  'whatever  may  be 
^  X,  d  y*  d  z  as  we  have,  already  seen.  Take  the  differential  of  the  known 
function  Z  considering  x,  x^  x^^ .  • .  y,  y,,  y,, . . .  as  so  many  independent 

variables ;  we  shall  have 

dZs=mdx  +  ndx^  +  pdx^,+...  Mdy  +  Ndy,. .  .-f /idz+pdz^... 
m,  n  ...  M,  N  .•./*!  i'. . .  being  the  coefficients  of  the  partial  difierences 
of  Z  relatively  to  x,  x^ . . .  y,  y, . . .  z,  z,, . . .  considered  as  so  many  varia- 
bles ;  these  are  therefore  known  functions  for  eaclx  proposed  value  of  Z. 
Performing  this  differentiation  exactly  iii  the  same  manner  by  the  symbol 
^  we  have 

a  Z  =  m  ix  +  n  dd  X  +  p  a  d*x  +  q  i<l'x  +    .     .     .     -v 

+  Mdy +  Nddy  +  Pad'y  +  q^d'y  +    ...     •      >(A) 
-{^/Ahz-^-vbAz  +  vhA^z  +  xhA^j^    .    .    .     ) 

But  this  known  quantity,  whose  number  of  terms  is  limited,  is  precisely 
that  which  is  under  the  sign  Jl  in  the  terms  of  the  first  order  of  the  de- 
velopement :  so  that  the  required  condition  of  max^  or  mm.  is  that 

/3Z  =  0, 

between  given  limits,  whatever  may  be  the  variations  d  x,  3  y,  d  z.  Ob- 
serve, that  here,  as  before,  the  differential  calculus  is  only  employed  as  a 
means  of  obtaining  easily  the  assemblage  of  terms  to  be  equated  to  zero; 
so  that  the  variations  are  still  any  whatever  and  finite. 
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We  hare  said  that  d  •  d  x  may  be  put  for  d  •  3  x ;  thus  the  first  line  is 
equivalent  to 

mdx  +  n.ddx  +  p.d'dx+q.d'ax-f-  &c. 

ra,'  n  •  •  •  contains  differentials,  so  that  the  defect  of  homogeneity  is  here 
only  apparent.  To  integrate  this,  we  shall  see  that  it  is  necessary  to 
disengage  from  the  symbol  /  ais  often  as  possible,  the  terms  which  con- 
tain d  d.     To  effect  this,  we  integrate  by  par/&  which  gives 

* 

/ndix  =  n.   dx — /dn.dx 
./p.d«ix=»  pd  dx  — d  p   ^x+/d*p3x 
/qd'3x  =  qd«3x— dq.d3x+  d«q.  d  x  — /d' q  .  a  x 

&C. 
Collecdng  these  results,  we  have  this  series,  the  law  of  which  is  easily 
recognised ;  viz, 

/(m  —  dn  +  d'p  —  d*q  +  d*r  —  -.O^x 
+  {n— dp  +  d«q  —  d'r  +  d*8— ...•)ax 
+  (p  _dq  +  d«r— d's  +  d*t  —  •..)dax 
+  (q  —  dr+..Od*ax 
+  &c. 

The  integral  of  (A)  ot/'.  d  z  «  0 ,  becomes  therefore 

(B)..-/J(m-dn+d*p-...)ax+(M-dN+d«P-...)ay+(/t^-di^-...)az}=:0 

{(n-dp+d'q...)ax+(N-dP+d«Q-...)ay+(f-dT...)dz 
+  (p-dq  +  d*r...)dax+(P-dQ+...)day  +  (flr-d^-Od^z 
+  (q-dr...)  d«ax  ...+  K  =  0 

« 

K  being  the  arbitrary  constant  The  equation  has  been  split  into  two, 
because  the  terms  which  remain  under  the  sign  y  cannot  be  integrated,  at 
least  whilst  d  x,  a  y,  d  z  are  arbitrary.  In  the  same  manner,  if  the  nature 
of  the  question  does  not  establish  some  relation  between  ax,  ay,  a  z,  the 
independence  of  these  variations  requires  also  that  equation  (B)  shall  again 
make  three  others ;  viz. 

0=  m  —  dn  +d*p  —  d*q   +d  *  r  —  .  .  .  '^ 
Or=:  M  — dN+ d*P  — d^Q+ d*R— ...   V  .    .(D) 

Consequently,  to  find  the  relations  between  x,  y,  z,  which  make  f  2i  2i 
maximum^  we  must  take  the  differential  of  the  given  function  Z  by  con- 
sidering X,  y,  z,  d  X,  d  y,  d  z,  d  *  x,  ...  as  so  many  independent  vari- 
ables; and  use  the  letter  a  to  signify  their  increase;  this  is  what  is  termed 
taking  the  variation  of  Z.  Comparing  the  result  with  the  equation  (A), 
we  shall  observe  the  values  of  m,  M,  a^  n,  N  ...  in  terms  of  x,  y»  z,  and 

<3 
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their  differences  expressed  by  d.  We  must  then  substitute  these  in  the 
equations  (C),  (D);  the  first  refers  to  thejiimits  between  which  the 
maximum  should  subsbt;  the  equations  (D)  constitute  the  relations  re- 
quired; they  are  the. differentials  of  x,  y,  z,  and,  excepting  a  case  of 
absurdity,  may  form  distinct  conditions,  since  they  will  determine  nurne* 
rical  values  for  the  variables*  If  the  question  proposed  relate  to  Geo- 
metry, these  equations  are  those  of  a  curve  or  of  a  surface,  to  which 
belongs  the  required  property. 

As  the  integration  is  effected  and  should  be  taken  between  given  limits, 
the  terms  which  remain  and  compose  the  equation  (C)  belong  to  these 
limits :  it  is  become  of  the  form  K  +  L  =  0,  L  being  a  function  of 
x»  7)  ^  ^  x»  ^  y>  ^  z  •  .  •  Mark  with  one  and  two  accents  the  numerical 
values  of  these  variables  at  the  first  and  second  limit.  Then,  since  the 
integral  is  to  be  taken  between  these  limits,  we  must  mark  the  difierent 
terms  of  L  which  compose  the  equation  C,  first  with  one,  and  then  with 
two  accents ;  take  the  first  result  from  the  second  and  equate  the  differ- 
ence to  zero ;  so  that  the  equation 

L,,  -  L,  =  0 
contains  no  variables,   because  x,  d  x  .  •  •  will  have  taken  the  values 
x^  d  X/ .  .  .  x^^  d  x^^  •  .  2  assigned  by  the  limits  of  the  integration.    We 
must  remember  that  these  accents  merely  belong  to  the  limits  of  the 
integral. 

There  are  to  be  considered  four  separate  cases. 

1.  If  the  limits  are  given  andjlxed^  that  is  to  say,  if  the  extreme  values 
of  X,  y,  z  are  constant,  since  d  x^  d  d  x^  •  •  .  d  x^^,  d  h  x^^  &c.  are  zero,  all 
the  terms  of  L^  and  L^^  are  zero,  and  the  equation  (C)  is  satisfied.  Thus 
we  determine  the  constants  which  integration  introduces  into  the  equations 
(D),  by  the  conditions  conferred  by  the  limits. 

2.  If  the  limits  are  arbitrary  and  itidependenty  then  each  of  the  coeffi- 
cients d  X/ ,  d  X/^  •  •  •  in  the  equation  (C)  is  zero  in  particular. 

8.  If  there  exist  equations  of  condition,  (which  signifies  geometricaDy 
that  the  curve  required  is  terminated  at  points  which  are  not  fixed,  but 
which  are  situated  upon  two  given  curves  or  surfaces,)  for  the  limits,  that 
is  to  say,  if  the  nature  of  the  question  connects  together  by  equation^ 
some  of  the  quantities  x^  y^  z^  x^„  y,,,  x^,  we  use  the  differentials  of  these 
equations  to  obtain  more  variations  d  x„  ^  y^,  3  z^,  d  x,^  &c.  in  functioos 
of  the  others ;  substituting  in  L^,  —  L,  =  0,  these  variations  will  be  re- 
duced to  the  least  number  possible :  the  last  being  absolutely  independent^ 
tbe  equation  will  split  again  into  many  others  by  equating  separately  their 
coefficients  to  zero. 
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Instead  of  this  process^  we  may  adopt  the  following  one,  which  is  more 
elegant.     Let 

u  =  0,  V  =  0,  &c, 

be  the  given  equations  of  condition ;  we  shall  multiply  their  variations 
du,  dv  •••  by  the  indeterminates  X,  X'.  •  •  This  will  give  X  d  u+X'dv  -f-  . .. 
a  known  function  of  6  x^  d  x^^,  i  y^ . .  .  Adding  this  sum  to  h,,  -—  h^  we 
shall  get 

L,^  —  L,  +  X  3  u  +  X'  d  V  +  •  •  .  =  0  .     .     .     .   (E), 

G>nsider  all  the  variations  ^  x^  d  x,^  ...  as  independent^  and  equate 
their  coefficients  separately  to  zero.  Then  we  shall  eliminate  the  inde* 
terminates  X,  X'.  . .  from  these  equations.  By  this  process,  we  shall  arrive 
at  the  same  result  as  by  the  former  one ;  for  we  have  only  made  legiti- 
mate operations,  and  we  shall  obtain  the  same  number  of  final  equations. 

It  must  be  observed,  that  we  are  not  to  conclude  from  u  =  0,  v  =:  0, 
that  at  the  limits  we  have  du  =  0,  dv  =  0;  these  conditions  are  inde- 
pendent, and  may  easily  not  coexist  In  the  contrary  case,  we  must 
consider  du  =  0,  dvsO,  as  new  conditions,  and  besides  X  d  u,  we 
must  also  take  X'  d  d  u  .  •  • 

4.  Nothing  need  be  said  as  to  the  case  where  one  of  the  limits  is  fixed 
and  the  other  subject  to  certain  conditions,  or  even  altogether  arbitrary, 
because  it  is  included  in  the  three  preceding  ones. 

It  may  happen  also  that  the  nature  of  the  question  subjects  the  varia- 
tions d  z,  d  y,  d  z,  to  certain  conditions,  given  by  the  equations 

•  =  0,  ^  =  0, 

and  independently  of  limits ;  thus,  for  example,  when  the  required  curve 
is  to  be  traced  upon  a  given  curve  surface.  Then  the  equation  (B)  will 
not  split  into  three  equations,  and  the  equations  (D)  will  not  subsist  We 
must  first  reduce,  as  follows,  the  variations  to  the  smallest  number  possi- 
ble in  the  formula  (B),  by  means  of  the  equations  of  condition,  and  equate 
to  zero  the  coefficients  of  the  variations  that  remain ;  or,  which  is  tanta- 
mount, add  to  (B)  the  terms  Xdff-|-X'dtf  +  ...;  then  split  this  equation 
into  others  by  considering  d  x,  ^  y,  ^  z  as  independent ;  and  finally  elimi- 
nate X,  X'  .  •  .  ^ 

It  must  be  observed,  that,  in  particular  cases,  it  is  often  preferable  to 
make,  upon  the  given  function  Z,  all  the  operations  which  have  produced 
the  equations  (B),  (C)  instead  of  comparing  each  particular  case  with  the 
general  formulae  above  given. 

Such  are  the  general  principles  of  the  calculus  of  variations :  let  us 
illttstrate  it  with  examples. 
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Ex.  1.  Tfhat  is  the  curve  CMK.  of  which  the  length  M  K,  comprised 

V  ■ 

between  the  given  radii-vectors  A  M,  A  K  is  the  kast  possible. 


We  have,  (vol.  I,  p.  000)»  ^  r-  be  the  radius-vector, 

s  =/(r«d^«  +  d«)  =  Z 
it  is  required  to  find  the  relation  r  =  f  9,  which'renders  Z  a  minimun 
the  variation  is 

„       rdP'.3+r«dig.ad^  +  dr.od  r 
^^^  V  (r  •  d  ^  «  +  d  r  •)  ' 

Comparing  with  equation  (A);  where  we  suppose  x  =  r,  y  =:  ^,  we 
have 

m  =s — 5 —  ,  n  =  -J—,  M  =  0,  N  = 

d  s 


ds 
the  equations  (D)  are 

r  d  P «        ,  /d  r\     r  «  d  ^ 


ds    ' 


ds 


-'-^(^D. 


ds 


=:  C. 


Eliminating  d  ^,  and  then  d  s,  from'  these  equations,  and  ds':=  r'd^; 
^.  d  r  *,  we  perceive  that  they  subsist  mutually  or  agree ;  so  that  it  is 
sufficient  to  integrate  one  of  them.  But  the  perpendicular  A  I  let  £ill 
from  the  origin  A  upon  any  tangent  whatever.     T  M  is 

A  J  =  A  M  +  sin.  A  M  T  =  r  sin.  i3, 
which  is  equivalent,  as  we  easily  find,  to 

r  tan.  0 


tivhich  gives 


V  (1  +  tan.  «/3) 

r«d^ rjjdj 

v^  (r  •  d  tf  •  +  d  r  «)  "  ""dT^ 


s  c 


and  since  this  perpendicular  is  here  constant,  the  required  line  b  a 
straight  line.  The  limits  M  and  K  being  indeterminate,  the  equations 
(C)  are  unnecessary. 

Ex.  2.  Tojfind  the  shortest  line  betvseen  two  given  points^  or  two  given 


curves^ 
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Tlie  length  s  of  the  line  is 

/Z  =/v'(dx' +  dy/ +  dz*). 
It  is  required  to  make  this  quanti^  a  minimuiq ;  we  hare 

as  'ds        •^^ds 

M\d  comparing  with  the  formula  (A),  we  find 


d  s*       •"  ds'         ds' 
the  other  coefficients  P,  p»  «*  •  •  •  are  zero.    The  equations  (D)  become^ 
therefore,  in  this  case» 

''O=».''(a-0=»"'(r:)=»' 

whence^  by  integrating 

dx  =  ads,d7  =  bd8,dzs:cds» 
Squaring  and  adding,  we  get 

a«+b«  +  c«=l, 
a  condition  that  the  constants  a,  b,  c  must  fulfil  in  order  that  these  equa- 
tions  may  simultaneously  subsist.     By  division,  we  find 

d  y  ^,  b    d  z  ^  £ 
d^x  ■"  a '  (Tx  ""a  * 

whence 

b  X  =  a  y  +  a',  c  x  =  a  z  +  b'; 
the  projections  of  the  line  required  are  therefore  straight  lines-^e  line  ia 
therefore  itself  a  straight  line. 

To  find  the  position  of  it,  we  must  know  the  five  constants  a,  b,  c, 
a',  b'.  If  it  be  required  to  find  the  shortest  distance  between  two  given 
fixed  points  (x^,  y^,  zj,  (x,,,  y,,,  z,^),  it  is  evident  that  6,  x,  3  x^^  d  y^ . . .  ar^ 
zero,  an4  that  the  equation  (C)  then  holds  good.  Subjecting  our  two 
equations  to  the  condition  of  being  satisfied  when  we  substitute  therein 
x^,  ^/,5  y,  •  •  •  for  x^  J,  z^  we  shall  obtain  four  equations,  which,  with 
a*-{-b'  +  c*=l,  determine  the  five  necessary  constants.  • 

Suppose  that  the  second  limit  is  a  fixed  point  (x^^  y^^  2,,),  in  the  piano 
(x,  y),  and  the  first  a  curve  passing  through  the  point  (x^  j,  z^),  and  also 
situated  in  thi^  plane ;  the  equation 

b  X  =  a  y  +  a' 
then  suffices.     Let  y^  =  f  x^  be  the  equation  of  the  curve;  hence 

^y,  =  Adx,; 
the  equation  (C)  becomes 
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and  since  the  second  limit  is  fixed  it  is  sufficient  to  combine  together  the 
equations 

Eliminating  3  y,  we  get 

dx,  +  Ady,  =  0.» 

We  might  also  have  multiplied  the  equation  of  condition 

3  y,  —  A  d  X,  =  0 

by  the  indeterminate  X,  and  have  added  the  result  to  L^  which  woalJ 
have  given 

whence 

Eliminating  X  we  get 

dx,  +  Ady,  =  0. 

But  then  the  point  (x,,  y,)  is  upon  the  straight  line  passing  through  die 
points  (x^  y^  z,),  (x,^  y,,,  z„),  and  we  have  also 

bdx,  =  ady^ 
whence 

a  =s  _  b  A 
and 

dy  1  b; 

dx    "  A     ""    a 

which  shows  the  straight  line  is  a  normal  to  the  curve  of  condition.  The 
constant  a'  is  determined  by  the  consideration  of  the  second  limit  which  is 
given  and  fixed. 

It  would  be  easy  to  apply  the  preceding  reasoning  to  three  dimensions, 
and  we  should  arrive  at  similar  conclusions;  we  may,  therefore,  infer 
generally  that  the  shortest  distance  between  two  curves  is  the  straight 
line  which  is  a  normal  to  them. 

If  the  shortest  line  required  were  to  be  traced  upon  a  curve  surface 
whose  equation  is  u  =r  0,  then  the  equation  (B)  would  not  decompose  into 
three  others.  We  must  add  to  it  the  term  X  d  u ;  then  regarding  dx^^Jf 
dz  as  independent,  we  shall  find  the  relations 


d.fc)  +  x(^;)=.. 
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0  (ji)  +  ^  (r.)  =  »• 

From  these  eUminating  X,  we  have  the  two  equations 

which  are  those  of  the  curve  required. 
Take  for  example,  the  least  distance  measured  upon  the  surface  of  a 


sphere^  whose  center  is  at  the  origin  of  coordinates :  hence 

u  =:  X*  +  y«  +  z"  — r*  =  0, 

Our  equations  give,  making  d  s  constant, 

z''"x=txd*z,zd*y  =  yd*z, 
whence 

yd*  X  =:  X  d'jL 

Integrating  we  have 

zdx  —  xdz  =  ads,  zdy— iydz  =  bds,  ydx  — xdy=  cds. 
Multiplying  the  first  of  these  equations  by  —  y,  the  second  by  x,  the 
third  by  z,  and  adding  them,  we  get 

ay=:bx  +  cz 
the  equation,  of  a  plane  passing  through  the  origin  of  coordinates.    Hencr 
the  curve  required  is  a  great  circle  which  passes  through  the  points   A' 
C\  or  which  is  normal  to  the  two- curves  A^  B  and  C^  D  which  are  limits 
and  are  given  upon  the  spherical  surface. 
i    When  a  body  moves  in  a  fluid  it  encounters  a  resistance  which  ceteris 
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paribut  depends  on  its  form  (see  vol.  L) :  if  the  body  be  one  of  rerolo* 
tion  and  mores  in  the  direction  of  its  axis,  we  can  show  by  mechanics 
that  the  resistance  is  the  least  possible  when  the  equation  of  the  gener- 
ating curve  fiilfils  the  condidon 


J  dx*  + 


d  d^  _ 


mtntmum. 


m 


dy« 
or 

1  +  y'»  • 
Let  U8  determine  the  generating  curve  o/  the  solid  qfleas^  rnuianee 
(see  Principia,  voL  IL). 
Taking  Uie  variation  of  the  above  expression,  we  get 

—  2ydy'dx      — 2yy''  «  « 

=  ^>°  =  (dx«  +  dy)'  =  (r+yT'P  =  ^'^*^ 

tVie  second  equation  (D)  is 

M  — dN  =  0; 
and  it  follows  from  what  we  have  done  relatively  to  Z,  that 

*^(h^/0  =  m|^  +Ndy'  =  /dN-H  Nd/, 

because 

M  =  d  N. 
Thus  integrating,  we  have 


a 

Therefore 

a(l  +  y'«)«  =  2yy'»- 

Observe  that  the  first  of  the  equations  (D)  or  m  —  d  n  =  0,  would 
have  given  the  same  result  —  n  =:  a ;  so  that  these  two  equations  conduct 
to  the  same  result.     We  have 

a(l+_y:^' 
y-        2y"        ' 

X  -  /ilz  -  -I  4.  fJiAl . 

J   y   ""y*^    y'*    ' 

substituting  for  y  its  value,  this  integral  may  easily  be  obtained ;  it  remains 
to  eliitiinate  y'  from  these  values  of  x  and  y,  and  we  shall  obtain  the 
equation  of  the  required  curve,  containing  two  constants  which  we  shall 
determine  from  the  given  conditions. 
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Ex.  8,    What  is  the  curve  ABM  in  which  the  area  B  O  D  M  comprised 


between  the  arc  B  M  the  radii  of  curvature  B  O^  D  M  and  the  arc  O  D 
of  the  evoluiCf  is  a  minimum  ? 
Tbe  element  of  the  arc  A.  M  is 

ds=:dxVl+y  ; 
the  radius  of  curvature  M  D  is 

(1  +  f!)l. 

and  their  product  b  the  element  of  the  proposed  area,  or 

„  _  (H-y^*)c»x_  (dx  +dy') 
^  "■  Y'  "        dx  dy 

It  is  required  to  find  the  equation  y  =  f  z,  which  makes  yZ,  a  mini- 
mum. 

Take  the  variation  i  N,  and  consider  only  the  second  of  the  equations 
(D),  which  is  sufficient  for  our  object,  and  we  get 

MssO.N  —  aP=:4a, 

T^      dx»  +  dy«       ,  1  +  f*      . 

p_     0  +  y")' 

But 
d  (^i-^y^*)  =  N  d  /  +  P  d  y"  d  X 

=s4ady+dPdy'  +  Pdy"dx, 

putting  A  tk  +  P  for  N.     Moreover  y"  d  z  =  d  y',  changes  tbe  last 
terms  into 

or  d  P  +  P  d  y")  d  X  ='  d  (P  y")..  d  X  =  —  d:(i^j^). 
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Integrating  therefore^ 

^.^   i^  +  yy  ^d/     .^_2(ay^  +  b)d/ 

^  '"2(a/  +  b)~arx'  **^'"    (1  +y*)*  ' 

finallvi 

b  y a 

On  the  other  side  we  have 

y  ==//  d  X  sr  y'  X  — /x  d  y' 
or 

y  ==  y' X  —  c  y' — /y^;^,  d  y' — /b  d  y  tan.- Y; 

this  last  term  integrates  bypartSf  and  we  have 

y  =  y'x  —  c/  —  (by  —  a)  ton.- ^  +  *• 
Eliminating  the  tangent  from  these  values  of  x  and  y,  we  get 

v(by-a,+  g)  =  (^y7''>^^d,  =  ^,^^y-^^l^; 

finally, 

s  =  2V(by  —  ax  +  g)+h. 

This  equation  shows  that  the  curve  required  is  a  cycloid,  whose  four 
constants  will  be  determined  from  the  same  number  of  conditions. 

Ex.  4..  What  is  the  curve  of  a  given  length  s,  betveen  two  fixed  pointh 
fin'  which  fiy  d  s  is  a  maximum  ? 

We  easily  find 

(y  +  ^>  (a^)  =  ''•  ^^'^^^^^  V  { (y  X%  -  c'l ' 

and  it  will  be  found  that  the  curve  required  is  a  catenary, 

Sincey^^ is  the  vertical  ordinate  of  the  center  of  gravity  of  an  arc 

s  • 

whose  length  is  s,  we  see  that  the  center  of  gravity  of  any  arc  whatever  of 
the  catenary  is  lower  than  that  or  any  other  curve  terminated  by  the 
same  points. 

Ex.  5.  Reasoning  in  the  same  way  for  y  y '  d  x  =  mimwuuh  ^ 
y  y  d  X  s=  const,  we  find  y  *  +  X  y  =  c,  or  rather  y  =  c    Wc  hsTe 

here  a  straight  line  parallel  to  x.     Since  ^y.     ,      is  the  vertical  ordinate 

of  the  center  of  gravity  of  every  plane  area,  that  of  a  rectangle,  whose 
side  is  horizontal,  is  the  lowest  possible ;  so  diat  ^f  very  mass  of  wsler 
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whose  upper  sur&ce  is  borizoDtal^  has  its  center  of  gravity  the  lowest 

IK)S5ibIe« 


TINITE  DIFFERENCES. 


If  we  have  given  a  series  a,  b,  c,  d, .  . .  take  each  term  of  it  from  that 
which  immediately  follows  it,  and  we  shall  form  the Jlrst  differences,  Tiz. 

a'  =  b  —  a,  b'  =  c  —  b,  c'rr  d  —  c,  &c. 
In  the  same  manner  we  find  that  this  series  9l\  h\  c',  d'  •  •  •  gives  the 
second  differences 

a"  =  b'  —  a',  b''  =:  c'  ~  b',  c"  =  d'  —  c',  &c. 
which  again  give  the  third  differences 

a'"  =  b''  — a",  b"'  =  c"  — b^c'"  =  d"  — c",  &c. 
These  diflfcrences  are  indicated  by  A,  and  an  exponent  being  giveti  to 
it  will  denote  the  order  of  differences.     Thus  A*  is  a  term  of  the  series 
of  nth  differences.     Moreover  we  give  to  each  difference  the  sign  which 
belongs  to  it ;  this  is  — »  when  we  take  it  from  a  decreasing  series. 
For  .example,  the  function 

y  =  x'  — 9x  +  6  ^ 

in  making  x  successively  equal  to  0,  1,  2,  3,  4  •  •  f  gives  a  series  of 
numbers  of  which  y  is  the  general  term,  and  from  whicli  we  get  the 
following  differences, 

for  X  =       0,       1,       2,     a,     4,     5,       6,      .7 .  . . 
series  y  =       6,  —  2,  —  ^     6,  34,  86,  168,  286  .. .  ' 
first  diffi  A  y  =  — 8,       *    —2,  10,  28,  62,     82,  118  .. . 
second  di£  A  *  y  =  6,  12,  18,  24,     30,     36  . .  . 

third  diff.  A » y  =  6,     6,     6,     6,       6,     .  . . 

We  perceive  that  the  third  differences  are  here  constant,  and  that  the 
second  difference  is  an  arithmetic  progression  >  we  shall  always  arrive  at 
constant  differences,  whenever  y  is  a  rational  and  integer  function  of  x ; 
which  we  now  demonstrate. 

In  the  monomial  k  x  "^  make  x  =  a,  jS,  7,  . . .  ^,  %,  X  (these  numbers 
having  h  for  a  constant  difference),  and  we  get  the  series 

k  a  »,  k  18  «,  . . .  k  ^  »,  k  X  «,  k  X  ». 
Since  x  =  X  —  h,  by  developing  k  x  "»  =  k  (X  —  h) ",  and  designating 
oy  m,  A%  A''  •  .  •  the  coefficients  of  the  binomial,  we  find,  that 

k  (X«  — *»)  =5  kmhX"-*  — k  A'h«X»-«  + k  A''  •  h.  .  . 
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Such  is  the  first  difference  of  any  two  terms  whatever  of  the  series 

k  a  ",  k  /3  »  . . .  k  X  »,  &c. 
The  difference   which  precedes  it,  or  k  (x  ■ — ^™)  is  deduced  by 
changing  X  into  %  and  x  into  ^  and  since  »  =  X  «—  h,  we  must  put 
X  —  h  for  X  in  the  second  member: 

k  m  h(X^h)  »-i-k  A'  h « (X-h  »7*)  ...=k  m  h  X»-»-[A'+m(m-l)]kh«X"^ .. 
Subtracting  these  differences,  the  two  first  terms  will  disappear,  and 
we  get  for  the  second  difference  of  an  arbitrary  rank 

k  m  (m  —  1)  h  «  X  »-«,  +  k  B'  h »  X  »"»  +  .. . 
In  like  manner,  changing  X  into  X  —  h,  in  this  last  developement,  and 
subtracting,  the  two  first  terms  disappear,  and  we  have  for  the  third 
difference 

k  m  (m  —  1)  (m  —  2)  h  •  X  "-»  +  k  B"  h  ♦  X  »-*  . . . , 

and  so  on  continually. 

Each  of  these  differences  has  one  term  at  least,  in  its  developement, 
like  the  one  above ;  the  first  has  m  terms ;  the  second  has  m  —  1  terms; 
third,  m  —  2  terms ;  and  so  on.  From  the  form  of  the  first  term,  whii  h 
ends  by  remaining  alone  in  the  mth  difference^  we  see  this  is  reduced  to 
the  constant 

1.2.8...mkh». 

If  in  the  fimclions  M  and  N  we  take  for  z  two  numbers  which  give  the 
results  m,  n ;  then  M  -}-  N  becomes  m  +  n.  In  the  same  manner,  let 
m',  n'  be  the  results  given  by  two  other  values  of  x ;  the  first  difference 
arising  from  M  -f  N,  is  evidently 

(m-—  m')  +  (n  —  n'). 
that  is,  the  difference  of  the  sum  is  the  sum  of  the  differences.    The  same 
may  be  shown  of  the  3d  and  4th  •  •  •  differences. 

Therefore,  if  we  make 

X  =:  a,  ^,  ^^  •  •  • 
in 

kx  °  +  px°>-*  +  . .  . 
the  mth  difference  will  be  the  same  as  if  these  were  only  the  first  term 
k  X  «,  for  that  of  p  x  »-^,  q  x  "»"•  .  . .  b  nothing.     Therefore  the  mik 
difference  is  constant,  when  for  x  we  substitute  numbers  in  arithmetic  prth 
gression^  in  a  rational  and  integer  Junction  qfx^ 

We  perceive,  therefore,,  that  if  it  be  required  to  substitute  numbers  ui 
arithmetic  progression,  as  is  the  case  in  the  resolution  of  numerical  equa- 
tions, according  to  Newton's  Method  of  Divisors,  it  will  suffice  to  find 
ih%  (m  +  1}  first  results,  to  form  the  first,  second,  &c.  differences.     The 
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6.    6.    6.    6.    6-.      6..* 

2nd  .  .   4  . 

10  .  16  .  22  .  28  •  34  .    40  .  .  . 

1st   .  —2  . 

2  .  12  .  28  .  50  .  78  .  112  .  .  . 

Results  1  • 

—  1  .    1  .  13  .  41  .  91  .  169  . .  . 

For  X  '  0  . 

1.2.    3.4.    5.      6... 
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jBlh  difference  will  have  but  one  term ;  as  we  know  it  is  constant  and 
=  1.2.3...mkh'^,  we  can  extend  the  series  at  pleasure.  That  of 
the  (m  —  l)th  differences  will  then  be  extended  to  that  of  two  known 
terms,  since  it  is  an  arithmetic  procession  ;  that  of  the  (m  —  2)th  differ- 
ences will,  in  its  turn,  be  extended ;  and  so  on  of  the  rest. 
This  is  perceptible  in  the  preceding  example,  and  also  in  this ;  viz. 

X  =  0.     1.2.    3 

Series  1.-1.1.13 

1st.  .  •  •       -2.2.12 

2nd    ..  d«10 

3d    .  •  •  6 

These  series  are  deduced  from  that  which  is  constant 

6.6.6.6... 

and  from  the  initial  term  already  found  for  each  of  them :  ant/  term  is 
derived  by  ^adding  the  two  terms  on  the  Ufl  which  immediately  precede  it. 
They  may  also  be  continued  in  the  contrary  direction,  in  order  to  obtain 
the  results  of  x  =  —  1,  —  2,  —  3,  &c. 

In  resolving  an  equation  it  is  not  necessary  to  make  the  series  of  results 
extend  farther  than  the  term  where  we  ought  only  to  meet  with  numbers 
of  the  same  sign,  which  is  the  case  when  all  the  terms  of  any  column  are 
positive  on  the  right,  and  alternate  in  the  opposite  direction ;  for  the 
additions  and  subtractions  by  which  the  series  are  extended  as  required, 
preserve  constantly  the  same  signs  in  the  results.  We  learn,  therefore, 
by  this  method,  the  limits  of  the  roots  of  an  equation,  whether  they  \)e 
positwe  or  negative. 

Let  yx  denote  the  function  of  x  which  is  the  general  term,  viz.  the 
X  4-  Itb,  of  a  proposed  series 

yo  +  72  +  yi  +  . . .  yx  +  yx+i+  •  •  • 

which  is  formed  by  making 

X  =  0,  1,  2,  3  .  >  • 

For  example,  js  will  designate  that  x  has  been  made  =  5,  or,  with  re- 
gard to  the  place  of  the  terms,  that  there  are  5  before  it  (in  the  last  ex- 
ample this  is  91).     Then 

yi—    yo=^yo>    y«—    yi  =  ^yi»    ya—    ya  =    y« 
A  y»  —  Ayo  =  a^oj  ^y*  —  ^Vi  =  ^^yi»  ^  ys  —  ^ y2  =  ^*y2 • 

A«y,  —  A»yo  =  A9yo,  A«^2  —  ^*yi  =  ^^u  ^'ys  —  ^*y2  =  ^^ya- 

&c.  / 


.    . 


•   • 
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and  generaUy  we  have 

Jx—    yx-i  =  Ay  ,«| 
Ay  X  —  Ayx«i  =2  A«y»., 
A«y4  —  A«y,,_i  =  A^y^^i 
&c. 

Now  ]et  Os  form  the  difFerences  of  any  series  a,  b,  c,  d  .  •  •  in  this 

manner..    Make 

b  •=:  c  +  a' 
c  =  b  +  b' 
d  =  c  4-  c' 

&c. 
b'  =  a'  +  a" 
c'  =  b'  +  b'' 
d'  =  c'  +  c'' 
&c. 

b''  =  a''  +  a'" 
c"  =  b"  +  b'" 
d"  =  c"  +  cf'' 
Sec. 

and  so  on  continually.     Then  eliminating  b,  b',  c,  c',  &c.  from  the  first 
set  of  equations,  we  get 

b  =  a  +  a' 
c  =  a  +  2  a'  +  a'' 
d  =  a  +  3  a'  +  3  a''  +  a"' 
e  =  a  +  4  a'  +  6  a''  +  4  a'''  +  a'"' 
f  =  a  +  5  a'  +  10  a"  +  &c. 
&c.  • 
Also  we  have 

a'  z:r  b  —  a 
a"  =  c  —  2  b  +  a 
a'''  =  d  —  3  c  +  3  b  —  a 
&c. 

r 

But  the  letters  a',  a'',  a%  &c.  are  nothing  else  than  A  y©,  A«y^|,  ^o  •  •  • 
a,  b,  c  .  •  .  being  yo,  y^^  ys  •  •  •  >  consequently 

yj  =  yo  +  Ay« 
y2  =  yo  +  2  Ayo  +  A«?y 
ya  =  yo  +  3  Ayo  +  3  A%  +  A»y<^ 
&c. 
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And 

^yo  =  yi  — yo 

^!yo  =  y«~2yi  +  yo 

A'yo  =  ys  — 3y,  +  3y,— yo 

^Vo  =  yi  —  4  ys  +«ys  +  4yi  +  yo 

&c. 
Hence,  generally,  we  have 

y.  =  yo  +  xAy,  +  X  l=i.  A«yo  +  x. l=lf . ^^IIl^ ^,^  +...(A) 

These  equations,  which  are  of  great  importance,  give  the  general  term 
of  any  series,  from  knowing  its  first  term  and  the  first  term  of  all  the 
orders  of  differences ;  and  also  the  first  term  of  the  series  of  nth  differ- 
ences, from  knowing  all  the  terms  of  the  series  y©,  yi,  y^  .  .  . 

To  apply  the  former  to  the  example  in  p.  (81),  we  have 

yo=  1 

Ayo  =  — 2 

A*yo  =  0 
whence 

y,z=l  — 2x  +  2x(x— l)  +  x(x— l)(x  — 2)  =  x»  — x«  — 2x+  I 
The  equations  (A),  (B)  will  be  better  remembered  by  observing  that 

yx  =  (I  +  Ayo)  «, 

-^°yo  =  (y-i)% 

provided  that  in  the  developements  of  these  powers,  we  mean  by  the 
exponents  of  A  y^,  the  orders  of  differences,  and  by  those  of  y  the  place 
in  the  series. 

It  has  been  shown  that  a,  b,  c,  d  .  .  .  may  be  the  values  of  y,,  when 
tliose  of  z  are  the  progressional  numbers 

m,  m  -f  h,  m  +  2  h  .  . .  m  4-  i  h 
that  is 

a  =  ym  >  b  =  yd+  h  5  c  =  &c. 
In  the  equation  (A),  we  may,  therefore,  put  ym+ih  for  y„  y„  for  y^,  A  y„ 
^<^r  A  y^  &c.  and,  finally,  the  coefficients  of  the  i^**  power.    Make  i  b  =:  z, 
and  write  A,  A «...  for  A  y„,  A«y^  . .  .  and  we  shall  get 

_            zA        z.(z-^h)A'.      z(z-h)(z-2h)A». 
y«+.  -y«  +  -jp  + 21?—+ 21? +•••  ^^^ 

/8 
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This  equation  will  give  y,  when  x  =  m  +  z,  z  being  either  integer  or 
fractional.  We  get  from  the^  proposed  series  the  differences  of  all  orders, 
and  the  initial  terms  represented  by  A,  A%  &c. 

But  inr  order  to  apply  this  formula,  so  that  it  may  be  limited,  we  must 
arrive  at  constant  differences ;  or,  at  least,  this  must  be  the  case  if  we 
would  have  A,  A* .  . .  decreasing  in  value  so  as  to  form  a  converging 
series:  the  developement  then  gives  an  approximate  value  of  a  term  cor- 
responding to 

X  =-  m  4-  z; 
it  bein^  understood  that  the  factors  of  A  do  not  increase  so  as  to  destroy 
this  convergency,  a  circumstance  which  prevents  z  from  surpassing  a 
certain  limit* 

For  exomple,  if  the  radius  of  a  circle  is  1000, 

the  arc  of  60<»  has  a  chord  1000,0  .    ^  t^Aa 

650  1074,6 '^•■^;J'^A»  = -2,0 

70O  1147,8  ^^'^ 

750  1217,5  ^2>^ 

Since  the  difference  is  nearly  constant  from  60®'  to  75®,  to  this  extent 

of  the  arc  we  may  employ  the  equation  (C) ;  making  h  =  5,  we  get  for 

the  quantity  to  be  added  to  y  =  1090,  this 

» 

f .  74,6.  z  —  /ff  z  (z  —  6)  =  16,12.  z  —  0,04.  z« 

So  that,  by  taking  z  =  1,  2,  3 . .  •  then  adding  1000,  we  shall  obtain  the 
chords  of  6P,  62^,  63^  ;  in  the  same  manner,  making  z  the  necessary 
JracttoUf  we  shall  get  the  chord  of  any  arc  whatever,  that  is  intermediate 
to  those,  and  to  the  limits  60^  and  75^.  It  will  be  better,  however,  when 
it  is  necessary  thus  to  employ  great  numbers  for  z,  to  change  these  limits. 
Let  us  now  take 

log.  3100  =  y  =  4913617 

log.  3110        "=4927604 

log.  3120  =  4941546 

log.  3130  ==  4955443 

We  shall  here  considef  the  decimal  part  of  the  logarithm  as  being  an 
integer.  By  making  h  =5  10,  we  get,  for  the  part  to  be  added  to  log. 
3100,  this 

1400,95  X  z  — 0,225  X  zK 
To  get  the  logarithms  of  3101,  3102,  3103,  &c.  we  make 

Z      Z!Z      1,     ^,     «5   .    •  •  »   y 

and   in  like  manner,  if  we  wish  for  the  log.  8107,  58,  we  mast  make 


A. 

= 

13987 

13942 

A.« 

= 

—  45 

13897 

X 

-^4A 
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z  —  7,  58,  whence  the  quantity  to  be  added  to  the  logarithm  of  3100  is 
10606.     Hence 

log.  810768  =  5,4924223. 
The  preceding  methods  may  be  usefully  employed  to  abridge,  the 
labour  of  calculating  tables  of  logarithms,  tables  of  sines,  chords,  &c. 
Another  use  which  we  shall  now  consider,  is  that  of  inserting  the  inter- 
mediate terms  in  a  given  series,  of  which  two  distant  terms  are  given. 
This  b  called 


INTEBPOLATION. 


It  is  completely  resolved  by  the  equation  (C). 

When  it  happens  that  A'  =  0,  or  is  very  small,  the  series  reduces  to 


z    ^  y  A 


m    + 


whence  we  learn  that  the  results  have  a  difference  which  increases  propor- 
tionally to  z. 

When  A '  is  constant,  which  happens  more  frequently,  by  changing  z 
into  z  +  1  in  (C),  and  subtracting,  we  have  the  general  value  of  the  first 
difference  of  the  new  interpolated  series ;  viz. 

First  difference  a'  =  -p^  +  - — ~  i  , a.« 

A.' 

Second. difference  ,A"  =  j-^. 

If  we  wish  to  insert  u  terms  between  those  of  a  given  series,  we  must 
make 

h.=  n  +  1; 
then  making  z  =  0,  we  get  the  initial  term  of  the  differences 

A.« 


A"  = 


(n+  1)« 


u  4-  1 
we  calculate  first  a'\  then  A';  the  initial* term  A'  will  serve  to  compose 
the  series  of  first  differences  of  the  interpolated  series,  (A"  is  the  constant 
difference  of  it) ;  and  then  finally  the  other  terms  are  obtained  by  simple 
additions. 

If  we  wish   in  the   preceding  example   to   find   the   log.   of  8101, 
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8I02»  3108  •  •  •  we  sball  interpolate  9  numbers  between  tbose  which  arc 
giTen:  whence 

u  =  9 

A"=  —  0,45 

A'rr  1400,725. 
We  first  form  the  arithmetical  progression  whose  first  term  is  A',  and 
— >  0,45  for  the  constant     The  first  differences  are 

1400,725;  1400,725;  1399,375;   1398,925,  &c. 
Successive  additions,  beginning  with  log.  3100,  will  give  the  consecutire 
logarithms  required. 

Suppose  we  have  observed  a  physical  phenomenon  every  twelve  hours, 
and  that  the  results  ascertained  by  such  observations  have  been 

For  0  hours  •     •     •  '''8         _ 

12  ...  300  "^  -  -^"^^     A«  =  144 

24  ...  666  ^^6 

36  ...  1176  510  ^44,. 

&c. 

If  we  are  desirous  of  knowing  the  state  corresponding  to  4^  8^  12  S 

&C.,  we  must  interpolate  two  terms;  whence 

u  =  z.  A"  =  16,  A'  =  58 

composing  the  arithmetic  progression  whose  first  term  is  58,  and  common 

difference  16,  we  shall  have  the  first  differences  of  the  new  series,  and 

then  what  follow 

First  differences  58,  74,  90,  106,  122,  138  .  •  . 

Series  78,  ]36,  210,  300,  406,  528,  646  ..  . 

A  OS  4S8h,  16»»20S24»». 

The  supposition  of  the  second  differences  being  constant,  applies  almos^ 
to  all  cases,  because  we  may  choose  intervals  of  time  which  shall  £ivgur 
such  an  hypothesis.  This  method  is  of  great  use  in  astronomy;  and 
even  when  observation  or  calculation  gives  results  whose  second  differ- 
ences are  irregular,  we  impute  the  defect  to  errors  which  we  correct  by 
establishing  a  greater  degree  of  regularity. 

Astronomical,  and  geodesical  tables  are  formed  on  these  principles. 
Yfe  calculate  directly  different  terms,  which  we  take  so  near  that  their 
first  or  second  differences  may  be  constant ;  then  we  interpolate  to  obtain 
the  intermediate  numbers. 

Thus,  when  a  converging  series  gives  the  value  of  y  by  aid  of  that  of  a 
variable  x ;  instead  of  calculating  y  for  each  known  value  of  x,  when  the 
formula  is  of  frequent  use,  we  determine  the  results  y  for  the  continually 
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increasing  values  of  x^  in  such  a  manner  that  y  shall  always  be  nearly  of 
the  same  value :  we  then  write  in  the  form  of  a  table  every  value  by  the 
side  of  that  of  x,  which  we  call  the  argument  of  this  table.  For  the 
numbers  x  which  are  intermediate  to  them,  y  is  given  by  simple  proposi- 
tionsy  and  by  inspection  alone  we  then  find  the  results  lequired. 

When  the  series  has  two  variables,  or  arguments  x  and  z,  the  values 
of  y  are  disposed  in  a  table  by  a  sort  of  double  entry  s  taking  for  coordi- 
nates X  and  z,  the  result  is  thus  obtained.  For  example,  having  made 
z  =  ],  we  range  upon  the  first  line  all  the  values  of  y  corresponding  to 

X  =  1,  >',  3...; 
we  then  put  upon  the  second  line  which  z  =r  z  gives ;  in  a  third  line  those 
which  z  =  3  gives,  and  so  on.   To  obtain  the  result  which  corresponds  to 

X  =  3,  z  =  5 
we  stop  at  tlie  case  which,  in  the  third  column,  occupies  the  fifth'place. 
The  intermediate  values  are  found  analogously  to  what  has  been  already 
shown. 

So  far  we  have  supposed  x  to  increase  continually  by  the  same  differ- 
ence.    If  this  is  not  the  case  and  we  know  the  results 

y  =  a,  b,  c,  d  •  .  • 
which  are  due  to  any  suppositions 

X  =  a,  jS,  7,  d  •  •  • 
we  may  either  use  the  theory  which  makes  a  parabolic  cur\x  pass  through 
a  series  of  given  points,  or  we  may  adopt  the  following : 
By  means  of  the  known  corresponding  valu^ 

a,  a;  b  /3;  &c. 
we  form  the  consecutive  functions 

b  — a 


A  ^ 


|3  —  cc 


.        c  — b 

A,  = 

7—P 
d  — c 


B  = 
B.= 


i  —  7 

A,— A 

y  —  a 

K—A 

a  — ^ 

A..,—  A 
%  —  y 

/*. 
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«  C  rs  ^'~^ 

d  —  «  ^ 

j^  _  C,  —  C 

and  so  on. 
By  elimination  we  easily  get 
b  =  a  +  A(/3  — a) 
c  =  a  +  A(7  — a)  +  B  (y— a)  (y  — ^) 

d  =  a  +  A  {d  —  a)  +  B  (a  —  «)  (a  — ^)  +  G(a  — a)  (a— (3)  (a  -y) 

and  generally 

yx=  a+ A  (X  — a)  +  B  (X  — a)  (x  — ^)  +  C  (x  — «)  (x— ^)  (x— y)+&c. 
We  must  seek  therefore  the  first  differences  amongst  the  results 

a^  fjf  c  •  •  • 
and  divide  by  the  differences  of 

which  will  give 

A,  Ai,  Ag,  &C. 

proceeding  in  the  same  manner  with  these  numbers,  we  o>ct 

K  By    Bx9   B29   &C* 

which  in  like  manner  give 

Cj  Ci>  Cgj  8cc. 
and,  finally  substituting,  we  get  the  general  term  required. 
By  actually  multiplying,  the  expression  assumes  the  form 

a  +  a'x  +  a'x*  +  ... 
of  every  rational  and  integer  polynomial,  which  is  the  same  as  when  we 
neglect  the  superior  differences. 
The  chord  of  60«  z=  rad.  =  1000 


62^20'  =  1035 II 
650.10'  =1077^^ 
690.  Q/       =1133 


Ai  =  14,82 -J^^« 
Agzr  14,61  — ^>2' 


B=— 0,035 
Bi=— 0,031 


We  have 

a  =  0,   ^  =  2J,    7  =  5^,   a  =  9. 
We  may  neglect  the  third  differences  and  put 

y^  =  100  +  15,082  x  —  0,035  x«. 

Considering  every  function  of  x,  y,^  as  being  the  general  term  of  the 
series  which  gives 

X  =  m,   m  +  b,  m  +  2  h,  &c 
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if  we  take  the  differences  of  these  results,  to  obtain  a  new  series,  the 
general  term  will  be  what  is  called  the  first  difference  of  the  proposed 
fiiDction  y,  which  is  represented  by  A  y^.  Thus  we  obtain  this  difference 
by  changing  x  into  x  +  h  in  y^  and  taking  y^  from  the  result;  the  re- 
mabder  will  give  the  series  of  first  differences  by  making 

X  =:  m,  m  4-  h,  m  -f   2  h,  &c. 


Thus  if 


yx  = 


x« 


a  +  X 


Av    -  i2L±J01_JL!_ 

'  '  ~  a  +  x+  h       a  +  x" 

It  will  remain  to  reduce  this  expression,  or  to  develc^  it  according  to 
the  increasing  powers  of  h. 
Taylor's  theorem  gives  generally  (vol*  L) 


dx      ^   dx«    1.2 

To  obtain  the  second  difference  we  must  operate  upon  a  y^  as  upon  Uie 
proposed  y,)  and  so  on  for  the  third,  fourth,  fi^c.  differences. 

INTEGRATION  OF  FINITE  DIFFERENCES. 

Integration  here  means  the  method  of  finding  the  quantity  whose  dif- 
ference is  the  proposed  quantity ;  that  is  to  say  the  general  term  y^  of  a 

ymJ  ym  +  hj  yiii+9h»  &c- 

from  knowing  that  of  the  series  of  a  difference  of  any  known  order.    This 
operation  is  indicated  by  the  symbol  2, 
For  example 

2  (3  X «  +  X  —  2) 

ought  to  indicate  that  here 

h  =  L 
A  function  y,  generates  a  series  by  making 

the  first  differences  which  here  ensue,  form  another  series  of  whicU 

3x«  +  X  — 2 

is  the  general  term,  and  it  is 

—  2,  2,  12,  28  •  •  • 
By  integrating  we  here  propose  to  find  y^  such,  that  putting  x  +  1  for 
z,  and  subtracting,  the  remainder  shall  be 

S  X «  +  X  —  2. 
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It  is  easy  to  perceive  that,  first  the  symbols  2  and  A  destroy  one  another 
as  do  y  and  d;  thus 

2  i^  f  X  =  f  X. 

Secondly,  that 

A  (a  y)  =  a  A  y 

gives 

2  a  y  =  a  2  y. 
lliirdly,  that  as 

A(At  —  Bu)  =  AAt  —  Bau 
so  is 

2(At  —  Bu)=:  A2t  —  Bsu, 
t  and  u  being  the  functions  of  x. 

The  problem  of  jdetermining  y,  by  its  first  difierence  does  not  contain 
data  sufficient  completely  to  resolve  it;  for  in  order  to  recompose  Uie 
sefies  derived  from  y^  in  beginning  with 

^  2,  2,  12,  28^  &c. 
we  must  make  the  first  term  ^ 

_  yo  =  a  Y        •' 

and  by  succesmve  additions,  we  shall  find 

a,  a  •*-  2,  a  +  2,  a  -f  12,  &c« 
in  which  a  remains  arbitrary. 

I-!very  integral  may  be  considered  *as  comprised  in  tlie  equation  (A) 
p.  83 ;  for  by  taking 

X  =;  0,  1,  2,  3  .  .  . 
in  the  first  difierence  given  in  terms  of  x,  we  shall  form  the  series  of  first 
difierences ;  subtracting  these  successively,  we  shall  have  the  second  dif- 
ferences ;  then  in  like  manner,  we  shall  get  the  third  and  fourth  difi*er- 
ences.     The  initial  term  of  these  series  will  be 

and  these  values  substituted  in  y,  will  give  y,*     llius,  in  the  example 
above,  which  is  only  that  of  page  (81)  when  f^  =  1,  we  have 

Ayo  =  — 2,  A«yo  =  4,  A'yo  =  6,  A*y,  =  0,  &c; 
which  give 

yx  =yo  — 2x  — x«  +  x». 

Generally,  the  first  term  y^  of  the  equation  (A)  is  an  arbitrary  constant, 
which  is  to  be  added  to  the  integral.  If  the  givAu  function  is  a  second 
difference,  we  must  by  a  first  integration  reascend  to  the  first  difference 
and  thence  by  another  step  to  y, ;  thus  we  shall  have  two  arbitrary  con- 
stants;  and  in  fact,  the  equation  (A)  still  gives  y.  by  finding  A%  a',  tlie 
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only  difference  in  the  matter  being  that  y^  and  A  y^  are  arbitrary.     And 
60  on  for  the  superior  orders. 

Let  us  now  find  2  x  ">,  the  exponent  m  being  integer  and  positive. 
Represent  this  developement  by 

Sx^spx  +  qx^^  +  rx'+Ac 
a,  b,  c,  &c.  being  decreasing  exponents^  which  as  well  as  the  coefficients' 
p,  q,  &C.  must  be  determined.     Take  the  first  difference,  by  suppressing 
2  in  the  first  member,  then  changing  x  into  x  +  ^  in  the  second  member 
and  subtracting.     Limiting  ourselves  to  the  two  first  terms,  we  get 
X"  =pahx*-i  +  ipa{a— l)b«x*-«  +  ...qbhx*»-*  +... 

But  in  order  that  the  identity  may  be  established  the  exponents  ought 

to  give 

a  — I  =  m 

a_2  =  b  —  1 
whence 

a  =:  m  +  I9  b  =  m. 

Moreover  the  coefficients  give 

1  =:pah,  —  ^pa(a  —  l)h  =  qb; 

whence 

P={m+  l)h*  *»--*• 
As  to  the  other  terms,  it  is  evident,  that  the  exponents  are  all  integer 
and  positive ;  and  we  may  easily  perceive  that  they  fail  in  the  alternate 
terms.     Make  therefore 

2x"  =  px""+* — Jx"  +  ax"-'  +  j3x*-'  +  yx"*-*+  ... 
and  determine  a,  /3,  7  •••  &c. 

Take,  as  before,  the  first  difference  by  putting  x  +  h  for  x,  and  sub- 
tracting :  and  first  transfeiTing 

p  x"  +  *  —  }  x*", 
we  find  that  the  first  member,  by  reason  of 

ph(m  +  1)  =  1, 
reduces  to 

^•2:3''        +^-      4     •  ir"",,-  +^    •      6     •^?f'' 

To  abridge  the  operation,  we  omit  here  the  alternate  terms  of  the  deve- 
lopement ;  and  we  designate  by 

1,  m.  A',  A'',  &c. 
the  coefiicients  of  the  binomial. 
Making  the  same  calculations  upon 

ax"->  +  ^x«-^  +  8tr, 
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we  shall  baye,  with  the  same  respectire  powers  of  x  and  ofh, 

(m— 1)  a+  (m— 1).      g     .  — g —  «  +  (in  —  I),  — ^— . . .  -  ^      a  + ... 

+  (m  — 4)7+.. 

'    Comparing  them  term  by  term,  we  easily  derive 

—  m 

"  "  3.4' 

kff 


7  = 


2.3.4.5  * 
6.6.7 


whence  finally  we  get 

2x»  =  r-^^T-TTT  —  V  +  mahx~-'  + A"bh«x»-» 
(m  +  1)  h        2 

+  A"^ch«x»-HA'*  dh''x»-''+...(D) 

This  developement  has  for  its  coefficients  those  of  the  binomial,  taken 

from  two  to  two^  multiplied  by  certain  numerical  factors  a,  b,  c  •  •  •,  which 

are  called  the  numbers  of  Bernoulli,  because  James  Bernoulli  first  deter- 

mined  them.     These  factors  are  of  great  and  frequent  use  in  the  theoij 

of  series ;  we  shall  give  an  easy  method  of  finding  them  presently.  These 

are  their  values 

1 

"=12 
b=_.^ 


^  ""  252 

d  =_ 


120 
1 


240 
_  1 

^  ■"  132 

691 


32780 
_  1 

^  ""  12 
1  -   3617 
""   8160 
.  _ 43867 

*  ""  14364 

&c. 
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which  it  will  be  worth  the  trouble  fally  to  commit  to  memory. 

From  the  above  we  conclude  that  to  obtain  2  x"^,  m  bebg  any  number, 
integer  and  positive^  we  must  besides  the  two  first  terms 

(m  +  l)h~'2" 

also  take  the  developement  of 

(X  +  h) » 

reject  the  odd  terms,  the  first,  third,  fifth,  &c.  and  multiply  the  retained 

terms  respectively  by    ^  « 

a,  D,  c  •  • . 

Now  X  and  h  have  even  exponents  only  when  m  is  odd  and  reciprocaUy  s 
so  that  we  must  reject  the  last  term  h™  when  it  falls  in  a  useless  situation  ; 
the  number  of  terms  is  ^  m  -f  2  when  m  is  even,  and  it  is  ^  (m  +  3}  when 
m  is  odd ;  that  is  to  say,  it  is  the  same  for  two  consecutive  values  of  m. 

Required  the  integral  ofn  ^. 
Besides 


x" 


—  ix» 


11  h 

wc  must  develope  (x  -f  h)  ^,  retaining  the  second,  fourth,  sixth,  &c.  terms 

and  we  shall  have 

10x»ah+  120x''bh»  +  252x«ch«  +  See- 
Therefore 

-iil— ix»  +  |.x5h  — x'h'  +  x»h^  — Jx»h^+^xh* 
In  the  same  matmer  we  obtain 

X 


2X*^ 


2  X®  = 


J   _^    X*  X 

^"^    -2h~^ 

^"^    "  3h        2   + 
«      S         X*         x'    , 

2  X'  =   TT- + 

4h        JJ   ^ 

^4  X*  X* 

2   X*  =    ; 4- 

5  h        4   ^ 

X6  "V  ^ 

^        6h       2  + 

7h        2  ^ 
,  _  x'        x"'       7hx«       7h»x*       h'x« 
8  h         2+12  24+12 


6   ' 

hx» 

4 

hx» 

h»x 

3 

SO 

6hx* 

h'x* 

12 

12    ' 

hx* 

h'x»   . 

h*x 

2 

■   6      + 

42 

7hx« 

1Q 

7h»x 

Oil. 

4 

-     + 
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^*-#Ti~2"*"       3  16"*"        9  30 

^*-105         2'*"4  10       +      2  20 

x^ 
2  x""  =  Y=-T-  —  &c.  as  before, 

&c. 

We  shall  now  give  an   easy  method  of  determining  the  Number  of 
Bernoulli  a,  b,  c  •  •  •     In  the  equation  (D)  make 

x=  h=  1; 
S  X  "^  is  the  general  term  of  the  series  whose  first  difference  is  x  "*•    We 
shall  here  consider  2.  x^  =  1,  and  the  corresponding  series  which  is  thai 
of  the  natural  numbers 

•     Uj     1)    Ay    S  •  •  • 

Take  zero  for  die  first  member  and  transpose 

m  +  1~* 

which  equals 

2  (m  +  1) 
I  — m     • 

Then  we  get 

^^^=^j  =  am  +  b  A"  +  cA'»  +  d  A"  +...  +  km. 
By  making  m  =  2,  die  second  member  is  reduced  to  am,  which  gives 


_    1 

"  "r2* 


Making  m  =  4,  we  get 


A  «  4  a  +  b  A" 

.       ,  m  —  1    m  —  2  , 

=  4  a  +  m.  — - — .  — 5 —  b 


2 


Whence 


=  4  a  -f  4  b 
=    i    +  4  b, 

°  "■  ~T20' 


Again,  making  m  =  6,  we  get 


ft 


^  =  6a  +  b  A"  +  c  A«' 
s=6a+  20  b  +6c 
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which  gires 

1 
^  ~  252' 
and  proceeding  thus  by  making 

m  ^  2}  4)  6|  8)  &€• 
we  obtain  at  each  step  a  new  equation  wluch  has  one  term  more  than  the 
preceding  one^  which  last  terms,  viz. 

2  a,  4  b,  6  c,  •  • .  m  k 
will  hence  succ^ively  be  found,  and  consequently, 

a,  D,  c  •  •  •  ic» 
Take  tbe  difPerence  of  the  product 

yx=  (x  — h)x(x  +  h)(x  +  2h)...(x+ih), 
by  X  -f*  h  for  X  and  subtracting ;  it  gives 

A  y,  =  X  (X  +  h)  (X  +  2  h) . .  •  (x  +  i  h)  X  (i  +  2)  h; 
dividing  by  the  last  constant  factor,  integrating,  and  substituting  for  y, 
its  value,  we  get 

2  X  (x  +  h)  (x  +  2  h) . . .  (x  +  i  h) 

■^  (Tp^h  X^(*  +  h){x  +  2h)...(x  +  ih)* 
Tliis  equation  gives  the  integral  of  a  product  of  factors  in  arithmetic 
progression. 

Taking  the  difference  of  the  second  member,  we  verify  the  equation 

x(x+h)(x+2h)...(x+ih)  "  ih  x(x  +  h).. .  {x  +  (i— l)hi 

which  gives  the  integral  of  any  inverse  product 

Required  the  integral  qfa^. 

Let 

yx  =  a\ 
Then 

A  y,  =  a*  (a**  -*-  1) 

whence 

y,.=r  2a*  (a"*—  1)  =  a«; 

consequently 

a* 

2  a*  =  — r r  +•  constant, 

a"  —  1 

Required  the  integrals  of  sin.  x,  cos.  x. 

Since 

COS.  B  —  cos.  A  =  2  sin.  J  (A  +  B).  sin.  ^  (A  —  B) 
A  COS.  X  ^  COS.  (x  +  h)  —  cos.  X 

=  -  2  .in.  (x  +  -g-)  sin.  ^ 
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Integrating  and  changing  x  -f  —  into  z,  we  have 

2  sin.  2  =  —  COS. ; —  +  constant. 

o   •      h 
2  sin.  -^ 

In  tlie  same  way  we  find 

sin.  (z— -g) 

2  cos.  z  =  r h  constant. 

2  sm.  -s" 

When  we  wish  to  integrate  the  powers  of  sines  and  cosines,  we  trans- 
form them  into  sines  and  cosines  of  multiple  arcs,  and  we  get  terms  of 
the  form 

A  sin.  q  X,  A  cos.  q  x^ 
Making 

q  X  =  x 
the  integration  is  performed  as  above. 
Mequired  the  integral  of  a 'pt^oduct^  viz. 

Assume 

2(uz)  =  u2z-ft 
u,  z  and  t  being  all  functions  of  x,  t  being  the  only  unknown  one.    Br 
changing  x  into  x  +  h  in 

u  2  z  +  t 
u  becomes  u  +  ^  u,  z  becomes  z  +  A  z,  &c.  and  we  have 

U2Z+UZ  +  Au2(z  +  Az}-ft-fAt; 

substituting  from  this  the  second  member 

u  2  z  -f  t, 
we  obtain  the  difference,  or  u  z;  whence  results  the  equation 

0   =  AU2(Z  +  Az)  +  At 

which  gives  / 

t  =  —  2jAu2(z  +  A  z)}. 

Therefore 

2^  (U  Z)  =  U  2  Z  —  2  JA  u  .  2  (Z  +  A  z)} 

which  is  analogous  to  integrating  ly  parts  in  differential  functions. 

There  are  but  few  functions  of  which  we  can  find  the  finite  int^ral; 
when  we  cannot  integrate  them  exactly,  we  must  have  recourse  to  series. 

Taylor's  theorem  gives  us 

dy  I    .   d*y    h*   .    o 
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=  y'h  +  ^h«  +  &C. 


by  sppposition.     Hence 


y,  =  h  2  y'  +  ^  2  y'  +  &c. 

Considering  y'  as  a  given  function  ofx,  viz.  z,  we  have 

y  =  z 
i'  *=  z' 


and 


whence 


&C. 


y,  =/y'dx  s=/zdx 


h' 
y  z  d  x  s  h  2  z  +  —  2  z'  +  &c. 

4S 


which  gives 


2z  =  h'-^/zdx  — j2z'  — ^h«2z''  — See. 

This  equation  gives  2  z^  wl|dn  we  know  zf,  2  sf^  &c«  Take  the  dif- 
ferentials of  the  two  numbers.  That  of  the  first  2  z  will  give,  when  di« 
vided  by  d  X,  2  z'.  Hence  we  get  2  i!\  then  2 1!''^  &c. ;  and  even  without 
making  the  calculations!  it  is  easy  to  see,  that  the  result  of  the  substitution 
of  these  values,  will  be  of  the  form 

2  z  =  h-«/z  dx  +  Az+Bhz'+Ch«z"  +  &c. 

It  remains  to  determine  the  factors  A,  B,  C,  &c.    But  if 

z  =  X"* 

we  get 

/z  d  X,  z',  z'',  &C. 

and  substituting,  we  obtain  a  series  which  should  be  identical  with  the 
equation  (D),  and  consequently  defective  of  the  powers  m  -—  2,  m  —  4, 
so  that  we  shall  have 


22=         ^ 

T+ 

ahz'   ,   bh»z"'   . 
1       '       1.2'     + 

chV"" 
2.3.4 

a^  by  Cy  8|^c.  \Msm%  tke  numbers  of  BemouUL 
For  example^  if 

- 

z  six 

/Ix 

.dx3xlx*»>x 

. 

2.. .6 


+  lea 
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consequently 

2lx  =  C  +  xlx  —  X  —  ilx  +  a  x-»  +  b  x-»  +  c  x-/  +  &c 
The  series 

flj     Dj    C  •  •    •   Kj     My 

hnving  for  first  differences 

By   O  }  v    •  •  •  Ik 

we  have 

b  =  a  +  a' 
c  =  b  +  b 
d  =  c  +  c' 

1  =  k  +  k' 

equations  whose  sum  is 

1  =  a  +  a'  +  b'  +  c'  +  .  • .  k'. 
If  the  numbers  a',  b',  cf,  &c.  are  known,  we  may  consider  them  as  being 
the  first  differences  of  another  series  a,  b,  c,  &c.  since  it  is  easy  to  com- 
pose the  latter  by  means  of  the  first,  and  the  first  term  a.  By  definition 
we  know  that  any  term  whatever  F,  taken  in  the  given  series  a',  V,  cf^  &c 
is  nothing  else  than  A  1,  for  F  =  m  —  1 ;  integrating 

F  =  A  1 

we  have 

2P  =  1 

or 

jT  =  af  +  V  +  d...  +k', 
supposing  the  initial  a  is  comprised  in  the  constant  due  to  the  integra- 
tion.    Consequently 

The  integral  of  any  term  whatever  of  a  series^  we  obtain  the  sum  of  all 
the  terms  that  precede  itj  and  have 

^Yx  =  yo  +  yi  +  y«  +*--yx-i- 

In  order  to  get  the  sum  of  a  series,  we  must  add  y,  to  the  integral ;  or 
which  is  the  same,  in  it  must  change  x  into  x  +  I9  before  we  integrate. 
The  arbitrary  constant  is  determined  by  finding  the  value  of  the  sum  jt 
when 

X  =  1. 

We  know  therefore  how  to  Jind  the  summing  term  of  every  series  whose 

general  term  is  known  in  a  rational  and  integer  function  ofx. 

Let 

y,  =  Ax»  — Bx"+  C 

m  and  n  being  positive  and  integer,  and  we  have 

A  2x»  —  B  2x"  + Clx* 
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for  the  sum  of  the  terms  as  far  as  y,  exclusively.     This  integral  being 
onco  found  by  equation  D,  we  shall  change  x  into  x  +  I9  aod  determine 
the  constant  agreeably. 
For  example,  let 

y,=  >(2x— 1); 
changing  x  into  2+1}  anc^  integrating  the  result,  we  shall  find 

2  2  x»  +  S  2  X  +  I  x«  =  i^^l±^^^^=^ 

x  +  1    4x — 1 
=  x.— g-.        3^; 

there  being  no  constant}  because  when  x  =  0,  the  sum  =  0. 
The  series 

I  1",  2",  8»... 

of  the  m^  powers  of  the  natural  numbers  is  found  by  taking  2  x  "^  (equn« 
lion  D) ;  but  we  must  add  afterwards  the  x^  term  which  is  x"^;  that  is  to 
say,  it  is  sufficient  to  change  —  i  x "" ,  the  second  term  of  the  equation 
(D),  into  ^  x'^;  it  then  remains  to  determine  the  constant  from  the  term 
Tire  commence  from. 
For  example^  to  find 

S=:  1  +  2«  +  8«  +  4«  +  ...x« 
"we  find  2  X*,  changing  the  sign  of  the  second  term,  and  we  have 

s-  8  +  2  +  e"-''-'"T^-~2~' 

tlie  constant  is  0,  because  the  sum  is  0  when  x  =  0.     But  if  we  wish  to 
find  the  sum  • 

S'  =.(n  +  !)•  +  (n  +  2)«  +  ...x* 
S'  =  0,  whence  x  =  n  —  I,  and  the  constant  is 

n  — 1    2n—  1 

iw'hich  of  course  must  be  added  to  the  former ;  thus  giving 

S'  =  (n  +  1)«  +  (n  +  2)«  +...x« 

-  3g  +  1    2x  +  1  n  —  1    2n  ~  1 

-  *-~3~'        2  "•       2~*        3 

=  J  X  {x.(x+l).  (2x+  1)  — n.(n— l)(2n  — 1) 

=  -ix  {2(x»  — n»)  +  3(x»  +  n»)  +x^n|. 

This  theory  applies  to  the  summation  ofjfgurate  numbersy  of  the  diA 
ferent  orders:'-^ 
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First  order,  1  •  1  •  1  .  1  •  1  .  1  .  1  ,  &c* 
Second  order,      1 .  2 .  3.  ,  4  .  5  .    6   •    7  ,  &c. 

Third  order,  1 .  3 .  6  .  10  .  15  .  21  .  28 ,  &c. 
Fourth  order,  1 .  4  .  10  .  20  .  35 .  56  •  84 ,  &c 
Fifth  order,         1 .  5  .  15  •  35  .  70  .  186 .  210,  &c. 

and  so  on. 
The  law  which  every  term  follows  being  the  sum  of  the  one  immediate 
y  over  it  added  to  the  preceding  one.     Tlie  general  terms  are 
First,       1 
Second,  3C 

Third,     "^'^^  +  ^) 

Fourth,  ^  (^  +  iV^  +  ^> 
&c* 

u  X ,  (X  «h  1)  (x  -f  2) . . .  X  +  P  —  8 

^   ^  ^       1.2.8...p_l  • 

To  sum  the  Pyramidal  numbers,  we  have 

S  =:  1  +  4  +  10  +  20  +  &c. 
Now  the  general  or  x^*^  term  in  this  is 

y,  =  -i  .  X  (X  +  1)  (X  +  2). 

But  we  find  for  the  (x  —  !)«»  term  of  numbers  of  the  next  order 

^(x— l)x(x+  l)(x  +  2); 
finally  changing  x  into  x  +  1,  we  have  for  the  required  form 

S  =  ^x.(x+  l)(x  +  2)(x+3j. 

Since  S  =  1,  when  x  =  1,  we  have  • 
1  =  1-}-  constant,  consequently 
.'.  constant  =  0. 

Hence  it  appears  that  the  sum  of  x  terms  of  the  fourth  order,  is  the 
x^*  term  or  general  term  of  the  fifth  order,  and  vice  versa ;  and  in  like 
manner,  it  may  be  shown  that  the  x'^  term  of  tlie  (n  +  1)^'*  order  is  the 
sum  of  x  terms  of  the  n^"*  order. 

Inverse  Jigurate  numbers  are  fractions  which  have  1  for  the  numerator, 
and  a  figurale  series  for  the  denominator.  Hence  the  x^  term  of  the  p^^ 
order  is 

1.2.3...(p—  1) 

X  (x  +  l)...x  +  p  —  2 
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and  the  integral  of  this  is 

^ l>2>8,.,(p—  1) 

^.      (p  — 2)x(x +l)...(x  +  p  — 3)* 

Changing  x  into  x  +  1,  then  determining  the  constant  by  making 

X  =  Oy  i¥hich  gives  the  sum.  =  0,  we  shall  have 

p~l 
^-p  — 2* 

and  the  sum  of  the  x  first  terms  of  this  general  series  is 
p —  1  1 .2.3.,.(p  — 1) 

p  _  2~(p  — 2)  (X  +  1)  (X  +  2).  ..(X  +  p~2/ 

In  this  fc^rmula  make 

P     SS     9}    4}    O  •  m    • 

and  we  shall  get 
1111  1.2  2'2 

T  +  T"*"  6  +io  +  --x(x+l)  =  I~r+^l 

1.1.1.1.  la-g      -^ 3_ 

T+  4  ''"  ro'^2b"*"'*'x(x+l)(x:+2)'"  2        (x+l)(x+2) 
1        1  1        J^*  1. 2. a. 4  _  4 2.4 

Y+  5  ''"T0"^35'*";"x(x+l)(x+2)(x+3)""  3     •  (x+J)...(x+3) 
1         1         1         1.  1 .2.3.4.5       _  5^ 2.3.5 

T+  6  +2i''"66+---x(x+l).-.(x+4)--  4        (x+1) . .  .(x+4) 

and  so  on.    To  obtain  the  whole  sum  of  these  series  continued  to  infinity, 
we  must  make  .    . 

X  =   CO 

which  gives  for  the  sum  required  the  general  value 

p-a 

which  in  the  above  particular  cases,  becomes    . 

2     3     4    5 
1'  2^'  3' 4'^^' 

To  sum  the  series      ^  ^ 

sin.  a  +  sin.  (a  +  h)  +  sin.  (a  +  2  h)  +  . . .  sin.  (a  +  x—  1  h) 

we  have 

cos.  f  a  +  h  X  — -^j 

2  sin.  (a  +  X  h)  =  C j^ 

2  sin.  -^ 

changing  x  into  x  +  1,  and  determining  C  by  the  condition  that  x  =  —  1 
makes  the  sum  =  zero,  we  find  for  the  summing-term. 

cos.  (a  —  ^)  —  COS.  (a  +  h  X  +  -g  ) 

^    .     h 

2  sm.— 

40 
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or 


.      /     ^  h    \    .     h  (x  +  1) 
im.  (^a  +  —  X  j  sin.   ^  ^ 


SUL-g- 


In  a  similar  manner,  if  we  wish  to  sum  the  series 

COS.  a  +  COS.  (a  +  h)  +  cos.  (a  +  ^  h)  +  •  •  •  cos.  (a  +  x  —  1  h) 
we  easily  find  the  summing^term  to  be 

sin.  (a 2  )  —sin.  (a  +  h  x  +  — ^ 


o    •      h 
2  sm.  — 

or 

.    h  (X  +  1) 


COS.  (*  +  "o  '^j  '"*• 


2 


TTT 
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4    COMMENTARY 


ON 


NEWTON'S     PRINCIPIA. 


SUPPLEMENT 

TO 

SECTION  XL 

460    Prop.  LVII,   depends  upon   Cor.  4  to  the  Laws  of  Motion, 
which  is 
If  any  number  qf  bodies  mutually  attract  each  others  their  center  of  gro* 
.  vity  will  either  remain  at  rest  or  will  move  uniformly  in  a  straight  line. 
First  let  us  prove  this  for  two  bodies. 
Let  them  be  referred  to  a  fixed  point  by  the  rectangular  coordinates 

3Cf  y ;  x:,  y', 

and  l^t  their  masses  be 

Also  let  their  distance  be  ^,  and  f  (^)  denote  the  law  according  to  which 
they  attract  each  other. 
Then 

f^f{t\f^'f{t) 
will  be  their  respectiye  actions,  and  resolving  these  parallel  to  the  axes  of 

abscissas  and  ordinates,  we  have  (46) 

d'x        ,n.vX' — X 

a-.  .   ,  ^,j 


d 

Vofc  II,  A 
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U '^' 


Hence  multiplying  equations  (1)  by  Ab  and  those  marked  (2)  by  ft'  and 
adding,  &c.  we  get 


and 


Atd'y  +  /d'y  _^ 
dt- 


and  integrating 


d  X   ,     ,    d  x' 

'^•dT+'"--dT  =  ^ 

^•dt  ^'^  •  dt  "''• 

Now  if  tlie  coordinates  of  the  center  of  gravity  be  denoted  by 

X,  y, 

we  have  by  Statics 

fix  +  fi'y-' 


and 


d  X  _       1        /      d  X        ,  dx\  _      c 
dT-JM^'"  V''''dt  ■*"'*  dt; -/*  +  (*' 

d"y  _       1        /     d  y         ,  dy\  _      c^ 
HI  ""a^  +  zx'    V'*  dt  ■*''*  dt/  "a*  +  /' 


But 


dx  d  y 
dt'  dt 
represent  the  velocity  of  the  center  of  gravity  resolved  parallel  to  the 
of  coordinates,  and  these  resolved  parts  have  been  shown  to  be  constant 
Hence  it  easily  appears  by  composition  of  motion,  that  the  actual  veloci^ 
of  the  center  of  gravity  is  uniform,  and  also  that  it  moves  in  a  straight 
line,  viz.  in  that  produced  which  is  the  diagonal  of  the  rectangular  par- 
allelogram whose  two  sides  are  d  x,  d  y« 

If 

c  =  0,  c'  =  0 

then  the  center  of  gravity  remains  quiescent 


Also  let 
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461    The  general  proposition  is  similarly  demonstrated,  thus* 
Let  the  bodies  whose  masses 

/,  (>!\  A*'^  &C. 
be  referred  to  three  rectangular  axes,  issuing  from  a  fixed  point  by  the 
coordinates 

X',     /,     2' 

• 
f  1, 8  be  the  distance  of  i»!^  fsf' 

ei,s /*'j    i»"' 

fcs ^",  A*''' 

&C.  &c 

and  suppose  the  law  of  attraction  to  be  denoted  by 
Now  resolving  the  attractions  or  forces 

f"  f(ft..) 

»"'f(fl.3) 

&c 
parallel  to  the  axes,  and  collecting  the  parts  we  get 

fit—/  _/         _//  v'— v'" 

^^  ^,«  ^1.8 

"»'  ft,«  5«,S 

"'  Jl,S  fcs 

&C  =  &C. 

Hence  multiplying  the  first  of  the  above  equations  by  ik\  the  second  by 
ih"^  and  so. on,  and  adding,  we  get 

AtM«x^  +  f^^^d«x^^-f /^'''d«x^^^-f  &;c  _^ 

Again,  since  it  is  a  matter  of  perfect  indifierence  whether  we  collect  the 
forces  parallel  to  the  other  axes  or  this ;  or  since  all  the  circumstances  are 
similar  with  regard  to  these  independent  axes,  the  results  arising  fi*om 
similar  operations  must  be  similar,  and  we  therefore  have  also 

dT*  ""  "' 

dp  -"• 
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Hence  by  integration 

d  x'  d  x"  d  x'^' 

,   dz'         ,,dz"        ,,,dz'" 

But  X,  y,  z  denoting  the  coordinates  of  the  center  of  gravity,  by  statics 

we  have 

-  _fif:L'  +  fi/'ji"  +  fif'yi"'  +  &c. 

*"         tif  +  A*"  +  li/"  +  8cc. 

y  -  yf  ^f,f'  +  fif''  +  &c. 

^  ""  ^'  +  /*''  +  ^'''  +  &C. 

and  hence  by  taking  the  differentials,  &C  we  get 

dx c 

a  t  ■"  ^'  +  A*''  +  (if"  +  &c. 

d^y r; 

dt    ""A*'  +  ^''  +  ix'"+&c. 

dTz^ d^ 

d  t  "  A*'  +  A*''  +  uf''  +  &C» 

that  is,  the  velocity  of  the  center  of  gravity  resolved  parallel  to  any  three 
rectangular  axes  is  constant  Hence  by  composition  of  motion  the  actual 
velocity  of  the  center  of  gravity  is  constant  and  uniform,  and  it  easily  ap- 
pears also  that  its  path  is  a  straight  line^  sciL  the  diagonal  of  the  rectan- 
gular parallelopiped  whose  sides  are  d  x,  d  y,  d  z. 

462.     We  will  now  give  another  demonstration  of  Prop.  LXL  or  that 
Of  two  bodies  the  motion  of  each  about  the  center  of  grcBoity^  is  tie  same 
as  if  that  center  was  the  center  of  force j  and  the  law  of  force  the  same  as 
that  of  their  mutual  attractions. 

Supposing  the  coordinates  of  the  two  bodies  referred  to  the  center  of 
gravity  to  be 

*/»  J/y  ^//>  1/f 
wc  have 


Hence  since 


=  x  +  x,l      x'  =  x-fx,,| 

=  y +  y/-L  y'  =  y  +  y//-' 


dx     dy 
Tt'  dt 
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are  constant  as  it  has  been  shown,  and  therefore 

we  have 

d'x_d«x, 
3U  "■  dt« 

d^y_d«y, 
dt«  ■"  dt« 
and  we  therefore  get  (46) 

But  by  the  property  of  the  center  of  gravity 

A* 

a  being  the  distance  of  fif  from  the  center  of  gravity.     We  also  have 
Hence  by  substitution  the  equations  become 

Similarly  we  should  find 


d*x 

d 
and 


dt«     '^   V.    /»'    va  • 

Hence  if  the  force  represented  by 


were  placed  in  the  center  of  gravity,  it  would  cause  /x'  to  move  about  it  as 
a  fixed  point;  and  if 

were  there  residing,  it  would  cause  At  to  centripetate  in  like  manner. 
Moreover  if 

t{g)  =  r 

AS 


y 
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then  these  forces  vary  as 

80  that  the  law  of  force  &c.  &c. 


ANOTHER  PROOF  OF  PROP.  LXII. 


463*  Let  f*y  ii!  denote  the  two  bodies.  Then  since  m  has  no  modon 
round  G  (G  being  the  center  of  gravity),  it  will  descend  in  a  straight 
line  to  G.     In  like  manner  y»'  will  fall  to  G  in  a  straight  line. 

Also  since  the  accelerating  forces  on  i^^  (t!  are  inrersely  as'  as  P''  o^ 
directly  as  G  a»,  G  fi!^  the  velocities  will  follow  the  same  law  and  corre- 
sponding portions  o(G  fi>jQ  itf  will  be  described  in  the  same  times ;  that 
iS|  the  whole  will  be  described  in  the  same  time.  Moreover  after  they 
meet  at  G,  the  bodies  will  go  on  together  with  the  same  constant  velodly 
with  which  G  moved  before  they  met 

Since  here 

»  will  move  towards  6  as  if  a  force 

'^  +  /  -  -« 


"'  (^  0 


or 


Hence  by  the  usual  methods  it  will  be  foimd  that  if  a  be  the  distance 
at  which  fu  begins  to  fall,  the  time  to  G  is 

and  if  a'  be  the  original  distance  of  fu\  the  time  is 

But 

a  :  a'  : :  /t*'  :  /* 

therefore  these  times  are  equal,  which  has  just  been  otherwise  shown* 
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ANOTHER   PROOF   OF   PROP.  LXIIl. 

464.  We  know  from  (461)  that  the  center  of  gravity  moves  uniformly 
in  a  straight  line;  and  that  (Prop.  LVII9)  c»  and  iif  will  describe  about  G 
similar  figures,  /*  moving  as  though  actuated  by  the  force 

fi/^         1 

and  Q  as  if  by 

fLl^  1 

Hence  the  curves  described  will  be  similar  ellipses^  with  the  center  of 
force  G  in  the  focus.  Also  if  we  knew  the  original  velocities  of  ft,  and  (if 
about  Qj  the  ellipse  would  easily  be  determined. 

The  velocities  of  t^  and  ftf  at  any  tune  are  composed  of  4wo  velocities, 
viz.  the  progressive  one  of  the  center  of  gravity  and  that  of  each  round  G. 
Hence  having  given  the  whole  original  velocities  required  to  find  the  separate 
parts  ofthemy 

is  a  problem  which  we  will  now  resolve. 
Let 

V,  V 
be  the  original  velocities  of  as  t^\  and  suppose  their  directions  to  make 
with  the  straight  line  ia  (//  the  angles 

Also  lei  the  velocity  of  the  center  of  gravity  be 

V 

and  the  direction  of  its  motion  to  make  with  fk  (l'  the  angle 

a. 

Moreover  let 

V,  V 

be  th^  velocities  of  fiy  (if  around  G  and  the  common  inclination  of  their 
directions  to  be 

0. 
Now  V  resolved  parallel  io  fi*  (if  v& 

V  COS.  a. 

But  since  it  is  composed  of  v  and  of  v  it  will  also  be 

.  V  COS.  a  -|-  V  cos.  6 

.*.  V  COS.  a  =  V  COS.  a  +  V  cps.  tf. 
In  like  manner  we  get 

V  sin.  a  =  V  sin.  a  -f  v  sin.  tf. 

A4 


:0S.  a  +  f/y  COS.  a  =  (a*  +  A*')  V  COS.  a  "j 

in,  a  +  fi,'\^  sin.  a'  =:  {tk  +  /a')  V  sin.  a  ) 
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and  also 

V  cos.  a'  =  V  COS.  a  —  v'  cos,  0 
V  sin.  a'  =  V  sin.  a  —  v'  sin.  0. 
Hence  multiplying  by  as  fj/,  adding  and  putting 

fjbf  ^  (if  y' 
we  get 

fh  V  cos.  a  +  f/y  COS.  a  =  (a*  +  A*')  V  COS.  a 

and 

fk  V  sin. 

Squaring  these  and  adding  them,  we  get 

^£  V«  +  ^'«V'«  +  2/*/  VV  COS.  (a  — a')  =  (a*  +  A*')*v* 
which  gives 

By  division  we  also  have 

-      A*  V  sin,  a  +  ft/  V  sin.  a' 

tan.  a  ss  — ^7 [ — ttjv /  • 

/A  V  COS.  a  +  A<fr'  V  COS.  V 

Again,  from  the  first  four  equations  by  subtraction  we  also  have 

V cos. a  —  V COS. a'  =  (v  +  v')  cos.  tf  =  v . ^  \^  cos. tf 

A* 

V  sin.  a  —  V  sin.  a'  =  (v  +  v')  sin.  ^  =  v .  — ^, —  sin.  tf 
and  adding  the  squares  of  these 

V«  +  V'«  — 2VV'cos.(a  — aO=  v«(^5^-^y 

whence 

v  =  _^.  ViV«  + V'«  — 2VV'co8.  (a  — a')i 

v'  =  — ^    ViV«  +  V'«  — 2VV'cos.(a  — aOl 

and  by  division 

V  sin.  «  —  V^  sin,  a/ 
""  Vcos. a — V'cos.o'' 

Whence  are  known  the  velocity  and  direction  of  projection  of  ^  about 
O  and  (by  Sect.  III.  or  Com.)  the  conic  section  can  therefore  be  found; 
and  combining  the  motion  in  this  orbit  with  that  of  the  center  pf  gravity^ 
which  is  given  above,  we  have  also  that  ofpk. 

465.  Hence  since  the  orbit  of  a*  round  fA'  is  similar  to  the  orbit  of 
u,  round  G,  if  A  be  the  semi*axis  (rf*  the  ellipse  which  /a  describes  round 
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Gf  and  a  that  of  the  ellipse  which  it  describes  relatively  to  p/  which  is  also 
in  motion ;  we  shall  have 

466.  Hence  also  since  an  ellipse  whose  semi-axis  is  A,  is  described  by 
tlie  force 


./3 


,/M  ^  Xt 


we  shall  have  (309)  the  periodic  time,  viz, 

2<ra* 


467.  Hence  we  easily  get  Prop.  LIX. 

For  if  fA  were  to  revolve  round  /a'  at  rest,  its  semi*axis  would  be  a,  and 
periodic  time 

••.  T  :  T'  ::  V /if  :  V(/»  +  aO. 

468.  Prop.  LX  is  also  hence  deducible.     For  if  fA  revolve  round  />*'  a^ 
rest,  in  an  ellipse  whose  semi-axis  is  a',  we  have 

and  equating  this  with  T  in  order  to  give  it  the  same  time  about  M''  at  rest 
as  about  fi'  in  motion,  we  have 

2v^_       2<ra^ 
V/if    "  V(A6  +  A*0' 

.*.  a  :  a'  : :  (m  +  /»')^  *  a*'*. 

ANOTHER  PROOF  OF  PROP.  LXIV. 

> 

469.  Required  the  motions  of  the  bodies  whose  masses  are 

fj^  fA\  ii!\  tif'\  Sec. 
and  which  muiuaUy  attract  each  other  with  forces  varying  directly  as  the 
distance. 

Let  the  distance  of  any  two  of  them  as  jOt,  /,  be  ^ ;  then  the  force  of  /*' 
on  /ft  is 
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and  the  part  resolved  parallel  to  x  is 


X  —  x' 


fi/^. =  A*'(X  — X'). 

In  like  manner  the  force  oS  (jf'  on  /x,  resolved  parallel  to  x,  is 

/'{x  — x'O 

and  so  on  for  the  rest  of  the  bodies  and  for  their  respective  forces  resolved 
parallel  to  the  other  axes  of  coordinates. 
Hence 

^  =A*'(x  — xO  +  A*''(x  — x'O  +  &c. 

^  =  /»  (X' —  X)  +  A*"  (x' —  x'O  +  &c 
^'  =/*(x"-x)  +  i»'(x"  — X')  +  &c. 


which  give 


&C.  =  8cc. 

ji?  =  (/x  +  /»'  +  /'  +  &cO  X  —  (/xx  +  M^  x!  +  Slc) 

—-  ={fk+fk'  +  /'  +  &C)  X'—  (/*X  +  A*'X'  +  &C.) 

^^  =  (/x  +  ^'  +  ,i,"  +  &c.)x''—  (/xx  +  m'x'  +  &c) 

&c.  =  &c. 
Or  since 

/»  X  +  /x'  x'  +  &c.  =  (/x  +  ^'  +  8cc.)  X 

making  the  coordinates  of  the  center  of  gravity 

X,  y,  zi 
we  have 

'^t  =  {(^  +  f'  +  ^)(^—i) 
^'  =  (M  +  M'  +  &c)(x'-i) 

i^=:(A*  +  M'+&c)(x"-£). 

In  like  manner,  we  easily  get 

jlf  =  (^  +  A*' +  &c)  (y  —  y) 


^  =  («  +  A*' +  &c)  {/— y) 
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^'  =  (A*  +  A*'  +  &c.)  (y"_  y) 


aiid  alsQ 


&C.  =  &C. 


^  =  (i»  +  /»'  +  8tc)  (z  — "z) 

11^  =  (/*  +  A*'  +  &c)  (z'-  z) 

^^y.  =  (a.  +  ^'  +  &c)  (z"-  i) 

V 

&c«  =  &c. 


Again, 


X  —  x,y  —  y,  z  —  z 

x'— xiy'  — yi  z'— z 
&&         &c.       &C. 
are  the  coordinates  of  m,  a^^,  At'^  &c.  when  measured  from  the  center  of 
gravity,  and  it  has  been  shovm  ahready  that 

d^(x  — x)_d«x 
dt«       "dt* 

d'(y— y).d«y 

dt«       "JF 

d«(z  — z)_d«z 

dp       "  3T« » 

and  so  on  for  the  other  bodies.     Hence  then  it  appears,  that  the  motions 

of  the  bodies  about  the  center  of  gravity,  are  the  same  as  if  there  were  but 

one  force,  scil. 

(^fk  +  ft/  +  Sec.)  X  distance 

and  as  if  this  force  were  placed  in  the  center  of  gravity. 

Hence  the  bodies  will  all  describe  ellipses  about  the  center  of  gravity, 

as  a  center;  and  their  periodic  times  will  all  be  the  same.     But  their 

magnitudes,  excentricities,  the  positions  of  the  planes  of  their  orbits,  and 

of  the  major  axes,  may  be  of  all  varieties. 

Moreover  the  motion  of  any  one  body  relative  to  any  other,  will  be 

governed  by  the  same  laws  as  the  motion  of  a  body  relative  to  a  center 

of  force,  which  force  varies  directly  as  the  distance ;  for  if  we  take  the 
equations 

Jlf  =  (;*  +  /*' +  &c)(x-i) 

i^  =  (A.  +  f.'  +  &C.)(x'-i) 
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and  subtract  them  we  get 


and  sLmilarly 


and 


llij^  =  (!*  +  /»'  +  &C)  (X  -X') 

^'^^TT^^  =  (M  +  ^'  +  &c.)  (y  -y') 
il^^  =  (A*  +  i»'  +  &c)  (z  -z'). 


Hence  by  composition  and  the  general  expression  for  force  (^rrl)  it 

readily  appears  that  the  motion  of  fi»  about  f&',  is  such  as  was  asserted 

470.  Thus  far  relates  merely  to  the  motions  of  two  bodies ;  and  these 
can  be  accurately  determined.  But  the  operations  of  Nature  are  <m  a 
grander  scale,  and  she  presents  us  with  Systems  composed  of  Tlire^  and 
even  more  bodies,  mutually  attracting  each  other.  In  these  cases  the 
equations  of  motion  cannot  be  integrated  by  any  methods  hitherto  dis- 
covered, and  we  must  therefore  have  recourse  to  methods  of  approxi- 
mation. 

In  this  portion  of  our  labours  we  shall  endeavour  to  lay  before  the 
reader  such  an  exposition  of  the  Lunar,  Planetary  and  Cometary  Theories, 
.  as  may  afford  him  a  complete  succedaneum  to  the  discoveries  of  our 
author. 

471*  Since  relative  motions  are  such  only  as  can  be  observed,  we  refer 
the  motions  of  the  Planets  and  Comets,  to  the  center  of  the  sun,  and  the 
motions  of  the  Satellites  to  the  center  of  their  planets.  Hius  to  compare 
theory  with  observations. 

It  is  required  to  determine  the  relative  motion  of  a  system  ofbodies,  about 
a  body  considered  as  the  center  of  their  motions. 

Let  M  be  this  last  body,  /i*,  ft',  fj/\  &c.  being  the  other  bodies  of  wluch 
is  required  the  relative  motion  about  M.     Also  let 

be  the  rectangular  coordinates  of  M; 

2+  X,  n  +  y,  y  +  z; 
.  S+x'n  +  y',y+z'; 
&c 
those  of  ^  fi/,  &c.     Then  it  is  evident  that 

X,  y,  z; 

x',  y',  z' 
&c* 
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wiU  be  the  coordinates  of  m»  H*'^  &c.  referred  to^. 

Call .  ^  i^  &c. 

the  distances  off*,  /e*%  &c.  from  M;  then  we  have 

^  ^,  &c.  being  the  diagonab  of  rectangular  parallelopipeds,  whose  sides 
are 

X',  /,  z' 
&c. 
Now  the  actions  of  ft,  f^',  /(*'',  jkc.  upon  M  are 

IL         ik         Ih 

f      i       i 

and  these  resolved  paraUel  to  the  axis  of  x,  are 

f*  X     f^  x'     ^"  Ji" 


Therefore  to  determine  ^  we  have 

/»x 


d  J «    "~     « 3       •        ,/3      "t"       ^'/S      "J"  ^^' 


2-^ 

f' 


the  symbol  2  denoting  the  sum  of  such  expressions. 
In  like  manner  to  determine  n,  7  we  have 

dt«  -^'TT* 

The  action  of  M  upon  /cs  resolved  parallel  to  the  axis  of  x,  and  in  the 
contrary  direction,  is 

Mx 

Also  the  actions  of  a*',  ii/\  Sec.  upon  (k  resolved  parallel  to  the  axis  of  x 
are,  in  like  manner, 

•    fif  (x^  —  x)    fk"  (tl"  —  x)    fi,'"  (is!''  —  x)    ^ 

^  Oil  f  0|8  ^0.3 

fn,m  generally  denoting  the  distance  between  fi!"  ••••'*  and  m'"  •"  " 
But 


M  =  V(x^  — x)«  +  (/-y)'+(2^— z)' 
^s  =  V  (X''  — x)«  +  (y"-y)»+  (z''— z)* 
&c.  =  &c. 
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ft.«  =  V  (X"  — xO»  +  (y"_y')«  +  (z"— z')  « 
and  so  on. 

Hence  if  we  assume 

and  taking  the  Partial  DifiPerence  upon  the  supposition  that  x  is  the  only 
variable,  we  have 

the  parenthesis  ( )  denoting  the  Partial  Difference.     Hence  the  sum  of 
all  the  actions  of  m'>  t^'y  &c  on  i»  is 

dx 
^'\ 

Hence  then  the  whole  action  upon  /»  parallel  to  x  is 

Mx 


i •(?!)• 


dt«       ~  ji*  *  Vdx/ 


e  ' 


But 


d'€_,/»x 


=  2' 


••aT«  -  ^  WJ      f»     ^-  f ^'' 

Similarly,  we  have 

dt»        f»     Vdy/         t*  e' ^ 

d  *  z        1     /d  X\       M  z  <»  z  ,« 

dT»=7r  V3^; — p     ^-75- <'' 

If  we  change  successively  in  the  equati<nis  (1),  (2),  (S)  the  quantities 
/It,  X,  y,  z  into 

j*',  x',  /,  z'; 


/',x",y",z"; 


&C. 

and  reciprocally ;  we  shall  have  all  the  equations  id*  motion  of  the  bodies 
f^\  f*"t  he  round  M. 
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If  we  multiply  the  equations  iuyolving  ^  by  M  +  2.  a^  ;  that  in  x,  by 
tt ;  that  in  x',  by  ^'^  and  so  on ;  and  add  them  together,  we  shall  have 

But  since 

Vdx/  f\i  ^ 


fe)=-'-^4^  +  «- 


and  so  on  in  pairs,  it  will  easily  appear  that 

(ri)  +  ^)  + »- =  »• 

.-.  (M  +  2.^)  J— >  =  — 2.A*j— ; 

whence  by  integrating  we  get 


d?  ,      dx 


J  >  _         c  ^^         s.Atdx 

•'•  **  ^  -  M  +  2.  A*'  *"  *  ~  ia"+  2.  <• 

and  again  integrating 

«  =  *  +  ^*-Mir2T7' 

a  and  b  being  arbitrary  constants. 
Similarly,  it  b  found  that 

n=a'+b't-^^-;^^ 

r  =  »"  +  b"*-MV2^ 
These  three  equations,  therefore,  give  the  absolute  motion  of  M  in 
space,  when  the  relative  motions  around  it  of  as  /,  a*",  &c.  are  known. 
Again,  if  we  multiply  the  equations  in  x  and  y  by 

2.  A^y 

-'^y  +  t^'U  +  i./^' 

and 

2.  j^X 

in  like  manner  the  equations  in  x'  and  /  by 
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and 

and  so  on. 
^      And  if  we  add  all  these  results  together,  observing  that  from  the  nature 
of  Xy  (which  is  easily  shown) 

and  that  (as  we  already  know) 

-  (iD  =  »•  -  O  =  »> 

we  have 

xd«y  — yd'x  _    S..e3c  d'y 

'^  d  t*  M  +  3^  d  t* 

2./»y      ^"       d«x 

and  integrating,  since 

/(xd«y  — yd«x)  =/xd*y— /yd«x 

=  X  d  y  — /d  X  d  y  —  (y  d  X  — /d  x  d  y) 

=  xdy  —  ydx, 
we  have 


2 


xdy  —  ydx  .,      2.a»x        «,,   dy 


M  +  s.A^'-'-'^-dt 
Hence 
^^  xdy  —  ydx  xdy  —  ydx  ,  „        ^^^      dx 

C=  M.2,/* i-^-^i +2./»X2^. ^^-^ +  2.AfcyX2.A»^- 

dy 

—  2.AftxX2.^^ 

c  being  an  arbitrary  constant 

In  the  same  manner  we  arrive  at  these  two  integrals, 
c'  ==M.Z^.^iij±^+..^^^{('^--><'^-^'H^-'>(^x-^x)|  ^  _  ^^j 

c--=M.^^.y^^^'^y+x^^-{(y^-y)('^'^-^y-"^<'y'-^y4--("> 

c'  and  c''  being  two  other  arbitrary  constants. 
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Agwiy  if  we  multiply  the  equation  in  x  by 

n       1            »        2,  At  d  X 
2  AA  (1  X  —  2  Ab  - -.— ; 

M  +  2.A** 

the  equation  in  y  by 
the  equation  in  z  by 

o       J-  o  2./K,dz 

if  in  like  manner  we  multiply  the  equations  in  x^  /,  z'  by 

2  Afc'  d  x'  —  2  /*' .  w    ■    _ — 

M  +  2*  A* 

^     ,  ,     .         «     /       2. Afr  d  z 

respectively,  and  so  on  for  the  rest ;  and  add  the  several  results,  observ- 
ing that 


we  get 

dxd*x+dyd»y  +  dzd«z      22./*dx   -  Md'x 

.    28«<ttdy        pd*y      2  2jA*dz    ^  >d*z 
■•"  W+Tt'        d  t«    "•■  M~+"2V  •  "^'TT*  • 

2M.S.^^  +  2dX; 
I 

and  iDt^;rating,  we  have 

„      dx*+dv»+da«  ,    .  (2.  A>dx>' +  (2.<»dy)' +  (s.^dz)* 

2.f* =^^^^^ =  const.  +  i (S[T^)3T« 

+  2M^  +  3X, 
which  fives 

-  |2M  2.-^  +  2  x}  (M  +  zm) (''') 

h  being  an  arbitrary  constant. 
Vou  II.  B 


18  A  COMMENTARY  ON  [Sect.  XL 

These  integrals  being  the  only  ones  attainable  by  the  present  state  of 
analysis,  we  are  obliged  to  have  recourse  to  Methods  of  ApproximatioDy 
and  for  this  object  to  take  advantage  of  the  fficilities  afibrded  us  by  the 
constitution  of  the  system  of  the  World.  One  of  the  principal  of  these 
is  due  to  the  fact,  that  the  Solar  System  is  composed  of  Partial  Systems, 
formed  by  the  Planets  and  their  Satellites :  which  systems  are  such,  that 
the  distances  of  the  Satellites  from  their  Planet,  are  small  in  comparison 
with  the  distance  of  the  Planet  from  the  Sun :  whence  it  results,  that  the 
action  of  the  Sun  being  nearly  the  same  upon  the  Planet  as  upon  its  Satel* 
lites,  these  latter  move  nearly  the  same  as  if  they  obeyed  no  other  action 
than  that  of  the  Planet  Hence  we  have  this  remarkable  property, 
namely, 

472.  The  motion  of  the  Center  of  Gravity  of  a  Planet  and  its  SateUiteSf 
is  very  nearly  the  same  as  if  all  the  bodies  formed  one  in  that  Center* 

.Let  the  mutual  distances  of  the  bodies  jt^  ^\  fi/\  &c.  be  very  small 
compared  with  that  of  their  center  of  gravity  from  the  body  M.  Let 
also 

X  =  X  +  X, ;  y  =  f  +  y,;  z  =:  z  +  z,. 

x'  =  r+  x/;  y'  =  y  +  y/;  z'  =  z  +  z/; 
&c. 

X,  y,  z  being  the  coordinates  of  tlie  center  of  gravity  of  the  system  of 
bodies  ^  itf^  i»f'^  &c. ;  the  origin  of  tliese  and  of  the  coordinates  x,  y,  z ; 
^^  I'i  ^9  &c.  being  at  the  center  of  M.  It  is  evident  that  x^  y^  z,  \ 
x/,  y/,  z/,  &c.  are  the  coordinates  of  At,  fi,\  Sec  relatively  to  their  center  of 
gravity ;  we  will  suppose  these,  compared  with  x,  y,  z,  as  small  quanti- 
ties of  the  first  order.  This  being  done,  we  shall  have,  as  we  know  by 
Mechanics,  the  force  which  sollicits  the  center  of  gravity  of  the  system  paral- 
lel to  any  straight  line,  by  taking  the  sum  of  the  forces  which  act  upon  the 
bodies  parallel  to  the  given  straight  line,  multiplied  respectively  by  thei^ 
masses,  and  by  dividing  this  sum  by  the  smn  of  the  masses.  We  also 
know  (by  Mech.)  that  the  mutual  action  of  the  bodies  upon  one  another, 
does  not  alter  the  motion  of  the  center  of  gravity  of  the  system ;  nor  does 
their  mutual  attraction.  It  is  sufficient,  therefore,  in  estimating  the  forces 
which  animate  the  centeir  of  gravity  of  a  system,  merely  to  regard  the 
action  of  the  body  M  which  forms  no  part  of  the  system* 
The  action  of  M  upon  /i*,  resolved  parallel  to  the  axis  of  x  is 

Mx 
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the  whole  force  which  sollidts  the  center  of  gravity  parallel  to  this  strwght 
line  is,  therefore, 

M.2.'*f. 

- el. 

Substituting  for  x  and  g  their  values 

X  X  +  X. 


i'         f  (X  +  X,)  \+  (y  +  y,)X+  (i  +  z,)  «}*  * 

If  we  neglect  small  quantities  of  the  second  order,  sciL  the  squares  and 
products  of 

*/>  7/9  25/5  X, ,  y, ,  Zy  ;  Sec. 
and  put 

7  =  V  (£■•  +  y «  +  r«) 

the  distance  of  the  center  of  gravity  from  M,  we  have 

j  ,,  j   ,     3C,        8  X  (x  X,  +  y  y,  +  z  z,) 

g'     ?  ^  f«  7' 

for  omitting  x',  y*  Sec,  we  have 

p  =  (5  +  X,)  X  {Qy  +  2  (i  X,  +  y  y,  +  zz,)]  "^  nearly 
.=  (ir+x,)x  {(7)-'  —  3  (7)-'  (i  X,  +  y  y,  +  ^M  nearly 
=  ^^'  —  7^-  (^»/  +  y  7/  +  2  Zy)  nearly. 

Again,  marking  successively  the  letters  x^,  y^  z^  with  one,  two,  three, 
&€•  dashes  or  accents,  we  shall  have  the  values  of 

x'     x^'  ^ 

But  from  the  nature  of  the  center  of  gravity 

2.AbX  =  0,    S.A^ysO,    S.fftz  =:  0 
we  shall  therefore  have 

_^lijf  -  _  — nearl 

Thus  the  center  of  gravity  of  the  system  is  sollicited  parallel  to  the 
axis  of  X,  by  the  action  of  the  body  M,  very  nearly  as  if  all  the  bodies  of 
the  system  were  collected  into  one  at  the  center.  The  same  result  evi- 
dently takes  place  relatively  to  the  axes  of  y  and  z ;  so  that  the  forces,  by 

B8 
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which  the  center  of  gravity  of  the  system  is  animated  parallel  to  these 
axes,  by  the  action  of  M,  are  respectively 

My       , Mj5 

Qy^      '(:)*' 

When  we  consider  the  relative  motion  of  the  center  of  gravity  of  the 
system  about  M^  the  direction  of  the  force  which  sollicits  M  must  be 
changed.  This  force  resulting  from  the  action  of  a^,  /sa',  &c.  upon  M,  and 
resolved  parallel  to  x,  in  the  contrary  direction  irom  the  origin,  is 

if  we  neglect  small  quantities  of  the  second  order,  this  function  become^ 
after  what  has  been  shown,  equal  to 

X  2.^ 

'■?"■ 

In  like  manner,  the  fotcts  by  which  M  is  actuated  arising  from  the 
system,  parallel  to  the  axes  of  y,  and  of  z,  in  the  contrary  direction,  are 

uy        («)' 

It  is  thus  perceptible,  that  the  action  of  the  system  upon  the  body  M, 
is  very  nearly  the  same  as  if  all  the  bodies  were  collected  at  their  common 
center  of  gravity.  Transferring  to  this  center,  and  with  a  contrary  sign, 
the  three  preceding  forces;  this  point  will  be  sollidted  parallel  to  the 
axes  of  X,  y  and  z,  in  its  relative  motion  about  M,  by  the  three  following 
forces,  scil. 

-(M  +  S;.)^i^  (M+2^)-:f  ,_(M+2a*);.^. 

These  forces  are  the  same  as  if  all  the  bodies  /i,  y*\  id*^  &c.  were  col- 
lected at  their  common  center  of  gravity ;  nxihich  center^  therefore^  tnova 
nearly  {to  small  quantities  of  the  second  order)  as  if  all  the  bodies  were  col- 
lected at  that  center. 

Hence  it  follows,  that  if  there  are  many  systems,  whose  centers  of  gra- 
vity  are  very  distant  from  each  other,  relatively  to  the  respective  distances 
of  the  bodies  of  each  system ;  tliese  centers  will  be  moved  very  nearly,  as 
if  the  bodies  of  each  system  were  there  collected ;  for  the  action  of  the 
first  system  upon  each  body  of  the  second  system,  is  the  same  very  nearlv 
as  if  the  bodies  of  the  first  system  were  collected  at  their  common  center 
of  gravity ;  the  action  of  the  first  system  upon  the  center  of  gravity  of  the 
second,  will  be  therefore,  by  what  has  preceded,  the  same  as  on  this  hy- 
pothesis ;  whence  we  may  conclude  generally  that  the  reciprocal  acium  ^ 
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different  systems  upon  their  respective  centers  ofgravity^  is  the  same  as  if  all 
the  bodies'  of  each  system  were  there  collected^  and  also  that  these  centers 
move  as  on  that  suppositioru 

It  is  dear  that  this  result  subsists  equally,  whether  the  bodies  of  each 
system  be  firee^  or  connected  together  in  any  way  whatever ;  for  their  mn- 
tual  action  has  no  influence  upon  the  motion  of  their  common  center 
of  gravity. 

The  systenr  of  a  planet  acts,  therefore,  upon  the  other  bodies  of  the 
Solar  system,  very  nearly  the  same  as  if  the  Planet  and  its  Satellites, 
were  collected  at  their  common  center  of  gravity ;  and  this  center  itself  is 
attracted  by  the  different  bodies  of  the  Solar  system,  as  it  would  be  on 
that  hypothesb. 

Having  given  the  equations  of  motion  of  a  system  of  bodies  submitted 
to  their  mutual  attraction,  it  remains  to  integrate  them  by  successive 
approximations.  In  the  solar  system,  the  celestial  bodies  move  nearly  as 
if  they  obeyed  only  the  principal  force  which  actuates  them,  and  the  per- 
turbing forces  are  inconsiderable ;  we  may,  therefore,  in  a  first  approxi- 
mation consider  only  the  mutual  action  of  two  bodies,  scil  that  of  a  planet 
or  of  a  comet  and  of  the  sun,  in  the  theory  of  planets  and  comets ;  and 
the  mutual  action  of  a  satellite  and  of  its  planet,  in  the  theory  of  satellites. 
We  shall  begin  by  giving  a  rigorous  determination  of  tlie  motion  of  tw6 
attracting  bodies :  this  first  approximation  will  conduct  us  to  a  second  in 
which  we  shall  include  the  first  powers  of  small  quantities  or  the  perturb* 
ing  forces ;  next  we  shall  consider  the  squares  and  products  of  these 
forces ;  and  continuing  the  jprocess,  we  shall  determine  the  motions  of  the 
heavenly  bodies  with  qII  the  a<jcuracy  that  observations  wHl  admit  of. 

FIRST  APPROXIMATION. 

478.  We  know  already  that  a  body  attracted  towards  a  fixed  point, 
by  a  force  varying  reciprocally  as  the  square  of  the  distance,  de- 
scribes a  conic  section ;  or  in  the  relative  motion  of  the  body  AS  round 
M,  this  latter  body  being  considered  as  fixed,  we  must  transfer  in  a  di- 
rection  contrary  to  that  of  /ea,  the  action  of  At  upon  M ;  so  that  in  this  re- 
lative motion,  t^  is  scdlicited  towards  M,  by  a  force  equal  to  the  sum  o! 
the  masses  M,  and  /x  divided  by  the  square  of  their  distance.  All  this 
has  been  ascertained  already.  But  the  importance  of  the  subject  in  the 
Tlieory  of  the  system  of  the  world,  will  be  a  sufficient  excuse  for  repre- 
senting it  under  another  form. 
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First  traosfonn  die  Tariables  x,  y,  z  into  others  more  commodioiis  for 

astronomical  pnrposes.  §  bring  the  distance  of  the  centers  of  #»  and  M, 

call  (▼)  (he  angle  which  the  prcjection  of  (  upon  the  {Jane  of  z,  y  makes 

with  the  axis  of  x;  and  (I)  the  indination  of  ^  to  the  same  {Jane;  we 

shall  have 

X  =  ^cos.  ^cos.  t;^ 

y  =  f  COS.  i  tin.  r;> \     .     (1) 

z  :r  f  sin*  i*  J 


Next  patting 


we  hare 


Similarly 


n      M  +  f>      ^  ff:(xx^+y/+zzO  .    X 
/dQx        1/dXv      M+/^      ^  m'x' 

to;  =  irKTi) — p      ^'Y*' 

_    1  /d  X\       M      -  A*  X 
^7"^d^;~f^  —  ^-TT- 


zdQx  _  I  /dX\       M      -  A*y 

v-j7;-7rid7)-?-'^-F 

Vdz/        ^Vdz/        f'  g' 

Hence  equations  (l),  (2),  (S)  of  number  471,  become 

d«x_/dQx     d«y_/dQx     d«z_/dQx 
Tt^"  \dl)'  Tt*""  VdVJ'  dF»~  VTi";- 


y 

Now  multiplying  the  first  of  these  equations  by  cos.  tf.  cos.  v;   the 
second  by  cps,  ^.  sin.  v ;  the  third  by  sin.  ^9  we  get,  by  adding  them 

^-^-■'-'#'=(^  •••••<») 

In  like  manner,  multiplying  the  first  of  the  above  equations  by  —  f  cos.#  X 
sin.  t;  the  second  by  f  cos.  ^  cos.  v  and  adding  them,  &c.  we  have 

dv 


.  rdt /  _  /d  Q\ 

ai -VdT; 


(3) 


And  lastly  multiplying  the  first  by  —  f  sin.  4.  cos.  v ;  the  second  by 
—  f  sin.  ^.  COS.  T  and  adding  them  to  the  third  multiplied  by  cos.  t  we 
have 

,  d«^    ,     ,dv«     .      .         ^    ,  2gdgd^       /dQx  ... 

To  render  the  equations  (2),  (S),  (4),  still  better  adapted  for  use,  let 

I 

U  =  r 

{  COS.  0 
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and 

s  =  tan.  i 
u  being  unity  divided  by  the  projection  of  the  radius  f  upon  the  plane 
of  x^  y ;  and  s  the  tangent  of  the  latitude  oi  ft,  from  that  same  plane« 
If  we  multiply  equation  (8)  by  f '  d  v  cos.'  ^  and  integrate,  we  get 

h  being  the  arbitrary  constant 
Hence 

'^  (5) 


dQv    dv 


-vc-'+'/o-:-; 


dt  = 


If  we  add  equation  (2)  multiplied  by  —  cos.  ^  to  equation  (4)  multi- 
plied by  — [ — ,  we  shall  have 


t 


d.i 


whence 


-^+-;-^'=-(i?)+-(-a?)  • 
-•(s^j+^:="""{(7?)+tC)}- 


Substituting  for  d  t,  its  foregoing  value,  and  making  d  v  constant,  we 

shall  have  * 

rdQx    du        /dQx       s  /dQ 


0  = 


d*u 


dv 


?  +  u  + 


Vdv/u»dv      \i.\u)       uVTs/ 


dQxdv 


'••+«/(I?)t' 


•      a      •      • 


(6) 


In  the  same  way  making  d  v  constant,  equation  (4)  will  become 

Now  making  M  +  jet  =  m,  we  have  (in  this  case) 
^       m  mu 

Q  =  T°'-=v(i+s«) 

and  the  equations  (5),  (6),  (7)  will  become 

dT 


•     •     • 


C^) 


dt  = 


jr~^*' 


A    d«u . 


M 


h«(l    +  8»)5' 


Bi 


(8) 
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(These  equations  may  be  more  simply  deduced  directly  1^  and  Wood- 
house's  Phys.  Astron.) 

The  area  described  during  the  element  of  time  d  t,  by  the  projection 

d  y 
of  the  radius-vector  is  ^  — ^ ;  the  first  of  equations  (8)  show  that  this  area 

is  proportional  to  that  element,  and  also  that  in  a  finite  time  it  is  propor- 
tional to  the  time. 

Moreover  integrating  the  last  of  them  (by  122)  or  by  multiplying  by 
2  d  Sy  we  get 

8  =  7  sin.  (v  —  4) ,  (9) 

7  and  6  being  two  arbitrary  constants. 

Finally,  the  second  equation  gives  by  integration 

"  =  h«(i+-y')^^"^^*^'  +  ««>»-(^— )J  =  ^'g"*""';  •  •  •  (10) 

e  and  «  being  two  new  arbitraries* 

Substituting  for  s  in  this  expression,  its  value  in  terms  of  v,  and  then 
this  expression  in  the  equation 

d  t  =  r — s; 

h  u* 

« 

the  integral  of  this  equation  will  give  t  in  terms  of  v ;  thus  we  shall  have 
v,  u  and  s  in  functions  of  the  time. 

This  process  may  be  considerably  simplified,  by  observing  that  the 
value  of  s  indicates  the  orbit  to  lie  wholly  in  one  plane,  the  tangent  of 
whose  inclination  to  a  fixed  plane  is  y,  the  longitude  of  the  node  ^  being 
reckoned  from  the  origin  of  the  angle  v.  In  referring,  therefore,  to  this 
plane  the  motion  offA;  we  shall  have 

s  =  0  and  7  =  0, 

which  give 

1  a 

u  =   -  =  p  [I  +  e  cos.  (v  —  w)]. 

This  equation  is  that  of  an  ellipse  in  which  the  origin  of  ^  is  at  the 
focus : 

h' 

At(l  — e«) 

is  the  semi-axis-major  which  we  shall  designate  by  a ;  e  is  the  ratio  of 
the  excentricity  to  the  semi-axis-major ;  and  lastly  w  is  the  longitude  of 
the  perihelion.     The  equation 

h  u* 
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hence  becomes 

d     -  a*(l  — e«)^  dv 

V/cft         ^  U+ecos.(v  — w)]«' 
Develope  the  second  member  of  this  equation,  in  a  series  of  the  angle 
V  —  w  and  of  its  multiples.     For  that  purpose,  we  will  commence  by 
developing 

1 

-- 

1  +  e  cos.  (v  —  w) 
in  ^  similar  series.     If  we  make 

x  = 


1  +  V(i_e«)* 
we  shall  haye 

1  _        1        f 1  X,c-(^"^)v'-'  1  . 

l+ecos.(T  — w)""vi— e«ll+^c(^-'')    -i     l+Xc-K^-'^V-* J  ' 

c  being  the  number  whose  hyperbolic  is  unity.  Developing  the  second 
member  of  this  equation,  in  a  series;  namely  the  first  term  relatively 
to  powers  of  cC^""^)^*"*,  and  the  second  term  relatively  to  powers  of 
c  —  (▼-*- ^).V— I  and  then  substituting,  instead  of  imaginary  expcMoentials, 
their  expressions  in  terms  of  sine  and  cosine ;  we  shall  find 

I  +  e  cos.  (v  —  w)        VI — e* 

U  — 2Xcos.(v  — w)  +  2X«cos.2(v  — w)— 2X«cos.S(v— ^)  +  Sec.} 

Calling  f  the  second  member  of  this  equation,  and  making  q  =  — ;  wo 
shall  have  generally 

1 ±e-°-'d-.(^) 

fl  +  eco8.  (y — w)}»  +  »        1.2.3 m.  d  q*' 

fur  patting 

±  -_J_ 
q   ~q  +  R 

R  being  =  cos.  (v  —  w) 

dq       -        (q  +  R)* 

d  q»      ~  (q  +  R)' 
&c  =  &c. 
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V  q  /        .    2.  3  •  •  •  .  m 
• — 1 — 2 —  =  T 


1 


T^»         2.8.. .m      (q  +  K)«  +  »      ^ 


""   {1+  eCOS.(V  — fr)}«  +  »' 

Hence  it  is  easy  to  conclude  that  if  we  make 

{I  +ecos.(v  — w)|«  =  ^'~^'^        ^ 

{1  +  E»).co8.  (v  —  w)  +  Ef«5.cos. 2(v  —  w)  +  &cl 
we  shall  have  generally  whatever  be  the  number  (i) 

the  signs  +  being  used  according  as  i  is  even  or  odd ;  supposing  there- 
fore that  u  =  a""*  \^  m,  we  have 

ndt  =  dv  Jl  +  E(*>cos.(v— w)  +  E(«>co8.2  (v— w)+ &C.J 
and  integrating 

n  t  +•  =  V  +  Ef^5  sin.  (v—  w)  +  J  E<«J  sin.  2  (v—  w)  +  &c 
«  being  an  arbitrary  constant     This  expression  for  n  t  +  c  is  very  con- 
vergent when  the  orbits  are  of  small  excentricity,  such  as  are  those  of  the 
Planets  and  of  the  Satellites ;  and  by  the  Reversion  of  Series  we  can  find 
V  in  terms  of  t :  we  shall  proceed  to  this  presently. 

474.  When  the  Planet  comes  again  to  the  same  point  of  its  orbit,  v  is 
augmented  by  the  circumference  2  w;  naming  therefore  T  the  time  of  tlie 
whole  revolution,  we  have  (see  also  159) 

r«        2  c        24ra« 
n  V  m 

This  could  be  obtained  immediately  irom  the  expression 

^  ""        h 


2  area  of  Ellipse       2  g  a  b 
=  H =~T^ 


But  by  167 


h«=  ma  (1— e«) 
V  m 
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If  we  neglect  the  masses  of  the  planets  relatively  to  that  of  the  sun  we 
have 

which  will  be  the  same  for  all  the  planets ;  T  is  therefore  proportional  in 

that  hypothesis  to  a  ",  and  consequently  the  squares  of  the  Periods  are  as 
the  cubes  of  the  major  axes  of  the  orbits.  We  see  also  that  the 
same  law  holds  with  regard  to  the  motion  of  the  satellites  around  their 
planet,  provided  their  masses  are  also  deemed  inconsiderable  compared 
with  that  of  the  planet 

475.  The  equations  of  motion  of  the  two  bodies  M  and  /c*  may  also  be 
integrated  in  this  manner. 

Resuming  the  equations  (1),  (2),  (S),  of  471,  and  putting  M+Ab=rm,  we 
have  for  these  two  bodies 


0  = 


dt 


X       m  X 


0=.^' 


z       m  z 


(0) 


Tlie  integrals  of  these  equations  will  give  in  functions  of  the  time  t,  the 
three  coordinates  x,  y,  z  of  the  body  fA  referred  to  the  center  of  M ;  we 
shall  then  have  (471)  the  coordinates  ^  n*  7  of  the  body  M,  referred  to  a 
fixed  point  by  means  of  the  equations 

/*x 


^  =  a  +  bt  — 
H  =  a'  +  b'  t  — 


m 
m* 


7  =  a''  +  b"  t  — 


m  'J 


Lastly,  we  shall  have  the  coordinates  of  as  referred  to  the  same  fixed 
point,  by  adding  x  to  ^  y  to  n,  and  z  to  7 :  We  shall  also  have  the  rela- 
tive motion  of  the  bodies  M  and  a»,  and  their  absolute  motion  in  space. 

476.    To  integrate  the  equations  (0)  we  shall  observe  that  if  amongst 

the  (n)  variables  x  ^^\  x  ^^ x  ^^^^  and  the  variable  t,  whose  difierence 

is  supposed  constant,  a  number  n  of  equations  of  the  following  form 

in  which  we  suppose  s  successively  equal  to  1,  2j  S n ;  A,  B H 

oeing  functions  of  the  variables  x  '"i  x  (*>,  &c.  and  of  t  symmetrical 
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with  regard  to  the  variables  x  ^%  x  (*>,  &c.  that  is  to  say,  such  that  they 
remain  the  same,  when  we  change  any  one  of  these  variables  to  any  other 
and  reciprocally ;  suppose 

x^w  =  a^*)  x(°-*  +  *>  +  b^*5  x(*-'+^  + h^'>x^»), 

x<»  =  aWx("-*  +  *5+  b^xf»-»+«)+ h«>x». 


a  ^^\  h% h  ^*^ ;   a  ^*>,  b  ^%  &c.  bemg  the  arbitraries  of  which  the 

number  is  i  (n  —  i).  It  is  clear  that  these  values  satisfy  the  proposed 
system  of  equations :    Moreover  these  equations  are  thereby  reduced  to  i 

equations  involving  the  i  variables  x  <°"'  +  ^^ x^"\     Their  integrals 

will  introduce  i '  new  arbitraries,  which  together  with  the  i  (n  —  i)  pre^ 
ceding  ones  will  form  i  n  arbitraries  which  ought  to  give  the  integration 
of  the  equations  proposed. 

47T.  To  apply  the  above  Theorem  to  equations  (0) ;  we  have 

z  =  ax  +  b  y 
a  and  b  being  two  arbitrary  constants,  this  equation  being  that  of  a  plane 
passing  through  the  origin  of  coordinates ;  also  the  orbit  of /c^  is  wholly  in 
one  plane. 

The  equations  (0)  give 


Also  since 


and 


>  > 


(0') 


.*.  ^dg  =  xdx-|-ydy  +  zdz 
and  diflferentiating  twice  more,  we  have 

^d'^  +  8d^d«f  =  xd»x  +  yd^y  +  zd'2 

+  3(dxd*x  +  dy  d«y  +  dzd*z), 
and  consequentiy 

Substituting  in  the  second  member  of  this  equation  for  d  ^  x,  d  ^  y,  d  *  2 
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their  values  given  by  equations  {(/),  and  for  d*  x^  d'  y,  d^  z  their  values 
given  by  equations  (0) ;  we  shall  find 

If  we  compare  this  equation  with  equations  ((K),  we  shall  have  in  virtue 

of  the  preceding  Theorem,  by  considering  -r~- ,  -j-^ ,  -p  »  t-|  »  as  so  many 

particular  variables  x  ^\  x  ^\  x  ^,  x  ^*\  apd  ^.  as  a  function  of  the  time  t ; 

dgrzXdx  +  ydy; 
X  and  7  being  constants ;  and  integrating 

—  being  a  constant.    This  equation  combined  with 

2  =  ax  +  by;  ^*  =  X*  +  y*  +  2* 
gives  an  equati<m  of  the  second  degree  fai  terms  of  x^  y,  or  in  terms  of 
X,  Zy  or  of  yi  z;  whence  it  follows  that  the  three  projections  of  the  curve 
described  by  ft,  about  M,  are  lines  of  the  second  order,  and  therefore  that 
the  curve  itsdf  (lying  in  one  plane)  is  a  line  of  the  second  order  or  a  conic 
section.  It  is  easy  to  perceive  from  the  nature  of  conic  sections  that,  the 
radius-vector  ^  being  expressed  by  a  linear  function  of  x,  y,  the  origin  of 
X,  y  ought  to  be  in  the  focus.     But  the  equation 

h« 

e  =  5J'  +  ^»  +  7y 

gives  by  means  of  equations  (0) 


d«g 

^ 

Multiplying  this  by  d  f  and  integrating  we  get 


«  =  rt5  +  '— rr 


.•if:-»»<+'V^+'"='>. 


&'  being  an  arbitrary  constant     Hence 

dt=  E^ 


which  will  give  g  in  terms  of  t ;  and  since  x,  y,  z  are  given  above  in  terms 
of  ^,  we  shall  have  the  coordinates  of  //t  in  functions  of  the  times. 

478.  We  can  obtain  these  results  by  the  following  method,  which  has 
the  advantage  of  giving  the  arbitrary  constants  in  terms  of  the  coordinates 
X,  y,  z  and  of  their  first  differences ;  which  will  presently  be  of  great  use 
to  us. 
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Let  V  =  constant^  be  an  integral  of  the  first  order  of  equations  (0),  V 

being  a  function  of  x,  y,  Z|  -,-- ,  -i-^,  -r-  •    Call  the  three  last  quantities 

x'y  y',  z\     Then  V  =  constant  will  give,  by  taking  the  differential, 
^        /dVx      dx^/dVx      dy   ^    /dVv      dz 

^  =  Vd  xv  •  di  +  vay;  •  rr  +  VdT'  •  ai 

/d  Vv      d  x'       /dJVv      d  y'       /d  V       d  z' 
+  VdT;  •    d t  ^  Vd  yV  •    dt'  +  W  z')  •   ~dT 
But  equations  (0)  give 

d  x^  __        m  X      d  y^  __        my      dz'^^        mz 

dt  -"'    ^«  '     dt  "        T'  *    "dt Y" 

we  have  therefore  the  equation  of  Partial  Differences 

It  is  evident  that  every  function  of  x,  y,  z,  x',  /,  z'  which,  when  sub- 
stituted for  V  in  this  equation,  satisfies  it,  becomes,  by  putting  it  equal  to 
an  arbitrary  constant,  an  integral  of  the  first  order  of  the  equations  (0). 

Suppose 

V  =  U  +  U'  +  U"  +  &c. 

U  being  a  function  of  x,  y,  z;  U'  a  function  of  x,  y,  z,  x',  y',  i!  but  of  the 
first  order  relatively  to  x',  /,  z' ;  U''  a  function  of  x,  y,  z,  x',  /,  z'  and  of 
the  second  order  relatively  to  x^,  y',  z',  and  so  on.  Substitute  this  value 
of  V  in  the  equation  (I)  and  compare  separately  L  the  terms  without 
x',  y'}  z'  I  2.  those  which  contain  their  first  powers  ;  3.  those  involving  their 
squares  and  products,  and  so  on ;  and  we  shall  have 

/d,U\  ^      /d  U\  ^     /d  U\ 

^  (air)+y^  (dy)+"  (to=f^ \  ^  (^+y  (-?/)+" (-37) 

/  (^  U\  ^  ,/d  U\  ^  ,/d  U\     m  f     /d  U'^  ^  /dU''\  ^  /dU"\  ) 

^  ('dr)+ATr)M-aT)=pin-dir)^^^ 

&C. 

which  four  equations  call  (F). 

The  integral  of  the  first  of  them  is 

U'  =  fimct  U  y'  —  y  x',  X  z'  —  1  x',  y  z'  —  z  y',  x,  y,  t\ 
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The  value  of  U'  is  linear  with  r^ard  to  x',  y'l  t!  ;  suppose  it  of  this 
form 

U'  =  A  (x  /  —  y  x')  +  B  (x  z'  —  z  x')  +  C  (y  z'  ~  z  /); 
A,  By  C  being  arbitrary  constants.     Make 

U'^&c  =  0; 
then  the  third  of  the  equations  (P)  will  become 

,       ''"'(^')+Klf)H--(^^') 

The  preceding  value  of  U^  satisfies  also  this  equation. 
Again,  the  fourth  of  the  equations  (T)  becomes 

of  which  the  integral  is 

U"  =  fimct  {x  /  —  y  x',  X  z'  —  z  x',  y  z'  —  z  y',  x',  y',  z'J. 

This  function  ought  to  satisfy  the  second  of  equations  (F),  and  the  first 
member  of  this  equation  multiplied  by  d  t  is  evidently  equal  to  d  U.  The 
second  member  ought  therefore  to  be  an  exact  differential  of  a  function  of 
X,  y,  z ;  and  it  is  easy  to  perceive  that  we  shall  satisfy  at  once  this  condi- 
tion, the  nature  of  the  function  U'',  and  the  supposition  that  this  function 
ought  to  be  of  the  second  order,  by  making 

U"  =  (D/  — Ex').{xy'  — yxO+  (Dz'— FxO(xz'  — zx') 
+  (E  z'  —  F  y')  (y  z'  —  z  y')  +  G  (x'«  +  y-  +  a^«)j 

D9  E,  F,  G  being  arbitrary  constants ;  and  then  g  being  =  Vx  '-f  y  '-f-z  % 
we  have 

U  =  — -(Dx  +  Ey  +  Fz  +  2G); 

Thus  we  have  the  values  of 

U,U',U"; 
and  the  equation  V  =  constant  will  become  > 

const=— -[D  x+E  y+F  z+2  G}  +  (A  +  D  y  —  E  x')  (x  y'  —  y  xT) 

+  (B+D  z'  —  F  x')  (x  z'  —  z  xO+(C+E  z'  —  F  y')  (y  z'— z  y) 
+  G(x'«  +  y'«+  zr«). 

This  equation  satisfies  equation  (I)  and  consequently  the  equations  (0) 
whatever  may  be  the  arbitrary  constants  A,  B,  C,  D,  E,  F,  G.  Sup- 
posing all  these  =z  0,  1.  except  A,  2.  except  B,  S.  except  C,  &c  and 
putting 

d  X     d  y    dz  ^       ,     .     , 
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we  shall  have  the  integrals 

■  - 

dt 


[Sect.  XI. 


r       xdy-— vdx      . 

c  -=. ^  i  \^   •• — ,  cf\ 


(IP) 


X  dz  —  zd  X 


dt 


^/-y  d  z  —  z  d  y 

*'^-      ai — 

z  d  z  .  d  X 


TF 


o=f+x{™-iy;+/i!|  +yV'dx 

If  dt»        J^       dt*       ^ 

d  x *  +  d^  1         X  d  x.d  y       z  d  z.  dy 

J    ■*■       dt«       "*"       dt" 


o=r  +  y 


{7 


dt 


0-r+z/?^  _  dx'  +  dyn         xdx.dz       ydy.dz 
^      ^U  dt«         f   +        dt«        +        dt« 


-      m        2m    ,    dx»  +  dy*  +  dz« 
a        ;  g  at* 

c,  cf,  d\  ^  r,  S"  and  a  being  arbitrary  constants. 

The  equations  (0)  can  have  but  six  distinct  integrals  of  the  first  order, 
by  means  of  which,  if  we  eliminate  d  x,  d  y,  d  z,  we  shall  have  the  three 
variables  x,  y,  z  in  functions  of  the  time  t;  we  must  therefore  have  at  least 
one  of  the  seven  integrals  {P)  contained  in  the  six  others.  We  also  per- 
ceive d  priofii  that  two  of  these  integrals  ought  to  enter  into  the  five 
others.  In  fact,  since  it  is  the  element  only  of  the  time  which  enters 
these  integrals,  they  cannot  give  the  variables  x,  y,  z  in  functions  of  the 
time,  and  therefore  are  insufficient  to  determine  completely  the  motion  of 
u»  about  M.  Let  us  examine  how  it  is  that  these  integrals  make  but  five 
distinct  integrals.  - 


If  we  multiply  the  fourth  of  the  equations  (P)  by 


z  d  y  —  y  d  z 


dt 


,  and 


X  d  z  —  z  d  X 


add  the  product  to  the  fifth  multiplied  by g-r j  we  shall  have 

^_-  zdy— ydz  ,  ^,  xdz— zdx  .  ^   xdy— ydx  f  m       dx'+dy'l 
^-* dt +*•         dl        +^-        "Tt         Ig  AV~] 

X  d  y  —  yd  xf x dx.  dz       y  d  y . d  z\ 
+  dt  \~"dT«~~+        dt«      J' 

«,    .     .      1.     xdy  —  ydx    xdz  —  zdx    ydz  —  zdy^,   . 
Substitutmg  for i-^ ,  g-^ ,  ^ -^ ^  ,  their 

values  given  by  the  three  first  of  the  equations  (P),  we  shall  have 


0= 


fV— f-c",      fm      dx'+dy«)     ,  xdx.dz  ,  ydy.dz 
—  "c         +^17~        dt«        i   +       dt«       +       dl^~' 
This   equation  enters  into  the  sixth  of  the  integrals   P,   by  making 

{"  =  f'c^  — fc"'  or.  0  =  f  c''  —  f  </  +  V  c.     Also  the  sixth  of  these 
c 

integrals  results  from  the  five  first,  and  the  six  arbitraries  c,  c',  d\  f^  P,  P 

are  connected  by  the  preceding  equatiop. 
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If  we  take  the  squares  of  i^  P,  T'  given  by  the  equations  (P),  then  add 

them  together,  and  make  f '  +  f  +  f'^  *  =i  1 V  ^^  shall  have 

H    «.«-/-«   dx^+dyHdz*     /fdfx'l      fdx'+dy'-hd^     2mi 
l-m-|^ j:^, ^^    J.  I -^—, -|; 

but  if  we  a^piare  the  values  of  c,  </»  cf\  given  by  the  sajaie  equations^  and 
make  c*  +  </*  +  c"*  =  h*;  we  get 

the  equation  above  thus  becomes 

dx«+dy«4-dz*       2m   ,   m*  — 1* 
0  ^  dt« }'  +       h«      • 

Comparing  this  equation  with  the  last  of  equations  (P),  we  shall  have 
the  equation  of  condition, 

m*  —  1*  _  m 

h»      -T- 

The  last  of  equations  (P)  consequently  enters  the  six  first,  which  are 
themselves  equivalent  only  to  Ave  distinct  integrals,  the  seven  arbitrary 
constant^  c,  &y  d\  f,  f,  i'\  and  a  being  connected  by  the  two  preceding 
equations  of  condition.  Whence  it  results  that  we  shall  have  the  most 
general  expression  of  V,  which  will  satisfy  equation  (I)  by  taking  for  this 
expression  an  arbitrary  function  of  the  values  of  c,  c^,  d'^  i^  and  T,  given 
by  the  five  first  of  the  equations  (P). 

479.  Although  these  integrals  are  insufficient  for  the  determination  of 
x,  y,  z  in  functions  of  the  time ;  yet  they  determine  the  nature  of  tlie 
curve  described  by  tb  about  M.  In  fact,  if  we  multiply  the  first  of  the 
equations  (P)  by  z,  the  second  by  — y,  and  the  third  by  x,  and  add  the 
results,  we  shall  have 

0  =  cz  —  c'y+c"x, 
the   equation  to  a  plane  whose  position  depends  upon  the  constants 

C,  Cr^  \0  • 

If  we  multiply  the  fourth  of  the  equations  (P)  by  x,  the  fifth  by  y,  and 

the  sixth  by  z,  we  shall  have 

n    c    .Tf     .  f //     .               .   dx«+dy*+dz«      ^*df« 
0=fx+f'y+f"z+m^— j«. ^r?r- +  ^1^? 

but  by  the  preceding  number 

dx«+dy*+dz«       g^dg'_.,, 

^  • at^^ ar^-*" » 

.%0  =  mf  —  h*  +  fx  +  Ty  +  r^z. 
This  equation  combined  with 

0  =  c"x  —  c'y  +  cz 
Vot.  II.  c 
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and 

gives  the  equation  to  conic  sectioDS,  the  origin  of  f  being  at  the  focus. 
The  planets  and  comets  describe  therefore  round  the  sun  very  nearly 
conic  sections^  the  sun  being  in  one  of  the  foci ;  and  these  stars  so  move 
that  their  radius-vectors  describe  areas  proportional  to  the  times,  Infact, 
if  d  V  denote  the  elemental  angle  included  by  f,  g  +  d  f,  we  have 

,     dx«  +  dy«  +  dz«  =  f«dv«  +  df» 

and  the  equation 

dx«  +  dy«+dz»       g'dg',^^, 

^'         at^  ^n*  "" 


becomes 


t 


*dv«  =  h«d  t«: 


,  h  d  t 

.•.  d  V  =  — r~  . 

Hence  we  see  that  the  elemental  area  j  ; '  d  v,  described  by  f,  is  propor- 
tional to  the  element  of  time  d  t ;  and  the  area  described  in  a  finite  time  is 
therefore  also  proportional  to  that  time.     We  see  also  that  the  angular 

motion  offA  about  M,  is  at  every  point  of  the  orbit,  as  — ^  ;  and  since  without 

sensible  error  we  may  take  very  short  times  Jor  those  indefinitely  smally  we 
shall  havej  by  means  of  the  above  equation^  the  horary  motions  of  the  planets 
and  comets^  in  the  different  points  of  their  orbits. 

The  elements  of  the  section  described  by  /^  are  the  arbitrary  constants 
of  its  motion ;  these  are  functions  of  the  arbitraries  c»  c',  c'\  ^  i\  P\  and 

—  .     Let  us  determine  these  functions, 
a 

Let  6  be  the  angle  which  the  intersection  of  the  planes  of  the  orbit  and 
of  (x,  y)  makes  with  the  axis  of  x,  this  intersection  being  called  the  line 
of  the  nodes ;  also  let  f  be  the  inclination  of  the  planes.  If  x',  y'  be  the 
coordinates  of  (i  referred  to  the  line  of  the  nodes  as  the  axis  of  abscissas, 
then  we  have  * 

x'  =  X  COS.  ^  -t-  y  su^«  ' 
y'  ==  y  COS.  ^  —  X  sin.  6. 
^  Moreover 

z  =  y'  tan.  f 
.-.  z  =  y  COS.  ^  tan.  9  —  x  ain.  #  tan.  ^ 
Comparing  this  equation  with  the  following  one 

0  =  c''  X  —  c'  y  +  c  2 
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we  shall  have 

</  =  c  COS.  d .  tan.  ^ 
c"  =  c  shi.  0  tan.  (p 


whence 


and 


c" 
tan.  S  =:  -r 
c 


tan.©  =  i X_i /, 

c 

Thus  are  determined  the  position  of  the  nodes  and  the  inclination  of  Uie 
orbit,  in  functions  of  the  arbitrary  constants  c,  c/,  d\ 
At  the  perihelion,  we  have 

fd^  =  0,  orxdx  +  ydy  +  zdzrzO. 
Let  X,  Y,  Z  be  the  coordinates  of  the  planet  at  this  point ;  the  fourth 
and  the  fifUi  of  the  equations  (P)  will  give 

X  "  ?• 

But  if  I  be  called  the  longitude  of  the  projection  of  the  perihelion  upon 
the  plane  of  x,  y  this  longitude  being  reckoned  from  the  axis  of  x,  we  have 

Y 

^  =:  tan. I; 

f 
.'.  tan.  I  =  Y ,  '^ 

which  determines  the  position  of  the  major  axis  of  the  conic  section. 
If  from  the  equation 

dxV+dy«  +  dz«_^2djL!  ^  h« 
^  dt^  ITt^  ^  ^ 

d  x'  +  d  y'  +  d  z' 
we   eliminate    a\^      *  ^^  means  of  the  last  of  the  equa^ 

tions  (P),  we  shall  have 

rt  m  £*       e*d  P*       -  . 

*  a  d  t* 

but  d  ^  is  0  at  the  extremities  of  the  axis  major ;  we  therefore  have  at  these 
points 

m 
The  sum  of  the  two  values  of  ^  in  this  equation,  is  the  axis  major,  and 
their  difference  is  double  the  excentricity ;  thus  a  is  the  semi-axis  major  of 
the  orbit,  or  the  mean  distance  of  ii»  from  M ;  and 


^  ('  -  M) 


Ci 
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is  the  i«tio  of  the  excentridty  to  (he  semi-axis  major.    Let 

and  having  by  the  above 

m   _  m'  — 1« 

we  shall  get 

m  e  =:  1. 

Thus  we  know  all  the  elements  which  determine  the  nature  of  the  conic 
section  and  its  position  in  space. 

480.  The  three  finite  equations  found  above  between  x,  y,  z  and  ^  give 
z,  y^  z  in  functions  off;  and  to  get  these  coordinates  in  functions  of  the 
time  it  is  sufficient  to  obtain  f  in  a  similar  function;  which  will  require  a 
new  integration.     For  that  purpose  take  the  equation 

^  mp*       f*dp"       ,j 

But  ve  have  above 

h»  =  —  (m*  — 1*)  =  am(l  — e»); 

...dt  = «-^ 


Vm^{2j-L*_a(l—e«)}- 

whose  integral  (237)  is 

a» 

t+T  =  ^(u-eMn.u) (S) 

u  being  =  cos.  "*  (  —  —  -*-•),  Mid  T  an  arbitrary  constant. 

This  equation  gives  u  and  therefore  ^  in  terms  of  t;  and  since  z,  y>  x 
are  given  in  functions  of  ^^  we  shall  have  the  values  of  the  coordinates  for 
any  instants  whatever. 

We  have  therefore  completely  integrated  the  equations  (0)  of  475»  and 
thereby  introduced  the  six  arbitrary  constants  a,  e,  I,  ^,  f,  and  T.  The 
two  first  depend  upon  the  nature  of  the  orbit ;  the  three  next  depend  upon 
its  position  in  space^  and  the  last  relates  to  the  position  of  the  body  « 
at  any  given  epoch;  or  which  amounts  to  the  same,  depends  upon  the 
instant  of  its  passing  the  perihelion. 

Referring  the  coordinates  of  the  body  /»,  to  such  as  are  more  commodious 
for  astronomical  uses,  and  for  that,  naming  v  the  angle  which  the  radius- 
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vector  makes  with  the  major  axis  setting  out  from  the  perihelioD,  the 
equation  to  the  ellipse  is 

a(l^e*) 
*        1  +  e  cos.  V 

Th^  tquAtioa 

^  =  a  (1  ^  e  ^s.  u) 

bdicates  that  u  is  0  at  the  perihelion,  so  that  this  po^nt  is  the  origin  of  two 
angles  u  and  y ;  and  it  is  easy  hence  to  conclude  that  the  angle  u  is  formed  by 
the  axis  major,  and  by  the  radius  drawn  from  its 'center  to  the  point  where 
the  circumference  described  upon  the  axis  major  as  a  diameter,  is  met  by 
the  ordinate  passing  dirough  the  body  f>  at  right  angles  to  the  axis  major. 
Hence  as  in  (937)  we  have 

We  therefore ^have  (making  T  =s  0,  &c) 

n  t  s  u  —  e  sin.,  u         "] 
^  =:  a  (1  i»  e  cos.  u)     I 

and  \ (0 

V  yi  +  e    .        u 

n  t  being  the  Mean  Anomdfy^ 

n  the  Bxcentric  Anomaly^ 

V  the  True  Anamahf* 

The  first  of  these  ^nations  gifes  u  in  tonus  of  t,  and  the  two  others 
will  give  ^  and  t  when  u  shall  be  detprmmed.  The  equation  between  u 
and  t  is  transcendental,  and  ca^  only  be  resolved  by  approximation* 
Happily  the  circumstances  attending  the  motions  of  the  heavenly  bodies 
present  us  with  rapid  appro^pmations.  In  fact  the  orbits  of  the  stars  are 
either  nearly  circular  or  nearly  parabolical,  and  in  both  cases,  we  can  de- 
termine u  in  terms  of  t  by  series  very  convergent,  which  we  now  proceed 
to  develope.  For  this  purpose  we  shall  give  some  general  Theorems 
upon  the  reduction  of  fiinctions  into  series,  which  will  be  found  very  use- 
ful hereafter. 

481.  Let  u  be  any  function  whatever  of  a,  whiph  we  propose  to  deve- 
lope into  a  series  proceeding  by  the  powers  of  a.  Representing  this 
series  by 

H  ^^'^  «i.qi+  a*.q«+ a"*.qa+ «""*"!- qo+    +  &c. 

C3 
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^9  qi9  <l89  &c«  being  quantities  independent  of  Oy  it  is  evident  that  u  is  what 
u  will  become  when  we  suppose  a  =  0 ;  and  that  whatever  n  may  be 

(g — 5-)  =  1.2 n.q^  +  2.  S....(n+  l).a.qa^i  4-  &c 

(d  **  u\ 
-1 — ^  j  being  taken  on  the  supposition  that  every  thing  in 

n  varies  with  a.     Hence  if  we  suppose  after  the  differentiations,  that  a  =  0, 

in  the  expression  (^ — A  we  have 

^°  "VdaV^  1.2 n' 

This  Li  Maclaiirin's  Theorem  (see  S2)  for  one  variable. 
Again,  if  u  be  a  function  of  two  quantities  a,  a\  let  it  be  put 

u  =  t<  +  a.  qi^o  +  «*•  q^  +  ^^ 
+  ft.  qa.1  +««'.  qi.i  +  &C. 
+  «"•  qot«  +  &c. 


the  general  term  being 
Then  if  generally 


«■«' "'qn.il' 


d^  +  ^'u 


Vda'^.da'"'/ 
denotes  the  (n  +  n')^*  difference  of  u,  the  operation  being  performed  (n) 
times,  on  the  supposition  that  a  is  the  only  variable,  and  then  n'  times  on 
that  of  a'  being  the  only  variable,  we  have 

(j^)  =  qi.o  +  2a.q8,o  +  Sa'.q^^o  +  4  a  '  q*,©  +  5a*.  qj^o  +  8tc 

+     «'  qi,i  +2a.a'q8,i  +Sa*af<^i  +4aVq4^i  +  &c 

+  a'  '  qi,«  +2a«<«q8^,  +8a«a'*qj^,  +  &c 

+    «'•   qi,8+2aa'»q^8  +  &c 

+   «'*    qi.4  +  &c. 

j;^)  =  2  q,,i  +  8. 2  «  qji^o  +  4. 8  « » 94,0  +  6.  4  « »  qs^o  +  &c 

+    9d*   q%«  +  8.2«ei»qj,,  +  &c 
^,^  +       2«»<fcs  +  &c 

+    2*   qs,,  +  &c. 
and  continuiog  the  process  it  will  be  found  that 
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so  that  when  «,  dL  both  equal  0,  we  have 

'"•""~2.S.,..n  X  2.S....n'    ••••'••    (1) 
And  generally^  if  u  be  a  function  of  a,  <£,  af\  &c.  and  in  developing  it 
into  a  series,  if  the  coefficient  ofaKd  "^  «''  "^.  &c  be  denoted  by  q„,  ^  »«,  ^c. 
we  shall  have,  in  making  ^^  d^  o^'^  8cc.  all  equal  0, 

(^n  +  nr  +  n'  +  ftcii         ^ 

qn.»'.B-.«c. -g  g       ^  X2.3....n'x  2.3,...n''X&c  ••  '^^ 
This  b  Maclaurin's  Theorem  made  general, 

482.  Again  let  u  be  any  function  of  t+o,   t'^*^   t^'  +  a/^    &c.  and 
put 

u  =  ^  (t  +  a,  t'  +  i£,  t"  +  a'\  &c.) 
then  since  t  and  a  are  similarly  involved  it  is  evident  that 

/     d°  +  "'  +  °'  +  *^.u      \_/     d»  +  '*'  +  "*  +  **=-.u     \ 
Vda»,d«.»'.d  «"«•&€./  ""  Vdt-.df-'.d  t"""-&c.y 
and  making 

or 

u  =  f  (t,  i%  i",  &C-) 
by  (2)  of  the  preceding  article  we  have 

_  V       dt^dt^°',dt^^°^&c        /  . 

qn.«'.n-.Ac-2.3..,.n  X2.  3....  n' x  2.3..,  .n'' X  &c.    •' ^*^ 
which  gives  Taylor's  Theorem  in  all  its  generally  (see  32). 
Hence  when 

u  =  f .  (t  +  «) 

a    -        d'.f(t) 
'■  ""  2.3....n.dt» 

and  we  thence  get 

,(t  +  .)  =  Mt)  +  -^  +  V-^  +  «'- W 

483.  Generally,  suppose  that  u  is  a  function  of  a,  a,.a^^,  &c.  and  of 
t,  t\  \f\  &c.  Then,  if  by  the  nature  of  the  function  or  by  an  equation  of 
P«.  rtial  Differences  which  represents  it,  we  can  obtain 

\d«^dci»'.&c•/  ^ 

in  a  function  of  u,  and  of  its  Differences  taken  with  regard  to  t,  t',  &c« 
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calling  it  F  when  for  u  we  put  u  or  make  (Xy  K^'9  &c.  =  0 ;  it  is  erideiit 

we  have 

F 

qo.v'.ir.te  -  2.  8  •  • .  n  X  2.  S  . .  •  n'  X  2,  8  •  • .  n'',  x  &c 

and  therefore  the  law  of  the  series  into  which  u  is  developed. 

For  instance^  let  u,  instead  of  being  {^ven  immediately  in  terms  of  «, 
and  t,  be  a  function  of  z^  x  itself  beii^  deduoible  from  the  equation  of 
Partial  Differences 

in  which  X  is  any  function  whatever  of  x.    Tliat  is 

Given 

u  =  function  (x) 

to  devdqpe  u  into  a  series  ascending  by  the  powers  of  a. 
First,  since 

(r:)=(ii)(j^)  =  x;(ii)(ai) 

••■^:)=(^^^) (« 

Hence 

/d«ux_/d'/Xdux. 

ySl^)~\  da.dt  )' 
But  by  equation  (k),  changin|r  a  intoyX  d  u 
/d^/Xdux  _  /d./X'dux. 

V — Ti — ;  -  V — ai — ;• 
••to)  =  (    dt«    )• 

Again 

But  by  equation  k,  and  changing  u  intoyX*  d  u 
/d/X»dux      /d/Xldux 

\   d«    ;=k'"^i — ; 
•  •  V  jT»;  -  V — dT'    y  • 

Thus  proceeding  we  efuily  conclude  generally  that 

^d'  u,  _  ^d^£x:^^  yd'-'-  ^"(ji)  "^  ... 

v^;-v — dt^ — ;-"\ — dt^^:' — /  '-'(*> 

Now,  when  a  s:  0,  let 

X  =  function  of  t  =  T 
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and  substitate  this  value  of  x  in  X  and  u ;  and  let  these  then  become  X 
and  u  respectively.    Then  we  shall  have 

/d"n\^  -^Tt 

VcnT"/  dt»-»       ' 

and 

du 


d»7».X».j^ 

•'•*'2.i....ndt--' <*^ 

which  giTes 

°=«+"-^-ai+T-~~Tt — +1:1 — a? — +»«•■•■*) 

which  18  Lagrange's  Theorem. 

To  detennme  the  Yalae  of  x  in  teixns  of  t  and  cs  we  must  integrate 

(37)=^ -(it)- 

In  order  to  accomplish  this  object,  we  hare 
and  subatitDting 


(j?)^'^(ffT) 


di=(j|)ldt  +  Xd.l 


=  ^{d(.  +  .X,-.(J|)d.}; 


which  by  integration,  gives 

x=>(t  +  aX) (2) 

^  denoting  an  arbitrary  function. 

Hence  whenever  we  have  an  equation  reducible  to  this  form  x  = 
^  (t  +  ^  X),  the  value  of  u  will  be  given  by  the  formula  {p),  in  a  series  of 
the  powers  of  «. 

By  an  extenaon  of  the  process,  the  Theorem  may  be  generalized  to  the 
case,  when 

u  =  function  (x,  x',  x",  &c) 
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and 

X  =  p  (t  +  a  X) 
x'  =  f'(f  +  «'XO 
x"  =  »/'  {M'  +  «"  X'') 
&C.  =  8tc 
484.  Given  {291) 

n  =  n  t  +  e  su^  u 
required  to  devdape  u  or  aty  Junction  of  it  according  to  the  powers  oft* 
Compariog  the  above  form  with 

X  =  f  (t  +  «  X) 
Xy  t,  a,  X  become  respectively 
u,  n  t,  e,  sin.  u. 
Hence  the*formala  (p)  483*  giv^ 

t/^        1  /   *\  .       I//    *N  •        ^  ,  e*  dt>J/'(nt)sin.*ntJ 
-4/  (u)  =  >Kn  t)  +  e  -4/  (n  t)  sm*  n  t  +  — .  — ^  „  ai 

e'    dM>K(nt)sin.>nt} 

+  2:8- 5^Tt^ +  *^ (9) 

+'(nt)  being  =14^. 

To  &ither  develope  this  formula  we  have  generally  (see  Woodhouse's 
Trig.) 

8m.»(nt)  =  ( g^_| ^)  ;  cos.*(nt)  =  ( ^ -); 

c  being  the  hyperbolic  base,  and  i  any  number  whatever.   Developing  the 
second  members  of  these  equations,  and  then  substituting 

COS.  r  n  t  +  V  —  I  sin.  r  n  t,  and  cos.  r  n  t  —  V  —  1  sin.  r  n  t 
for  c"**  "^""S  and  c""'"*  *  ^""1^  r  being  any  number  whatever,  we  shall 
have  the  powers  i  of  sin.  n  t,  and  of  cos.  n  t  expressed  in  sines  and  cosines 
of  n  t  and  its  multiples ;  hence  we  find 

e  e ' 

P  =  sin.  n  t  +  "o  *"^  *  "^  ^  +  2^  ^^^  *  n  t  +  &C. 

=  sin.  n  t  — ^-^  .  Jcos.  2  n  t  —  1 J 

e* 
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-2.3,416,2^'  {  «>«-6nt-6cos.4nt+||co8.2nt-l  .^j 

—  &c. 

Now  multiply  this  fiinction  by  %|/'  (n  t),  and  differentiate  each  of  its 
terms  relatiTely  to  t  a  number  of  times  indicated  by  the  power  of  e  which 
multiplies  it,  d  t  being  supposed  constant ;  and  divide  these  differentials 
by  the  corresponding  power  of  n  d  t  Then  if  P^  be  the  sum  of  the 
quotients,  the  formula  (q)  will  become 

>Ku)  =  -4/  (n  t)  +  e  P', 

By  this  method  it  is  easy  to  obtain  the  values  of  the  angle  u,^and  of 
the  sine  and  cosine  of  its  multiples.     Supposing  for  example,  that 

•4/  u  =  sin.  i  u 
we  have 

•^'  (n  t)  =  i  cos.  int. 

Multiply  therefore  the  preceding  value  of  P,  by  L  cos.  i  n  t,  and  deve- 
lope  the  product  into  sines  and  cosines  of  n  t  and  its  multiples.  The 
terms  multiplied  by  the  even  powers  of  e,  are  sines,  and  those  multiplied 
by  the  odd  powers  of  e,  are  cosines.  We  change  therefore  any  term  of 
the  form,  K  e  • '  sin.  s  n  t,  into  +  K  e  * '  s  •'  sin.  s  n  t,  +  or  —  obtaining 
according  as  r  is  even  or  odd.  In  like  manner,  we  change  any  term 
of  the  form,  K  e*'  +  »  cos.  s  n  t,  into  +  K e*'+^ s*'+^  sin.  s  n  t,  —  or 
+  obtaining  according  as  r  is  even  or  odd.  The  sum  of  all  these  terms 
will  be  P  and  we  shall  have 

sin.  i  u  =:  sin.  i  n  t  -f-  ^  P'* 

But  if  we  suppose 

•+  (u)  =  u ; 
then 

>Kn  t)  =  1 

and  we  find  by  the  same  process    * 


e* 


u  =  n  t  +  e  sin.  n  t  +  o~~o  *  ^  ^^^'  2  n  t 


e» 


+  o  Q  ot'^^*^'  3  n  t  —  3  sin.  n  t] 


e* 


2.3.  4.  2 


^.{4*  sin.  4ii  t  —  4.  2*  sin.  2  n  t} 


+  a  «  !'k  o«  {5*8in.5nt  — 5.8*sin.8nt+y4»io.nt} 

Z.  9.  *•  O.  *       V  J,.  «  ^ 

+  &C 
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a  formula  which  espressos  the  Excentric  Anomaly  in  terms  of  the  Mean 
Anomafy. 

This  series  is  very  oonyergent  for  the  Elanets.    Having  thus  determin- 
ed a  for  any  instant,  we  could  thence  obtain  by  means  of  (2S7),  the  cor- 
responding values  of  ^  and  v.    But  these  may  be  found  directly  us  fol- 
lowsy  also  in  convergent  series. 
48&  Required  to  express  f  in  terms  iff  the  Mean  4nomaly. 
By  (237)  we  have 

^  =  a  (1  —  e  COS.  u). 
Therefore  if  in  formula  (q)  we  put 

4  (u)  =:  1  —  e  COS.  u 
we  have 

>|/  (n  t)  =  e  sin.  n  t, 
and  consequendy 

1                     -..      t'ft<.i^'^'Sin.'nt.o 
1  —  e  COS.  u  =  1  —  e  COS.  n  t  +  e  •  sm.  *  n  t  +  -g^ .  • ,         +  &c. 

Hence,  by  the  above  prpoesy,  we  ahaU  ^d 

^  =  1  +  ^  —  e  COS.  nt  —  ?rC08.2nt 
a  9  2 

e' 

—  sTot •!*  <508.  8  n  t  —  9  cos.  n  t) 

—  g;-J^,.|**co9.4nt  — 4.2*.cos.2nt} 

e'  r  6. 4  1 

^  .-j  5'cos.  6nt — 5.3'eo6.8nt4.Y^*<^^  "^(f 

-2:35x24^*^-^'^^-^-**^'-*'^^+^^ 

—  &C. 

486.  To  express  the  True  Ammahf  in  term  of  the  Mean. 
Furst  we  have  (287) 

V  u 

!!^^  ii±i  ^""'"8 

V  ^V  1  —  e*  u 

COS.  Y  C08.-g^ 

•*.  substituting  the  imaginary  expressions 

El^llizii-.     /I  4-6       c>^-'— 1, 
CTV-1+  1  -  Vi  —  e       c»v-i  +  1* 

and  making 

^=  1  +  V  (1— e«) 
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C^V  — I  sr  c^V"--!  X  i 


Xc— «'^— 1 


I— Xc'*V--'l   ' 


aad  diertforo 


whence  ezpanduig  the  logarithms  into  sexw  (see  p.  28),  wid  putting 
sines  and  cosines  for  their  imaginary  valuesi  we  have 

2  X'  2  X' 

v:£:u  +  2X6in.  tt  +  -5-  sin.  2  u  H — 5—  ^»  4  a  +  ftc 

But  by  the  foregoing  process  we  have  i^  sin.  u^  sin.  2  u,  &;&  in  series 
ordered  by  the  powers  of  e,  and  developed  into  sines  and  cosines  of  n  t 
and  its  multiples.  There  is  nothing  else  then  to  be  done^  in  order  to 
express  v  in  a  similar  series,  but  to  expand  X  into  a  like  series* 

The  equation,  (putting  u  =:  1  +  VI  —  e*) 

e« 

u  =  2— - 
u 

will  give  by  the  formula  (p)  of  No.  (48S) 

1^1.     ie«      i(i  +  8)    _e^      i(i  +  8)(i  +  5)     ej^ 

and  flnee 

u  =:  1  +  V  1  — •• 

w6  have 

TlKse  operationa  being  performed  mb  shall  find 
▼  =:nt  +  {2e  —  -^e'  +  gge"!  sin.  n  t 

+  IT*         24®    + 

(103    ^       451    A    .     . 
e'  sin*  5n  t 


IT 
192®  J 


^Isin.  2nt 


196 
1097 
960 

1228 
960 


e'sin.6  n  t, 


the  approximatbn  beii^  carried  on  to  quantities  of  the  order  e^  in- 
clusively. 
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487.  The  angles  ▼  and  n  t  are  here  reckoned  from  the  Perihelion ;  but 
if  we  wish  to  compute  from  the  Aphelion,  we  have  only  to  make  e  nega- 
tive. It  would,  therefore,  be  sufficient  to  augment  the  angle  n  t  by  r,  in 
order  to  render  negative  the  sines  and  cosines  of  the  odd  multiples  of  n  t; 
then  to  make  the  results  of  these  two  methods  identical ;  we  have  only  in 
the  expressions  for  ^  and  v,  to  multiply  the  sines  and  cosines  of  odd 
multiples  of  n  t  by  odd  powers  of  e ;  and  the  even  multiples  by  the  even 
powers.     This  is  confirmed,  in  fact,  by  the  process,  a  postericri. 

488.  Suppose  that  instead  of  reckoniri^  v  from  the  perihelion,  we  fix 
its  origin  at  any  point  whatever ;  then  it  is  evident  that  this  angle  will  be 
augmented  by  a  constant,  which  we  shall  call  w,  and  which  will  express 
the  Longitude  of  the  Perihelion.  If  instead  of  fixing  the  origin  of  t  at 
the  instant  of  the  passage  over  the  perihelion,  we  make  it  begin  at  any 
point,  the  angle  n  t  will  be  augmented  by  a  constant  which  we  will  call 

e  —  w ;  and  then  the  foregoing  expressions  for  -^  and  v,  will  become 
^=1  +I^_(e— I  e")cos.(nt+i— w)— ( i  ^—\  e*)cos.2(nt+i— )+&c 
V  =nt+i+(2e— ie»)sia(nt+f— r)+(  |  e«— ^  e*)sin.2  (n  t+i— w)  +ic 


4   '      ^      •         "  U  ^      24 
where  v  is  the  true  longitude  of  the  planet  and  n  t  +  c  its  mean  longi- 
tude, these  being  measured  on  the  plane  of  the  orbit. 

Let,  howevei^  the  motion  of  the  planet  be  referred  to  a  fixed  plane  a 
little  inclined  to  that  of  the  orbit,  and  9  be  the  mutual  inclination  of  the 
two  planes,  and  ^  the  longitude  of  the  Ascending  Node  of  the  orbit,  mea- 
sured upon  the  fixed  plane ;  also  Igt  /S  be  this  longitude  measured  upon 
the  plane  of  the  orbit,  so  that  ^  is  the  projection  of  j8,  and  lastly  let  v,  be 
the  projection  of  V  upon  the  fixed  plane.     Then  we  shall  have 

▼,  — ^,  V  — ft 
making  the  two  sides  of  a  right  angled  spherical  triangle,  v  —  J3  being 
opposite  the  right  angle,  and  f  the  angle  included  between  them,  and 
therefore  by  Napier's  Rules 

tan.  (v^  —  ^)  =  cos.  9  tan.  (v  —  (S) (1) 

This  equation  gives  v^  in  terms  of  v  and  reciprocally;  but  we  can  ex- 
press cither  of  them  in  terms  of  the  other  by  a  series  very  convergent 
after  this  manner. 

By  what  has  preceded,  we  have  the  series 

-  V  =r  — u  -I-  X  sin.  u  +  -5-  sin.  2  u  +  —  sin.  3  u  4-  &c. 
2  2  A  o 
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from 

.       1  /I  +  e    ,       1 

by  malting 


1  +  e 


1 


y,  —  0=:  V  — j3—  tan*-  f . sin. 2 (v  — 18)  +  i  tan,*  -  f . sin. 4  (v  —  (3) 


_    _V 1— e 

A      MM "  *  '       _  a 

1  A         1  /I  4-  e 

If  we  change  ^  v  into  v,  —  ^  and  -  u  into  v  —  ft  and  ^  >  _     into 

COS.  f,  we  have 

COS.  f> —  1             ^      •  9  /,x 

^  =  cas.»+l  =  -*^-'T> (1) 

The  equation  between  ^  ▼  and  ^  u  will  change  into  the  equation  be- 
tween v^  —  S  and  v  —  /3,  and  the  above  series  will  give 

lp.sin.2(v  — fi)+  1  tan.;  2 

—  i  tan.  •  I  p  sin.  6  (v  _  /3)  +  &c (2) 

V  VI  1 

If  in  the  equation  between  ^  and  5  ,  we  change  ^  v  into  v  — •  /3  and 

■^  u  into  Y.  —  ^,  and  .  /  ^r-^ —  u^to ,  we  shall  have 

2  *        '         XI  —  e         COS.  (p 

X  =  tan.«  1  p, (8) 

and 

V  —  /8  =  v^ — ^+tan.  *  5  ?•  sin.  2  (v,  —  f) 

+  -^  tan.  *  -  pe  sin.  4  (v,  —  ^ 

+  itan.»|  p.sin.6(v,-^) (4) 

Thus  we  see  that  the  two  preceding  series  reciprocally  interchange* 
Ly  changing  the  sign  of  tan.  *  ^  f ,  and  by  changing  v^  —  ^,  ▼  —  j3  the  one 
for  the  other.  We  shall  have  v^  —  ^  in  terms  of  the  sine  and  cosine  of 
n  t  and  its  multiples,  by  observing  that  we  have,  by  what  precedes 

v=rnt  +  f  +  eQ, 
Q  being  a  function  of  the  sine  of  the  angle  n  t  +  *  —  «^>  ^^'^  its  multi- 
ples ;  and  that  the  formula  (i)  of  number  (482)  gives,  whatever  is  i, 
sin.  i  (v  —  /S)  =  sin.  i  (n  t  +  f  —  13  +  e  Q) 
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Lastly,  s  being  the  tangent  of  the  latitude  of  the  planet  above  the  fixed 

plane,  we  have 

s  =  tan.  f  sin.  (v^  -«-  S) ; 

and  if  we  call  (,  the  radius^vector  prcgected  upon  the  fixed  plane,  we 
shall  have 

we  shall  therefore  be  able  to  determine  v^  s  and  f^  in  converging  series 
of  the  sinetf  add  Cosibes  of  the  angle  n  t  and  of  its  multiples. 

489.  Let  us  now  consider  very  ezctntric  orbits  or  such  as  are  those  of 
the  Comets. 

For  this  purpose  resume  the  equations  of  Na  (287),  sciL 

a(l— e«) 
•       1  +  e  COS.  V 
n  t  =:  u  —  e  sin.  u 

tan.  I  V  =  J'-r-^—  •  ten-  J  u. 

In  this  case  e  difiers  very  little  from  unity;  we  shall  therefore  suppose 

1  —  e  =i  a 
«  beiog  very  small  compared  with  unify.    "^ 

Calling  D  the  perihelion  distance  of  the  Comet)  we  shall  have 

D  =  u  (1  —  e)  =  a  a;  • 

and  the  expression  for  §  will  become 

(2  —  a)  D  D 

1      = i — r ^ TT' 

2  COS.  *  g  V  —  a  cos.  V        cos.  *  5"  ^  1  ^  +  o a  **"*'  *  2  ^  J 

which  gives,  by  reduction  into  a  series 

COS.*  -g  V 

To  get  the  relation  of  v  to  the  time  t,  we  shall  observe  that  the  expres- 
sion of  the  arc  in  terms  of  the  tangent  gives 

u  =  2tan.  g  u{l— I  tan.«gu+  J  tan.*g.u  — &c} 

But 

1  /     •      ,       1 


i  = 
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we  therefore  have 


Next  we  have 


1 

2  tan.  -;r  u 


in.u  = j—  =  2taD. -^  u|l  — tan.«-^  +  tan.*H._&c.  i 

1  +  tan.*— u  -^ 


Whence  we  get 


esiihu  =  2  (1 -«)^^t«n.  i  ».{l  _g-^tan.« -] 


2^ 


+(2^)'-*^^i-^-^ 


Substituting  these  values  of  u,  and  e  sin.  u  in  the  equation  n  t  =  u  — 
e  sin.  Q,  we  shall  have  the  time  t  in  a  fonction  of  the  anomaly  v,  by  a  series 
very  convergent ;  but  before  we  make  this  substitution,  we  shall  observe 
that  (237) 

n  =  a""*.  Vm, 
and  since 

D  =:  a  a^ 
we  have 

1        pi 

Hence  we  find 
2D* 


t=j-, 


If  the  orbit  is  parabolic 

«  =  0 
and  consequently 

D 


COS.     Iv 


,       D*  V2f^       V         1  ,      ,1     ) 
.^=-V^\^-2  +  3^-    2  V 

which  expression  may  also  be  got  at  once  from  (237). 

The  time  t»  the  distance  D  and  sum  m  of  the  masses  of  the  sun  and 
comet,  are  heterogeneous  quantities,  to  compare  which,  we  must  divide 
each  by  the  units  of  their  species.  We  shall  suppose  therefore  that  the 
mean  distance  of  the  sun  from  the  Earth  is  the  unit  of  distance,  so  that  D 
is  expressed  in  parts  of  that  distance.     We  may  next  observe  that  if  T 

Vol.  II.  D 
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represent  the  time  of  a  sidereal  revolution  oF  the  £arth»  setting  off  from 
tlie  perihelion;  we  shall  have  in  the  equation 

n  t  =  u  —  e  sin.  u 
u  =:  0  at  the. beginning  of  the  revolution,  and  u  =  2  «■  at  the  end  of  it 

Hence 

n  T  =  2  flr. 

But  we  have 

n=a"'«v'm=v'm, 

2  « 
.'.  V  m  =  -7w  . 

The  value  of  m  is  not  exactly  the  same  for  the  Earth  as  for  the  Comet, 
for  in  the  first  case  it  expresses  the  sum  of  the  masses  of  the  sun  and 
earth ;  whereas  in  the  second  it  implies  the  sum  of  the  masses  of  the  sun 
and  comet :  but  the  masses  of  the  Earth  and  Comet  being  much  smaller 
than  that  of  the  sun,  we  may  neglect  them,  and  suppose  that  m  is  the 
same  for  all  Planets  and  all  Comets  and  that  it  expresses  the  mass  of  the 

2  «• 
sun  merely.     Substituting  therefore  for  V  m  its  value  rfr  in  the  preced- 
ing expression  for  t ;  we  shall  have 

D^.T/,       1^1,      ,11 

Tyrl^-s^  +  s^-  2M' 

This  equation  contains  none  but  quantities  comparable  with  each  other; 
it  will  ^ve  t  very  readily  when  v  is  known ;  but  to  obtain  v  by  means  of 
t,  we  must  resolve  a  Cubic  Equation,  which  contains  only  one  real  root 
We  may  dispense  with  this  resolution,  by  making  a  table  of  the  values  of 
V  corresponding  to  those  of  t,  in  a  parabola  of  which  the  perihelion  dis- 
tance is  unity,  or  equal  to  the  mean  distance  of  the  earth  firom  the  sun. 
This  table  will  give  the  time  corresponding  to  the  anomaly  v,  in  any  par- 
abola of  which  D  is  the  perihelion  distance,  by  multiplying  by  D  ' ,  the 
time  which  corresponds  to  the  same  anomaly  in  the  Table.     We  also  gel 

tlie  anomaly  v  corresponding  to  the  time  t^  by  dividing  t  by  D  '^  and 
seeking  in  the  table,  the  anomaly  which  corresponds  to  Uie  quotient 
arising  from  this  division. 

490.  Let  us  now  investigate  the  anomaly,  corresponding  to  the  time  t, 
in  an  ellipse  of  great  excentricity. 

.   If  we  neglect  quantities  of  the  order  a\  and  put  1  —  e  for  «,  the  above 
expression  of  t  in  terms  of  v  in  an  ellipse,  will  give 


t  = 


X 


t  = 


_  pg  V  2  ftan.  J  V  +  i  tan.^  J  v 


V  m    \+  (1  —  e)  tan.«i  v  ^  —  J  tan.  *  J  v  —  J^tan.  *^v} 


} 


Then,  find  by  the  table  of  the  motions  of  the  comets,  the  anomaly  cor- 
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responding  to  the  time  t,  in  a  parabola  of  which  D  is  the  perihelion  dis- 
tanoe.  Let  U  be  this  anomaly  and  U  +  x  the  true  anomaly  In  an  ellipse 
corresponding  to  the  same  time,  x  being  a  very  small  angle.  Then  if  we 
substitute  in  the  above  equation  U  +  x  for  v,  and  then  transform  the 
second  member  into  a  series  of  powers  of  x,  we  shall  have^  neglecdng  the 
square  of  x,  and  the  product  of  x  by  1  —  e, 

^  ^        (+  ^-=^  tan.  i  U  Jl  —  tan.«  i  U  —  J  tan.*  ^  V]) 
But  by  supposition 

D^  V  2 

^  =      Vm     itan.  i  U  +  i  tan.'  i  U|. 

Therefore,  substituting  for  x  its  sine  and  substituting  for  sin.  *  ^  U  its 
value  (1  —  COS.*  i  U)  *,  &c. 

sin.x  =  t\j{1  — e)tan.  i  U  f4  — 3  cos.«  i  U  —  6  cos.*  J  U} . 

Hence,  in  forming  a  table  of  logarithms  of  the  quantity 
2^  tan.  ^  U  {4  —  8  cos.«  i  U  —  6  cos.  *  J  U] 
it  will  be  sufficient  to  add  the  logarithm  of  1  —  e,  in  order  to  have  that  of 
sin.  X ;  consequently  we  have  the  correction  of  the  anomaly  U,  estimated 
from  the  parabola,  to  obtain  the  corresponding  anomaly  in  a  very  exc^n- 
trie  ellipse. 

491.   To  find  the  masses  of  such  planets  as  have  satellites. 

The  equation 

V  m 
^ves  a  very  simple  method  of  comparing  the  mass  of  a  planet,  having  sa- 
tellites, vrith  that  of  the  sun.     In  fact,  M  representing  the  mass  of  the  sun, 
if/*  the  mass  of  the  planet  be  neglected,  we  have 

T,       2»at 

If  we  next  consider  a  satellite  of  any  planet  /*',  and  call  its  mass  p,  and 
mean  distance  from  the  center  of /tt%  h,  and  Tits  periodic  time^  we  shall 
have 

Va*'+p 
^/  +  p^h>       T« 

This  equation  gives  the  ratio  of  the  sum  of  the  masses  of  the  planet  /a' 
and  its  satellite  to  that  of  the  sun.     Neglecting  therefore  the  mass  of  the 

D8 
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tateUitef  as  imall  compared  with  that  of  the  planet^  or  supposing  their  ra^ 
tio  known,  we  have  the  ratio  of  the  mass  of  the  planet  to  that  of  the  sun. 

492.  To  determine  the  Elements  of  Elliptical  Motion. 

After  having  exposed  the  General  Theory  of  Eliliptical  Motion  ami 
Method  of  Calculating  by  converging  seriesi  in  the  two  cases  of  nature, 
that  of  orbits  ahnost  circular,  and  the  case  of  orbits  greatly  ezcentric,  it 
remains  to  determine  the  Elements  of  those  orbits.  In  fact  if  we  call  V 
the  velocity  of /» in  its  relative  motion  about  M,  we  have 

vt  «  dx*  +  dy«  +  dz' 

""         art^ 

and  the  last  of  the  equations  (P)  of  No.  478,  gives 

V.  =  „{?-!}. 

To  make  m  disappear  irom  this  expression,  we  shall  designate  by  U 
the  velocity  which  (i  would  have,  if  it  described  about  M,  a  circle  whose 
radius  is  equal  to  the  unity  of  distance.     In  this  hypothesis,  we  have 

^  =  a  s=  1, 
and  consequently 

U*=m. 
Hence 

This  equation  will  give  the  semi-axis  major  a  of  the  orbit,  by  means  of 
the  primitive  velocity  otf/k  and  of  its  primitive  distance  from  M.  But  a  is 
positive  in  the  ellipse,  and  infinite  in  the  parabola,  and  negative  in  the 
hyperbola.     Thus  the  orbit  described  by  fk  is  an  ettqfse,  a  parabola^  or  ^ 

perbolOf  according  £W  V  w  <  =  or  >  than  U  ^  -  .     It  is  remarkable 

that  the  direction  of  primitive  motion  has  no  it^luence  tgnm  the  species  ^ 
conic  section. 

To  find  the  excentricity  of  the  orbit,  we  sha}!  observe  that  if  f  repre- 
sents the  angle  made  by  the  direction  of  the  rdative  motion  of /a  with  the 
radius*vector,  we  have 

d  P» 

^.  =  V«cos.«f. 
dt* 

Substituting  for  V*  its  value  m  \ j  »  we  have 


d 


[,  =  m(y-^)  cos.*i; 
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Bat  bjr  480 

2  m  e  —  5LL'  _  Clii  =  m  ft  ( I  —  e  •) : 

*  a  d  t*  .  / 

.-.  a  (1  —  e)*  =  ^*  sin,« •  ( J; 

whence  we  know  the  excentricity  a  e  of  the  orbit. 
To  6nd  ▼  or  the  true  anomaly,  we  have 

a(l-e') 

*  1  +  e  COS.  V 

a(l  — e«)  — ^ 

.'.  COS.  V  =  — ^ ^- '  . 

This  gives  the  position  of  the  Perihelion.  Equations  (f )  of  No,  480  will 
then  give  u  and  by  its  means  the  instant  of  the  Planet's  passing  its  peri- 
helion. 

To  get  the  position  of  the  orbit,  referred  to  a  fixed  plane  passing 
through  the  center  of  M,  supposed  immoveable,  let  f  be  the  inclination  of 
the  orbit  to  this  plane,  and  fi  the  angle  which  the  radius  ^  makes  with  the 
Line  of  the  Nodes.  Let,  Moreover,  z  be  the  primitive  elevation  of  m 
above  the  fixed  plane,  supposed  known.  Then  we 
shall  have,  CAD  being  the  fixed  plane,  A  D  the  fi 

lin^  of  the  nodes,  A  B  s  ^,  &c  &c« 

z  =  B  D .  sin.  f  =z  §  sin.  fi  sin.  f ; 
so  that  the  inclination  of  the  orbit  will  be  known 
when  we  shall  have  determined  j8.     For  this  pur- 
pose, let  \  be  the  known  angle  which  the  primitive 
direction  of  the  relative  motion  of  m^  makes  with  the  fixed  plane;  then  if 
we  consider  the  triangle  formed  by  this  direction  produced  to  meet  the 
line  of  the  nodes,  by  this  last  line  and  by  the  radius  f,  calling  1  the  side 
of  the  triangle  opposite  to  j3,  we  have 

-  sin.  (iS  +  .)  • 
Next  we  have 

f  =  sm.  \ 

consequently 

.  ^  w  zsin»  f 

tan.  o  =  — 1 — :: , 

e  sm.  X  —  z  COS.  f 

The  elements  of  the  Planetary  Orbit  being  determined  by  these  formu- 
las, in  terms  of  f  and  z,  of  the  velocity  of  the  planet,  and  of  the  direction 

of  its  motion,  we  can  find  the  variation  of  these  elements  corresponding 

D3 
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to  the  supposed  variations  in  the  velocity  and  its  direction;  and  it  will  be 
easy,  by  methods  about  to  be  explained,  from  hence  to  obtain  the  differ- 
ential variations  of  the  Elements,  due  to  the  action  of  perturbing-forces. 
Taking  the  equation 

In  the  circle  a  =  ^  and  .*. 

GO  that  the  velocities  of  the  planets  in  different  circles  are  reeiprocally  as 

the  squares  of  their  radii  (see  Prop.  IV  of  Princip.) 

In  the  parabola,  a  =  ao , 

o 

the  velocities  in  the  different  points  of  the  orbit,  are  therefore  in  this  case 
reciprocally  as  the  squares  of  the  radius-vectors ;  and  the  velocity  at  each 
point,  is  to  that  which  the  body  would  have  if  it  described  a  circle  whose 
radius  =  the  radius-vector  g,  as  V  2  :  1  (see  160) 

An  ellipse  indefinitely  diminished  in  breadth  becomes  a  straight  line, 
and  in  this  case  V  expresses  the  velocity  of /u,  supposing  it  to  descend  in 
a  straight  line  towards  M;  Let  t^  fall  from  rest,  and  its  primitive  dis- 
tance be  ^ ;  also  let  its  veloci^  at  the  distance  f^  be  V ;  the  above  expres* 
sion  will  give 


f         a  Iff         a  J 


whence 


v'=u7 


2  (f  - «') 


Many  other  results,  which  have  already  been  determined  after  another 
manner,  may  likewise  be  obtained  from  the  above  formula. 

498.  The  equation 

0  =  dx«.|.dy«  +  dz«_      /2  _  U 

dt*  ^  ^         a/ 

is  remarkable  from  its  giving  the  velocity  independently  of  the  excentridty. 
It  is  also  shown  from  a  more  general  equation  which  subsists  between  the 
axis-major  of  the  orbit,  the  chord  of  the  elliptic  arc,  die  sum  of  the  ex- 
treme radius-Vectors,  and  the  time  of  describing  this  arc 

To  obtain  this  equation,  we  have 

a(l— e«) 
'        1  +  e  COS.  V 
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^  =  a  (1  —  e  COS.  u) 

t  s  a  "  (u  —  e  sin.  a) ; 
in  which  suppose  f,  v,  u,  and  t  to  correspond  to  the  first  extremity  of  the 
elliptic  arc»  and  that  ^,  v',  u^  t  belong  to  the  other  extremity ;  so  that  we 
also  have 

a(l-e«) 
^        1  +  e  COS.  V 
^  =  a  (1  —  e  COS.  u') 

t'  =  a*  (u'  —  e  sin.  u'). 
Let  now 

then,  if  we  take  the  expression  of  t  from  that  of  t',  and  observe  that 

sin.  u'  —  sin.  u  =:  2  sin.  ^  cos.  ^ 
we  shall  have 

r  =  2  a  *  fj8  —  e  sin.  i3  cos.  p\. 

If  we  add  them  together  taking  notice  that 
COS.  u'  +  cos.  u  =r  2  cos.  |3.  cos.  ff 
we  shall  get 

R  =  2  a  (1  —  e  cos.  fi  cos.  p). 

Again,  if  c  be  the  chord  of  the  elliptic  arc,  we  have 

c*  =  ^*  +  ^*  —  2  f  ^  COS.  (v  —  y') 

but  the  two  equations 

'       a(I— e«)  ,,  *\         -^ 

p  zz  -J— ^ '- ;  ^  =:  a  (I  —  e  cos.  u) 

'        1  +  e  COS.  V    '  ^  ' 

give  these 

COS.  u  —  e     .             aVl  —  e*.  sin.  u 
COS.  ▼  =  a ;  sm.  v  = ; 

and  in  like  manner  we  have 


^            COS.  u'  —  e      .       ,       a  V  1  —  e  *  sin.  u\ 
COS.  v'  =  a . ', ;  sm.  V  = : — ^ » 

whence,  we  get 

J  /cos.  (v  —  vO  =  a*(e  —  COS.  u)  (e—  cos.  uO+a*  (1  —  e*)  sin.  u  sin.  u  ; 

and  consequently 

c»  =  2a*(l  —  e*)  {I  — sin.  u  sin.  u'  —  cos.  u  cos.  u'} 
+  a*e*(cos.  u  —  cos.  u')*; 
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But 

sin.  u  sin.  u^  +  cos.  u  cos.  u'  =r  3  cos.  *  P  —  1 
COS.  u  —  COS.  u'  =  2  sin.  /S  sin.  p^ 
.•.c«  =  4a«sin.*i8(l  — e*cos.«/9'). 

We  therefore  have  these  three  equations,  sdl. 

R  ==  2  a  {1  —  e  cos.  j3  cos.  ff^} ; 

r  =  2  a  ^  {jS  —  c  sin.  13  COS.  /S'} , 

c«  =  4a«sin.«j8(l— eFcos.«i3). 

^he  first  of  them  gives 

^,       2  a  —  R 

e  cos.  p'  =:  s a 

'^        2  a  cos.  P 

and  substituting  this  value  of  e  cos.  p^  in  tlie  two  others,  we  shall  have 

r=2a^{/3+  ^A?tan.i8}; 

c«=  4a«tan.«/3{cos.«j8—  (i^ZlB:)'}  . 

These  two  equations  do  not  involve  the  excentricity  e,  and  if  in  the 
first  we  substitute  for  |S  its  value  given  by  the  second,  we  shall  get  7  in  a 
function  c,  R,  and  a.  Thus  we  see  that  the  time  T  depends  only  on  the 
semi-axis  major,  the  chord  c  and  the  sum  R  of  the  extreme  radius- 
vectors. 

If  we  make 

2a — R  +  c      ,       2a  —  R  —  c 

the  last  of  the  preceding  equations  wiU  give 


cos.  2)8=22'+   V(l  —  2«).(1_  2'«); 

whence 

2  j8  =  COS.""*  2^. COS.""'  2 

(for  COS.  (A  —  6}  =  COS.  A  cos.  B  +  sin.  A  sin.  B). 

Consequently 

a       sin.  (cos.  "•  *  2^) — sin.  (cos.  •* "  2) 
tan.p  =  S /^^     ^ 5 

we  have  also 

.     ,       2a  — R 

2  +  2'  =  . 

*  a 

Hence  the  expression  of  T  will  become,  observing  that  if  T  it  the  du- 
ration of  the  sidereal  revolution,  whose  mean  distanoe  from  the  sun  is 
taken  for  unity,  we  have 
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T  =  -g-jj7  fcos.-'z' — C03."*  z  —  siu.  (cos.^  z')+sin.(cor-»2)J ...  (a) 

Since  the  same  cosiaes  may  belong  to  many  arcs,  this  expression  is 
ambiguous,  and  we  must  take  care  to  distinguish  the  arcs  which  corre- 
spond  to  z,  z'« 

In  the  parabola,  the  semi-axis  major  is  infinite,  and  we  have 

cos.  "^  z'  —  sin,  (cos.  -^-z')  =    g-/ — ^ — \  . 

And  making  c  negative  we  shall  have  the  value  of 
cos.  "■  *  z  —  sin.  (cos. ""  *  z) ; 
hence  the  formula  (a)  will  give  the  time  T  employed  to  describe  the  arc 
subtending  the  chord  c,  sciL 

the  sign  —  being  taken,  when  the  two  extremities  of  the  parabolic  arc  are 
situated  oh  the  same  side  of  the  axis  of  the  parabria. 
Now  T  being  =  S65.25688  days,  we  have 

^  =  9. 688754  days. 

The  formula  (a)  gives  the  time  of  a  body's  descent  in  a  straight  line  to- 
wards the  focus,  beginning  from  a  given  distance;  for  this,  it  is  suffi- 
cient  to  suppose  the  axis-minor  of  the  ellipse  indefinitely  diminbhed.  If 
we  suppose,  for  example,  that  the  body  falls  from  rest  at  the  distance  S  a 
from  the  focus  and  that  it  is  required  to  find  the  time  (7)  of  fidling  to 
the  distance  c,  we  shall  have 

Rr=2aH-^   f=:8a^-c 
whence 

r'  =  -  1.  z  =  il=J? 
'  a 

and  the  formula  gives 


a 


*T  f  .  c  — a   .       /2  ac  — 


2*1  a       ^ 


>/^^^'}- 


There  is,  however,  an  essential  difference  between  elliptical  motion  to- 
wards the  focus^  and  the  motion  in  an  ellipse  whose  breadth  is  indefinite- 
ly small  In  the  first  case,  the  body  having  arrived  at  the  focus,  passes 
beyond  it,  and  again  returns  to  the  same  distance  at  which  it  departed ; 
bat  in  the  second  case,  the  body  having  arrived  at  the  focus  immediately 
returns  to  the  point  of  departure.     A  tangential  velocity  at  the  aphelion. 
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however  small,  suffices  to  produce  this  diffisrence  which  has  no  influence 
upon  the  time  of  the  body^js  descent  to  the  center,  nor  upon  the  ve- 
locity resolved  parallel  to  the  axis-major.  Hence  the  principles  of  the 
7th  Section  of  Newton  give  accurately  the  Hmes  and  Velocities,  although 
they  do  not  explain  all  the  circumstances  of  motion.  For  it  is  dear  that 
if  there  be  absolutely  no  tangential  velocity,  the  body  having  reached  the 
center  of  force,  will  proceed  beyond  it  to  the  same  distance  from  which  it 
commenced  its  motion,  and  then  return  to  the  center,  pass  through  it, 
and  proceed  to  its  fir&t«point  of  departure,  the  whole  being  performed  in 
just  double  the  time  as  would  be  required  to  return  by  moving  in  the  in- 
definitely small  ellipse* 

494.  Observations  not  conducting  us  to  the  circumstances  of  the  pri- 
mitive motion  of  the  heavenly  bodies ;  by  the  formulas  of  No.  492  we 
cannot  determine  the  elements  of  their  orbits.  It  is  necessary  for  this 
end  to  compare  together  their  respective  positions  observed  at  different 
q>ochs,  which  is  the  more  difficult  from  not  observing  them  from  the 
center  of  their  motions.  Relatively  to  the  planets,  we  can  obtain,  by 
means  of  their  oppositions  and  conjunctions,  their  Heliocentric  Lon^tude. 
This  consideration,  together  with  that  of  the  smallness  of  the  excentiicity 
and  inclination  of  their  orbits  to  the  ediptic,  affords  a  very  simple  method 
of  determining  their  elements.  But  in  the  present  state  of  astronomy, 
the  elements  of  these  orbits  need  but  very  slight  corrections ;  and  as  the 
variations  of  the  distances  of  the  planets  from  the  earth  are  never  so  great 
as  to  elude  observation,  we  can  rectify,  by  a  great  number  of  observations, 
the  elements  of  their  orbits,  and  even  the  errors  of  which  the  observa- 
tions themselves  are  susceptible.  But  with  regard  to  the  Comets,  this  is 
not  feasible ;  we  see  them  only  near  their  perihelion :  if  the  observations 
we  make  on  their  appearance  prove  insufficient  for  the  determination  of 
then:  elements,  we  have  then  no  means  of  pursuing  them,  even  by  thought, 
through  the  immensity  of  space,  and  when  after  the  lapse  of  ages,  thev 
again  approach  the  sun,  it  is  impossible  for  us  to  recognise  them.  It  be- 
comes therefore  important  to  find  a  method  of  determining,  by  observa^ 
tions  alone  during  the  appearance  of  one  Comet,  the  dements  of  its  orbit. 
But  this  problem  considered  rigorously  surpasses  the  powers't>f  analysis, 
and  we  are  obliged  to  have  recourse  to  approximations,  in  order  to  obtain 
the  first  values  of  the  dements,  these  bdng .  afterwards  to  be  corrected  to 
any  degree  of  accuracy  which  the  observations  peimit. 

If  we  use  observations  made  at  remote  intervals,  the  diminations  will 
lead  to  impracticable  calculations ;  we  must  therefore  be  content  to  coa^ 


4 
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sider  only  near  observations ;  and  with  this  restriction,  the  problem  is  abun- 
dantly difficult 

It  appears,  that  instead  of  directly  making  use  of  observations,  it  is 
better  to  get  from  them  the  data  which  conduct  to  exact  and  simple  re- 
sults. Those  in  the  present  instance,  which  best  fulfil  that  condition,  are 
the  geocentric  longitude  and  latitude  of  the  Comet  at  a  given  instant,  and 
their  first  and  second  differences  divided  by  the  corresponding  powers  of 
the  element  of  time;  for  by  means  of  these  data,  we  can  determine  rigo* 
rously  and  with  ease,  the  elements,  without  having  recourse  to  a  sitigle 
integration,  and  by  the  sole  consideration  of  the  differential  equations  of 
the  orbit  This  way  of  viewing  the  problem,  permits  us  moreover,  to 
employ  a  great  number  of  near  observations,  and  to  comprise  also  a  con- 
siderable interval  between  the  extreme  observations,  which  will  be  found 
of  great  use  in  diminishing  the  influence  of  such  errors,  as  are  due  to  ob- 
servations fix>m  the  nebulosity  by  which  Comets  are  enveloped.  Let  us 
first  present  the  fi>rmulas  necessary  to  obtain  the  first  differences,  of  the 
longitude  and  latitude  of  any  number  of  neac  observations ;  and  then  de- 
termine the  elements  of  the  orbit  of  a  Comet  by  means  of  these  difierences ; 
and  lastly  expose  the  method  which  appears  the  simplest,  of  correcting 
these  elements  by  three  observations  made  at  remote  intervals. 

495.  At  a  given  epoch,  let  a  be  the  geocentric  longitude  of  a  Comet, 
and  fi  its  north  geocentric  latitude,  the  south  latitudes  being  supposed  ne- 
gative. If  we  denote  by  s,  the  number  of  days  elapsed  from  this  epoch, 
the  longitude  and  latitude  of  the  Comet,  after  that  interval,  will,  by  using 
Taylor's  Theorem  (481),  be  expressed  by  these  two  series 

•  +  ••  (dl)  +  oC)  +  ^'• 

We  must  determine  the  values  of 

by  means  of  several  observed  geocentric  longitudes  and  latitudes.  To  do 
this  most  simply,  conrider  the  infinite  series  which  expre^es  the  geocen- 
tric longitude.  The  coefficients  of  the  powers  of  s,  in  this  series,  ought  to 
be  determined  by  the  condition,  that  by  it  is  represented  each  observed 
longitude ;  we  shall  thus  have  as  many  equations  as  observations ;  and  i( 
their  number  is  n,  we  shall  be  able  to  find  from  them,  in  series,  the  n 
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quantities  a,  (a~~)  »  ^^     ^^^  ^^  ought  to  be  observed  that  s  being  sup- 

posed  very  small,  we  may  neglect  all  tenns  multiplied  by  s  %  s^'¥\  &c. 
which  will  reduce  the  infinite  series  to  its  n  first  terms ;  which  by  n  ob- 
servations we  shall  be  able  to  determine.  These  are  only  approximations, 
and  their  accuracy  will  depend  upon  the  smalloess  of  the  terms  which  are 
omitted  They  will  be  more  exact  in  proportion  as  s  is  more  diminutive^ 
and  as  we  employ  a  greater  number  of  observations.  The  theory  of  inter- 
polations is  used  therefore  To  find  a  rational  and  integer  JimcUon  qfh  such, 
that  insubstittding  therein  fir  s  the  number  qfdajfz  "itiiich  correspondto  each 
observation^  it  shall  become  the  observed  longitude. 

Let  Pf  ffy  ff\  &C.  be  the  observed  longitudes  of  the  comet,  and  by 
i,  i',  i^'i  fScc.  the  corresponding  numbers  of  days  firom  the  given  qpoch,  the 
numbers  of  the  days  prior  to  the  given  epoch  being  supposed  n^ative. 
If  we  make 

ff j8  ^    ff' ff  ffff ff' 

a«y-d«g^   ^    ■ 

the  required  functions  will  be 

/3  +  (8  — i).a/3  +  (s  — i)(s  — i0.a«/3+(s  — i)(8  — iO{8  — i'0«'ft&c 
for  it  is  easy  to  perceive  that  if  we  make  successively  s=i,  s=i',  s^i!\  &c 
it  will  change  itself  into  jS,  ff^  ^\  &c. 

Again,  if  we  compare  the  preceding  function  with  this 


/da\  .  s"    /d*a\ 


we  shall  have  by  equating  coefficients  of  homogeneous  terms. 

a=p—id.8+i.i'.i*fi  —  i.  i'.  i"  «'^+&c. 

(^)  z=i  |8—  (i+i')  ^*/3+(ii'+i  i"+i'  i")  «»/3  — &c 

1  (Jl?)  =i«/3-{i+i'+i")3»^+acc. 

The  higher  differences  of  a  will  be  useless.  The  coefficients  of  these 
expressions  are  alternately  positive  and  negative ;  the  coefficient  of  3 ' )? 
is,  disregarding  the  sign,  the  product  of  r  and  r  together  of  r  quantities 
i,  i',  •  •  •  •  i  ^~'  'Mn  the  value  of  a ;  it  is  the  sum  of  the  products  of  the 
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same  quantities,  r  —  1  together  in  the  value  of  (^p-) ;  lasdy  it  is  the  sum 

of  die  products  of  these   quandties  r  —  2,  together  in  the   value  of 
1  /d'a% 
2\d8V* 

^^  7^  /'  /^  &<^  ^  ^®  observed  geocentric  latitudes,  we  shall  have  the 
values  of  ^,  (g— )  >    ( g — 5)  >  Sec.  by  changing  in  the  preceding  expressions 

for  oe  (g-^)  >    (d"~") '  ^^'  *®  quantides  ft  j^,  ^'  into  7,  /,  7''. 

These  expressions  are  the  more  exact,  the  greater  the  number  of  ob« 
servations  and  the  smaller  the  intervals  between  them.  We  might, 
therefore,  employ  all  the  near  observations  made  at  a  given  epoch,  pro- 
vided they  were  accurate ;  but  the  errors  of  which  they  are  always  sus- 
ceptible will  conduct  to  imperfect  results.  So  that,  in  order  to  lessen  the 
influence  of  these  errors,  we  must  augment  the  interval  between  the  ex- 
treme observations,  employing  in  the  investigation  a  greater  number  of 
them.  In  this  way  with  five  observations  we  may  include  an  interval  of 
thirty-five  or  forty  degrees,  which  would  give  us  very  near  approximadons 
to  the  geocentric  longitude  and  latitude,  and  to  their  first  and  second 
differences. 

If  the  epoch  selected  were  such,  that  there  were  an  equal  number  of 
observations  before  and  after  it,  so  that  each  successive  longitude  may 
have  a  corresponding  one  which  succeeds  the  epoch.     This  condition  will 

give  values  still  more  correct  of  a,  (  j— )  and  T^i — jj ,  and  it  easily  appears 

that  new  observations  taken  at  equal  distances  from  either  side  of  the  epoch, 
would  only  add  to  these  values,  quantities  which,  with  regard  to  their  last 

terms,  would  be  as  s '  (3-r^)  to  «.    This  synunetrical  arrangement  takes 

place,  when  all  the  observations  being  equidistant,  we  fix  the  epoch  at 
the  middle  of  the  interval  which  they  comprise.  It  is  therefore  advanta- 
geous to  employ  observations  of  this  kind. 

In  generd,  it  will  be  advantageous  to  fix  the  epoch  near  the  middle  of 
this  interval ;  because  the  number  of  days  included  between  the  extreme 
observations  being  less  considerable^  the  approximations  will  be  more  con- 
vergent. We  can  simplify  the  calculus  still  more  by  fixing  the  epoch  at 
the  instant  of  one  of  the  observations ;  which  gives  immediately  the  values 
of  oe,  and  ^. 
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Wben  we  shall  have  detennined  as  abore  the  values  of 

(ai)»  (dT»)'  (rD»  *°**  (j7^) 

we  shall  then  obtain  as  follows  the  first  and  second  diflTerences  of  a,  and  fi 
divided  by  the  corresponding  powers  of  the  elements  of  time.  If  we  u^- 
lect  the  masses  of  the  planets  and  comets,  that  of  the  sun  being  the  unit 
of  mass;  if,  moreover,  we  take  the  distance  of  the  sun  from  the  earth  for 
the  unit  of  distance ;  the  mean  motion  of  the  earth  round  the  sun  will 
be  the  measure  of  the  time  t.  Let  therefore  X  be  the  number  of  se- 
conds which  the  earth  describes  in  a  day,  by  reason  of  its  mean  sidereal 
motion ;  the  time  t  corresponding  to  the  number  of  days  will  be  X  s ;  we 
shall,  therefore,  have 

(d  «\  ^  ^  /da\ 
Tt)  ""  "x  vdly 


varv    xAdsv* 


Observations  give  by  the  Logarithmic  Tables, 

log.  X  =  4. 0394622 
and  also 

log.X*  =  log.  X  +  log. HI 

R  being  the  radius  of  the  circle  reduced  to  seconds ;  whence 

log.X*  =  2.  2750444; 

.•.  if  we  reduce  to  seconds,  the  values  of  ( j— ) »  and  of  f -? — -,) ,  we  shall 

have  the  logarithms  of  ( >-^) ,  and  of  (g-p)  by  taking  from  the  logarithms 

of  these  values  the  logarithms  of  4. 039422,   and  2. 2750444.     In  like 

manner  we  get  the  logarithms  of  (  j-t)  »   (tT*)  »  *^'  subtracting  the 

same  logarithms,  from  the  logarithms  of  their  values  reduced  to  seconds. 
On  the  accuracy  of  the  values  of 

depends  that  of  the  following  results ;  and  since  their  formation  is  Teiy 
simple,  we  must  select  and  multiply  observations  so  as  to  obtain  them  witli 
the  greatest  exactness  possible.    We  shall  determme  presently,  by  means  ^ 
of  these  values,  the  elements  of  the  orbit  of  a  Coinet,  and  to  generalize 
these  results,  we  shall 
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496.  Investigate  the  motion  of  a  syUem  of  bodies  soUicited  by  any  forces 
whatever. 

Let  X,  y,  z  be  the  rectangular  coordinates  of  the  first  body ;  x',  /,  z' 
tliose  of  the  second  body,  and  so  on.  Also  let  the  first  body  be  soUicited 
parallel  to  the  axes  of  x,  y,  z  by  the  forces  X,  Y,  Z,  which  we  shall  sup- 
pose tend  to  diminish  these  variables.  In  like  manner  suppose  die  second 
body  soUicited  parallel  to  the  same  axes  by  the  forces  X^,  Y^  2/y  and  so 
on.  The  motions  of  all  the  bodies  will  be  given  by  difierential  equations 
of  the  second  order  * 

&C.  =r  &C.  ' 

If  the  number  of  the  bodies  is  n,  that  of  the  equations  will  be  S  n ;  and 
their  finite  integrals  will  contain  6  n  arbitraiy  constants,  which  will  be  the 
elements  of  the  orbits  of  the  different  bodies. 

To  determine  these  elements  by  observations,  we  shaU  transform  the 
coordinates  of  each  body  into  others  whose  origin  is  at  the  place  of  the 
observer.  Supposing,  therefore,  a  plane  to  pass  through  the  eye  of  the 
observer,  and  of  which  the  situation  is  always  parallel  to  itseli^  whilst  the 
observer  moves  along  a  given  curve,  call  r,  r'  r^'j  &c.  the  distances  of 
the  observer  firom  the  different  bodies,  projected  upon  the  plane; 
a,  a\  al'y  &c.  the  apparent  longitudes  of  the  bodies,  referred  to  the  same 
plane,  and  ^,  ^,  ff'y  Sec.  their  apparent  latitudes.  The  variables  x,  y,  z 
will  be  given  in  terms  of  r,  a,  tf,  and  of  the  coordinates  of  the  observer. 
In  like  manner,  x',  y^,  t!  will  be  given  in  functions  of  r',  a^  ^,  and  of  the 
coordinates  of  the  observer,  and  so  on.  Moreover,  if  we  suppose  that  the 
forces  X,  Y,  Z ;  X^,  Y^  Z',  &c.  are  due  to  the  reciprocal  action  of  the 
bodies  of  the  system,  and  independent  of  attractions ;  they  will  be  given  in 
functions  of  r,  r',  jf\  &a;  a,  a',  ol\  &c.;  ^,  ^,  ^',  &c  and  of  known  quan* 
tities.  The  preceding  differential  equations  will  thus  involve  these  new 
variables  and  their  first  and  second  differences.  But  observations  make 
known,  for  ^  given  instant,  the  values  of 

There  will  hence  of  the  unknown  quantities  only  reniain  r,  r',  r'',  &c. 
and  their  first  and  second  differences.  These  unknowns  are  in  number 
3  n,  and  since  we  have  8  n  differential  equations,  we  can  determine  them. 


M  A  COMMENTARY  ON  [Sscr.  XI. 

At  the  same  time  we  shall  have  the  advantage  of  presenting  the  first  and 
second  differences  of  r,  r',  t"^  &c.  under  a  linear  form. 

The  quantities  «s  tf,  r,  a^  ^,  r')  Sec  and  their  first  difiercnoes  divided  by 
d  t,  being  known ;  we  shall  have,  for  any  given  instant,  die  values  of 
X9  y»  z>  x^  y',  z'y  Sec.  and  of  their  first  differences  divided  by  d  t.  If  we 
substitute  these  values  in  the  3  n  finite  intends  of  the  preceding  equa- 
tions, and  in  the  first  differences  of  these  integrals;  we  shall  have  6  n 
equations,  by  means  of  which  we  shall  be  able  to  determine  the  6  n  arbi- 
trary constants  of  the  integrals,  or  the  elements  of  the  orbits  of  the  dif- 
ferent bodies. 

497.  To  apply  this  method  to  the  motion  of  the  Comets, 
We  first  observe  that  the  principal  force  which  actuates  them  is  the 
attraction  of  the  sun ;  compared  with  which  all  other  forces  may  be  ne- 
glected. If,  however,  the  Comet  should  approach  one  of  the  greater 
planets  so  as  to  experience  a  sensible  perturbation,  the  preceding  method 
will  still  make  known  its  velocity  and  distance  from  the  earth ;  but  this 
case  happening  but  very  seldom,  in  the  following  researches,  we  ahall  ab- 
stain from  noticing  any  other  than  the  action  of  the  sun. 

If  the  sun's  mass  be  the  unit,  and  its  mean  distance  firom  the  earth  the 
unit  of  distance;  If,  moreover,  we  fix  the  origin  of  the  cocHtlinates 
X,  y,  z  of  a  Comet,  whose  radius-vector  is  (;  the  equations  (0)  of  No.  475 
will  become,  neglecting  the  mass  of  the  Comet, 

d*x        X 

dT^  "^f 


dt'  +  e» 

d*  z        z 


0  = 


(k) 


Let  the  plane  of  x,  y  be  the  plane  of  the  ecliptic  Alsolet  the  taos  of 
X  be  the  line  drawn  from  the  center  of  the  sun  to  the  first  point  of  aries, 
at  a  given  epoch ;  the  axis  of  y  the  line  drawn  from  the  center  of  the  son 
to  the  first  point  of  cancer,  at  the  same  epoch ;  and  finally  the  positive 
values  of  z  be  on  the  same  side  as  the  north  pole  of  the  ecliptic.  Next 
call  x^,  'f  the  coordinates  of  the  earth  and  R  its  radius-vector.  This  be« 
ing  supposed,  transfer  the  coordinates  x,  y,  z  to  others  relative  to  the 
observer;  and  to  do  this  let  «  be  the  geocentric  longitude,  and  r  its  dis- 
tance from  the  center  of  the  earth  projected  upon  the  ecliptic ;  then  we 
shall  have 

X  =:  x'  +  r  cos.  « ;  y  =  y  +  ^  sin*  a;  z  =  r  tan.  I. 
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If  we  multiply  the  first  of  equations  (k)  by  sin.  a,  and  take  from  the  re- 
sult the  second  multiplied  by  cos.  <ty  we  shall  have 

A         •         d*x  d*y,x  sin.  a  —  y  cos.  a 

0  =  sin.  «  jp-  -  COS.  «  .  gp^J  +  j^ ; 

whence  we  derive,  by  substituting  for  x,  y  their  values  given  above, 
V      ^         .  d"  x'  d*  y'    .    x'  sin.  a  —  y  cos.  a 

(d  r\  /da\  /d*av 

Hiejearth  being  retained  in  its  orbit  like  a  comet,  by  the  attraction  of 
the  sun,  we  have 

which  give 

d  *  x'  d  *  V       y  cos.  a  —  x'  sin.  a 

We  shall,  therefore,  have 

0=(/cos.«-x'sin.«){^.-^}-z(^).(^*J-r(^). 

Let  A  be  the  longitude  of  the  earth  seen  from  the  sun ;  we  shall  have 
x'  =  R  COS.  A ;  y^  =:  R  sin.  A  ; 
therefore 

y'  COS.  a  —  x'  sin.  «  =  R  sin.  (A  —  «) ; 
and  the  preceding  equation  will  give 

/drx      Rsin.(A  — «)     f  1  I  \        ^'  ^TTO  „, 

« 
Now  let  us  seek  a  second  expression  for  (;r^)  •     For  this  purpose  we 

will  multiply  the  first  of  equations  (k)  by  tan.  0 .  cos.  a,  the  second  by 
tan.  ^  sin.  cb,  and  take  the  third  equation  from  the  sum  of  these  two  pro- 
ducts ;  we  shall  thence  obtain 

{d*x  d*y) 

COS.  a  -J—J-  +  sin.  «  -y--^  r 

.    ^       .X  COS.  a  +  y  sin.  a  *     d  *  z        z 
+  tan.  tf jr^ g^.  -^-r- 

This  equation  will  become  by  substitution  for  x,  y,  z 
O =tan.  *{  (^'  +  ^4)  cos. «  +  (^^  +  J-l)  sb. «} 

Vox,  II.  E 
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^d  t)  ^iLt^_    r  W^  +  _}dtl (J^)  tan.  A 


COS.  * 


But 


/d  *  x'       x\  /d*v'       v'n  /I         1  \ 

(  dTi  +  f~)  *=°'*+  Cd^  +  fO  sin.«=  (X'  COS.  «+/  sm.8)  (^,  _  ^,) 

=  Rcos.(A  — «)|1— 1|; 


Therefore, 


d 


(dl)  *'°- 


^COS.^ 


C  Vdi;  Vd  1/ 

R  sin.  i  COS.  rf  COS.  (A  — «)    /  1  1  >  . 

If  we  take  this  value  of  (;,-  )  from  the  first  and  suppose 

(rt)  (dr«)-'dt)  (a7^)+ndt)  (rJ  ^'+(fft)  ""• 


^cos.^ 


u,  =: 


^^— )  sin.  tf  COS.  ^  COS.  (A  —  ;;)  +  ( j-^  sin.  (A  —  a) 
we  shall  have 

'=v-{p-ir.}  •  ■ w 

The  projected  distance  r  of  the  comet  from  the  earth,  being  always  po- 
sitive, this  equation  shows  that  the  distance  f  of  the  comet  from  the  sun, 
is  less  or  greater  than  the  distance  R  of  ihe  sun  from  the  earth,  according 
as  fj/  is  positive  or  negative;  the  two  distances  are  equal  if  ^ec'  =  0. 

By  inspection  alone  of  a  celestial  globe,  we  can  determine  the  sign  of 
f/ ;  and  consequently  whether  the  comet  is  nearer  to  or  farther  from  the 
Earth.  For  that  purpose  imagine  a  great  circle  which  passes  through 
two  Geocentric  positions  of  the  Comet  infinitely  near  to  one  another. 
Let  7  be  the  inclination  of  this  circle  to  the  ecliptic,  and  X  the  longitude 
of  its  ascending  node ;  we  shall  have 

tan.  7  sin.  (a  —  X)  =  tan.  tf ; 
whence 

d  I  sin.  (a  —  X)  =  d  a  sin.  0  cos.  ^  cos.  (a  —  X). 
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DifFerentJating,  we  have,  also 

+  (^-7)   »in*  ^  COS.  tf; 

d'^,  being  the  value  of  d*  ^,  which  would  take  place,  if  the  apparent  mo« 
tion  of  the  Comet  continued  in  the  great  circle.  The  value  of  ^6^  thus  be- 
comes, by  substituting  for  d  ^  its  value 

d  a  sin.  0  cos.  I  cos.  (a  —  X) 
sin.  (a  —  X)  * 

'■  °t(a7)-^')}'^'— ' 

sin.  0  COS.  i  sin.  (A  —  X) 

The  function    .  *  \ -J-  b  constantly  positive ;  the  value  of  ft,  is  there- 

sm.  V  cos.  V 

(d '  ^\      /d*  tf  \ 
-r—^J -r- (-r-jre)  bas  the  same  or 

a  different  sign  from  that  of  sin.  (A  —  X).  But  A  —  X  is  equal  to  two 
right  angles  plus  the  distance  of  the  sun  from  the  ascending  node  of  the 
great  circle.  Whence  it  is  easy  to  conclude  that  /a'  will  be  positive  or 
negative,  according  as  in  a  third  geocentric  position  of  the  comet,  inde- 
finitely near  to  the  two  first,  tlie  comet  departs  from  the  great  circle  on 
the  same  or  the  opposite  side  on  which  is  the  sun.  Conceive,  therefore, 
that  we  make  a  great  circle  of  the  sphere  pass  through  the  two  geocentric 
positions  of  the  comet;  then  according  as,  in  a  third  consecutive  geocen- 
tric position,  the  comet  departs  from  this  great  circle,  on  the  same  side  as 
the  sun  or  on  the  opposite  one,  it  will  be  nearer  to  or  farther  from  the 
sun  than  the  Earth.  If  it  continues  to  appear  in  this  great  circle,  it  will 
be  equally  distant  from  both;  so  that  the  different  deflections  of  its  ap- 
parent path  points  out  to  us  the  variations  of  its  distance  from  the  sun. 

To  eliminate  f  from  equation  (3),  and  to  reduce  this  equation  so  as  to 
contain  no  other  than  the  unknown  r,  we  observe  that  ^*  =  x*  +  y*  +  2* 
in  substituting  for  x,  y,  z,  their  values  in  terms  of 

r,  a,  and  ^ ; 

and  we  have 

r* 
S*  =  x'«  +  y'«  +  2  r{x'  cos.  a  +  f  sin.  u]  +  ^^—^; 

but  we  have 

x'  =  R  COS.  A,  y'  £=  R  sin.  A ; 

.-.  P«  =  — !^,  +  2  R  r  cos.  (A  —  a)  +  R*; 
^  cos,  *  0  ^ 

£2 
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But 

x'  =  R  COS.  A ;  y'  =:  R  sin.  A 

•*•  «*  =  ^^i  +  8  R  r  COS.  (A  —  •)  +  R*. 

If  we  square  the  two  members  of  equation  (S)  pat  under  diis  form 

f»li»'R*r  +  1}=  R» 
we  shall  get,  by  substitutii^  for  ;% 

{z&i  +  2  R  r  COS.  (A  _  «)  +  R^y.W  R*  r  +  !}•=  R* .  . .  (4) 

an  equation  in  which  the  only  unknown  quantity  is  r^  and  which  will  rise 
to  the  seventh  degree,  because  a  term  of  the  first  member  being  equal  to 
R  ^f  the  whole  equation  is  divisible  by  r.     Having  thence  determined  r, 


dr 


for 


we  shall  have  ^-^-^  by  means  of  equations  (1)  and  (2).     Substitutiogi 

example,  in  equation  (1),  for  -5  —  p-,  its  value  ^  ,  given  by  equation 
(8) ;  we  shall  have 

The  equation  (4)  is  often  susceptible  of  many  real  and  positive  roots; 
reducing  it  and  dividing  by  r,  its  last  term  will  be 

2  R »  cos.«  tff/i.'  R'  +  8  COS.  (A  —  a)}. 

Hence  the  equation  in  r  being  of  the  seventh  degree  or  of  an  odd  de- 
gree, it  will  have  at  least  two  real  positive  roots  if  a&'  R  •  +  8  cos.  (A— «) 
is  positive ;  for  it  ought  always,  by  the  nature  of  the  problem,  to  bare 
one  positive  root,  and  it  cannot  then  have  an  odd  number  of  positiTe 
roots.  Each  real  and  positive  value  of  r  gives  a  difierent  conic  sectioO} 
for  the  orbit  of  the  comet ;  we  shall,  therefore,  have  as  many  corves 
which  satisfy  three  near  observations,  as  r  has  real  and  positive  values; 
and  to  determine  the  true  orbit  of  the  comet,  we  must  have  recourse  to  a 
new  observation. 

498.  The  value  of  r,  derived  from  equation  (4)  would  be  rigorouslv 
exact,  if 

-  (a-:).  (3^).'-(aj)'  O 

were  exacUy  known ;  but  these  quantities  are  only  approximate.  In  »^ 
by  the  method  above  exposed,  we  can  approximate  more  and  more,  mere- 
ly by  making  use  of  a  great  number  of  observations,  which  presents  the 
advantage  of  considering  intervab  su£Sciently  great,  and  of  making  tbe 
errors  arising  from  observations   compensate  one  another.     But  this 
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method  has  the  analytical  inconvenience  of  employing  more  than  three 
observations,  in  a  problem  where  three  are  sufficient  This  may  be 
obviated,  and  the  solution  rendered  as  approximate  as  can  be  wished  by 
three  observations  only,  after  the  foUowing  manner. 

Let  a  and  ^,  representing  the  geocentric  longitude  and  latitude  of  the 
intermediate;  if  we  substitute  in  the  equations  (k)  of  the  preceding 
No.  instead  of  x,  y^  z  their  values  x'  +  r  cos.  « ;  y'  +  i*  sin.  a ;  and 

r  tan.  $ ;  they  will  give  (-,— ,) ,     (,  "^  and  (  j-r,)  in  iunctions  of  r,  a,  and 

0i  of  their  first  differences  and  known  quantities.   If  we  differentiate  these, 

we  shall  ^'^^\XTs)9     (t7i)  ^^^  (ilTs)^  terms  of  r,  a,  ^,  and  of  their 

first  and  second  differences.  Hence  by  equation  (2)  of  497  we  may  eli- 
minate the  second  difference  of  r  by  means  of  its  value  and  its  first  differ- 
ence. Continuing  to  differentiate  successively  the  values  of  (-. — 3 ) ,  (-rji)  > 

and  eliminating  the  differences  of  a,  and  of  ^  superior  to  second  differences, 
and  all  the  differences  of  r,  we  shall  have  the  values  of 

'•''•' (ai)'  (ji^)'''(ai)'  (tp)' 

this  being  supposed,  let 

be  the  three  geocentric  observed  longitudes  of  the  Comet;  ^^,  ^,  ^  its 
three  corresponding  geocentric  latitudes;  let  i  be  the  number  of  days 
which  separate  the  first  from  the  second  observation,  and  i'  the  interval 
between  the  second  and  third  observation ;  lastly  let  X  be  the  arc  which 
the  earth  describes  in  a  day,  by  its  mean  sidereal  motion ;  then  by  (481) 
we  have 

A       \        •     ,/d^    .    i^XVd"^        i'X^d'ax        ^ 
if       ii    1   V  ^/d^    .    i'*.  X«/dMx   .    i«  xVdMx 


a^  =  a  —  1 
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If  we  substitute  in  these  series  for 

their  values  obtained  above,  we  shall  have  four  equations  between  the 
five  unknown  quantities 


(da\        /d  *  a\        /A  ^\        /d  *  \ 


These  equations  will  be  the  more  exact  in  proportion  as  we  consider  a 
greater  number  of  terms  in  the  series*     We  shall  thus  have 


(a-:)'  (IV")-  (rD.  (TPi 


in  terms  of  r  and  known  quantities ;  and  substituting  in  equation  (4)  of 
the  preceding  No.  it  will  contain  the  unknown  r  only*  As  to  the  rest, 
this  method,  which  shows  how  to  approximate  to  r  by  employing  three 
observations  only,  would  require  in  practice,  laborious  calculations,  and 
it  is  a  more  exact  and  simple  process  to  consider  a  greater  number  of  ob> 
servations  by  the  method  of  No.  495. 

499.  When  the  values  of  r  and  r'^~-\  shall  be  determined,  we  shall  have 
those  of 

by  means  of  the  equations 

X  =  11  COS.  A  +  r  cos.  pt 
y  =  R  sin.  A  +  r  sin.  « 
z  =  r  tan.  ^ 
and  of  their  differentials  divided  by  d  t,  viz. 

{ ji)  =  (ttt)  ~'' ^  -  ^  (tt)""- -^  +  (di)  "^' •  - '  (ai)  ^  ■' 

(d ?)  =  (it) '^-  a  +  R (\^) COS.  A  +  (^) sin. «  +  r  (^) COS..; 
/dz\      /drv^       ^   ,      \Ti) 

The  values  of  (^    )  and  of  (-^ — )  are  given  by  the  Theory  of  the 

motion  of  the  Earth : 

To  facilitate  the  investigation  let  E  be  the  excentricity  of  the  earth's 
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orbit,    and  H  the  longitude  of  its  perihelion;   then  by  the  nature  of 

elliptical  motion  we  have 

/dAx   _  V(l-E'),  1-E' 

VdT; R^         '  ~^  "  1  +  E  COS.  (A  —  H)  • 

These  two  equations  give 

/dRx   _  E  sin.  (A  —  H) 

Vdt^  ""  ^"vHTi  — E*)   • 

Let  R'  be  the  radius-vector  of  the  earth  corresponding  to  the  longitude 
A  of  this  planet  augmented  by  a  right  angle ;  we  shall  have 

"   -  1  — Esin.(A  — H)* 
whence  is  derived 

E8in.(A-H)=  '^'"r/'*'^'; 

/dRx__      R^  +  E*— 1 
•'•  VSl)  -  R'  _  V  (1  _  E»)' 

If  we  neglect  the  square  of  the  excentricity  of  the  earth's  orbit,  whidi  is 

very  small,  we  shall  have 

(^)  =  R.=    (^)=«'-" 

the  preceding  values  of  (-rr)  and  (-r^)  will  hence  become 

/dx\      ,y^,      ,.  .       sin.  A   ,    /dr\  /da\  . 

R,  R',  and  A  being  given  immediately  by  the  tables  of  the  sun,  the  esti- 
mate of  the  six  quantities  x,  y,  z,  (5-7) »  (d  t ) '  (dT)  ^^^^  ^  ^^^ 
when  r  and  ( j^)  shall  be  known.    Hence  we  derive  the  elements  of  the 

orbit  of  the  comet  after  this  mode. 

The  indefinitely  small  sector,  which -the  projection  of  the  radius- vector 
and  the  comet  upon  the  plane  of  the  ecliptic  describes  during  the  element 

of  time  d  t,  is ^  ~  "^ ;  and  it  is  evident  that  this  sector  is  post- 

tive  or  negative,  according  as  the  motion  of  the  comet  is  direct  or  retro- 
grade.   Thus  in  forming  the  quantity  x  (  r-^)  —  y  \rr^\  ^^  will  indicate 

by  its  sign,  the  direction  of  the  motion  of  the  comet 

£4 
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To  detennine  the  position  of  the  orbit,  call  p  ks  indiiiatioii  to  the 
ecliptic,  and  I  the  longitude  of  the  node,  which  would  be  ^-^of>!>ding  if  the 
motion  of  the  comet  were  direct  or  progressive.     We  shall  have 

z  =r  y  COS.  I  tan.  f  —  x  sin.  I  tan.  f 

These  two  equations  give 


tan.  I  =r 


tan.  f  = 


Wherein  since  p  ought  always  to  be  positive  and  less  than  a  right 
angle,  the  sign  of  sin.  I  is  known.  But  the  tangent  of  I  and  the  sign  of 
its  sine  being  determined,  the  angle  I  is  found  completely.  This  angle 
is  the  longitude  of  the  ascending  node  of  the  orbit,  if  the  motion  is  pro- 
gressive; but  to  this  we  must  add  two  right  angles,  in  order  to  get  the 
longitude  of  the  node  when  the  motion  is  retrograde.  It  would  be  more 
sitnple  to  consider  only  progressive  motions,  by  making  vary  p,  the  in- 
clination of  the  orbits^  from  zero  to  two  right  angles;  for  it  is  evident  that 
then  the  retrograde  motions  correspond  to  an  inclination  greater  than  a 
right  angle. 

In  this  case,  tan.  p  has  the  same  sign  as  x  (t-^)  —  7  ('rr) »  which  will 

determine  sin.  I,  and  consequently  the  angle  I,  which  always  expresses 
the  longitude  of  the  ascending  node. 

If  a,  a  e  be  the  semi«axis  major  and  the  excentricity  of  the  orbit,  we 
have  (by  492)  in  making  m  =  1, 


a   -  7       ^dtA    .vary       \TiJ' 


The  first  of  these  equations  gives  the  semi-axis  major,  and  the  second 
the  excentricity.     The  sign  of  the  function  x (-rr-)  +  y ( Jt )  "^  ^ (ri) 

shows  whether  the  comet  has  already  passed  its  perihelion ;  for  it  ap- 
proaches if  this  function  is  negative ;  and  in  the  amtrary  casej  the  comet 
recedes  firom  that  point 
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Let  T  be  the  interval  of  time  comprised  between  the  epoch  and  pas* 
sage  of  the  comet  over  the  perihelion ;  the  two  first  of  equations  (f)  (480) 

will  give,  observing  that  m  being  supposed  unity  we  have  n.  =  a"^, 

^  =  a  (1  —  e  COS.  u) 

T  =  a  *  (u  —  e  COS.  u). 

The  first  of  these  equations  gives  the  angle  U|  and  the  second  T.  This 
time  added  to  or  subtracted  firom  the  epoch,  according  as  the  comet  ap- 
proaches or  leaves  its  perihelion,  will  give  the  instant  of  its  passage  over 
this  point  The  values  of  x,  y,  determine  the  angle  which  the  projection 
of  the  radius-vector  §  makes  with  the  axis  of  x ;  and  since  we  know  the  an- 
gle I,  formed  by  this  axis  and  by  the  line  of  the  nodes, we  shall  have  the 
angle  which  this  last  line  forms  with  the  projection  of  £ ;  whence  we  derive  by 
means  of  the  inclination  f  of  the  orbit,  the  angle  formed  by  the  line  of  the 
nodes  and  the  radius  §.  Bdt  the  angle  u  being  known,  we  shall  have  by 
means  of  the  third  of  the  equations  (f),  the  angle  v  which  this  radius  forms 
with  the  line  of  the  apsides ;  we  shall  therefore  have  the  angle  comprised 
between  the  two  lines  of  the  apsides  and  of  the  nodes,  and  consequently, 
the  position  of  the  perihelion.  All  the  elements  of  the  orbit  will  thus  be 
determined. 

500.  These  elements  are  given,  by  the  preceding  investigations,  in  terms 
of  r,  (g-i)  and  known  quantities ;  and  since  (j-. )  is  given  in  terms  of  r 

by  No.  497,  the  elements  of  the  orbit  will  be  functions  of  r  and  known 
quantities.  If  one  of  them  were  given,  we  should  have  a  new  equation, 
by  means  of  which  we  might  determine  r ;  this  equation  would  have  a 
common  divisor  with  equation  (4)  of  No.  497;  and  seeking  this  di- 
visor by  the  ordinary  methods,  we  shall  obtain  an  equation  of  the  first 
degree  in  terms  of  r ;  we  should  have,  moreover,  an  equation  of  condition 
between  the  data  of  the  observations,  and  this  equation  would  be  that 
which  ought  to  subsist,  in  order  that  the  given  element  may  belong  to  the 
orbit  of  the  comet. 

Let  US  apply  this  consideration  to  the  case  of  nature,  first  suppose 
that  the  orbits  of  the  comets  are  ellipses  of  great  excentricity,  and  are 
nearly  parabolas,  in  the  parts  of  their  orbits  in  which  these  stars  are 
visible.     We  may  therefore  without  sensible  error  suppose  a  =  od,  and 

consequently  -  =  0;  the  expression  for  -  of  the  preceding  No.  will  there- 

a  a 

fore  give 
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ft  _  2        dx'  +  dy«  +  dz* 

If  we  then  substitute  for  (t — ],    (3-^)  and  (t^)  their  values  found  in 

the  same  Na,  we  shall  have  after  all  the  reductions  and  neglecting  the 
square  of  R'  —  1, 

Substitutmg  in  this  equation  forf-p-^its  value 

''Vdi; 

found  in  No.  497,  and  then  making 

{»    wd*«\j   '»    ^  •  /A      ^    ^(tTt)'  (ai)>-» 
*""•  '(dP)  +  "  tan.  <  sin.  (A  -  a) ^—j^ J 

n_l(dV?  +  ^''^°-(A-^)}    fsin.(A-«)      _     -.        ,.        ., 
^ ^JST |— ^j^_^_(R_l)cos.(A-a)J 

•vary 

we  shall  have 

0  =  Br«+Cr  +  jJ,-| 
and  consequently 

e«{Br«  +  Cr  +  ^.}*=4. 

This  equation  rising  only  to  the  sixth  degree,  is  in  that  respect  more 


+ 
and 
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simple  than  equation  (4)  of  No.  (497) ;  but  it  belongs  to  the  parabola 
alone,  whereas  the  equation  (4)  equally  regards  every  species  of  conic 
section* 

501.  We  perceive  by  the  foregoing  investigation,  that  the  determina- 
tion of  the  parabolic  orbits  of  the  comets,  leads  to  more  equations  than 
unknown  quantities ;  and  that,  therefore,  in  combining  these  equations  in 
different  ways,  we  can  form  as  many  diflferent  methods  of  calculating  the 
orbits.  Let  us  examine  those  which  appear  to  give  the  most  exact  re~ 
suits,  or  which  seem  least  susceptible  of  the  errors  of  observations. 

A  2 

It  is  principally  upon  the  values  of  the  second  differences  (^ — A  and 

(d  *  tf\ 
-1 — g  J,  that  these  errors  have  a  sensible  influence.     In  fact,  to  determine 

them,  we  must  take  the  finite  di£Perences  of  the  geocentric  longitudes  and 
latitudes  of  the  comet,  observed  during  a  short  interval  of  time.  But 
these  differences  being  less  than  the  first  differences,  the  errors  of  obser- 
vations are  a  greater  aliquot  part  of  them ;  besides  this,  the  formulas  of 
No.  495  which  determine,  by  the  comparison  of  observations,  the  values 

°^  *»  ^»  (jl)*  (dl)*  (sTf)  ^^  (htO  **^®  ^^^^  greater  precision  the 
four  first  of  these  quantities  than  the  two  last.  It  is,  therefor^  desirable 
to  rest  as  little  as  possible  upon  tlie  second  differences  of  a  and  ^ ;  and 
since  we  cannot  reject  both  of  them  together,  the  method  which  employs 
the«greater,  ought  to  give  the  more  accurate  results.  This  being  granted 
let  us  resume  the  equations  found  in  Nos.  497,  &c. 


t  .. 


^  COS.  ■  tf 


^  +  2  R  r  COS.  (A  —  a)  +  R «; 


/d  rx  _  R  sin.  (A  —  g)     jl         1  j.  u  .  .      .jx 

(.J-     ,^^      W-    ,.i    7(11)-  " 


/d  *  ^\  *  /d  a\*  .      . 


,drx        1  UsrO^^/d^,    . .  KrO'^'' 
(rt)=-2'|-(dir  +  ^(rt)*^''  +  — ^^ 

.    R  sin.  *  COS.  i  COS.  (A  —  a)    f  1  I  \ 

+ 7SJ. \P  ~  R') 


»(rD 


(l-D- 


«=(ji)'  +  ''(rO+{Q-'  +  w^i} 
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+  0.{<R'-l)-(A-.)-^!^i^'} 


+  in 


1         2 


T — 5  j  ,  we  consider  only  the  first,  second  and  fonitn 

(r?  r 
T--)  from  the  last  by  means  of  the 

second,  we  shall  form  an  equation  which  cleared  of  fractions,  will  contain 
a  term  multiplied  by  ^ ^  r%  and  other  terms  affected  with  even  and  odd 
powers  of  r  and  ^.  If  we  put  into  one  side  of  the  equation  all  the  terms 
affected  witli  even  powers  of  ^y  and  into  the  other  all  those  which  involve 
its  odd  powers,  and  square  both  sides,  in  order  to  have  none  bat  even 
powers  of  ^,  the  term  multiplied  by  ^  ^  r '  will  produce  one  multiplied  by 
(^  r\  Substituting,  therefore,  instead  of  ^%  its  value  given  by  the  first 
of  equations  (L),  we  shall  have  a  final  equation  of  the  sixteenth  degree  in 
r.  But  instead  of  forming  this  equation  in  order  afterwards  to  resolve  it, 
it  will  be  more  sioiple  to  satisfy  by  trial  the  three  preceding  ones. 

(d  *  a\ 
j^jf  we  must  consider  the  firsts  third  and  fourth 

of  equations  (L).  These  three  equations  conduct  us  also  to  a  final  equa- 
tion of  the  sixteenth  degree  in  r;  and  we  can  easily  satisfy  by  triaL 

The  two  preceding  methods  appear  to  be  the  most  exact,  which  we  can 
employ  in  the  determination  of  the  parabolic  orbits  of  the  comets.  It  is 
at  the  same  time  necessary  to  have  recoursse  to  them,  if  the  modon  of  the 
comet  in  longitude  or  latitude  is  insensible^  or  too  small  for  the  errors  of 
observations  sensibly  to  alter  its  second  difference.  In  this  case,  we  must 
reject  that  of  the  equations  (L),  which  contains  this  difference.  But  al- 
though in  these  methods,  we  employ  only  three  equations,  yet  tlie  iburtli 
isoiseful  to  determine  amongst  all  the  real  and  positive  values  of  r,  which 
satisfy  the  system  of  three  equations,  that  which  ought  to  be  selected. 

502.  The  elements  of  the  orbit  of  a  comet,  determined  by  the  above 
process,  would  be  exact,  if  the  values  of  a,  &  and  their  first  and  second 
differences,  were  rigorous;  for  we  have  regarded,  after  a  very  simple 
manner,  the  excentricity  of  the  terrestrial  orbit,  by  means  of  the  radius- 
vector  R'  of  the  earth,  corresponding  to  its  true  anomaly  -f  a  ri^t  an- 
gle ;  we  are  therefore  permitted  only  to  neglect  tlie  square  of  this  excen- 
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tricity,  as  too  small  a  fraction  to  produce  by  its  otnissicm  a  sensible  influ- 
ence upon  the  results*  But  0,  a  and  their  differences,  are  always  suscep- 
tible of  any  degree  of  inaccuracy,  both  because  of  the  errors  of  observa- 
tions, and  because  these  differences  are  only  obtained  approximately.  It 
is  therefore  necessary  to  correct  the  elements,  by  means  of  three  dbtant 
observations,  which  can  be  done  in  many  ways ;  for  if  we  know  nearly, 
two  quantities  relative  to  the  motion  of  a  comet,  such  that  the  radius-vec- 
tor corresponding  to  two  observations,  or  the  position  of  the  node,  and 
'  the  inclination  of  the  orbit ;  calculating  the  observations,  first  with  these 
quantities  and  afterwards  with  others  differing  but  little  from  them,  the 
law  of  the  differences  between  the  results,  will  easily  show  the  necessary 
corrections.  But  amongst  the  combinations  taken  two  and  two,  of  the 
quantities  relative  to  the  ^notion  of  comets,  there  is  one  which  ought  to 
produce  greatest  simplicity,  and  which  for  that  reason  should  be  selected. 
It  is  of  importance^  in /act,  in  a  problem  so  intricate^  and  complicated,  to 
spare  the  calculator  all  superfluous  operations.  The  two  elements  which 
appear  to  present  this  advantage,  are  the  perihelion  distance,  and  the 
instant  when  the  comet  passes  this  point     They  are  not  only  easy  to  be 

derived  from  the  values  of  r  and  C^j ;  but  it  is  very  easy  to  correct  them 

by  observations,   without  being  obliged  for  every  variation  which  they 
undergo,  to  determine  the  other  corresponding  elements  of  the  orbit 
Besunoing  the  equation  found  in  No.  492 

a  (1  —  e ')  is  the  semi-parameter  of  the  conic  section  of  which  a  is  the 
semi  axis-major,  and  a  e  the  excentricity.  In  the  parabola,  where  a  is 
infinite,  and  e  equal  to  unity,  a  (1  —  e')  is  double  the  perihelion  dis- 
tance :  let  D  be  this  distance :  the  preceding  equation  becomes  relatively 
to  this  curve 


!>  = « -  T  (!4fi- 


f-piis  equal  to-^—^— ;  in  substituting  for  ^»its  value f-j+2RrX 


d  Rx       .  /d  A^ 


COS.  (A  —  «)  +  R*,  and  for  (^-r)  an<l  ('dT)'  ^^^^  values  found  in 
No.  499,  vre  shall  have 
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+  r  {(R^  -  1)  COS.  (A  — )  ~  ^"-  ^\-  '>} 

+  r  R  (^  sin.  (A  —  a)  +  R  (R'  —  1). 

Let  P  represent  this  quantity ;  if  it  is  negative,  the  radius-vector  de- 
creases, and  consequently,  the  comet  tends  towards  its  perihelioo.  But 
it  goes  off  into  the  distance,  if  P  is  negauve.     We  have  then 

the  angular  distance  v  of  the  comet  from  its  perihelion,  will  be  determined 
from  the  polar  equation  to  the  parabola, 

cor.«.gv  =  -; 

and  finally  we  shall  have  the  time  employed  to  describe  the  angle  ▼,  by 
the  table  of  the  motion  of  the  comets.  This  time  added  to  or  subtracted 
from  that  of  the  epoch,  according  as  P  is  negative  or  positive^  will  give 
the  instant  when  the  comet  passes  its  perihelion* 

503.  Recapitulating  these  different  results,  we  shall  have  the  following 
method  to  determine  the  parabolic  orbits  of  the  comets. 

General  method  of  determining  the  orbits  of  the  comets* 

This  method  will  be  divided  into  two  parts;  in  the  firsts  we  shall  give 
the  means  of  obtaining  approximately,  the  perihelion  distance  of  the  comet 
and  the  instant  of  its  passage  over  the  perihelion ;  in  the  second,  we  shall 
determine  all  the  elements  of  the  orbit  on  the  supposition  that  the  former 
are  known. 

Approximate  determination  of  the  Perihelion  distance  of  the  cornet^  and 
the  instant  of  its  passage  over  the  perihelion. 

We  shall  select  three,  four,  five,  &c  observations  of  the  comet 
equally  distant  from  one  another  as  nearly  as  possible ;  with  four  obser- 
vations we  shall  be  able  to  consider  an  interval  of  30^  ;  with  five,  an  in- 
terval of  36<',  or  40^*  and  so  on  for  the  rest ;  but  to  diminish  the  in- 
fluence of  their  errors,  the  interval  comprised  between  the  observations 
must  l)e  greater,  in  proportion  as  their  number  is  greater.  This  being 
supposed, 

Let  jS,  ^f  p^\  &c.  be  the  successive  geocentric  longitudes  of  the  comet, 

79  /)  y^  the  corresponding  latitudes,  these  latitudes  being  supposed  positive 
or  negative  according  as  they  are  north  or  south.  We  shall  divide  the  dif> 
ference  ^  —  ft  by  the  number  of  days  between  the  first  and  second  ob- 
servation ;  we  shall  divide  in  like  manner  the  difference  /S^'  —  p  by  the 
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number  of  days  between  the  second  and  third  observation;  and  so  on. 
Letdfi^d^yd  ff'^  &c  be  these  quotients. 

We  next  divide  the  difference  Iff  —  a  jS  by  the  number  of  days  be- 
tween the  first  observation  and  the  third ;  we  divide,  in  like  manner,  the 
difference  Iff'  —  Iff  by  the  number  of  days  between  the  second  and 
fourth  observations ;  similarly  we  divide  the  difference  hff"  —  h  ff'  by  the 
number  of  days  between  the  third  and  fifth  observation,  and  so  on.  Let 
3  *  j3,  d '  Z^",  a  *  /S'^  &C.  denote  these  quotients. 

Again,  we  divide  the  difibrence  ^*  ff  —  d'/9by  the  number  of  days 
which  separate  the  first  observation  from  the  fourth ;  we  divide  in  like 
manner  h^  ff'  —  d '  /3'  by  the  number  of  days  between  the  second  obser- 
vation and  the  fifth,  and  so  on.  Make  d^ /?,  h^  ff^  8cc.  these  quotients. 
Thus  proceeding,  we  shall  arrive  eXb^-^  fi^n  being  the  number  of  obser- 
vations employed. 

This  being  done,  we  proceed  to  take  as  near  as  may  be  a  mean  epoch 
between  the  instants  of  the  two  extreme  observations,  and  calling  i,  i',  V\ 
&C.  the  number  of  days,  distant  from  each  observation,  i,  i',  i'^,  &c  ought 
to  be  supposed  negative  for  the  observations  made  prior  to  this  epoch ; 
the  longitude  of  the  comet,  after  a  small  number  z  of  days  reckoned  from 
the  Epoch  will  be  expressed  by  the  following  formula : 

j3  _  i  a  |3  +  i  i'  38  /3  —  i  i'  i''  a'  /3  +  &c. 
\  +z{3i3— (i+i0a«i?+(ii'+ii''+i'i'0^'/3— (ii'i''+ii'i"'+ii''i'"+.-  (p) 
ii'i''i''0^*^  +  &c} 

'+»«ia«/5— (i+i'+i'03»i8+(ii'+ii''+ii'''+i'i'"-t.i''+r^3*/5.-&c} 

The  coefficients  of  —  3  j3,  -f  d'  jS,  —  3'  j3,  Sec  in  the  part  independent 

of  z  are  1st  the  numbers  i  and  i',  secondly  the  sum  of  the  products  two 

and  two  of  the  three  numbers  i,  i',  V^ ;  thirdly  the  sum  of  the  products 

three  and  three,  of  the  four  numbers  i,  i',  V\  V'\  &c 

The  coefficients  of  —  3 '  ft  +  3*  ft  —  3 *  ft  &c.  in  the  part  multiplied 
by  z  *,  are  first,  the  sum  of  the  three  numbers  i,  i^  V ;  secondly  of  the' 
products  two  and  two  of  the  four  numbers  i,  i^  i'^,  Vi  thirdly  the  sum  of 
the  products  three  and  three  of  the  five  numbers  i,  i',  \",  i"',  i''",  &c. 

Instead  of  forming  these  products,  it  is  as  simple  to  develope  the  func- 
tion ^  +  (z  — i)  3)3  +  (z  — i)  (z  — i')  a«j8+  (z  — i)  {z  —  V)  (z  — i'O 
X  d  '  jS  +  &c  rejecting  the  powers  of  z  superior  to  the  square.  This 
gives  the  preceding  formula. 

If  -we  operate  in  a  similar  manner  upon  the  observed  geocentric  lati- 
tudes of  the  comet ;  its  geocentric  latitude,  after  the  number  z  of  days 
from  the  epoch,  will  be  expressed  by  the  formula  (p)  in  changing  j3  into 
y.     Call  (q)  the  equation  (p)  thus  altered.     This  being  done, 
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a  will  be  the  part  independent  of  z  in  the  formula  (p) ;  and  i  that  in  the 

formula  (q). 

Reducing  into  seconds  the  coefficient  of  z  in  the  fonnula  (p),  and 
taking  from  the  tabular  logarithm  of  this  number  of  seconds,  the  logarithm 
4,0394622,  we  shall  have  the  logarithm  of  a  number  whidi  we  shall  de- 
note by  a. 

Reducing  into  seconds  the  coefficients  of  z*  in  the  same  formula,  and  tak- 
ing fix>m  the  logarithm  of  this  number  of  seconds,  the  logarithm  1 .9740 144, 
we  shall  have  the  logarithm  of  a  number,  which  we  shall  denote  by  b. 

Reducing  in  like  manner  into  seconds  the  coefficients  of  z  and  z  *  in 
the  formula  (q)  and  taking  away  respectively  from  the  logarithms  of  these 
numbers  of  seconds,  the  logarithms,  4,0894622  and  1,9740144,  we  shall 
have  the  logarithms  of  two  numbers,  which  we  shall  name  h  and  L 

Upon  the  accuracy  of  the  values  of  a,  b,  h,  1,  depends  that  of  the 
method;  and  since  their  formation  is  very  simple^  we  must  select  and 
multiply  observations,  so  as  to  obtain  them  with  all  the  exactness  whidi 
the  observations  will  admit  of.    It  is  perceptible  that  these  values  are  only 

the  quantities  ( j?) ,  ( g-ii)  >  (g-j)  i  (ttQ  »  which  we  have  express- 
ed more  simply  by  the  above  letters. 

If  the  number  of  observations  is  odd,  we  can  fix  the  Epodi  at  the 
instant  of  the  mean  observation ;  which  will  dispense  with  calculating  the 
parts  independent  of  z  in  the  two  preceding  formulas ;  for  it  is  evident, 
that  then  these  parts  are  respectively  equal  to  the  longitude  and  latitude 
of  the  mean  observation* 

Having  thus  determined  the  values  of  a,  a,  b,  tf,  h,  and  1,  we  shall  de- 
termine the  longitude  of  the  sun,  at  the  instant  we  have  selected  ibr  the 
epoch,  R  the  corresponding  distance  of  the  Earth  from  the  sun,  and  R' 
the  distance  which  answers  to  £  augmented  by  a  right  angle.  We  shall 
have  the  following  equations 

p«  =  — ^^  — 2  Rxcos.  (E  — a)  +  R« (1) 

*  COS.  *  »  .  ^  ^ 

_      «n.(E-a)C  1  11       bx 

y-^ — Ti — \7^— H"»/~8^ ^^' 

{1  *       .   ,     1      ,   a'sin.  <.cos.  <"l -^ 
htan.*  +  2^  + ^ }1 

.    R  sin.  <  COS.  *         ,^         ,  f  1  1  ^     ?•••••    W 

0  =  r+a...+(yt«..  +  ^jV2,{±:4-^> 
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—  {R'  —  1)  COS.  (E  —  «)}  —  2  a  x  {(R'  —  1)  sin.  (E  —  a)  + 

COS.  (E  — a)t    ,     1         2 

R  j  +  R*~7 W 

To  derive  from  these  equations  the  yalues  of  the  unknown  quantities 
Xj  yj  f>  we  must  consider,  signs  being  neglected,  whether  b  is  greater  or 
less  than  L  In  the  first  case  we  shall  make  use  of  equation  (1),  (2),  and 
(4).  We  shall  form  a  first  hypothesis  for  x,  supposing  it  for  instance 
equal  to  unify;  and  we  then  derive  by  means  of  equations  (1),  (2),  the 
values  of  ^  and  of  y.  Next  we  substitute  these  values  in  the  equation  (4); 
and  if  the  result  is  0,  this  will  be  a  proof  that  the  value  of  x  has  been 
rightly  chosen.  But  if  it  be  negative  we  must  augment  the  value  of  x, 
and  diminish  it  if  the  contrary.  We  shall  thus  obtain,  by  means  of  a 
small  number  of  trials  the  values  of  x,  y  and  §.  But  since  these  unknown 
quantities  may  be  susceptible  of  many  real  and  positive  values,  we  must 
seek  that  which  satisfies  exactly  or  nearly  so  the  equation  (3). 

In  the  second  case,  that  is  to  say,  if  1  be  greater  than  b,  we  shall  use 
the  equations  (1),  (3),  (4),  and  then  equation  (2)  will  give  the  verifi- 
cation. 

Having  thus  the  values  of  x,  y,  ^,  we  shall  have  the  quantity 

^  =  SST^  .ly  +  h  X  tan.  61—  R  y  cos.  (E  —  a) 

+  X  {!^<|i::?-^-(R'_l)cos.  (E-o^)}  —  RaxFin  (E-«) 
+  R.(R'— 1). 

• 

The  Perihelion  distance  D  of  the  comet  will  be 

the  cosine  of  its  anomaly  v  will  be  given  by  the  equation 

cos«-  V  =  --; 

and  hence  we  obtain,  by  the  table  of  the  motion  of  the  comets,  the  tune 
employed  to  describe  the  angle  v.  To  obtain  the  instant  when  the  comet 
passes  the  perihelion,  we  must  add  this  time  to,  or  subtract  it  from  the 
epoch  according  as  P  is  negative  or  positive.  For  in  the  first  case  the 
comet  approaches,  and  in  the  second  recedes  from,  the  perihelion. 

Having  thus  nearly  obtained  the  perihelion  distance  of  the  comet,  and 
the  instant  of  its  passage  over  the  perihelion ;  we  are  enabled  to  correct 
them  by  the  following  method,  which  has  the  advantage  of  being  inde- 
pendent of  the  approximate  values  of  the  other  elements  of  the  orbit 
v<».  ir.  F 
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An  exact  Determination  of  the  elements  of  the  orbit^  "when  "me  hum  ap- 
proximate values  of  the  perihelion  distance  of  the  comet,  and  of  the  instant 
of  its  passage  over  the  perihelion. 

We  shall  fii*st  select  three  distant  observations  of  the  comet ;  then 
taking  the  perihelion  distance  of  the  comet,  and  the  instant  of  its  crossing 
the  perihelion,  determined  as  above,  we  shall  calculate  the  three  anomalies 
of  the  comet  and  the  corresponding  radius-vectors  corresponding  to  the 
instants  of  the  three  observations.  Let  v,  v^,  v''  be  these  anomalies,  those 
which  precede  the  passage  over  the  perihelion  being  supposed  n^ative. 
Also  let  ^,  ff  i'  be  the  corresponding  radius-vectors  of  the  comet;  then 
v'  —  V,  v"  —  v  will  be  the  angles  comprised  by  i  and  ^  and  by  j,  f. 
Let  U  be  the  first  of  these  angles,  U'  the  second.  Again,  call  a,  a/  «''  the 
three  observed  geocentric  longitudes  of  the  comet,  referred  to  a  fixed 
equinox ;  ^,  ^,  (f'  its  three  geocentric  latitudes,  the  south  latitudes  bdng 
negative.  Let  |3,  /9^,  ^'  be  the  three  corresponding  heliocentric  longi- 
tudes and  V,  «/,  w"^  its  three  heliocentric  latitudes.  Lastly  call  E,  E^  £" 
the  three  corresponding  longitudes  of  the  sun,  and  R,  R',  R^'  its  three 
distances  to  the  center  of  the  earth. 

Conceive  that  the  letter  S  indicates  the  center  of  the  sun,  T  that  of  the 
earth,  and  C  that  of  the  comet,  Q'  that  of  its  projection  upon  the  plane 
of  the  ecliptic.  >  The  angle  S  T  C  is  the  difference  of  the  geocentric  lon- 
gitudes of  the  sun  and  of  the  comet  Adding  the  logarithm  of  the  cosine 
of  this  angle,  to  the  logarithm  of  the  cosine  of  the  geocentric  latitude  of 
the  comet,  we  shall  have  the  logarithm  of  the  cosine  of  the  angle  S  T  C 
We  know,  therefore,  in  the  triangle  S  T  C,  the  side  S  T  or  R»  the  side 
S  C  or  f,  and  the  angle  S  T  C,  to  find  the  angle  GST.  Next  we  shall 
have  the  heliocentric  latitude  w  of  the  comet,  by  means  of  the  equation 

sin.  ^  sin.  C  S  T 
^^^       sin.  C  T  S      ' 

The  angle  T  S  C  is  the  side  of  a  spherical  right  angled  triangle,  of 
which  the  hypothenuse  is  the  angle  T  S  C,  and  of  which  one  of  the  sides 
is  the  angle  w.  Whence  we  shall  easily  derive  the  angle  T  S  C%  and  con- 
sequently the  heliocentric  longitude  ^  of  the  comet. 

We  shall  have  after  the  same  manner  w',  ff ;  w",  P" ;  and  the  values  of 
ft  iS',  ff'  vrill  show  whether  the  motion  of  the  comet  be  direct  or  retro- 
grade. 

If  we  imagine  the  two  arcs  of  latitude  tr,  •/,  to  meet  at  the  pole  of  the 
ecliptic,  they  would  make  there  an  angle  equal  to  &  —  jS ;  and  in  the 
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spherical  triangle  formed  by  this  angle,  and  by  the  sides  ^  —  w,  -  «/ 

ff*  being  the  semi-tircumference,  the  side  opposite  to  the  angle  ff |3 

will  be  the  angle  at  the  sun  comprised  between  the  radius^vectors  ^  and 

('.     We  shall  easily  detennine  this  by  spherical  Trigonometry,  or  by  the 
formala 

sin.«  1  V  =  cos.«  ^  (•  +  w')  — cos^l  (/S'— i9)cos.wCos.w', 

in  which  V  represents  this  angle ;  so  that  if  we  call  A  the  angle  of  which 
the  sine  squared  is 

cos '  -  (i9'  —  /5)  cos,  «r .  cos.  Wy 
and  which  we  shall  easily  find  by  the  tables,  we  shall  have 

«x...iv  =  cos.(iw+lw'+A)c<«.(|.+  l.'_A). 

If  in  like  manner  we  call  V^  the  angle  formed  by  the  two  radius-vectors 
fj  ^',  we  have 

siD.«lv'  =  cos.(l-+|-'  +  A')cos.(l-+l.'-A') 

A'  being  what  A  becomes,  when  V,  &  are  changed  into  »'',  ff'. 

\%  however,  the  perihelion  distance  and  the  instant  of  the  comet's 
crossing  the  perihelion,  were  exactly  determined,  and  if  the  observations 
were  rigorously  exact,  we  should  have 

V  =  U,    V  =r  U'; 

But  since  that  is  hardly  ever  the  case,  we  shall  suppose 

m  =  U  —  V;  m'  =  U'  —  v. 

We  shall  here  observe  that  the  revolution  of  the  triangle  S  T  C,  gives 
for  the  angle  C  S  T  two  different  values :  for  the  most  part  the  nature 
of  the  motion  of  the  comets,  will  show  that  which  we  ought  to  use,  and 
the  more  plainly  if  the  two  values  are  very  different ;  for  then  the  one  will 
place  the  comet  more  distant  from  the  earth,  than  the  other,  and  it  will 
be  easy  to  judge,  by  the  apparent  motion  of  the  comet  at  the  instant  of 
observation,  which  ought  to  be  preferred.  But  if  there  remains  any  un- 
certainty, we  can  always  remove  it,  by  selecting  the  value  which  renders 
V  and  V  least  different  from  U  and  U'. 

We  next  make  a  second  hypothesis  in  which,  retaining  the  same  pas- 
snge  over  the  perihelion  as  before,  we  shall  suppose  the  perihelion  dis- 
tance to  vary  by  a  small  quantity ;  for  instance,  by  the  fiftieth  part  of 

F2 
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its  valae,  and  we  shall  investigate  on  this  hypothesis,  the  values  of  U — V, 
U'  —  v.    Let  then 

n  =  U  — V;  n'  =  U'  — v. 
Lastly,  we  shaU  frame  a  third  hypothesis,  in  which,  retaining  the  same 
perihelion  distance  as  in  the  first,  we  shall  suppose  the  instant  of  the  pas- 
sage over  the  perihelion  to  vary  by  a  half-day,  or  a  day  more  or  less.    In 
this  new  hypothesis  we  must  find  the  values  of 

U  — VandofU'  — V; 
which  suppose  to  be 

p  =  U-V,  p'  =  U'  — v. 
Again,  if  we  suppose  u  the  number  by  which  we  ought  to  multiply  the 
supposed  variation  in  the  perihelion  distance  in  order  to  make  it  the 
true  one,  and  t  the  number  by  which  we  ought  to  multiply  the  supposed 
variation  of  the  instant  when  the  comet  passes  over  the  perihelion  ia 
order  to  make  it  the  true  instant,  we  shall  have  the  two  following  equa- 
tions : 

(m  —  n)u  +  (m  —  p)t  =  m; 

(m'  —  n')  u  +  (m'  —  p')  t  =z  m'; 

whence  we  derive  u  and  t  and  consequently  the  perihelion  distance  cor- 
rected, and  the  true  instant  of  the  comet's  passing  its  perihelion. 

The  preceding  corrections  suppose  the  elements  determined  by  the 
first  approximation,  to  be  sufficiently  near  the  truth  for  their  errors  to  be 
regarded  as  infinitely  small.  But  if  the  second  approximation  should 
not  even  suffice,  we  can  have  recourse  to  a  third,  by  operating  upon  the  ele* 
ments  already  corrected  as  we  did  upon  the  first ;  provided  care  be  taken  to 
make  them  undergo  smaller  variations.  It  will  also  be  sufficient  to  calculate 
by  these  corrected  elements  the  values  of  U  —  V,  and  of  U' — V.  Call- 
ing them  M,  M^  we  shall  substitute  them  for  m,  m^  in  the  second  mem- 
bers of  the  two  preceding  equatitms.  We  shall  tiius  have  two  new  equa- 
tions which  wiQ  give  the  values  of  u  and  t,  relative  to  tiie  corrections  of 
these  new  elements. 

Thus  having  obtained  the  true  perihelion  distance  and  the  true  instant 
of  the  comet's  passing  its  perihelion,  we  obtain  the  other  elements  of  the 
orbit  in  this  manner. 

Let  j  be  the  longitude  of  the  node  which  would  be  ascending  if  the 
motion  of  the  comet  were  direct,  and  f  the  inclination  of  the  orbit.  We 
%hall  have  by  comparison  of  the  first  and  last  observation, 

•  —    faP'  ^  s"^'  ^  —  tan.'f/  sin,  ff 
*^  ■"  tan.  w  COS.  ff'  —  tan.  •/' cos. P  * 
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tan.  f  =   -T 7^37 rr  . 

^       sin.  (p^'  —  j) 

Since  we  can  compare  thus  two  and  two  together,  the  three  observa* 
tionsy  it  will  be  more  correct  to  select  those  which  give  to  the  above  frac- 
tions, the  greatest  numerators  and  the  greatest  denominators. 

Since  tan.  j  may  equally  belong  to  j  and  «*  +  J9  j  being  the  smallest  of 
the  positive  angles  containing  its  value,  in  order  to  find  that  which  we 
ought  to  fix  upon,  we  shall  observe  that  f  is  positive  and  less  than  a  right 
angle;  and  that  sin.  (fi^^  •—  j)  ought  to  have  the  same  sign  as  tan.  w^'* 
This  condition  will  determine  the  angle  j,  and  this  will  be  the  position 
of  the  ascending  node,  if  the  motion  of  the  comet  is  direct ;  but  if  retro- 
grade we  must  add  two  right  angles  to  the  angle  j  to  get  the  position  of 
the  node. 

The  hypothenuse  of  the  spherical  triangle  whose  sides  are  pf'  —  j  and 
V^,  is  the  distance  of  the  comet  from  its  ascending  node  in  the  diird  ob- 
servation; and  the  difference  between  v'^  and  this  hypothenuse  is  the 
interval  between  the  node  and  the  perihelion  computed  along  the  orbit.    # 

If  we  wish  to  give  to  the  theory  of  a  comet  all  the  precision  which  ob- 
servations will  admit  of,  we  must  establish  it  upon  an  aggregate  of  the  best 
observations;  which  may  be  thus  done.  Mark  with  one,  two,  &c.  dashes 
or  strokes  the  letters  m,  n,  p  relative  to  the  second  observation,  the  third, 
&c.  all  being  compared  with  the  first  observation.  Hence  we  shall  form 
the  equations 

(m  —  n)u  +  (n^  — p)t=zm 
(m'  —  n' )  u  +  (m'  —  p' )  t  =  m^ 
(m''—  n'O  u  +  (m"  —  p'')  t  =  m" 

&C.  =  &c. 
Again,  combining  these  equations  so  as  to  make  it  easier  to  determine 

u  and  t,  we  shall  have  the  corrections  of  the  perihelion  distance  and  of  the 

instant  of  the  comet's  passing  its  perihelion,  founded  upon  the  aggregate 

of  these  observations.     We  shall  have  the  values  of 

ft  ff,  ff\  &C.  w,  w',  •'',  &C., 

and  obtain 

.  _  tan. ^(sin.a^  +  sin,  ff'  +  &c)  —  sin. jg (tan.  ^  +  tan,  w^'  +  &c) 
"°*  -^  ""  tan.  w  (cos.  ^'  +  COS.  fi"  +  &c.)  —  cos.  P  (tan.  m  +  tan.  V'  +  &c) 

__  tan,  'w  +  tan.  W  +  Sec. 

*"•  ^-  sin.(i3'  — j)  +  sin.  {^"  —  })  +  &c.- 

504.  There  is  a  case^  very  rare  indeed,  in  which  the  orbit  of  a  comet 
can  be  determined  rigorously  and  simply ;  it  is  that  where  the  comet  has 
been  observed  in  its  two  nodes.     TTie  straight  line  which  joins  these 

Fd 
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two  obsenred  positions,  passes  through  the  center  of  the  son  and  coincides 
with  the  line  of  the  nodes.  The  length  of  this  straight  line  is  determined 
by  the  time  elapsed  between  the  two  observations.  Calling  T  this  time 
reduced  into  decimals  of  a  day,  and  denoting  by  c  the  straight  line  in 
question,  we  shall  have  (No.  493) 

3 


2V(9. 
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Let  ^  be  the  heliocentric  longitude  of  the  comet,  at  the  moment  of  the 
first  observation ;  §  its  radius- vector ;  r  its  distance  firom  the  earth ;  and  a 
its  geocentric  longitude.  Let,  moreover,  R  be  the  radius  of  the  terrestrial 
orbit,  at  the  same  instant,  and  E  the  corresponding  longitude  of  the  sun. 
Tlien  we  shall  have 

^  sin.  jS  =  r  sin.  a  —  R  sin.  £ ; 
^  COS.  jS  =  r  cos.  a  —  R  cos.  E. 
Now  <r  +  jS  will  be  the  heliocentric  longitude  of  the  comet  at  the  in- 
ftant  of  the  second  observation  ;  and  if  we  distinguish  the  quantities  f,  «, 
r,  R,  and  £  relative  to  this  instant  by  a  dash,  we  shall  have 
§'  sin.  i3  =  R'  sin.  E'  —  r'  sin.  a' ; 
/  COS.  S  =  R'  COS.  £'  —  r'  cos.  a\ 
These  four  equations  give 

^  r  sin  tt  —  R  sin.  E  ___  r^  sin,  a'  —  R^  situ  E^ 
*^'^  ""  rcos.a  — RCOS.E  ""  i^cos.a'_R'cos.E'' 

whence  we  obtain 

^  _  R  R^  sin.  (E  —  EQ  —  R  r  sin,  (a  —  EQ 
""         r  sin.  (ot'  —  a)  —  R  sin.  (a'  -^^) 

We  have  also 

is  +  S:)  s'^-  /S  =  r  sin.  a  —  r'  sin.  a'  —  R  sin.  £  +  R'  sin.  E' 
ii  +  sf)  COS.  j8  =  r  cos.  a  —  r'  cos.  a'  —  R  cos.  E  +  R'  cos.  E^ 
Squaring  these  two  equations,  and  adding  them  together,  and  substitut- 
ing c  for  ^  +  ^,  we  shall  have 

c«  =  R«  — 2RR'cos.(E'  — £)  +  R'« 
+  2  r  |R'  cos.  (a  _  E')  —  R  cos.  («  —  £)} 
+  2r'|Rcos.(a'— £)  — R'cos.(a'  — £01 
+  r«— 2rr'cos.  (a'  —  a)  +  r'*. 
If  we  substitute  in  this  equation  for  r'  its  preceding  value  in  terms  of  r, 
we  shall  have  an  equation  in  r  of  the  fourth  degree,  which  can  be  resolved 
by  the  usual  methods.     But  it  will  be  more  simple  to  find  values  of  r,  r' 
by  trial  such  as  will  satisfy  the  equation.     A  few  trials  will  suffice  (or  that 
purpose. 
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By  means  of  these  quantities  we  shall  have  ft  ^  and  ^.  If  v  be  the 
angle  which  the  radius  g  makes  with  the  perihelion  distance  called  D  ; 
»  —  V  will  be  the  angle  formed  by  this  same  distance^  and  by  the  radius  g'. 
We  shall  thus  have  by  the  equation  to  the  parabola 

D  ,  D 

e  = i— ;  ^  = 


1    '  ^  ""         1   * 

COS.*  —  V  sin.*  —V 

«    •  2 

which  give 

tan.«4-v=  4?;   D  =  -^,. 

We  shall  therefore  have  the  anomaly  v  of  the  comet,  at  the  instant  of 
the  first  observation,  and  its  perihelion  distance  D,  whence  it  is  easy  to 
find  the  position  of  the  perihelion,  at  the  instant  of  the  passage  of  the 
comet  over  that  point  Thus,  of  the  five  elements  of  the  orbit  of  the  co- 
met, four  are  known,  namely,  the  perihelion  distance,  the  position  of  the 
perihelion,  the  instant  of  the  comet's  passing  the  perihelion,  and  the  posi- 
tion of  the  node.  It  remains  to  learn  the  inclination  of  the  orbit ;  but  for 
that  purpose  it  will  be  necessary  to  have  recourse  to  a  third  observation, 
which  will  also  serve  to  select  from  amongst  the  real  and  positive  roots  of 
the  equation  in  r,  that  which  we  ought  to  make  use  of. 

505.  The  supposition  of  the  parabolic  motion  of  comets  is  not  rigorous ; 
it  is,  at  the  same  time,  not  at  all  probable,  since  compared  with  the  cases 
that  give  the  parabolic  motion,  there  is  an  infinity  of  those  which  give  the 
elliptic  or  hyperbolic  motions.  Besides,  a  comet  moving  in  either  a  para- 
bolic or  hyperbolic  orbit,  will  only  once  be  visible;  thus  we  may  with 
reason  suppose  these  bodies,  if  ever  they  existed,  long  since  to  have  dis- 
appeared ;  so  that  we  shall  now  observe  those  only  which,  moving  in  or- 
bits returning  into  themselves,  shall,  after  greater  or  less  incursions  into 
the  regions  of  space,  again  approach  their  center  the  sun.  By  the  follow- 
ing method,  we  shall  be  able  to  determine,  within  a  few  years,  the  period 
of  their  revolutions,  when  we  have  given  a  great  number  of  very  exact 
observations,  made  before  and  after  the  passage  over  the  perihelion. 

Let  us  suppose  we  have  four  or  a  greater  number  of  good  observations, 
which  embrace  all  the  visible  part  of  the  orbit,  and  that  we  have  deter- 
mined, by  the  preceding  method,  the  parabola,  which  nearly  satisfies  these 
observations.  Let  v,  v',  V\  v"^,  &c.  be  the  corresponding  anomalies; 
f,  ^\  /',  if^'f  &c.  the  radius-vectors.     Let  also 

v'  —  V  =  U,   v"  —  V  =  U',   y'"  —  V  =  Wj  &c. 

F4 
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Tien  we  shall  estimatei  by  the  preceding  method  with  the  parabola 
ahneady  found,  the  values  of  U,  U',  U",  &c^  V,  V,  V",  &c     Make 
m  =  U  —  V,   m'  =  U'  —  V,   m''  =  U''  —  V',  &c 

Next,  let  the  perihelion  distance  in  this  parabola  vary  by  a  very  small 
quantity,  and  on  this  hypothesis  suppose 

n  =  U  —  V;  n'  =  U'  —  V;   n''  =  U"  —  V,  &c. 
We  will  form  a  third  hypothesis,  in  wEich  the  perihelion  distance  re- 
maining the  same  as  in  the  first,  we  shall  make  the  instant  of  the  comet's 
passing  its  perihelion  vary  by  a  very  small  quantity ;  in  this  case  let 

p=  U  — V;  p'  =  U'  — V;  p''  =  U"  — V'';&c 
Lastly,  we  shall  calculate  the  angle  v  and  radius  ^  with  the  perihelion 
distance,  and  instant  over  the  perihelion  on  the  first  hypothesis,  supposing 
the  orbit  an  ellipse,  and  the  difference  1  —  e  between  its  excentridty  and 
unity  a  very  small  quantity,  for  instance  3^.  To  get  the  angle  v,  in  this 
hypothesis,  it  ¥rill  suffice. (489)  to  add  to  the  anomaly  v,  calculated  in  the 
parabola  of  the  first  hypothesis,  a  small  angle  whose  sine  is 

-r^  (1  —  e)  tan.  —  v  14— 3 cos. '^^  v —  6  cos.*—  v  |. 

Substituting  afterwards  in  the  equation 

— {1 g-tan.«-v}; 

COS.'—  v 

for  V,  this  anomaly,  as  calculated  in  the  ellipsei  we  shall  have  die  corre- 
sponding radius-vector  ^.     After  the  same  manner,  we  shall  obtain  v',  f , 
v",  f",  &c.     Whence  we  shall  derive  the  values  of  U,  U',  U'',  8cc-  and 
(by  608)  of  V,  V,  V",  &c 
In  this  case  let 

q  =  U  —  V;    q'  =r  U'  —  V;    q"  =  U"  —  Y'\  &c. 

Finally,  call  u  the  number  by  which  we  ought  to  multiply  the  supposed 
variation  in  the  perihelion  distance,  to  make  it  the  true  one;  t  the  number 
by  which  we  ought  to  multiply  the  supposed  variation  in  the  iiistant  over 
the  perihelion,  to  make  it  the  true  instant ;  and  s  that  by  which  we  should 
multiply  the  supposed  value  of  1  —  e,  in  order  to  get  the  true  one ;  and 
we  shall  obtain  these  equations : 

(m  —  n)   u  +    (m  —  p)   t  +    (m  —  q)    s  =  m; 

(m'  —  n' )  u  +  (m'  —  p')  t  +  (m'  —  q')   s  =  m  ; 

(m''  —  n'O  u  +  (m''  —  p'Q  t  +  (m"  —  q'O  s  =  m"; 

(m'"  — n"0  u+  (m'"  — p"Ot+  (m'"  — q"Os  =  m'''; 

See. 


i  = 
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We  shall  determine,  by  means  of  these  equations,  the  values  of  u,  t^  s; 
whence  will  be  derived  the  true  perihelion  distance,  the  true  instant  over 
the  perihelion,  and  the  true  value  of  1  —  e.  Let  D  be  the  perihelion 
distance,  and  a  the  semi-axis  major  of  the  orbit;   then  we  shall  have 

a  =  , ;  the  time  of  a  sidereal  revolution  of  the  comet,  will  be  expressed 

by  a  number  of  sidereal  years  equal  to  a    or  to  f  •= ^  ,  the  mean 

distance  of  the  sun  from  the  earth  being  unity.  We  shall  then  have 
(by  503)  the  inclination  of  the  orbit  and  the  position  of  the  node* 

Whatever  accuracy  we  may  attribute  to  the  observations,  they  will 
always  leave  us  in  uncertainty  as  to  the  periodic  times  of  the  comets.  To 
determine  this,  the  most  exact  method  is  that  of  comparing  the  observa- 
tions of  a  comet  in  two  consecutive  revolutions.  But  this  is  practicable, 
only  when  the  lapse  of  time  shall  bring  the  comet  back  towards  its  peri- 
helion. 

Thus  much  (or  the  motions  of  the  planets  and  comets  as  caused  by  the 
action  of  the  principal  body  of  the  system.     We  now  come  to 

506.  General  methods  of  determining  by  successive  approximationSf  the 
motions  of  the  heavenly  bodies. 

In  the  preceding  researches  we  have  merely  dwelt  upon  the  elliptic 
motion  of  the  heavenly  bodies,  but  in  what  follows  we  shall  estimate  them 
as  deranged  by  perturbing  forces.  The  action  of  these  forces  requires  only 
to  be  added  to  the  differential  equations  of  elliptic  motion,  whose  integrals 
in  finite  terms  we  have  already  given,  certain  small  terms.  We  must  deter- 
mine, however,  by  successive  approximations,  the  integrals  of  these  same 
equations  when  thus  augmented.  For  this  purpose  here  is  a  general  me- 
thod, let  the  number  and  degree  of  the  equation^  be  what  they  may. 

Suppose  that  we  have  between  the  n  variables  y,  y',  j'\  &c.  and  the 
time  t  whose  element  d  t  is  constant,  the  n  differential  equations 

di  V 
0  =  g-^  +  P  +  aQ; 

0=  j^+F  +  «.Q', 

&c.  =  &c 

P,  Q,  P',  Q',  &c.  being  functions  of  t,  y,  y',  &c.  and  of  the  differences  to 
the  order  i  —  1  inclusively,  and  a  being  a  very  small  constant  coefficient, 
which,  in  the  theory  of  celestial  motions,  is  of  the  order  of  the  perturb- 
ing forces.    Then  let  us  suppose  we  have  the  finite  integrals  of  those 
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equations  wheil  Q,  Q^i  &c  are  nothing.  Differentiating  each  i  —  i 
times  successively,  we  shall  form  with  their  differentials  i  n  equations  bj 
means  of  which  we  shall  determine  by  elimination,  the  arbitrary  constants 
Cj  c\  c^\  &c  in  functions  of  t,  y,  y',  y"^  &c.  and  of  their  diffeieuces  to  the 
order  i  —  1.  Designating  therefore  by  V,  V,  V",  &c.  these  functions 
we  shall  have 

c  =  V;    c'  =  V;    c"  =  \"i  &c. 

These  equations  are  the  i  n  integrals  of  the  (i  —  1)^  order,  which  the 
equations  ought  to  have,  and  which,  by  the  elimination  of  the  differences 
of  the  variables,  give  their  finite  integrals. 

But  if  we  differentiate  the  preceding  integrals  of  the  order  i  —  ],  we 
shall  have 

0  =  d  V;   0  =  d  V;   0  =  d  V';  &c. 

and  it  is  clear  that  these  last  equations  being  differentials  of  the  order  i 
without  arbitrary  constants,  they  can  only  be  the  sums  of  the  equations 

0  -  — ?  +  P 


d>  v' 


0  =  &c 
each  multiplied  by  proper  factors,  in  order  to  make  tliese  sums  exact  dif- 
ferences. Calling,  therefore,  F  d  t,  F'  d  t^,  &c  the  factors  which  ought 
respectively  to  multiply  them  in  order  to  make  0  =  d  V ;  also  in  like 
manner  making  H  d  t,  H'  d  t^,  &c.  the  factors  which  would  make  0=d  V, 
and  so  on  for  the  rest,  we  shall  have 

clV=:Fdt{^+p}  +  Fdt|^  +  F}+&c 

dV'=Hdt{^  +  p}  +  H'dt{^  +  F}+&c. 

&c 
F,  F',  &c.  H,  H^  &c.  are  functions  of  t,  y,  /,  y'',  &c.  and  of  their  dif- 
ferences to  the  order  i  —  I.    It  is  easy  to  determine  them  when  V,  V%  &c 

are  known.     For  F  is  evidently  the  coefficient  of  -r-fi  in  the  differential 

d*  y/ 

of  V;  F^  is  the  coefficient  of  -*ri  in  the  same  differential,  and  so  on. 

a  t' 

d  ■  V    d '  v' 
In  like  manner,  H,  H',  &c.  are  the  coefficients  of  j4f  *    j-/i  >  &c.  in  the 

'  '  d  t»      d  t» 

differential  of  V^    Thus,  since  we  may  suppose  V,  V,  &c  known,  by  dif- 
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ferentiating  with  regard  to  ^jtzt  >  dT*^  '  *^*  ^®  *^  ^^^^  ^^® 
factors  by  which  we  ought  to  multiply  the  differential  equations 

in  order  to  make  them  exact  differences. 
Now  resume  the  differential  equations 

"^  d*  V  di  v' 

0  =g-ff  +  P+  a.Q;    0  =  ^  +  F  +  « .  Q',  &c. 

If  we  multiply  the  first  by  F  d  t,  the  second  by  F'  d  t,  and  so  on,  we 
shall  have  by  adding  the  results 

0=zdV  +  adt{FQ+F'Q'  +  &C.J, 
In  the  same  manner,  we  shall  have 

0  =  d  V  +  a  d  t  {H  Q  +  H'  Q'  +  &C.} 
&c. 
whence  by  integration 

c  —  «/d  t  {F  Q  +  F  Cr  +  &C.J  =  V; 
&  —  a/d  t  [H  Q  +  H'  Q'  +  &c,}  =  V;      • 
&c 

We  shall  thus  have  1  n  differential  equations,  which  will  be  of  the  same 
form  as  in  the  case  when  Q,  Q',  &c.  are  nothing,  with  this  only  differ- 
ence,  that  the  arbitrary  constants  c,  c^,  d\  &a  must  be  changed  into 

c  — a/dtiFQ+F'Q'+&c},  c— a/dtfHQ  +  H'Q'+&c.}&c 

But  i^  in  the  supposition  of  Q,  Q',  &c.  being  equal  to  zero,  we  eliminate 
from  the  i  n  integrals  of  the  order  i  —  1,  the  differences  of  the  variables 
y,  y^  &c.  we  shall  have  n  finite  integrals  of  the  proposed  equations.  We 
shall  therefore  have  these  same  integrals  when  Q,  Q',  &c.  are  not  zero,  by 
changing  in  the  first  integrals,  c,  c',  &c.  into 

c  — a/dtiFQ  +  &c},  c'  — «/dt[HQ  +  &c.J&c. 

507.  If  the  differentials 

d  t  {F  Q  +  F  Q'  +  &C.J,  d  t  {H  Q  +  H'  Q'  +  &c.J&c. 

are  exact,  we  shall  have,  by  the  preceding  method,  finite  integrals  of  the 
proposed  differentials.  But  this  is  not  so,  except  in  some  particular  oases, 
of  which  the  most  extensive  and  interesting  is  that  in  which  they  are 
linear.  Thus  let  P,  P',  8tc.  be  linear  functions  of  y,  y',  &c.  and  of  their 
differences  up  to  the  order  i  —  1,  without  any  term  independent  of  these 
variables,  and  let  us  first  consider  the  case  in  which  Q,  Q^,  &c.  are  no- 
thing.    The  difierential  equations  being  linear,  their  successive  integrals 
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are  likewise  linear,  so  that  c  =  V,  </  =  V,  &c.  being  the  f  n  integrals  of 
the  order  i  —  1,  of  the  linear  di£ferential  equations 

y,  Wf  &C.  may  be  supposed  linear  functions  of  y  y',  &c.  and  of  their  dif- 
ferences to  the  order  i  —  1.  To  make  this  evident,  suppose  that  in  the 
expressions  for  y,  y',  &c.  the  arbitrary  constant  c  is  equal  to  a  determinate 
quanti^  plus  an  indeterminate  d  c ;  the  arbitraiy  constant  cf  equal  to  a 
determinate  quantity  plus  an  indeterminate  d  c'  Sec. ;  then  reducing  these 
expressions  according  to  the  powers  and  products  of  d  c,  d  c',  &c.  we  shall 
have  by  the  formulas  of  No.  487 

y  =  Y  +  ac(^)+3C(||)+&c. 

+  175- (-3^)+**^. 
y  =  Y'+ac(^')+«c(^')+&c 

Y,  Y^  (-^ — j ,  &c.  being  functions  oft  without  arbitrary  constants.  Sub- 
stituting those  values,  in  the  proposed  differential  equations,  it  is  evident 
that  d  c,  d  c',  &c  being  indeterminate^  the  coefficients  of  the  first  powers 
of  such  of  them  ought  to  be  nothing  in  the  several  equations.  But  these 
equations  being  linear,  we  shall  evidentiy  have  the  terms  affiscted  with  the 
first  powers  of  d  c,  d  c',  &;c.  by  substituting  for  y,  y',  &c.  these  quantities 
respectively 

These  expressions  of  y,  y^,  8&c  satisfy  therefore  separately  the  proposed 
equations ;  and  since  they  contain  the  i  n  arbitraries  d  c,  d  c',  Sec  they  are 
complete  integrals.  Thus  we  perceive,  that  the  arbitraries  are  under  a 
linear  form  in  the  expressions  of  y,  y',  &c.  and  consequentiy  also  in  their 
differentials.  Whence  it  is  easy  to  conclude  that  the  variables  y,  y',  &c 
and  their  differences,  may  be  supposed  to  be  linear  in  the  successive  inte- 
grals of  the  proposed  differential  equations. 

Hence  it  follows,  that  F,  F',  &c.  being  the  coefficients  of  g~f ,  ^^-, 
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&C.  in  the  differential  of  V ;  H,  H^  &c.  being  the  coefficients  of  the  same 
differences  in  the  differential  of  V,  &c.  these  quantities  are  functions  ot 
variable  t  only.  Therefore,  if  we  suppose  Q,  Q^^  &c.  functions  of  t  alone, 
the  differentials 

d  t  {F  Q  +  P  Q'  +  &c.] ;   d  t  iH  Q  +  H'  Q'  +  &c.}  ;  &c. 
will  be  exact. 

Hence  there  results  a  simple  means  of  obtaining  the  integrals  of  any 
number  whatever  n  of  linear  differential  equations  of  the  order  i,  and 
which  contain  any  terms  a  Q,  «  Q^,  &c.  functions  of  one  variable  t,  having 
known  the  integrals  of  the  same  equations  in  the  case  where  Q,  Q',  Sec. 
are  supposed  nothing.  For  then  if  we  differentiate  their  n  finite  integrals 
i  —  1  times  successively,  we  shall  have  i  n  equations  which  will  give,  by 
elimination,  the  values  of  the  i  n  arbitrary  .constants  c,  c',  &c.  in  functions 
of  t,  y,  y",  &C.  and  of  their  differences  to  the  i  —  1^  order.  We  shall  thus 
form  the  i  n  equations  c  =  V,  c^  =  V^,  &c.    This  being  done,  F,  P,  &c. 

will  be  the  coefficients  of  ,    ._(  ,     ,    ,  j^^  ,  &c  in  Y;   H,  H',  &c  will 

be  the  coefficients  of  the  same  differences  in  V^,  and  so  on.  We  shall, 
therefore,  have  the  finite  luteals  of  the  linear  differential  equations        • 

0  =  ^  +  P  +  «Q;  Ozr^  +  F  +  aQ';  &C. 

by  changing,  in  the  finite  integrals  of  these  equations  deprived  of  their  last 
terms  «  Q,  a  Q',  &c  the  arbitrary  constants  c,  c',  &c.  into 

c_a/dt|FQ+F'Q'+&c.},  c  — a/dtfHQ+H'Q'+&c.l8tc. 

Let  us  take,  for  example,  the  linear  equation 

The  finite  integral  of  the  equation 

d*y 

is  (found  by  multiplying  by  cos.  a  t,  and  then  ly  parts  getting 
y  COS.  at.-T-^  =  cos.  at  j^  +  a/ sin.  a  t  ^^.  d  t  =  cos. at. g^  + 

a  sin.  at.  y  —  a*y  cos.a  t.y  .*.  c  =  a  cos.  a  t.  -tt  +  a  sin.  a  t .  y,  &c.) 

c    .  & 

y  =  —  sm.  a  t  +  —  COS.  a  t, 
•'a  a 

c,  c'  being  arbitrary  constants. 
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This  integral  gives  by  differentiation 

dy  *         ^   •        * 

-r^  =  c  COS.  at  —  c  sin.  a  t. 

dt 
If  we  combine  this  with  the  integral  itself,  we  shall  form  two  integrals 
of  the  first  order 

c  =  a  y  sin.  a  t  +  -ry  cos.  a  t; 

^                    *      dy  •       - 
</  =s  a  y  COS.  at rf  ^*°'  ^  ^  * 

and  therefore  shall  have  in  this  case 

F  =  cos.  at;   H  ==  —  sin.  a  t, 

and  the  complete  integral  of  the  proposed  equation  will  therefore  be 

c    •        *    .    C     ^       *       *  sin.  a  t  ^^  .  ^ 

y  =:  —  sin.  a  t  +  —  cos.  at jQ,  a  t  cos.  a  t 

•^         a  a  a       "^ 

.    a  cos.  a  t  ^^^  J  -    • 
-I y  Q  d  t  sm.  a  t. 

Hence  it  is  easy  to  conclude  that  if  Q  is  composed  of  terms  of  the  form 

sm 
K  •      *  (m  t  +  *)  CAch  of  these  terms  will  produce  in  the  value  of  y  the 

^m^nding  term 

a  K        sin.  ,     .    .     V 

— 1 i  •         (m  t  +  •). 

m*  —  a"    COS.  ^         '     ' 

• 

Cltl 

If  m  be  equal  to  a,  the  term  K         (m  t  +  0  ^1  produce  in  y,  IsL  the 

term  —  7 — j .      *   (a  t  +  •)  which  being  comprised  by  the  two  terms 

4  a      COS. 

—  sin.  a  tH cos.at,maybe  neglected;  2dly.  the  term  +  -^ — .   .    (a  t+0» 

a  a  ■""  A  a     sin. 

-I-  or  —  being  used  according  as  the  term  of  Q  is  a  sine  or  cosine.  We 
thus  perceive  how  the  arc  t  produces  itself  in  the  values  of  y,  y',  &c  with- 
out sines  and  cosines,  by  successive  integrations,  although  the  differentials 
do  not  contain  it  in  that  form.  It  is  evident  this  will  take  place  when* 
ever  the  functions  F  Q,  F',  Q',  8tc.  H  Q,  H^  Q^,  &c.  shall  contain  con- 
stant terms. 

508.  If  the  differences 

d  t  {F  Q  +  &c.|,  d  t  [H  Q  +  &c} 

are  not  exact,  the  preceding  analysis  will  not  give  their  rigorous  integrals. 
But  it  affords  a  simple  process  for  obtaining  them  more  and  more  nearly 
by  approximation  when  a  is  very  small,  and  when  we  have  the  values  of 
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y,  y^  8tc.  oi)  the  supposition  of  a  being  zera  Diflerentiating  these  values, 
]  —  1  times  successively,  we  shall  form  the  differential  equations  of  the 
order  i  —  1,  viz. 

c  =  V;   c'  =  V',&c 

dW     d^  V 
The  coefficients  of  j-f  ,  jYf  >  *^^*  '^^  *®  differentials  of  V,  V,  &c. 

being  the  values  of  F,  P,  &c.  H^  H^  &c.  we  shall  substitute  them  in  the 
differential  functions 

d  t  (F  Q  +  F  (y  +  &c);   d  t  (H  Q  +  H'  Q'  +  &c) ;  &c. 

Then,  we  shall  substitute  in  these  functions,  for  y,  y',  &c.  their  first 
approximate  values,  which  will  make  these  differences  functions  of  t  and  of 
the  arbitrary  constants  c,  C,  Sec 

Let  T  d  t,  T  d  t,  &c.  be  these  fmictions.  If  we  change  in  the  first 
approximate  values  of  y,  y',  &c.  the  arbitrary  constants  c,  c',  &c.  re- 
spectively into  c  —  af  T  d  t,  c'  —  a/  T  d  t,  &c.  we  shall  have  the 
second  approximate  values  of  those  variables. 

Again  substitute  these  second  values  in  the  differential  functions 
d  t.  (F  Q  +  &c.);  d  t  (H  Q  +  &c-)  &a 

But  it  is  evident  that  these  functions  are  then  what  T  d  t,  T  d  t,  &<^ 
become  when  we  change  the  arbitrary  constants  c,  c',  &c.  into  c  —  ^y  T  d  t, 
c'  —  a/T  d  t,  &c.  Let  therefore  T,,  T/,  &c.  denote  what  T,  T,  &c. 
become  by  these  changes.  We  shall  get  the  third  approximate  values  of 
yj  y'>  &c.  by  changing  in  the  first  c,  c',  &c.  respectively  into  c  —  a/T,  d  t, 
c  — /T;  d  t,  &c. 

Calling  T/^  T^/,  in  like  manner,  what  T,  T,  &c.  become  when 
we  change  c,  c,  &c  into  c  —  af  T*  d  t,  €  —  ay  T/  d  t,  &c.  we  shall 
have  the  fourth  approximate  values  of  y,  y,  &c.  by  chan^g  in  the  first 
approximate  values  of  these  variables  into  c  —  ^f^^,  d  t,  c'  —  ^f^u  d  t, 
&C.  and  so  on* 

We  shall  see  presently  that  the  determination  of  the  celestial  motions, 
depends  almost  always  upon  differential  equations  of  the  form 

0  =  ^f  +  a«y +  aQ, 

Q  being  a  rational  and  integer  function  of  y,  of  the  sine  and  cosine  of 
angles  increasing  proportionally  with  the  time  represented  by  t  The 
following  is  the  easiest  way  of  integrating  this  equation* 

First  suppose  a  nothing,  and  we  shall  have  by  the  preceding  No.  a  first 
value  of  y. 
.    Next  substitute  this  value  in  Q,  which  will  thus  become  a  rational  and 
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entire  funcdon  of  sines  and  cosines  of  angles  prqiortional  to  the  time.* 
Then  int^rating  the  diflferential  equation,  we  shall  have  a  second  Taloe 
of  y  approximate  up  to  qnantities  of  the  order  a  inclusively. 

Again  substitute  this  value  in  Q,  and,  integrating  the  differential  equa- 
tion, we  shall  have  a  third  approximation  of  y,  and  so  on. 

This  way  of  integrating  by  approximation  the  difierential  equations  of 
the  celestial  motions,  although  the  most  simple  of  all,  possesses  the  dis- 
advantage  of  giving  in  the  expressions  of  the  variables  y,  y ,  .&c.  the  arcs 
of  a  circle  (symbols  sine  and  cosine)  in  the  veiy  case  where  these  arcs 
do  not  enter  the  rigorous  values  of  the^e  variables.  We  perceive^  in 
facl^  that  if  these  values  contain  sines  or  cosines  of  angles  of  the  order  a  t, 
these  sines  or  cosines  ought  to  present  themselves  in  the  form  of  series,  in 
the  approximate  values  found  by  the  preceding  method;  for  these  last 
values  are  ordered  according  to  the  powers  of  a.  This  developement 
into  series  of  the  sine  and  cosine  of  angles  of  the  order  a  t,  ceases  to  be 
exact  when,  by  lapse  of  time,  the  arc  a  t  becomes  considerable.  The  ^>- 
proximate  values  of  y,  y',  &c.  cannot  extend  to  the  case  of  an  miliimit^ 
interval  of  time.  It  being  important  to  obtain  values  which  include  both 
past  and  future  ages,  the  reversion  of  arcs  of  a  circle  contained  by  the 
approximate  values,  into  functions  which  produce  them  by  their  develope- 
ment into  series^  is  a  delicate  and  interesting  problem  of  analysis.  Here 
follows  a  general  and  veiy  simple  method  of  solution. 

509.  Let  us  consider  the  differential  equation  of  the  order  i, 

d<  V 

^'^rt^  +  P  +  ^Q 

dy  d'~W 

a  being  very  small,  and  P  and  Q  algebraic  fimctions  of  y,-i-^5««>*  ,  tiJi> 

and  of  sines  and  cosines  of  angles  increasing  proportionally  with  the  time. 
Suppose  we  have  the  complete  integral  of  this  differential,  in  the  case  of 
a  =:  0,  and  that  the  value  of  y  given  by  this  integral,  does  not  contain  the 
arc  tp  without  the  symbob  sine  and  cosine.  Also  suppose  that  in  inte- 
grating this  equation  by  the  preceding  method  of  approximation,  when  a 
is  not  nothing,  we  have 

y  =  X  +  tY  +  t«Z  +  t»S  +  &c. 
X,  Y,  Z,  &c  being  periodic  functions  oft,  which  contain  the  i  arlntraries 
c,  c',  c"i  &c«  and  the  powers  of  t  in  this  expression  of  y,  going  on  to  in- 
finity by  the  successive  approximations.  It  is  evident  the  coefficients 
of  these  powers  will  decrease  with  the  greater  rapidity,  the  less  is  a. 
In  the  theory  of  the  motions  of  the  heavenly  bodies,  «  expresses  the  ord&r 
of  perturbing  forces,  relative  to  tiie  principal  forces  which  animate  them. 
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If  we  substitute  the  preceding  value  of  y  in  the  function  3— ^+P+aft 

It  will  take  the  form  k  +  k'  t  +  k''  t*  +  &c.,  k,  k',  k",  &c.  being  perio- 
dic functions  of  t ;  but  by  the  supposition,  the  value  of  y  satisfies  the  dif- 
ferential equation 

we  ought  therefore  to  have  identically 

0  =  k  +  k't  +  k"t«  +  &c 

If  k,  k',  V,  &c.  be  not  zero  this  equation  will  give  by  the  reversion  of 
series,  the  arc  t  in  functions  of  sines  and  cosines  of  angles  proportional  to 
the  time  t  Supposing  therefore  a  to  be  infinitely  small,  we  shall  have  t 
equal  to  a  finite  function  of  sines  and  cosines  of  similar  angles,  which  is 
impossible.     Hence  the  functions  k,  k',  &C  are  identically  nothing. 

Again,  if  the  arc  t  b  only  raised  to  the  first  power  under  the  symbols 
sine  and  cosine,  since  that  takes  place  in  the  theory  of  celestial  motions, 
the  arc  will  not  be  produced  by  die  successive  difierences  of  y.     Substi- 

d*v 
tttting,  therefore^  the  preceding  value  of  y,  in  the  function  7~ri+P+^  •  Qi 

the  function  of  k  +  k'  t  +  &c«  to  which  it  transforms,  will  not  contain 
the  arc  t  out  of  the  symbols  sine  and  cosine^  inasmuch  as  it  is  already  con- 
tained in  y.  Thus  changing  in  the  expression  of  y,  tiie  arc  t,  without  the 
periodic  symbols,  into  t  —  ^,  ^  being  any  constant  whatever,  the  function 
k  -4-  k'  t  4-  &C.  will  become  k  -|h  1^'  (^  —  ^)  +  &c.  and  since  this  last 
function  is  identically  nodiing  by  reason  of  tiie  identical  equations  k  =  0 
k'  =  0,  it  results  that  the  expression 

y  1=  X  +  (t  —  0  Y  +  (t  —  0*  Z  +  &C. 
also  satisfies  the  difierential  equation 

«  =  aT^  +  P  +  *^ 

Although  this  second  value  of  y  seems  to  contain  i  +  1  arbitrary  con- 
stants, namely,  the  i  arbitraries  c,  c',  c",  &c  and  ^,  yet  it  can  only  have  i 
distinct  ones.  It  is  therefore  necessary  that  by  a  proper  change  in  the 
constants  c,  <^,  &a  the  arbitrary  ^  be  made  to  disappear,  and  thus  the 
second  value  of  y  will  coincide  with  the  first  This  consideration  will  fur- 
nish us  with  the  means  of  making  disappear  the  arc  of  a  circle  out  of  the 
periodic  symbols. 

Give  the  following  form  to  the  second  expression  for  y : 

y  =  X  +  (t~  ^).R. 

Vol-  Tl.  O 
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Then  supposing  t  to  disappear  from  y,  we  have 

and  consequently 
Differentiating  successively  this  equation  we  shall  have 

whence  it  is  easy  to  obtain,  by  eliminating  R  and  its  differentials,  firomdw 
preceding  expression  of  y. 


y  =  X+  (t-0  (-jj)  +  ^-^72-.  (^  +  '^ars-VTt^)  +  ««=• 

X  is  a  function  of  t,  and  of  the  constants,  c,  c',  c",  &c.  and  since  these 
constants  are  functions  of  tf,  X  is  a  function  of  t  and  of  tf,  which  we  can 
represent  by  f  (t,  i).  The  expression  of  y  is  by  Taylor's  Theorem 
the  developement  of  the  function  f  (t,  ^  +  t —  ^),  according  to  the  powers 
of  t  —  6.  We  have  therefore  y  =  f  (t,  t).  Whence  we  shall  have  y  by 
changing  in  X,  ^  into  t.  The  problem  thus  reduces  itself  to  determine 
X  in  a  function  of  t  and  ^i  and  consequently  to  determine  c,  c',  d'j  &c. 
in  functions  of  ^« 

To  solve  this  problem,  let  us  resume  the  equation 

y  =  X  +  (t  —  ^) .  Y  +  (t  —  0«.  Z  +  &c. 

Since  the  constant  &  is  supposed  to  disappear  from  this  expression  of  y, 
we  shall  have  the  identical  equation 

0=('i?)-Y+(t--)  {  (^)-2z}  +(t_.)«{  (^)_SS}  +&C . .(.) 

Applying  to  this  equation  the  reasoning  which  we  employed  upon 

0  =  k  +  k'  t  +  k''  t«  +  &c 
we  perceive  that  the  coefficients  of  the  successive  powers  of  t  «—  tf  ought 
to  be  each  zero.     The  functions  X,  Y,  2^  &c.  do  not  contain  ^,  inasmuch 
as  it  is  contained  in  c,  afj  &c.  so  that  to  form  the  partial  difierences 

("Trj)  *    (tt)  *    (tTj)  '  ^^*  ^*  ^^  sufficient  to  make  c,  c',  &c  vaiy  in 

these  functions,  which  gives 

/dXx  _  ,dXx  dc      /d Xx  dc'      /dXx_d^ 
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/d  Yx  _  /d  Yxdc  .   /d  Yvdc/^  /dYxdi/'      . 

vdTy  •"  Vdc;  d^  "^  var?;'d7  +  \d70iu  +  *^" 

Sec*  =  &c* 

Againi  it  may  happen  that  some  of  the  arbitraxy  constants  c,  c',  c"f  &c. 

multiply  the  arc  t  in  the  periodic  (unctions  X,  Y,  Z,  &c.   The  difierentia- 

tion  of  these  functions  relatively  to  4,  or,  vhich  is  the  same  thing,  relatively 

to  these  arbitrary  constants,  will  develope  this  arc,  and  bring  it  from  without 

the  symbols  of  the  periodic  functions.     The  differences  (  j-t)  »   (xj) ' 

X',  X'^  Y',  Y'^  Z\  TI\  &C.  being  periodic  functions  of  t,  and  cont^ing 
moreover  the  arbitrary  constants  c,  c',  d\  &c.  and  their  first  differences 
divided  by  d  ^,  differences  which  enter  into  these  functions  only  under  a 
linear  form ;  we  shall  have  therefore 

(^)=X'  +  <X"  +  (t-<l)X" 
(^)=Y'  +  tfY"  +  (t-<)Y" 
(^jsZ'  +  ^Z^  +  Ct-OZ" 

Substituting  these  values  in  the  equation  (a)  we  shall  have 

0  =  X'  +  «  X"  —  Y 
+  (t  —  *)  W  +  *  Y"  +  X"  —  2  Z| 
+  (t  —  OMZ'  +  <  Z"  +  Y"  —  8  S}  +  &C.; 

whence  we  derive,  in  equalling  separately  to  zero,  the  coeflScients  of  the 
powers  of  t  —  ^ 

0  =  X'  +  <  X"  —  Y 

0  =:  Y'  +  «  Y"  +  X"  —  2  Z 

0  =  Z'  +  'Z"  +  Y"  — 8S; 

08 
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If  we  differentiate  the  first  of  these  equatimis,  i  — -  1  times  saccessively 
relatively  to  t,  we  shall  thence  derive  as  many  equations  between  the 
quantities  c,  </,  d'y  &c.  and  their  first  differences  divided  by  d  0.  Then 
integrating  these  new  equations  relatively  to  ^,  we  shall  obtain  the  con- 
stants in  terms  of  ^. 

Inspection  alone  of  the  first  of  the  above  equations  will  almost  always 
suffice  to  get  the  differential  equations  in  c,  c',  d'^  ftc.  by  comparing  se- 
parately the  coefficients  of  the  sines  and  cosines  which  it  contains.  For 
it  is  evident  that  the  values  of  c,  d^  &c.  being  independent  of  ^  the  dif- 
ferential equations  which  determine  them,  ought,  in  like  manner,  to  be  in- 
dependent of  it  The  simplicity  which  this  consideration  gives  to  the  pro- 
cess, is  one  of  its  principal  advantages.  For  the  most  part  these  eqaations 
will  not  be  integrable  except  by  successive  approximations,  which  will 
introduce  the  arc  ^  out  of  the  periodic  symbols,  in  the  values  of  c,  c',  &c 
at  the  same  time  that  this  arc  does  not  enter  the  rigorous  integrals.  But 
we  can  make  it  disappear  by  tjie  following  method. 

It  may  happen  that  the  first  of  the  preceding  equations,  and  its  i  —  1 
differentials  in  t,  do  not  give  a  number  i  of  distinct  equations  between  the 
quantities  c,  c',  c",  &c.  and  their  differences.  In  this  case  we  must  have 
recourse  to  the  second  and  following  equations. 

When  we  shall  have  thus  determined  c,  c',  d\  &c.  in  fimctions  of  ^ 
we  shall  substitute  them  in  X,  and  changing  afterwards  ^  into  t,  we  shall 
obtain  the  value  of  y,  without  arcs  of  a  circle  or  free  firom  periodic  symbols, 
when  that  is  possible. 

510.  Let  us  now  consider  any  number  n  of  differential  equations. 

d>  V 
0  =  g-^  +  P  +  aQ; 

d*  v' 
Ozr^+F  +  ae; 

&c. 
P,  Q,  P',  Q'  being  functions  of  y,  y',  &c.  of  their  differentials  to  tbe  order 
i  —  I,  and  of  the  sines  and  cosines  of  angles  increasing  proportionauy 
with  the  variable  t,  whose  difference  is  constant  Suppose  the  approximate 
integrals  of  these  equations  to  be 

y  =  X  +  t  Y  +  t«  Z  +  t«  S  +  &c. 

y'  =  X,  +  t  Y,  +  t«  Z,  +  t'  S,  +  &c. 
X,  Y,  Z,  &c.  X,,  Y,,  Z^  &c.  being  periodic  functions  oft  and  containing 
i  n  arbitrary  constants  c,  c',  c",  &c.     We  shall  have  as  in  the  preceding 
No. 
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0  =  Y'  +  ^Y"  +  yi''  —  2Z\ 
0  s  Z'  +  ^Z''  +  Y''  — 3S; 

The  value  of  y'  will  giye,  in  like  maimer,  equations  of  this  form 

0  =  X/  +  ^X/-Y,; 
0  =  Y/  +  ^  Y/'  +  X/  —  2  Z,; 
&a 
The  values  of  y"^  y%  &c.  will  furnish  similar  equations.     We  shall 
determine  by  these  different  equations,   selecting  the  most  simple  and 
approximable,  the  values  of  c,  c',  c^',  &c.  in  functions  of  ^.     Substituting 
these  values  in  X,  X',  &a  and  then  changing  6  into  t,  we  shall  have  the 
values  of  y,  y,  &c.  independent  of  arcs  free  from  periodic  symbols  when 
that  is  possible. 

511.  Let  us  resume  the  method  already  exposed  in  No.  506.  It  thence 
results  that,  if  instead  of  supposing  the  parameters  c,  c^,  d\  &c.  constant^ 
we  make  them  vary  so  that  we  have 

d  c  =  —  a  d  t  {F  Q  +  F'  Q'  +  &c]  ; 
dc'zs— adt{HQ  +  H'^Q'  +  &C.J ; 

we  shall  always  have  the  i  n  integrals  of  the  order  i  —  1, 

c  =  V;  c'  =  V;  c''  =  V;  &c. 
as  in  the  case  of  a  =  0.  Whence  it  follows  that  not  only  the  finite  in- 
tegrals, but  also  all  the  equations  in  which  these  enter  the  differences 
inferior  to  the  order  1,  will  preserve  the  same  form,  in  the  case  of 
a=0,  and  in  that  where  it  is  any  quantity  whatever;  for  these  equations 
may  result  from  the  comparison  alone  of  the  preceding^  integrals  of  the 
order  i  —  1.  We  can,  therefore,  in  the  two  cases  equally  differentiate 
i  —  1  times  successively  the  fmite  int^als,  without  causing  c,  c',  &c.  to 
vary ;  and  since  we  are  at  liberty  to  make  all  vary  together,  there  will 
thence  result  the  equations  of  condition  between  the  parameters  c,  c^,  &c. 
and  their  differences. 

In  the  two  cases  where  a  =  0,  and  a  =  any  quantity  whatever,  the 
values  of  y,  y',  &c.  and  of  their  differences  to  the  order  i  —  1  inclusively, 
are  the  same  functions  of  t  and  of  the  parameters  c,  V,  &c.  Let  Y  be  any 
function  of  the  variables  y,  y',  y'y  &c.  and  of  their  differentials  inferior  to 
the  order  i  —  1,  and  call  T  the  function  of  t,  which  it  becomes,  when  we 
substitute  for  these  variables  and  their  differences  their  values  in  t.  We 
can  differentiate  the  equation  Y  =  T,  regarding  the  parameters  c^  c',  &c. 
constant ;  we  can  only,  however,  take  the  partial  difference  of  Y  relatively 

G3 
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to  one  only  or  to  many  of  the  variables  y,  y',  &<:•  provided  we  suf^xise 
what  varies  with  these,  to  vary  also  in  T.  In  all  these  differentiations,  the 
parameters  c,  </,  c"^  &c.  may  always  be  treated  as  constants ;  since  by 
substituting  for  y,  y',  &c.  and  their  differences,  their  values  in  t,  we  shall 
have  equations  identically  zero  in  the  two  cases  of  a  nothing  and  of  a  any 
quantity  whatever. 

When  the  differential  equations  are  of  the  order  i  —  1,  it  is  no  longer 
allowed,  in  differentiating  them,  to  treat  the  parameters  c,  c',  &c.  as  con- 
stants* To  differentiate  these  equations,  con»der  the  equation  f  =  0,  ^ 
being  a  differential  function  of  the  order  i  —  1,  and  which  contains  the 
parameters  c,  c',  d\  &c.  Let  d  f  be  the  difference  of  this  function  taken 
in  regarding  c,  c',  Sec  constant,  as  also  the  differences  d  '^^  y,  d  '""^y^,  &c. 

d*  V 

Let  S  be  the  coefficient  of  ,    tli  in  the  entire  difference  of  p.     Let  S 

be  the  coefficient  of  ^  -i^i  in  this  same  difference,  and  so  on*  The  et^ua* 
tion  f  =:  0  when  differentiated  will  give    . 

d*  V  c  d'  v' 

Substituting  for  ,    .^^  its  value  —  d  t  JP  +  a  Q}  ;  for  3-77^1  its  value 

—  d  t  {F  +  a  Q"}  &c.  we  shall  have 

o  =  a^  +  (^)dc+(J|,)dc'  +  &c 

—  d  t  {S  P  +  S'  F  +  &cj  —  «  d  t  {S  Q  -f  S'  Q'  +  &c}    .    (t) 
In  the  supposition  of  «  =:  0,  the  parameters  c,  d^  d\  &c.  are  constant. 
We  have  thus 

0  =  df>  —  dt|SP+S'F  +  &C.J 

If  we  substitute  in  this  equation  for  c,  c',  c",  &c.  their  values  V,  V,  V", 
&c.  we  shall  have  differential  equations  of  the  order  i  —  1,  without  arbi- 
traries,  which  is  impossible,  at  least  if  this  equation  is  to  be  id<!ntically 
nothing.     The  function 

d  f>  —  d  t  JS  P  +  S'  F  +  &C-} 

bec3ming  therefore  identically  nothing  by  reason  of  equations  c  =  V, 
c'  =  V,  &C.  and  since  these  equations  hold  still,  when  the  parameters 
c,  d^  cf%  &c.  are  variable,  it  is  evident,  that  in  this  cas^  the  preceding 
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function  is  still  identically  nothing.     The  equation  (t)  therefore  will  be- 
come 

—  a  d  t  {S  Q  +  S'  Cy  +  &C.} (x) 

Thus  we  perceive  that  to  differentiate  the  equation  f  =  0,  it  suffices  to 
vary  the  parameters  c,  c',  &c.  in  p  and  the  differences  d*—*  y,  d*^*  y', 
&c.  and  to  substitute  after  the  differentiations,  for  —  *  Q>  «  0^9  &c.  the 

quantities  -r-y ,  -t-ty  j  &c. 

Let  •>)/  =  0,  be  a  finite  equation  between  y,  y',  &c.  and  the  variable  t  If 
we  designate  by  d  49  ^  *  4}  &^  ^he  successive  differences  of  4,  taken  in 
regarding  c,  g\  &c.  as  constant,  we  shall  have,  by  what  precedes,  in  that 
case  where  c,  c^,  &c.  are  variable,  these  equations : 

4  =  0;a4  =  0;  a«4  =  0 a*-»4=z0; 

changing  therefore  successively  in  the  equation  (x)  the  function  9  into  •v}/, 
d  49  ^  *  4>  Stc.  we  shall  have 

d-vj/^ 


o  =  (^) 


dc  +(j^).dc  +  ficc. 


Thus  the  equations  4  =  0,  •v}/'  =  0,  &c.  being  supposed  to  be  the  n 
finite  integrals  of  the  differential  equations 

"       dt»   +^ 

d*  v' 
"  -   dti  +  *^ 
«  &c. 

we  shall  have  i  n  equations,  by  means  of  which  we  shall  be  able  to  de- 
ternniine  the  parameters  c,  c\  (/\  &c«  without  which  it  would  be  necessary 
for  that  purpose  to  form  the  equations  c  =  V,  c!'  =  V,  &c.  But  when 
the  integrals  are  under  this  last  form,  the  determination  will  be  more 
simple. 

512.   This  method  of  making  the  parameters  vary,  is  one  of  great  utility 

G3 
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in  analysis  and  in  its  af^lications.  Toexhibit  a  new  use  of  it,  let  us  take 
the  difierential  equation 

0  -^  +  P 
"  -  dt»  ^     ' 

P  being  a  iimction  of  t,  y,  of  tfaebr  differences  to  the  order  i  —  1,  and  of 
the  quantities  q»  q^,  &c«  which  are  functions  oft  Suppose  we  have  tbe 
finite  integral  of  this  differential  equation  of  the  supposition  of  q»  q',  &c 
being  constant,  and  represent  by  f  =  0,  thb  intq^ral^  which  shall  conUun 
i  arbitraries  c,  c",  &c.  Designate  bydf,d*f,  d'^  8cc,  the  sncoessi?e  differ- 
ences of  9  taken  in  rq;arding  q,  q',  Sec.  constant,  as  also  the  parameters 
Cy  c\  d\  Sec  If  we  suppose  all  these  quantities  to  vary,  the  differences  of 
f  will  be 

making  therefore 

»=(rD<"  +  &')<'^  +  »-  +  (i-;)'''.+(a^)^^+»' 

h  tp  will  be  still  the  first  difference  of  f  in  the  case  of  c,  c',  &c.  q,  (f)  &(• 
being  yariable.     If  we  make,  in  like  manner, 

»=(aT')««+{|'a''''+«-+O'''+0'"'+'' 

d  *  9,  d '  f, d  >  f  will  likewise  be  the  second,  third,  &c  differencesof 

9  when  c,  c',  Stc.  q,  q',  &c.  are  supposed  variable. 

Again  in  tbe  case  of  c,  c',  &g.  q,  q^  &c  being  constant,  the  differentul 

equation 

d*y 
^  =  dl^  +  P^ 

is  the  result  of  the  elimination  of  the  parameters  c,  c',  jtc  by  meansoF 
the  equations  9  =  0,  ^9  =  0,  d*9z=0,  •.•.d>9  =  0.  Thus,  these 
last  equations  still  holding  good  when  q,  q'.  Sec.  are  supposed  variable,  tbe 
equation  9  =  0  will  also  satisfy,  in  this  case,  the  proposed  differeo^ 
equation,  provided  the  parameters  c,  c',  &c.  are  determined  by  means 
of  the  i  preceding  difierential  equations;  and  since  their  integratioD 
gives  i  arbitrary  constants,  the  fimction  f  will  contain  these  arbitnines» 
and  the  equation  9  =  0  will  be  the  complete  integral  of  tbe  pitfosed 
equation. 
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This  method,  the  variation  of  parameters,  may  be  employed  widi  ad* 
vantage  when  the  quantities  q,  q',  &c.  vary  very  slowly*  Because  this 
consideration  renders  the  integitetion  by  approximation  of  the  difierenlial 
equations  which  determine  the  variables  c,  c',  d\  8z;c.  in  general  much 
easier. 

513.  Second  Approximation  of  Celestial  Motions* 

Let  us  apply  the  preceding  method  to  the  perturbations  of  celestial 
motions,  in  order  thence  to  obtain  the  most  simple  expressions  of  their 
periodical  and  secular  inequalities*  For  that  purpose  let  us  resume  the 
differential  equations  (1),  (2),  (3)  of  No.  471,  which  determine  the  relative 
motion  of  pb  about  M.     If  we  make 

u".  ft^  (X  x^  +  y  y^  +  z  zQ  ^  ^^^(x  x^^  + y /^  +  z  z^Q 
(x'«  +  y'«  +  z'«)*  (x''«  +  y*  +  z"«)* 

X  being  by  the  No.  cited  equal  to 


fi,  fii 


// 


{(X'— x) «+(/— y)  •+{z'— z)  •}*     Kx''  —  x)  »+(y"  —  y)  •+(z"-z)  *}* 


tt>" 


L^  moreover,  we  suppose  M  +  At  =:  m  and 


+  &C. 


f  =  V  X*  +  y*  +  z 


we  shall  have 


e'  =  i/x'«  +  y'*  +  z'* 

dR 


cTt'  "^  75-  +  (ar) 

d  *  z       m  z       /d  R\ 


0  z= 


JT 


z       m  z 


(P). 


The  sum  of  these  three  equations  multiplied  respectively  by  d  x,  d  y,  d  z 
gives  by  integration 

0^d^*+dy;  +  dz«__2m^jg^g^^-^^     .    .     .     (Q) 

the  differential  d  R  being  only  relative  to  the  coordinates  x,  y,  z  of  the 
body  (b^  and  a  being  an  arbitrary  constant,  which,  when  R  =  0,  becomes 
by  No.  499,  the  semi-axis  major  of  the  ellipse  described  by  ^  about 
M. 
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The  equations  (P)  multiplied  respectively  by  x»  y,  z  and  added  to  the 
integral  (Q)  will  give 

We  may  conceive,  however,  the  perturbing  masses  /if^  ii!\  &c.  multi- 
plied by  a  coefficient  a,  and  then  the  value  of  ^  will  be  a  function  of  the 
time  t  and  of  a.  If  we  develope  this  function  according  to  the  powers  of  a, 
and  afterwards  make  »  =  1,  it  will  be  ordered  according  to  the  powers 
and  products  of  the  perturbing  masses.  Designate  by  the  characteristic 
d  when  placed  before  a  quantity,  this  differential  of  it  taken  relatively  to  a, 
and  divided  by  d  a.  When  we  shall  have  determined  d  ^  in  a  series  or- 
dered according  to  the  powers  of  «,  we  shall  have  the  radius  ^  by  multi- 
plying this  series  by  d  «,  then  integrating  it  relatively  to  a,  and  adding  to 
the  integral  a  function  of  t  independent  of  a,  a  function  which  is  evidently 
the  value  of  ^  in  the  case  where  the  perturbing  forces  are  nothing,  and 
where  the  body  ti>  describes  a  conic  section.  The  determination  of  ^  re- 
duces itself,  therefore,  to  forming  and  integrating  the  differential  equation 
which  determines  h  ^. 

For  that  purpose,  resume  the  differential  equation  (R)  and  make  for  the 
greater  simplicity 

/d  Rn  ,      /d  Rn  J      /d  Rx         -,, 

differentiating  this  relatively  to  ce,  we  shall  have 

0=^-^  +  2^  +  2/arfR  +  ..fR' (S) 

Call  d  V  the  indefinitely  small  arc  intercepted  between  the  two  radius- 
vectors  I  and  f  +  d  ^ ;  the  element  of  the  curve  described  by  (u  around  M 
will  be  Vdf*  +  f*dv«.     We  shall  thus  have 

dx«  +  dy«  +  dz«  =  d^«+g«dv«, 
and  the  equation  (Q)  will  become 

'dv»  +  dg«       2 

i 

Eliminating-^  from  this  equation  by  means  of  equation  (R)  we  shall 
have 

dt'     •"    dt«   +  "7       ^ 
whence  we  derive,  by  differentiating  relatively  to  a, 
2g«dv.dav_^d'ag  — agd'g      3mgag 

ai^       ""         dT« 73— +g^^  —  R'a^ 


m 
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If  we  substitute  in  this  equation  for  — ^-^  its  value  derived  from  eqa»« 

tion  (S))  we  shall  have 

d3^_d(d^^g  +  2gdag)+dtM8/arfR+2g^R^  +  R^3rf 

^•dv  ^    ' 

By  means  of  the  equations  (S),  (T)»  we  can  get  as  exactly  as  we  wish  the 
values  of  d  ^  and  of  d  v.  But  we  must  observe  that  d  v  being  the  angle 
intercepted  between  the  radii  g  and  §  +  d  f,  the  integral  v  of  diese  angles 
is  not  wholly  in  one  plane.  To  obtain  the  value  of  the  angle  described 
round  M,  by  the  projection  of  the  radius-vector  §  upon  a  fixed  plane,  de- 
note by  v^ ,  this  last  angle,  and  name  s  the  tangent  of  the  latitude  of /»  above 

this  plane ;  then  ^(l  +  s*)""*  will  be  the  expression  of  the  projected  ra- 
dius-vector, and  the  square  of  the  element  of  the  curve  described  by  /» 
will  be 


1   +  S»^        *      ^   (1    +  8«)" 

But  the  square  of  this  element  is  also  f'dv*  +  d{*;  therefore  we  have, 
by  equating  these  two  expressions 

d  V.  =  ■ ■  • 

'  -•  1  +  s« 

We  shall  thus  determine  d  Vy  by  means  of  d  v,  when  s  is  known. 

If  we  take  for  the  fixed  plane,  that  of  the  orbit  of  ^6  at  a  given  epoch, 

d  s  . 

8  and  -T—  win  evidently  be  of  the  order  of  perturbing  forces.     Neglecting 

therefore  the  squares  and  the  products  of  these  forces,  we  shall  have 
V  ==  v^  •  In  the  Theory  of  the  planets  and  of  the  comets,  we  may  neglect 
these  squares  and  products  with  the  exception  of  some  terms  of  that 
order,  which  particular  circumstances  render  of  sensible  magnitude,  and 
which  it  will  be  easy  to  determine  by  means  of  the  equations  (S)  and  (T). 
These  last  equations  take  a  very  simple  form,  when  we  take  into  account 
the  first  power  only  of  the  disturbing  forces.  In  fact,  we  may  tlien  con- 
sider d  f  and  d  V  as  the  parts  of  ^  and  v  due  to  these  forces ;  d  R,  d.  ^  R' 
are  what  R  and  f  R'  become,  when  we  substitute  for  the  coordinates  of 
the  bodies  their  values  relative  to  the  elliptic  motion :  We  may  designate 
them  by  these  last  quantities  when  subjected  to  that  condition.  The 
equation  (S)  thus  becomes. 
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The  fixed  plafte  of  x,  y  being  supposed  that  of  the  orbit  of  /a  at  a  giren 
epoch,  z  will  be  of  the  order  of  perturbing  forces :  and  since  we  may 
n^lect  the  square  of  these  forces,   we  can  also  neglect  the  qoanUty 

-1 — \  Moreorer,  the  radius  §  differs  only  from  its  projection  by  quan- 
tities of  the  order  z  '•  The  angle  which  this  radius  makes  with  the  axis 
of  Xf  differs  only  from  its  projection  by  quantities  of  the  same  order. 
This  angle  may  therefore  be  supposed  equal  to  v  and  to  quantities  nearly 
of  the  same  order 

X  =  ^  cos.  V ;  y  =  f  sin.  v ; 

whence  we  get 

/d  Rn   .       /dRx         /d  Rn 

^(jr)+y(d7)  =  K^)^ 

and  consequently  g .  R'  =  ^  f-j — \ .     It  is  easy  to  perceive  by  differentia- 

tion,  that  if  we  neglect  the  square  of  the  perturbing  force^  the  preceding 
differential  equation  will  become,  by  means  of  the  two  first  equations  (P) 

x/ydt{2/iR  +  ^(^)}-y/xdt{2/iR  +  e(45)} 

/xdy  —  ydx\ 

V      ai — ) 

In  the  second  member  of  this  equation  the  coordinates  may  belong  to 

elliptic  motion ;  this  gives  — ^^~- constant  and  equal  to  Vma(l — e% 

a  e  being  the  excentricity  of  the  orbit  of  a^.     If  we  substitute  in  the  ex* 

pression  of  ^  d  ^  for  x  and  y,  their  values  ^  cos.  v  and  f  sin.  v,  and  for 

X  d  V  *~~  V  d  X  .._— — ^-_— .__ 

1  ^  9  the  quantity  V  /»  a  (I  —  e*) ;  finally,  if  we  observe  tiuU 

by  No.  (480) 

m  =  n  •  a  ^, 
we  shall  have       ^ 

(    acos.vyndt.^sin.v-|  2/d  R  +  ^  (-t — )  >  ) 

(^ — ^asin.y/nd  t.gcos.v<  2/d  R  +  f  ("j")  (j 

^  mVl  — e* 

The  equation  (T)  gives  by  integration  and  neglecting  the  square  of 
perturbing  forces, 

—^ — ^t     .,  — =  H /7ndt.dR+  — jndv§  ( -rr) 

J  y  _  a'ndt ^  m  '^'^ m*^ *  ^d  g/    ^y) 

VI  — e« 
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This  expression,  when  the  perturbations  of  the  radius-vector  are  known, 
will  easily  give  those  of  the  motion  of  a&  in  longitude. 

It  remains  for  us  to  determine  the  perturbations  of  the  motion  in  lad- 
tude.  For  that  purpose  let  us  resume  the  third  of  the  equations  (P) : 
integrating  this  in  the  same  manner  as  we  have  integrated  the  equation 
(S),  and  making  z  =  f  d  s,  we  shall  have 

a  cos.  vfn  d  t .  ^  sin.  v  (-=— ^—  a  sin.  v^n  d  t .  ^  cos.  vf  t — \ 

a  s  = ^  —I  (Z) 

m  V  \  — e* 

d  s  is  the  latitude  of  m  above  the  plane  of  its  primitive  otbit:  if  we  wish 
to  refer  the  motion  of  a&  to  a  plane  somewhat  inclined  to  this  orbit,  by 
calling  s  its  latitude,  when  it  is  supposed  not  to  quit  the  plane  of  the 
orbit,  s  +  ^  8  ^ill  he  very  nearly  the  latitude  of  fi»  above  the  proposed 
plane* 

514.  The  formulas  (X),  (Y),  (Z)  have  the  advantage  of  presenting  the 
perturbations  under  a  finite  form.  This  is  very  useful  in  the  Cometary 
Theoiy,  in  which  these  perturbations  can  only  be  determined  by  quad- 
ratures. But  the  excentricity  and  inclination  of  the  respective  orbits  of 
the  planets  being  small,  permits  a  developement  of  their  perturbations 
into  converging  series  of  the  sines  and  cosines  of  angles  increasing  pro- 
portionally to  the  time,  and  thence  to  make  tables  of  them  to  serve  for 
any  times  whatever.  Then,  instead  of  the  preceding  expressions  of  b  ^, 
d  s,  it  is  more  commodious  to  make  use  of  differential  equations  which 
determine  these  variables.  Ordering  these  equations  according  to  the 
powers  and  products  of  the  excentricities  and  inclinations  of  the  orbits, 
we  may  always  reduce  the  determination  of  the  values  of  d  ^,  and  of  d  a 
to  the  integration  of  equations  of  the  form 


o  =  ^  +  n«y  +  Q 


equations  whose  integrals  we  have  already  given  in  No.  509.  But  we 
can  immediately  reduce  the  preceding  differential  equations  to  this  simple 
form,  by  the  following  mediod. 

Let  us  resume  the  equation  (B)  of  the  preceding  No.,  and  abridge  it 
by  making 

It  thus  becomes 
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In  the  case  of  elliptic  motion,  where  Q  =  0,  ^  *  is  by  No.  (488)  a  func- 
tion of  e  cos.  (n  t  +  <  "^  ^)9  ft  6  being  the  exceotricity  of  the  orbit,  and 
n  t  -f  i  —  «r  the  moan  anomaly  of  the  planet  ii>.  Let  e  cos.  (n  t  +  f — «) 
=:  u,  and  suppose  f  *  s  ?  (u) ;  we  shall  have 

In  the  case  of  disturbed  motion,  we  can  still  suppose  f'  =  9  (u),but 
u  will  no  longer  be  equal  to  e  cos.  (n  t  +  i  —  w).  It  will  be  given  by 
the  preceding  differential  equation  augmented  by  a  term  depending  upon 
the  perturbing  forces.  To  determine  this  term,  we  shall  observe  that  if 
we  make  u  =  4"  {f  *)  ^^  shall  have 

d'u  d*.P*  4p'dp' 

>)/  (f  •)  being  the  differential  of  -v}/  (^*)  divided  by  d.  ^ '  and  -y  (g*)  the 

differential  of  ^'  (^  *)  divided  by  d  •  f '.     The  equation  (R')  gives  -j^ 

equal  to  a  function  of  ^  plus  a  function  depending  upon  the  perturbing 
force.     If  we  multiply  this  equation  by  2  ;  d  ^,  and  then  integrate  it,  we 

shall  have    a  A    equal  to  a  function  of  ^  plus  a  function  depending  upon 
theperturbmg  force.    Substituting  diese  values  of    ,'  \  and  of  ■  ,   f-  in 


u 


the  preceding  expression  of  -t — j-  +  n  *  u,  the  function  of  ^,  which  is  in- 
dependent of  the  perturbing  force  will  disappear  of  itself,  because  it  is 
identically  nothing  when  that  force  is  nothing.    We  shall  therefore  have 

d'  u  d'  f '  ^*  d  e* 

the  value  of  jtt  +  n*  u  by  substitutmg  for  '    '\  ,  and  ■    .    ,-,  the  parts 

of  their  expressions  which  depend  upon  the  perturbing  force.  But  re- 
garding these  parts  only,  the  equation  (R^  and  its  integral  give 

d*  p* 

\^ — ««' 

Wherefore 

jiH  +  „ .  u  =^  _  2  Q  ^/  (^ .)  _  8  >}/'  (e «)/  Q .  ^  d  r. 

Again,  from  the  equation  u  =r  f  (^  •),  we  derive  d  u  =  2  g  d  f  4'  (<*)' 
this  f  •  =  ^  (u)  gives  2  j  d  ^  =  d  u.  ^  (u)  and  consequently 
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Difierentiating  this  last  equation  and  substituting  ^  (u)  for  —4 — ^ ,  we 
shall  have 

^'  (u)  being  equal  to      \    ^     ,  in  the  same  way  as  ^  (u)  is  equal  to 

'  ^  >  ^ .     This  being  done ;  if  we  make 

u  =  e  COS.  (nt  +  «  —  w)+^u, 
the  differential  equation  in  u  will  become 

0  =  -3p-  +  n«.«u ^j3VQdu.p'(u)+^j; 

and  if  we  neglect  the  square  of  the  perturbing  force,  u  may  be  supposed 
equal  to  e  cos.  (n  t  +  %  —  v),  in  the  terms  depending  upon  Q« 

The  value  of  *-  found  in  No.  (485)  gives,  including  quantities  of  the 

& 

order  e  * 

j=:a{l  +  e«-u(l-|e«)-a*^|u»]. 

whence  we  derive 

^*  =a«|l+2e«— 2u(l  — |e«)  — u«— u'j  =  p(u). 

If  we  substitute  thb  value  of  p  (u)  in  the  differential  equation  in  d  u, 

and  restore  to  Q  its  value  2  y*  d  R  +  ^  (-^ — \ ,  and  e  cos.  (n  t  +  s  —  w) 

for  u,  we  shall  have  including  quantities  of  the  order  e^ 

^      d«.  «u   ,      ,  . 
0  =  -T — J-  -{-  n*  d  u 
d  t*    ^ 

i-f  1  +  -7  e* — ecos.  (nt  +  f — w) — ~e*cos.(2nt+  2i  —  2w)\ 

-?|/hdt[sui.  (nt+.— )  {l+ecos.(nt+.--)l  ■[2/rfR+e(^)  }.](X0 
When  we  shall  have  determined  i  u  by  means  of  this  differentia}  equs- 
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doD,  we  shall  have  ^  ;  by  differentiating  the  expression  of  f,  relative  to 
the  characteristic  d,  which  gives 

d^r:— adu|l  +|e«+2eco8.(nt  +  «— w)+-c*cos.(2nt+2f— aw)\. 

This  value  of  d  ^  will  give  that  of  ^  v  by  means  of  formula  (Y)  of  the 
preceding  number. 

It  remains  for  us  to  determine  d  s ;  but  if  we  compare  the  formulas  (X) 
and  (Z)  of  the  preceding  No.  we  perceive  that  d  ^  changes  itself  into  d  s 

by  substituting  (-? — )for  2/d  R  +  f  (*g— )  i^  its  expression.     Whence 

it  follows  that  to  get  d  s^  it  suffices  to  make  this  change  in  the  differential 
equation  in  d  u,  and  then  to  substitute  the  value  of  d  u  given  by  this  equa- 
tion, and  which  we  shall  designate  by  d  n%  in  the  expression  of  d  ^  Hius 
we  get 

.=^'  +  ..3.- 

—  ||/ndt{sin.(nt  +  .-w)n  +  ecos.(nt  +  .-w)|.(i|)};(ZO 

38=— adu'|l  +  7e*  +2eco8.(nt-fi— «)+^e*cos.(2nt+2e— 2w)| 

The  system  of  equations  {X.%  (Y),  (ZO  will  give,  in  a  very  simple 
manner,  the  perturbed  motion  of  /x  in  taking  into  account  only  the  first 
power  of  the  perturbing  force.  The  consideration  of  terms  due  to  this 
power  being  in  the  Theory  of  Planets  very  nearly  sufficient  to  determine 
their  motions,  we  proceed  to  derive  from  them  formulas  for  that  purpose. 

515.  It  is  first  necessary  to  develope  the  function  R  into  a  series.  If 
we  disregard  all  other  actions  thaa  that  of  /a  upon  fk\  we  shall  have  by  (513) 

j^_A.^(xx^+yy+zz^) M^ 

(x'«+y*  +  z'«)^  i(x'_x)«+(/— y)«+(z'— zyji' 

This  function  is  wholly  independent  of  the  position  of  the  plane  of  x, 
y ;  for  the  radical  V  (x'  —  x)  •  +  (y'  —  y)*  +  {/  —  z)  *,  expressing  the 
distance  of  fs  /^^  is  independent  of  the  position;  the  function  x*  +  y* 
+  z*  +  x'*+y'*+z" —  2xx'  —  2y  y  —  22z^isin  like  manner  in- 
dependent of  it  But  the  squares  x*  +  y*  +  z*  and  x'*  +  y'*  +  z" 
of  Uie  radius-vectors,  do  not  depend  upon  the  position ;  and  therefore  the 
quantity  x  x'  +  y  y'  +  z  z'  does  not  depend  upon  it,  and  consequently 
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R  is  independent  of  the  position  of  the  plane  of  x,  y.     Suppose  in  this 
function 

X   =  f  COS.  V  ;   y  =  I  sin.  v ; 

x'  =  g'cos.  v';  y  =  f'sin.v'; 
we  shall  then  have 
P  _  ff'U  i  <^Qs.  (v^ — v)  +  z  z'\ u/ 

{r  +  a'')  *  f  *— 2^e'<»s.  (v'~v)+g'«+  (z'— z)«}*' 

The  orbits  of  the  planets  being  almost  circular  and  but  little  inclined 
to  one  another,  we  may  select  the  plane  of  x,  y,  so  that  z  add  2!  may  be 
very  small.  In  this  case  ^  and  ff  are  very  little  different  from  the  semi- 
axis-majors  a,  2!  of  the  elliptic  orbits,  we  will  therefore  suppose 

^  =  a(l  +  u,);  ^  =  a'(l  +  u/); 
n,  and  u/  being  small  quantities.     The  angles  v^  v'  differing  but  little 
from  the  mean  longitudes  n  t  +  <>  n'  t  +  ''t  ^e  shall  suppose 

v=int  +  f  +  v,;v'=:n't  +  i'  +  ▼/; 
v'  and  v/  being  inconsiderable.     Thus,  reducing  R  into  a  series  ordered 
accordbg  to  the  powers  and  products  of  u^  v^  z,  u/,  v/,  and  z\  this  series 
will  be  very  convergent.     Let 

-^,co8.  (n't  — nt+  •'  — f)— {a«  — 2aa'cos.(n't  — nt  +  •'— «)+a'*}"^ 

=  ^  AW  +AWcos.  (n't  — nt  +  1'  — 0  +Af«>cos.  2(n't  — nt  +•'— 0 

+  A  CO  COS.  S  (n'  t  —  n  t  +  i'  —  <)  +  &c ; 

We  may  give  to  this  series  the  form  i  2  A  ^^>  cos.  i  (n'  t  —  n  t  +  i' — 1), 
the  characteristic  2  of  finite  integrals,  being  relative  to  the  number  i,  and 
extending  itself  to  all  whole  numbers  from  i  =  —  od  to  i  =  go  ;  the  value 
i  =  0,  being  comprised  in  this  infinite  number  of  values.  But  then  we 
must  observe  that  A  ('~^=:A  ^^\  This  form  has  the  advantage  of  serving 
to  express  after  a  very  simple  manner,  not  only  the  preceding  series,  but 
also  the  product  of  this  series,  by  the  sine  or  the  cosine  of  any  angle 
f  t  +  «;  for  it  is  perceptible  that  this  product  is  equal  to 

i  2  A  «  ""*  « (n  t  — nt  +  ,'_.)  +  ft  +  w\. 
cos. 

This  property  will  furnish  us  with  very  commodious  expressions  for 

the  perturbations  of  the  planets.     LrCt  in  like  manner 

{a*  — 2aa  COS.  (n'  t  — n  t +*'— •)  +  a'«J""* 

==  ~  2  B '  COS.  i(nt  —  nt  +  «  — 1) ; 

B<-«  being  equal  to  B  ^^\     This  being  done,  we  shall  have  by  (483) 

Vol.  II.  H 
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R  s=  -^.  s  A  «  COS.  i  (n'  t  —  n  t  +  «'  —  •) 
+  ^  u,  2  b(   ,  — ^cos.  i  (n'  t  —  n  t  +  i'  —  i) 
+  ^  u/2a'(^^)cos.  i  (n'  t  —  n  t  +  •  —  0 
— -|-'(v/  — V,)  l.i  A««8in.i(n't  — nt  +  •' —  i) 
+  ^.u/.  2.a«(^TA^)co8.i(ii't  — nt  +  ff  —  i) 
+  ^u,u/Saa'(gl^)cos.i(n't  — nt  +  •*  —  .) 

M.'  tA*  k  (0» 

+  ^  «/».  s  a'  «(^^,  )co8.  i  (n'  t  —  n  t  +  I*  —  i) 
-^  (v/-v:)u,2.i  a(^gi^)8in.  i  (n' t  — n  t  +  .'-.) 

—  ^(v/  — v,)«.2.i«  A<»)cos,i(n't  — nt  +  f'  — 0 
+  ^„ |__co8.  (n't  — nt+  i'-i) 

+  f^'^^'  —  ^y  2  B  *»)  COS.  i  (n' t—  n  t  +  f'  —  0 

+  &c. 

If  we  substitute  in  this  expression  of  R,  instead  of  u^  u/,  v^,  v/,  z  and  z') 
their  values  relative  to  elliptic  motion,  values  which  are  functions  of  sines 
and  cosines  of  the  angles  n  t  +  f,  u'  t  +  i'  and  of  their  multiples,  R  will 
be  expressed  by  an  infinite  series  of  cosines  of  the  form  f^'  k  cos.  (i  n  t 
—  i  n  t  4-  A),  i  and  i'  being  whole  numbers. 

It  is  evident  that  the  acdon  of  /»'',  ii/'\  &c.  upon  it  will  produce  in  R 
terms  analogous  to  those  which  result  from  the  action  of  m^  and  we  sbali 
obtain  them  by  changing  in  the  preceding  expression  of  R,  all  that  relates 
to  (i\  in  the  same  quantities  relative  to  f^'^  fi/"^  Sec. 

LfCt  us  consider  any  term  ftf  k  cos.  (i'  n'  t  —  i  n  t  +  A)  of  the  expres- 
sion of  R.  If  the  orbits  were  circular,  and  in  one  plane  we  should 
have  i'  =  L  Therefore  i^  cannot  surpass  i  or  be  exceeded  by  it,  except 
by  means  of  the  sines  or  cosines  of  the  expression  for  u^  v^  z,  u/,  y,^  ^ 
which  combined  with  the  sines  and  cosines  of  the  angle  n'  t  —  n  t  +  *  "  ^ 
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and  of  its  multiples,  produce  the  sines  and  cosines  of  angles  in  which  i' 
is  different  from  i. 

If  we  regard  the  excentricities  and  inclinations  of  the  orbits  as  veiy 
small  quanUties  of  the  first  order,  it  will  result  from  the  theorems  of 
(481)  that  in  the  expressions  of  u^  v^  z  or  ^  s,  s  being  the  tangent  of  the 
latitude  of  as  the  coefficient  of  the  sine  or  of  the  cosine  of  an  angle  such 
as  f.  (n  t  +  0,  is  expressed  by  a  series  whose  first  term  is  of  the  order  f ; 
second  term  of  the  order  f  +  2;  third  term  of  the  order  f  +  4  and  so 
on.  The  same  takes  place  with  r^;ard  to  the  coefficient  of  the  sine  or  of 
the  cosine  of  the  angle  f  (n'  t  +  0  in  the  expressions  of  u/,  v/,  z'.  Hence 
it  follows  that  i,  and  V  being  supposed  positive  and  i'  greater  than  i,  the 
coefficient  k  in  the  term  m'  k  cos.  (i'  n'  t  —  i  n  t  +  A)  is  of  the  order 
i'  —  i,  and  that  in  the  series  which  expresses  it,  the  first  term  is  of  the 
order  i^  —  i  the  second  of  the  order  i'  —  i  +  2  and  so  on;  so  that  the 
series  is  very  convergent  If  i  be  greater  than  i',  the  terms  of  the  series 
will  be  successively  of  the  orders  i  —  i',  i  —  i'  +  '2,  Sec 

Call  m  the  longitude  of  the  perihelion  of  the  orbit  of  m  and  tf  that  of  its 
node,  in  like  manner  call  w'  the  longitude  of  the  perihelion  of  /*',  and  ^ 
that  of  its  node,  these  longitudes  being  reckoned  upon  a  plane  inclined 
to  that  of  the  orbits.  It  results  from  the  Theorems  of  (481),  that  in  the 
expressions  of  u„  v^  and  z,  the  angle  n  t  +  s  is  always  accompanied  by 
—  "T  or  by  —  ^ ;  and  that  in  the  expressions  of  u/,  v/,  and  z',  the  angle 
n'  t  +  f'  is  always  accompanied  by  —  w',  or  by  —  ^ ;  whence  it  follows 
that  the  term  fu'  k  cos.  (i'  n'  t  —  i  n  t  +  A)  is  of  the  form 

M^kcos.  (inU  —  int  +  \' • — ii  —  gw  —  g'w'  —  ^' ^ g'^'O* 

g>  g'j  g''*  g"'  being  ^Jiole  positive  or  negative  numbers,  and  such  that 
we  have 

0  =  i'-.i_g  — g'  —  g/'-g'/'. 

It  results  also  from  this  that  the  value  of  R,  and  its  different  terms  are 

independent  of  the  position  of  the  straight  line  from  which  the  longitudes 

are  measured*    Moreover  in  the  Theorems  of  (No.  481)  the  coefficient  of 

the  sine  and  cosine  of  the  angle  v,  has  always  for  a  factor  the  excentricity  e 

of  the  orbit  of /x ;  the  coefficient  of  the  sine  and  of  the  cosine  of  the  angle 

2  AT,  has  fi:>r  a  &ctor  the  square  e  *  of  this  excentricity,  and  so  on.     In  like 

manner,  the  coefficient  of  the  sine  and  cosine  of  the  angle  ^,  has  for  its 

factor  tan.  ^  9,  p  being  the  inclination  of  the  orbit  of  /x  upon  the  fixed 

plane.   The  coefficient  of  the  sine,  and  of  the  cosine  of  the  angle  2  ^,  has  for 

its  &ctor  tan.*  1 9,  and  so  on.    Whence  it  results  that  the  coefficient  k  has  for 

its  factor,  e  8.  ef  «'.  tan. «''  (J  f)  tan.  ^'*'  (J  iff) ;  the  numbers  g,  g',  g",  f^"  being 

H8 
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taken  positively  in  the  expon^its  of  this  factor.  If  all  these  numbers  are 
positive,  this  factor  will  be  of  the  order  i'  —  i,  by  virtue  of  the  equation 

0  =  i'-i  — g-g'-g"-g"'; 
but  if  one  of  them  such  as  g,  is  n^ative  and  equal  to  —  g,  this  factor 
will  be  of  the  order  i'  — -  i  +  ^  g*  Preserving,  therefore,  amongst  the 
terms  of  R,  only  those  which  depending  upon  the  angle  i'  n'  t  —  i  n  t  are  of 
the  order  i'  ^-  i,  and  rejecting  all  those  which  depending  upon  the  same 
angles  are  of  the  order  i'  —  i  +  ^>  i'  —  ^  +  ^  ft^ »  the  expression  of 
R  will  be  composed  of  terms  of  the  form 

He«.e'«' tan.«"  (i-p)  tan.«''^(l  ^)cos.  (i'n't— in  t  +  iV 

_i._g,*_g'.*/_g//.d_g///.^), 

H  being  a  coefiicient  independent  of  the  excentricities,  and  inclinations 
of  the  orbits,  and  the  numbers  g,  g',  gf\  ^'*  being  all  positive,  and  such 
that  their  sum  is  equal  to  i'  —  i. 

If  we  substitute  in  K,  a  (1  +  n^))  instead  off,  we  shall  have 

/d  Rx         /d  R\ 

KT7)=ndT)- 

If  in  this  same  function,  we  substitute  instead  of  u',  v'  and  z,  their  values 
given  by  the  theorems  of  (481),  we  shall  have 

/d  Rv  _  /d  Rn 

provided  that  we  suppose  s  —  tr,  and  c  —  6  constant  in  the  difiPerential  of 
R,  taken  relatively  to  • ;  for  then  u^  v^  and  z  are  constant  in  this  difier- 
ential,  and  since  we  have  v  =  n  t  +  <  +  ▼/»  it  is  evident  that  the  preced- 
ing equation  still  holds.     We  shaU,  therefore,  easily  obtain  the  values 

of  f  (-J — J,  and  of  (-^ — V  which  enter  into  the  differential  equations  of 

the  preceding  numbers,  when  we  shall  have  the  value  of  R  developed 
into  a  series  of  angles  increasing  proportionally  to  the  time  t.  The  dif- 
ferential d'Siit  will  be  in  like  manner  easy  to  determine,  observing  to  raiy 
in  R  the  angle  n  t,  and  to  suppose  n'  t  constant ;  for  ^2  R  is  the  difierence 
of  R,  taken  in  supposing  constant,  the  coordinates  of  fi>\  which  are  func- 
tions of  n'  t 

516.  The  difficulty  of  the  developement  of  R  into  a  series,  may  be 
reduced  to  that  of  forming  the  quantities  K-^j  B  <»>,  and  their  differences 
taken  relatively  to  a  and  to  a'.  For  that  purpose  consider  generally  the 
function 


(a*  —  2  a  a'  cos.  $  +  a'*) 


^  I 
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and  develope  it  according  to  tbe  cosine  of  the  angle  i  and  its  muldples. 

If  we  make  — ;  =  a,  it  will  become 
a' 

a'"  '.{1  —  2acos.  ^  +  oi'l""- 
Let 

(1  — 2  a  COS.  ^  +  a«)  "'  =  i  b  ^<»  +  b  ^'^  cos.  tf  +  b  W  cos.  2^ 

It  I 

+  b  <3)  COS.  3  tf  +  &c. 

a 

b  %  b  ^^\  b  ^%  &c.  beiog  functions  of  a  and  of  s.     If  we  tak^  the  logarith* 
•       •       • 

mic  differences  of  the  two  members  of  this  equation,  relative  to  the  vari- 
able ^,  we  shall  have 

.  — b«»)sin.^  — 2b<')sin.2d  — &c. 

—  2  s  a  sm.  &       _        •  • 

1  — 2acos.  tf  +  a*""  J  b^^  +  b^»)  cos.^+bWcos.2H&c  * 

•         •  • 

Multiplying  this  equation  crosswise,  and  comparing  similar  cosines,  we 

find  generally 

(i_l)(l  +  ««)bft-i)  — (i  +  s  — 2)ab(i-«) 

b  0)  = V^ r = ^ ...   (a) 

(l  — >S).  a  ^  ' 

We  shall  thus  have  b  ^^  b  ®,  8cc.  when  b  ^®^  and  b  ^'^  are  known. 

If  we  change  s  into  s  +  1>  in  the  preceding  expression  of  (1  —  2  a  cos.  ^ 
-fa*)      ,  we  shall  have 
(1—2  a  COS.  ^+a*)  "'"*  =  i  b  (<»)+b  ">  cos.  tf+b  ^^  cos.2  tf+b  ^^  cos.3^+&c 

Multiplying  the  two  members  of  this  equation,  by  1  —  2  a  cos.  ^  +  ^% 

and  substituting  for  (1  .—  2  a  cos.  ^  +  «'}       its  value  in  series,  we  shall 

have 

jb«*)  +  b(»co8.  tf  +  bC«)  COS.  2tf  +  &c. 

=  (1  — 2«cos.^a*){   b(<^  +  b^»)cos.tf +  bWcos.2tf  +  &cJ 

•  +  i      t  +  i  1  +  1 

whence  by  comparing  homogeneous  tenns,  we  derive 

bW  =  (I  +a«)b(»)  — ab«-«  — «b^+«. 

The  formula  (a)  gives 

i(l  +  ««)bt«)  — (i  +  s)abO-« 
b  0+1)  = 1±^  ^ 2±i  ; 

.+1  (I  —  s).« 

The  preceding  expression  of  b  ^*5  will  thus  become 

2s.ab^*>  — s(l  +  a«)b» 

b  (»  =  t±i-, !±i. 

1  —  6 
HS 
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Changing  i  into  i  4-  1  in  this  equation  we  shall  have 

2s«b«)  — 8(1  +a«)b<*+'> 

b  Ci  + »)  =  ^X i±^ 

.  i  — s+1 

and  if  we  substitute  for  b  (^+'>  its  preceding  value,  we  shall  have 

■  +  i 

6(i  +  s)a(l  +  a«)b»"»5+  sJ2(i  — s)««  — i(l+a«)*Jb« 

h  0  +  1)  —  . . L±J *±} 

.  (i_s)(i-s+l)« 

These  two  expressions  of  b  ^*^  and  b^**')  give 

^i^tjl.  (1  +  ««)  b  C»)  _  2  .  ^  —  ^+  ^  ab«*.+« 

r.=-= (.-.■)•  '    •  '  w 

substituting  for  b  (^4-')  its  value  derived  from  equation  (a),  we  shsU  have 

(i=:ii)(l+.»)bCi)  +  ^(^  +  ^-^),«,ba-') 

b  m  =  — ? ■    , — ? 2 :    fc) 

.+1  (1  — «T  .    . 

an  expression  which  may  be  derived  from  the  preceding  by  changiog  i 
into  —  i,  and  observing  that  b  ^^^  =  b  ^"*^     We  shall  therefore  have  by 

means  of  this  formula,  the  values  of  b  ^%  b  ^%  b  ^%  &c.  when  those  of 

•4.1   S4.1   t+i 

b  ^%  b  ^%  h  ^%  &c.  are  known. 

Let  X,  for  brevity,  denote  the  function  1  —  2  a  cos.  ^  +  « *.    If  we 
differentiate  relatively  to  a,  the  equation 

X  -•  =  ib(«>  +  b(»>cos.  B  +  h^^cos.26  +  &c. 

we  shall  have 

db^**)      db^')  db® 

—  2s(a  — cos.^)X— -1=  J.     •_  +     •_cos.^+-^'^cos.2^  +  &c 

But  we  have 

-—  a  +  cos.  e  =  .  ■  ■*   ; 

2  cc 

We  shall,  therefore,  have 

«n      «2N  ...         db<^      db<" 

«  a  '        *  d «  d « 

whence  generally  we  get 

dbw  ,,  ,,  sb« 

_^_^»(l-«')bO)__i_. 
da  a  f^.|  a 

Substituting  for  b  ^^^  its  value  given  by  the  formula  (b),  we  shall  hare 

i^  ^  i  +  a  +  ^s)a^    ,  ^,j       2(i-s+  1)    ,  ,    , 
d«     -        «(1— a«)       'V 1  — a«         -^       • 
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If  we  dLSerentiate  this  equation,  we  shall  have 

<l*b(0  i^h<') 

.      _i+(i+g«)a«   ''?       ,    fg(i+s)(l+a*)       lUo). 

~aT^~"      «(|— ««)  da    '*'\        (1_««)«  «»/. 

db('+» 

«(i-»+i)  II i(i=ii+ilfb«+'» 

!_««       •      da  (l_a«)«       ,         • 

Again  difierentiating,  we  shall  get 

d'h**'  d*bW  dbW 

li i  +  (i+2.8)a*   "*    .       ,   -f(i  +  8)(l  +  «')        i  >^° 

da»   -      «(!  —  ««)      ■  da«   "*"     \       (1«— «»)•  «•/   d« 

d»bC+' 


.    f4(H.s)«(8  +  «')    .   ai)>,„.       2(i— s+l)    "    : 


8 


8(i-s+l)a   ^?_|^'       4(i-s+l)(l  +  8«')     ,    ,, 
(!_««)«       '~da  ■      (I— ««)»  .         • 

Thus  we  perceive  that  in  order  to  determine  the  values  of  b     and  ot 
its  successive  differences,  it  is  sufficient  to  know  those  of  b^^)  and  of  b^'^ 

We  shall  determme  these  two  as  follows : 

If  we  call  c  the  hyperbolic  base,  we  can  put  the  expression  of  X  "*'  un- 
der this  form 

X-»  =  (1— a  c^v-i) -■(!_«  c-'v'-i)-*. 

Developing  tlie  second  member  of  this  equation  relatively  to  the  powers  of 
c  •  V— 1,  and  c  — « v^— i,  it  is  evident  the  two  exponentials  c  *  •  V— i,  c— *  •  V— i 
will  have  the  same  coefficient  which  we  denote  by  k.  The  sum  of  the 
two  terms  k .  c*  •  v  —  i  and  k  c  —  *  •  v^—  i  is  2  k  cos.  i  tf.  This  will  be  the 
value  of  b  ^^  cos.  i  ^.     We  have,  therefore,  b  ^^^  =  2  k.     Again  the  ex- 

pression  of  X"'  is  equal  to  the  product  of  the  two  series 

1  +  s«c»     -1  +  ?il±i)«tc8»V-i  +8cc 

1  +  sac-W-i  +  L(^+_I)«tc--«»V-i  +  &c.; 
multiplying  therefore  these  two  together,  we  shall  have  when  i  =  0 
k=:l  +S«««  +  (?-i|-±^)*a*  +  fcc.; 

and  in  the  case  of  i  =  1, 

t         /.j.«   «(«+^)   «.  .  lii+J)   fi(s+l)(s+2)  ) 

k  =  «|s  +  s.      ^g      .«    +       1^2     • 1.2.8   .      "^   +*''7 

wherefore 

H4 
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That  these  series  may  be  convergent,  we  must  have  a  less  than  unity. 


a 


which  can  always  be  made  so,  unless  a  =:  a' ;  «  being  =  -7,  we  have  only 


a' 


to  take  the  greater  for  the  denominator. 

In  the  theory  of  the  motion  of  the  bodies  ^6,  it!^  ij/\  &c.  we  have  occasion 
to  know  the  values  of  b^^  and  of  b^^^  when  s  =  ^  and  s  =  f .     In  these 

two  cases,  these  values  have  but  little  convergency  unless  a  is  a  small 
fraction. 

The  series  converge  with  greater  rapidly  when  s  =  —  i,  and  we  have 

|b»  =  .  +  (')-..+Q'..+(^,)'..+(^>^»)W». 

um_       f,    1.1  ,    1   M^   ^   1.3  1.1.8.5  ^  1.3.5  1.1.3. . 7)    „,^ 

In  the  Theory  of  the  planets  and  satellites,  it  will  be  sufficient  to  take 
the  sum  of  eleven  or  a  dozen  first  terms,  in  neglecting  the  ibIlQwing 
terms  or  more  exactly  in  summing  them  as  a  geometric  progression  whose 
common  ratio  is  I  —  a  *.     When  we  shall  have  thus  determined  b^^  and 

b  ^\  we  shall  have  b  ^^  in  making  i  =  0,  and  s  =  —  ^  in  the  formula  (b), 

-I  * 

and  we  shall  find 

(1  +««)b«>  +  6«b« 

bW  = zl zi 

If  in  the  formula  (c)  we  suppose  i  =  1  and  s  =  —  |  we  shall  have 

2ab<«)  +  3(1  +  ««)b^'> 

By  means  of  these  values  of  b^^  and  of  b^^  we  shall  have  by  the  pr^- 

ceding  forms  the  values  of  b  ^'^  and  of  its  partial  diflerences  whatever  may 

be  the  number  i ;  and  thence  we  derive  the  values  of  b  ^^^  and  of  its  dif* 

ferences.     The  values  of  b  <<>>  and  of  b  <'>  may  be  detennined  very  sunply, 

I  I 
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by  the  following  formulas 

bW  =:  r-i-__.  k(i)  —  _3.        li_ 

Again  to  get  the  quantities  A  (%  A ''),  &c.  and  their  differences,  we 
must  observe  that  by  the  preceding  No«,  the  series 

i  A^^  +  A(»)  cos,  fi  +  A(2)  COS.  2  tf  +  &c. 

results  from  the  developement  of  the  function 

LB^  _  (a«  _  2  a  a'  cos.  0  +  a'«)  "^ 

a 

into  a  series  of  cosines  of  the  an^e  i  «»d  of  ite  multiples.  Making  -J  =  «. 
this  same  function  becomes 

which  gives  generally 

AW  =  —ij.bW; 

when  i  is  zero,  or  greater  than  1,  abstraction  being  made  of  the  sign. 
In  the  case  of  i  =  1,  we  have 

We  have  next 

db") 
/dA<')N_       J.       i     /d_«x 
Vda) a'  •    d«  \da/' 

But  we  have  -r—  sz  — r :  therefore 

da       a' 

db« 
/d  A  t'\  _       JL      i 
VTiT/ "  "  a' •  •  "JV 

and  in  the  case  of  i  =  I,  we  have 

db"> 

K^TiT)-  a'*  I  da  i 

Finatty,  we  have,  in  the  same  case  of  i  =  1 

d»bm 
/d'AWN_         1  i     . 
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/d'A"\_        I     i. 

V  da»  ^ a'*'   d«*  ' 

To  get  the  differences  of  A  ^  relative  to  a',  we  shall  observe  that  A  ''' 
being  a  homogeneous  function  in  a  and  a',  of  the  dimennon  —  1,  we 
have  by  the  nature  of  such  functions, 

whence  we  get 

.(iiV")=-.«-.(^--> 

•'•(^)=HiiV")+-(^)+-(^-^)' 

We  shall  get  B  ^^  and  its  differences,  by  observing  that  by  the  Na  pre- 
ceding, the  series 

-J  B^^  +  BW  COS.  6  +  B^^  COS.  2  ^  +  &c. 
is  the  developement  of  the  function 

a'-»(l  —  gacos.  tf  +  a«)"J 
according  to  the  cosine  of  the  angle  ^  and  its  multiples.    But  this  function 
thus  developed  is  equal  to 

a'-»  Jib^®)  +  b»)cos.^  +  b(«)cos.  2^  +  &c) 

III  I  J'' 

therefore  we  have  generally 

B®  =  -^,b»; 

Whence  we  derive 

db(«  d*bW     . 

/dBfflx_   1        t     ;  /d'B^x_   1     _l     '  * 
V  da  ^~  a'**Ta      V  d  a«   /~  a'*''Ta^ 
Moreover,  B  ^^  being  a  homogeneous  function  of  a  and  of  a^  of  the 
dimension  —  S  we  have 


a 


(T)  +  «'(i^")  =  -»B«. 
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whence  it  is  easy  to  get  the  partial  differences  of  B  ^^  taken  relatively  to 
a'  by  means  of  those  in  a. 
In  the  theory  of  the  Perturbations  of  /»',  by  the  action  of  as  the  values 

of  A  ^)  and  of  B  %  are  the  same  as  above  with  the  exception  of  A  ^^  which 

of        1 

in  this  theory  becomes     ^ >  b  <»\     Thus  the  estimate  of  the  values  of 

a         a  ^ 

A  ^j  B  ^\  and  their  differences  will  serve  also  for  the  theories  of  the  two 
bodies  fi>  and  ff^. 

517.  After  this  digression  upon  the  developement  of  R  into  series,  let 
us  resume  the  differential  equations  (Xf)f  (Y),  (ZQ  of  Nos.  513,  514;  and 
find  by  means  of  them,  the  values  of  d  ^,  d  v,  and  d  s  true  to  quantities 
of  the  order  of  the  excentricities  and  inclinations  of  orbits. 

If  in  the  elliptic  orbits,  we  suppose 

S  =  a(l  +  u,);       f^=a'(l  +  u/),- 
V  =  n  t  +  •  +  v^;  v'  =  n'  t  —  •'  +  ▼/? 
we  shall  have  by  No.  (488) 

u^  =  —  e  COS.  (n  t  +  f  —  w);  u/  rs  —  e'  cos.  (n'  t  +  /  —  W) ; 
V/  =  2  e  sin.  (n  t  +  fl  —  w) ;  v/  =  2  e'  sin.  (n'.  t  +  •  —  w^; 
nt+<9n't+<'  being  the  mean  longitudes  isS  it^  ftf  \  a,  a^  being  the  serai- 
axis^majors  of  their  orbits ;  e,  e'  the  ratios  of  the  excentrici^  to  the  semi- 
axis-major ; ,  and  lastly  w,  «/  being  the  longitudes  of  their  perihelions.  All 
these  longitudes  may  be  referred  indifferently  to  the  planes  of  the  orbits, 
or  to  a  plane  which  is  but  very  little  inclined  to  the  orbits;  since  we  ne- 
glect quantities  of  the  order  of  the  squares  and  products  of  the  excen- 
tricities and .  inclinations.  Substituting  the  preceding  values  in  the  63C- 
pression  of  R  in  No.  515,  we  shall  have  ' 

R  =  -|-  3  A  ^>  cos.  i  (n'  t  —  n  t  +  i'  —  i) 

e  cos.{i  (n't  —  nt  +  i'  —  •)  +  nt+«  —  w} 

e'  cos.{i  (n'  t  —  n  t  +  •  —  •)  +  n  t  +  •  —  •/]; 
the  symbol  S  of  finite  integrals,  extending  to  all  the  whole  positive  and 
negative  values  of  i,  not  omitting  the  value  i  =  0. 
Hence  we  obtain 
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-Ti*  v-dT^)+  ^  n-rr) }  e «».  (n  t  + .  -  -) 

»' f      ./tfAWx  /dA<'\  /dAWv  ,  1 

-T{"to)+*'(Tr)+*''(^)+**°'}-^  «*("'+"'> 

+  n  t  +  •  —  •/}; 

the  integral  sign  2  extending,  as  in  what  follows,  to  all  integer  positive 
and  negative  values  of  i,  the  value  i  =  0  being  alone  excepted,  because 
we  have  brought  from  without  this  symbol,  the  terms  in  which  i=:0 :  m'  g 
is  a  constant  added  to  the  integraiy^f  R.     Making  therefore 

•^4'(r-°2f-',V{-(^")^^'^"} 

+  r(fe?^{'<'-4^)-»<'-')«A'-»}' 

taking  then  for  unity  the  sam  of  the  masses  M  +  /i^  and  observing  that 

(2S7)  =^-^  =  n%  the  equation  (XO  wiU  become 

a 

n       d*.iu  .      ,,  ^    ^    ,  n«/*'    ,/dA«»v 
2-2ia»(-3^)+j;--paA0>}cos.i(n't-nt+.'-.) 
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+  n*  iu'  C  e  COS.  (n  t  4  •  -^  *) 
+  n*  m'  D  e'  COS,  (n  t  +*%  —  «') 

+  n  V'  S  C  w  e  COS.  {i  (n'  t  —  n  t  +  »'  —  i)  +  n  t  +  I  — ■  -} 
+  n  *  z*'  S  D  »  e'  co8.{i  (n'  t  —  n  t  +  i'  —  .)  +  n  t  +  •  —  •'h 
and  integrating 

«u  =  2Mag+-^a«(-j^) 

2  ,  1  *  (n  —  n')  *  —  n  *  ^  *  ' 

+  i*'  f,  e  COS.  (nt+  8  —  w)  +  fi/r/  ef  sin.  (n  t  +  •  —  w') 

—^  C.Dt.esm.  (nt  +  «  —  w)— -^D.nt.e'  sin.  (n  t  +  i  —  w^) 

C^)n* 
+  ^'^'{i(n  — nO  — n}*  — n«^^^'^^^'''^~'*^'*^''~'^  +  °^+^"^^ 

+  ^'^[i(n— nO  — n]«  — n«*^^^^'^^^'^'*~'^^+''~'^"*"'^^+^"^'^> 
f^  and  f/  being  two  arbitraries.  The  expression  of  3  ^  in  terms  d  u,  found 
in  No.  514  will  give 

^^=-2/.'.ag-_a«(-j^) 


+  1"^'-^         ^i  /'?r"   «       }cos.i(n-t-^nt  +  ^-0 

^  ^       1*  (n       n')*  —  n*       ■' 

■ 

—  ffc'  f  e  COS.  (n  t  +  f  —  w)  —  /»'  f '  e'  cos.  (n  t  +  «  —  «/) 

+  Jit*'  Cntesin.  (n  t+e  — w)+  J  /^'Dn  te'  sin.  (n  t  +  «  —  w^ 

^,.      d"  (TTJ  +  ^^iTi?'^^'^  ceo  ^ 

+  ^n«2.^|    i«(n-n-)«-n«    -ir(5i:i?):::^pi^^'}  ( 

l-X  ecos.  {i(n't  —  nt+i' — f)  +  nt  +  f — w]  J 

DO) 

— /*'  •  n '  2  •  »r-7 7v Tz xe'  cos.  {i(n'  t — n  t+ 1'— f)+n  t+i— ^L 

11  (n — n')  —  n]* — n*  *  ^  ■  /  •  3f 

f  and  f '  being  arbitrary  constants  independent  of  f^  f/. 

This  value  of  d  §^  substituted  in  the  formula  (Y)  of  No.  618  will  give  3  v 
or  the  perturbations  of  the  planet  in  longitude.  But  we  must  observe  thai 
n  t  expressing  the  mean  motion  of  fA,  the  term  proportional  to  the  time, 
ought  to  disappear  from  the  expression  of  3  v.  This  condition  determines 
the  constant  (g)  and  we  find 

1      fdA^\ 
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We  might  have  dispensed  with  uitroducing  into  the  value  of  d  ^  the 
arbitraries  f^  f/,  for  they  may  be  considered  as  comprised  in  the  elements 
e  and  w  of  elliptic  motion.  But  then  the  expression  of  d  v  would  include 
terms  depending  upon  the  mean  anomaly,  and  which  would  not  have 
been  comprised  in  those  which  the  elliptic  motion  gives :  that  is,  it  is  more 
commodious  to  make  these  terms  in  the  expression  of  the  longitude  dis- 
appear in  order  to  introduce  them  into  the  expression  of  the  radius-vector* 
we  shall  thus  determine  f,  and  f/  so  as  to  fulfil  this  condition.    Then  if  we 

substitute  for  a( — ^— > — )it8  value  —  A^"*^ —  a(-      .     — '),  we  shall 
have 

D  =  .A«-..(ij^)-J..f!j4^'), 

n  —  1  (n  —  n')  '  n  —  i  (n  —  n')      \     d  a     / 

Moreover  let 

E  0)  -  _   ^°     «  Am  I  i*(n— nO.{n+i(n  — nQl— 8n* 
"•       n  — n'    ^     ■*^  i«(n— .n')»  — n' 

fi_l)n  i|{n+i(n-n')}-3n' 

n  —  a  1  *  (n  —  n')  •  —  n  * 

(i  -  1)  (2  i-  1)  n  a  A('-«  +  (i  -  1)  n  a«  (^^T"^) 

G«  = ,  - *       i 

2ln  —  i  (n  —  n')} 

2n'D(') 

n«— {n  — i(n  — n')}»* 
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and  we  shall  have 

,  /d  A  f*)v   ,      2  n        .  ... 

dj_M''  ,/dAcoi.    x*'n«    ^  \:2ir)'*' ir;:^'^^ 

a  -6"*  WaV"'"~2^  ^-  i«  (n  _  nO«"^=^^ ^ 

COS.  i  (n'  t  —  n  t  +  •'  —  i) 

— /fecos*  (nt  +  «+w) — fifi'  e  CO&.  (n  t  +  i  —  w') 

+  Jii*'C.nte8iii-(nt+i  — w)  +  iii*'Dnte'sin,(n  t  +  •— w^)  ^ 

-; = rr -prr-^  €  COS,  Ji  (n'  t — ^n  t  +  f' — O  +  Il  t  +  f w\ 

n«-fn~i(n-n')r  *'  '=°'-^'("'  '"^  »+•'—)+«  t+.  -.'^ 


av 


+  n  m'  ?  " 


^f^  A        ^  fi\^'  I  ^      ^  da  /       n  — n^  i    V  sin.  i 

-f     (.i(n  — n')«  ^  i(n  — nO-U*.(n  — nO«  — n«}   ) 

(n'  t  —  n  t  +  /  —  •) 

+  A*^  C  •  n  t  •  e  cos.  (n  t  +  •  —  w)  +  /»'  D .  n  t .  e'  cos.  (n  t  +  «  —  w^) 

n  — i(n  — nO^^^°^^^^"'^~'^^'*"'~'^+"^+'~''^ 

,n  — i(n  — nO^^"''^'^'''^~"^+''~'^  +  "^+'~'^'l 
the  btegral  sign  2  extending  in  these  expressions  to  all  the  whole  positive 
and  n^ative  values  of  i,  with  the  value  i  =  0  alone  excepted. 

Here  we  may  observe,  that  even  m  the  case  where  the  series  represent- 
ed by 

X  A  ®  cos. » (n'  t  —  n  t  +  f'  —  •) 

i&  but  little  convergent,  these  expressions  of  -^  and  of  d  v,  become  con- 

a 

vergent  by  the  divisors    which  they  acquire.     This  remark  is  the  more 

important,  because,  did  this  not  take  place,  it  would  have  been  impossible 

to  express  analytically  the  mutual  perturbations  of  the  planets,  of  which 

the  ratios  of  their  distances  from  the  sun  are  nearly  unity. 

These  expressions  may  take  the  following  form,  which  will  be  useful  to 

us  hereafter.     Let 

h  =:  e  sin.  v;  h'  =  e'  sin.  «/; 

1  =  e  COS.  « ;   r  =:  e^  cos.  w' ; 

then  we  shall  have 

a     6"Vday^2      \     i»  (n  — n'J*  —  n«     i  ^ 

--/*'(hf+Vf')cos.{nt  +  0  — i»'(lf+l'f)sm.  (n  t  +  •) 
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+  ^{1  C+l'D}  ntsin.  (n  t+.)  — ^'  {hC+h'D|ntco8.  (n  t+i) 

1  lEW+l'D®  f 

t+  ,r^criE:iiT(H::ri?)|?«»-W'>'t-nt+»'— )+nt+.}3 

,/dA<\    .      2n       .„ 
a'       (        n*  *    (-a-r-)  + jaAf     ^ 

2     *  li(n  — n')«  ^'"    i(n  — nOii*.(n  — nO»— n«|/'^ 

on.  i  (n'  t  —  n  t  +  *'  —  •) 
+fl  {h  C+h'  D}.  n t .  sin.  (n  t+O+z*'  {I .  C+F .  D]  n  t .  cos. (n  t+t) 

{^ ri^— -7r8in.{i(n't— nt+i'  — .)+nt+.}     ) 

(— j^_^7|_nACOs.{i(n^t— ntV— «)+nt+.|3 

Connecting  these  expressions  of  d  ;  and  h  v  iritfa  the  values  of  ;  and  v 
relative  to  elliptic  motion,  we  shall  have  the  entire  values  of  the  radius- 
vector  of /»,  and  of  its  motion  in  longitude. 

618.  Now  let  us  consider  the  motion  of  ^t  in  latitude.  For  that  pur- 
pose let  us  resume  the  formula  (Z')  of  No.  514.  If  we  n^Iect  the  pro- 
duct of  the  inclinations  by  the  excentricities  c&  the  orbits  it  will  become 

„       d  •  a  u'         ,  ,   ,        1  /d  Rx 

die  expression  of  R  of  No.  515  gives,  in  taking  for  the  fixed  plane  tliat 
of  the  primitive  orbit  of /ia, 

(^)  =  4#-^=-»"^  «"•>("'*—*+•'— )' 

the  value  of  i  belonging  to  ail  whole  positive  and  negative  numbers  in* 
eluding  also  i  =  0.  Let  y  be  the  tangent  of  the  inclination  of  the  orbit 
of  il\  to  the  primitive  orbit  of  /ca,  and  n  the  longitude  of  the  ascending 
node  of  the  first  of  these  orbits  upon  the  second ;  we  shall  have  very 
nearly 

z'  =  a'  7  sin,  (nf  t  +  t'  —  n) ; 
which  gives 

^  tt's  B  <»-»)7  sin.ii  (n'  t  —  n  t+f'— •)+»  t+t— n} 

the  value  here,  as  in  what  follows,  extending  to  all  whole  positive  and 
negative  numbers,  i  =:  0  being  alone  exciepted.    The  differential  equation 
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in  3  a'  will  become,  therefore,  when  the  value  of  I-t—  )  is  multiplied  by 
n*  a%  which  is  equal  to  unity, 

0  =  ^j^,-  +  n«  a  u'  -  /x'  n«.  A  y  sin.  (n'  t  +  «'  -n) 

+  f~  a  a'  Bf')  7  sin.  (n  t  +  •  —  n) 

+  ^^^aa'2B(^-«ysin.  Ji  (n't  — nt+s'  — i)+nt+i  — n)}  ; 

whence  by  integrating  and  observing  that  by  614 

d  8  =  —  a  a  u', 

^  s=— £Tzrir«-  ^t  7  sin.  (n'  t  +  •'  —  n) 

«/   a  ■  a' 
^-T —  B  <■') .  n  t .  y  COS.  (n  t  +  i  —  n) 

+ ^ —  2 .  ^^,_|n_i(n— d')P  y  giP'ti(n't— nt+t'— 0+nt+f— n}. 

To  find  the  latitude  of /tb  above  a  fixed  plane  a  little  inclined  to  that  of 
its  primitive  orbit,  by  naming  f  the  inclination  of  this  orbit  to  the  fixed 
plane^  and  4  the  longitude  of  its  ascending  node  upon  the  same  plane;  it 
will  su£Gice  to  add  to  d  s  the  quantity  tan.  9  sin.  (v  *-  tf),  or  tan.  f  sin.  (n  t 
^  s  —  ^),  neglecting  the  excentricity  of  the  orbit  Call  f/  and  ^  what  f 
and  6  become  relatively  to  ftf.  If  ft  were  in  motion  upon  the  primitive 
orbits  of  i»^  the  tangent  of  its  latitude  would  be  tan.  ip'  sin.  (n  t  +  <  —  ^)  > 
this  tangent  would  be  tan.  9  sin.  (n  t  -f  1  —  ^),  if  a^  condnued  to  move  in 
its  own  primitive  orbit  The  difierence  of  these  two  tangents  is  very 
nearly  the  tangent  of  the  latitude  of  a^  above  the  plane  of  its  primitive 
orbit,  supposing  it  moved  upon  the  primitive  orbit  of  ft/;  we  have  there- 
fore 

tan.  p'  sin.  (n  t+t  —  ^)  —  tan.  9  sin.  (n  t+«  —  ^)=y  sin.  (n  t+i  —  n). 

Let 

tan.  9  sin.  ^  =  p ;   tan.  9  sin.  ^  =  p' ; 
tan.  f  COS.  ^  =  q ;  tan.  f/  cos.  d^  sz  cf; 
we  shall  have 

7  sin.  n  =  p'  —  p ;   y  cos.  n  =  q'  —  q 
|md  consequently  if  we  denote  by  s  the  latitude  of /»  above  the  fixed  plan/s, 
be  shall  very  nearly  have 
|i=:q  sin.  (n  t  +  •)  —  P  cos.  (n  t  +  f) 
_ ^^a'a^  ^p,  _pj  B  »  n  t  sin.  (n  t  +  •) 

Vol  II  I 
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—  ^5-1^'  (q'  — q)  B®  n  t  COS.  (n  t  +  i) 

-  n^'l*n> « •  ^'*^  Kq'  -  q)  sin-  {of  t  +.')  -  (p*  -  p)  cos.  (n'  t  +  /)} 

^  ^-u^a»a-  ^     (0^-^7.11° -nor  -•i^°'*-°t+«'-)+°t+*i 
'  '  (S^feE^:^.-  cos.fiKt-nt+.'-.)+nt+c} 

519.  Now  let  us  recapitulate.  Call  (^)  and  (v)  the  parts  of  the  radius- 
vector  and  longitude  v  upon  the  orbit,  which  depend  upon  the  elliptic 
motion,  we  shall  have 

f  =  (f)  +  «f;  ▼  =  (v)  +  «v. 
The  preceding  value  of  s,  will  be  the  latitude  of  ad  above  the  fixed  plane. 
But  it  will  be  more  exact  to  employ,  instead  of  its  two  first  terms,  which 
are  independent  of /a',  the  value  of  the  latitude,  which  takes  place  in  the 
case  where  ft  quits  not  the  pl^ie  of  its  primitive  orbit  These,  expressions 
contain  all  the  theory  of  the  planets,  when  we  neglect  the  squares  and  the 
products  of  the  excentrieities  and  ijoclinations  of  the  orbits,,  which  is  in 
most  cases  allowable.  They  moreover  possess  the  advantage  of  being 
under  a  very  simple  form,  and  which  shows  the  law  of  their  cKfierait 
terms. 

Sometimes  we  shall  have  occasion  to  recur  to  tenas  depending  on  the 
squares  and  products  .of  the  excentricitieS'  and  inclinatioQs,  and  even  to 
the  superior  powers  and  products.  We  can  find  theae  tecma  bj  tke  pre* 
ceding  analysis,  the  consideration  which  renders  them  necessary  urill  al- 
ways facilitate  their  determination.  Th6  approximiitions  in  which  we 
must  notice  them,  would  introduce  new  terms  wbieh  would  depend  upoa 
new  arguments.  They  would  reproduce  again  the  arguments,  which  the 
preceding  approximations  afibrd,  but  with  CQe£Scients  stiU  ^daUer  and 
smaller,  following  that  law  which  it  is  easy  to  perceive  from  the  dere- 
lopement  of  R  into  a  series,  which  was  given  in  ^.  515 ;  an  argument 
wkichj  in  the  successive  approximations^  is  found  for  th^Jirst  Hme  among  tke 
quantities  of  any  order  *aohateoer  r,  and  is  reproduced  only  by  quantities  iff 
the  orders  r+2,  r+4,  &c. 

Hence  it  follows  that  the  coefficients  of  tbe   terms  of   the   fona 

t .  ' .  (n  t  +  O9  ^hich  enter  into  the  expressions  of  f^  v,  and  s,  are  ap- 
proximated up  to  quantities  of  the  third  order,  that  is  to  say,  tbat  the 
approximation  in  which  we  should  have  regard  to  the  squares  and  pro- 
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ducts  of  the  excentricities  and  inclinations  of  the  orbits  would  add  nothing 
to  their  values;  they  have  therefore  all  the  exactness  that  can  be  desired. 
This  it  is  the  more  essential  to  observe,  because  the  secular  variations  of 
the  orbits  depend  upon  these  same  coefficients. 

The  several  terms  of  the  perturbations  of  ^,  v,  s  are  comprised  in  the 

form 

sin 
k.^  (i(n't  — nt  +  i'— .)  +rnt4l  r  «], 

r  being  a  whole  positive  number  or  zero^  and  k  being  a  function  of  the 
excentricities  and  inclinations  of  the  orbits  of  the  order  r,  or  of  a  superior 
order.  Hence  we  may  judge  of  what  order  is  a  term  dbpending  upon  a 
given  angle. 

It  is  evident  that  the  motion  of  the  bodies  il'*^  fif"^  &c.  make  it  neces- 
sary to  add  to  the  precediiig  values  of  f,  v,  and  s,  terms  analogous  to 
those  which  result  from  the  action  oi  (tfi  and  that  neglecting  the  square  of 
the  pertur];>ing  force,  the  sums  of  all  these  terms  will  give  the  whole  va« 
lues  of  ft  V  and  s.  This  follows  from  the  nature  of  the  formulas  (X')» 
(Y),  {7i%  which  are  linear  relatively  to  quantities  dependii^  on  the  dis- 
turbing force. 

Lastly,  we  shall  have  the  perturbations  of  y,  produced  by  the  aotion  of 
(L  by  changing  in  the  preceding  formulas,  a,  n,  h,  1,  i,  w,  p,  q,  and  fi'  into 
a',  n',  h',  1',  •',  t/,  p',  q',  and  it*  and  reciprocally. 

THE  SECULAR  INEQUALITIES  OF  THE  CELESTIAL  MOTIONS. 

520.  The  perturbing  forces  of  elliptieal  motion  introduce  into  the  expres- 
sions of  ^,  ^~  t  and  s  of  the  preceding  Nos.  the  time  t  free  from  the  sym- 
bols tine  and  cosine^  or  under  the  form  of  arcs  of  a  circle,  which  by  in- 
creasing indefinitely,  must  at  length-  render,  the  expressions  defective.  It 
is  therefore  essential  to  make  these  arcs  disappear,  and  to  obtain  the 
functions  which  produce  them  by  their  developement  into  series.  We 
bave  already  given,  for  this  purpose,  a  general  method,  from  which  it  re- 
sults that  these  arcs  arise  from  the  variations  of  elliptic  motion,  which  are 
Ihen  functions  of  the  time.  These  variations  taking  place  very  slowly 
jkive  been  denominated  Secular  Inequalities.  Their  theory  is  one  of  the 
jtaost  interesting  subjects  of  the  system  of  the  world*    We  now  proceed  to 

txpound  it  to  the  extent  which  its  importance  demands. 

18 
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By  what  has  preceded  we  have 

fl  —  h  sin.  (n  t  +  f)  —  1  cos.  (n  t  -|-  s)  —  fca- 

+  ^  U .  C  +  1\  D} .  n  t  •  sin.  (n  t  +  i) 

—  ~{h.C  +  h'.  D}.  n4;.cos.(nt +f)  +  /tt'S.J 

d  y 

-T-  =n  +  2nhsin.(nt  +  *)+^nl  ^s-  (n  t  +  i)  +  &c« 

_  ^'  Jl  C  +  r  D]  n  *  t  sin.  (n  t  +  •) 

+  ad'  Jh  C  +  h'  D}  n«  t  COS.  (n  t  +  •)  +  /  T; 

8  =  q  sin.  (n  t  +  •)  —  p  cos.  (n  t  +  •)  +  &c. 

—  ^  a«  a'  (p  —  p)  B»5.  n  t.  sin.  (n  t  +  i) 

—  ^  a*  a'  (q'  —  q)  Bf*>.  n  t.  cos.  (n  t  +  •)  +  a^'  x\ 

S|  T,  ;^  being  periodic  functions  of  the  time  t     Consider  first  the  expres- 

d  V  .      • 

sion  of -i —  ,  and  compare  it  with  the  expression  of  y  in  510.     The  arbi- 
trary n  multiplying  the  arc  t,  under  the  periodic  symbols,  in  the  expres- 

d  V 
sion  of  ^—  ;  we  ought  then  to  make  use  of  the  following  equations  found 

in  No«  510, 

0  =  X'  +  ^.X"  — Y; 

0  =  Y'  +  tf.  Y"  +  X''  — 2Z; 
Let  us  see  what  these  X,  X^  X^',  Y,  &c.  become.  By  comparing  the  ex- 
pression of  -y-  with  that  of  y  cited  above,  we  find 

X  =  n  +  2  n  h  sin.  (n  t  +  «)  +  2  n  1  cos.  (n  t  +  •)  +  a*'  T 

Y  =  At'  n»  ih  C+h'  D}  cos.  (n  t+0  —  i*'n«  {1  C+l'D}  sin.  (n  t+t). 

If  we  neglect  the  product  of  the  partial  differences  of  the  constants  by 

the  perturbing  masses,  which  is  allowed,  since  these  differences  are  of  the 

order  of  the  masses,  we  shall  have  by  Na  510, 

X'  =  (^)  {1  +  2  h  sin.  (n  t  +  .)  +  2  1  cos.  (n  t  +  ft)\ 
+  2  n  (g-?)  ih  COS.  (n  t  +  «)  —  1  sin.  (n  t  +  •)} 
+  2  n(jy)sin.  (n  t  +  •)  +  2n(g-^)cos.  (n  t  +  t); 

X"  =  2  n(jy)  {h  cos.  (n  t  +  •)  —  1  sin.  (n  t  +  •)?  I 
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The  equation  0  =  X'  +  ^  X"  —  Y  will  thus  become 

0  =  ( j5^  U  +  2  h  sin.  (n  t  +  •)  +  8  1  cos.  (n  t  +  •)} 

+  2n(jy)sin.  (n  t  +  •)  +  2  n(j-^)cos.  (n  t  +  g) 

+  2n  {^  (j5)  +  (^J)  |,  {hcos.  (nt+0-lsin.(nt+0] 

— /!6'n Mil  C+h' D}  cos.  (n  t+i)+A*' n «  U  C+F  D| 5in,(n  t+0- 
Equating  separately  to  zero,  the  coefficients  of  like  sines  and  cosines,  we 

shall  have 

•=(ri)+''(i^)-^fc  +  i.Di. 

If  we  integrate  these  equations,  and  if  in  their  integrals  we  change  ^ 

into  t,  we  shall  have  by  No.  510,  the  values  of  the  arbitraries  in  functions 

oft,  and  we  shall  be  able  to  efface  the  circular  arcs  from  the  expressions 

d  V 
of  -r---  and  of  ^.     But  instead  of  this  change,  we  can  immediately  change 

^  into  t  in  these  difierential  equations.  '  The  first  of  the  equations  shows 
us  that  n  is  constant,  and  since  the  arbitrary  a  of  the  expression  for  ^  de- 
pends upon  it,  by  reason  of  n'  =  — 3,  a  is  likewise  constant     The  two 

other  equations  do  not  suffice  to  determine  h,  I,  1.     We  shall  have  a  new 

d  V       . 
equation  in  observing  that  the  expression  of  -^ — ,  gives,  in  integrating, 

y*n  d  t  for  the  value  of  the  mean  longitude  of /bb.  But  we  have  supposed 
this  longitude  equal  to  n  t +i ;  we  therefore  have  nt+'i  =y*ndt,  which 
gives 

.    dn       d  g        ^ 

I 

1       -  J 

and  as  we  have  -r—  =  0,  we  have  in  Hke  manner  -r-r  =  0.    Thus  the  two 

arbitraries  n  and  t  are  constants ;  the  arbitraries  h,  1,  will  consequently  be 
determined  by  means  of  the  differential  equations, 

j^  =  -^UC  +  l'D}5    (1) 
^J=>^?{hC  +  h'Dj;     (2) 

13 
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d  ▼ 
The  consideration  of  die  expression  of  -t--  having  enabled  ns  to  deter- 
mine the  values  of  n^  a,  h,  I,  and  t^  we  perceive  a  prtcriy  that  die  di^ren- 
tial  equations  between  the  same  quantities,  which  result  from  the  expre&» 
sion  of  f,  ought  to  coincide  with  diose  preceding.  This  may  easily  be 
shown  a  posteriori^  by  applying  to  this  ^pression  the  method  of  510. 

Now  let  us  consider  the  expression  of  s.  Comparing  it  with  that  of  y 
cHei  above,  we  shall  have 

X  =  q  sin.  (n  t  +  0  —  P  cos.  (n  t  +  f )  +  /a'  ;c 

Y  =  ^.a*a'  BW(p  — p')sin.(nt  +  f) 

+  ^.  a«  a'  B«)  (q  —  q')  cos.  (n  t  +  0, 

n  and  i,  by  what  precedes,  being  constants ;  we  shall  have  by  No.  510, 

X'  =  (^)  sin.  (nt  +  .)-(if)  COS.  (nt  +  .) 

X"  =  0. 
The  equation  0  =  X'  +  <  X"  —  Y  hence  becomes 

®  ~  (cT?)  *"•  (n  t+  •)  —  jf  COS.  (n  t  +  .) 

—  ^  a*  a'  B»)  (p  —  p-)  i^n.  (a  t  +  •) 

—  ^a»a'  B<"(q  — q')4508.  (nt  +  .); 

whence  we  derive,  by  comparing  the  coefficients  of  the  like  sines  and  co- 
sines, and  changing  i  into  t,  in  order  to  obtain  directly  p  and  q  in 
functions  of  t, 

^=:-^.a*«'B«.(q-q');     (S) 

^  =  ^.a»a'B»)(P-P');     (4) 

When  we  shall  have  determined  p  and  q  by  diese  equations,  we  shall 
substitute  them  in  the  preceding  expression  of  s,  effacing  the  terms  which 
contain  circular  arcs,  and  we  shall  have 

8  =  q  sin.  (n  t  +  «)  —  p  cos.  (n  t  +  •)  +  /»  X' 

521.     The  equation  j-  =r  0,  found  above,  is  one  (rf*  great  importance 

in  the  theory  of  the  system  of  the  world,  inasmuch  as  it  shows  that  the 
mean  motions  of  the  celestial  bodies  and  the  major-axes  of  their  orbits  are 
unalterable.     But  this  equation  is  approximate  to  quantities  of  the  order 
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li!  h  inclusively.     If  quantities  of  the  order  /if  h  \  and  following  orders, 

d  V 

produce  in  -r-- ,  a  term  of  the  form  2  k  t,  k  being  a  function  of  the  ele- 
ments of  the  orbits  of  a^  and  fif;  there  will  thence  result  in  the  expression  of 
V,  the  term  k  t%  which  by  altering  the  longitude  of  as  proportionally  to 
the  time,  must  at  length  become  extremely  sensible.     We  shall  then  no 

longer  have 

dn       -. 

ft  =^^ 
6ut  instead  of  this  equation  we  shall  have  by  the  preceding  No. 

—   -  2k- 

It  is  therefore  veiy  important  to  know  whether  there  are  terms  of  the 
form  k .  t  *  in  the  expression  of  v.  We  now  demonstrate,  that  if 
"me  retain  only  thejirstpamer  of  the  perturbing  masses^  however  far  maypro^ 
ceed  the  approximatioriy  relatively  to  the  p&wers  of  the  eccentricities  and 
inclinations  of  the  orbits^  the  expression  v  will  not  contain  such  terms. 

For  this  object  we  will  resume  the  formula  (X)  of  No.  513, 

acos.v/ndt^sin.v  |2/aR+j(-5— )  |  -«sin.v/hdt^cos.v  |§/aR+g(^)  V 

^  mVl  — e* 

Let  us  consider  that  part  of  d  ^  which  contains  the  terms  multiplied  by  t', 
or  for  the  greater  generality,  the  terms  which  being  multiplied  by  the  sine 
or  cosine  of  an  angle  a  t  +  jS,  in  which  «  is  very  small,  have  at  the  same 
time  a'  for  a  divisor.  It  is  clear  that  in  supposing  «  =  0,  there  will  re* 
suit  a  term  multiplied  by  t ',  so  that  the  second  case  shall  include  the  first. 
The  terms  which  have  the  divisor  a  *,  can  evidently  only  result  from  a 
double  integration ;  they  can  only  therefore  be  produced  by  that  part  of 
d  ^  which  contains  the  double  integral  signal  Examine  first  the  term 
2  a  COS.  v^n  d  t  (g  sin,  vfd  R) 
m  V  (1  — e«)  ' 

If  we  fix  the  origin  of  the  angle  v  at  the  perihelion^  we  have 

a(I-e«) 
^        1  +  e  cos.  V ' 
and  consequently 

cos.  V  s=  — i i ? ; 

whence  we  derive  by  differentiating,  ' 


tA        •  a  (I  —  e')     , 

f  ■  d  V.  sm.  V  =  ■  ■   ■  d  §; 


e 
li 
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but  W6  have, 

^«  d  V  =  d  t  V  ma{l  —  e*)  =a«,  n  d  t  V  1  — c«; 
we  sha]],  therefore,  have 

a  n  d  t  ;  sin.  ▼  __  f  d  ^ 
V  1— e«     "  "e"  ■ 

The  term 

2  a  cof.  vy  D  d  t ,  [g  sin,  vy  d  R| 
m  V  1  —  e* 
will  therefore  become 

^^/(e  d  !/d  R),  or  S^  {gV'i  R  -/f *.  rf  Rj. 

It  is  evident,  this  last  fiinction,  no  longer  containing  double  integrals, 
there  cannot  result  from  it  any  term  having  the  divisor  «*• 
Now  let  us  consider  the  term 

2  a  sin,  vyii  d  t  {g  cos,  v/d  R] 
m  \^  1  —  e* 
of  the  expression  of  d  g.     Substituting  for  cos.  v,  its  preceding  value  in  (^ 
this  term  becomes 

2  a  sin,  v/n  d  t .  {g  —  a  (1  — e*)]  .fd  R 

m  e  V  I  —  e* 
We  have 

g  =  an  +  4e«  +  e>:'}, 
^  being  an  infinite  series  of  cosines  of  the  angle  n  t  +  t,  and  of  its  multi- 
ples ;  we  shall  therefore  have 

-CjlAl  {f  -  a  (1  —e*)]/d  R  =  a/n  d  t  {|  e  +  x!lfd  R. 
e 

Call  ^'  the  integraly';^  n  d  t ;  we  shall  have 
a/ndt.iJe+;tf.}/rfR=Jae/ndt/(fR+a:^ydR— a/;^^rfR• 
These  two  lastlerms  not  containing  a  double  integral  sign,  there  can- 
not thence  result  any  term  having  « •  for  a  divisor ;  reckoning  only  t^ms 
of  this  kind,  we  shall  have 

_  2  a  sin,  v/n  d  t  {g  cos,  y/d  R]  _  8  a*  e  sin,  v/n  d  tfd  R 

m  V  1  —  c "  ""  mVl  — e« 

ndt     m*^  -^ 

and  the  radius  g  will  become 

(f)+(-n-dt)-iirV°<it./dR; 
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(f)  and  (— jTi)  being  the  expressions  of  ^  and  of  — p-  ,  relative  to  the  el- 
liptic motion.  Thus,  to  estimate  in  the  expression  of  the  radius-vector, 
that  part  of  the  perturbations,  which  is  divided  by  a  %  it  is  sufficient  to 

3  a 

augment  by  the  quantity  —  .    x  y*  n  d  t .  y  i  R,  the  mean  longitude 

n  t  +  c,  of  this  expression  relative  to  the  elliptic  motion. 

Let  us  see  how  we  ought  to  estimate  this  part  of  the  perturbations  in 
the  expression  of  the  longitude  v.     The  formula  (Y)  of  No.  516  gives  by 

substituting  — .  ^J.^J*^  d  t^d  R  for  3  ^  and  retaining  only  the  terms 

divided  by  a  % 

f2gd'g+de'       1 

^  V  =  ll!I^_ll.  ?^/n.d  t/rf  R; 

V  1  — e»  ™ 

But  we  have  by  what  precedes 

J  a  e.  n  d  t.  sin.  v       ^  ,  •      j  j.  ./~i Ti 

d  P  = -=B==T ;  £»dv  =  a'ndt  v  1  —  e*; 

^  V  1— e«       ^ 

whence  it  is  easy  to  obtain,  by  substituting  for  cos.  v  its  preceding  value 
in  I, 

2^d«g  +  d  e" 


a*n*d  t* 


+  1         dv 


V  1— e«  ^  d  ^' 

in  estimating  therefore  only  that  part  of  the  perturbations,  which  has  the 
divisor  a  %  the  longitude  v  will  become 

^)+(^t);^Vndt/dR; 

(v)  and  ( — T-)  being  the  parts  of  v  and  — -p  ,  relative  to  the  elliptic  mo- 
tion. Thus,  in  order  to  estimate  that  part  of  the  perturbations  in  the  ex- 
pression of  the  longitude  of  fA,  we  ought  to  follow  the  same  rule  which  we 
have  given  with  regard  to  the  same  in  the  expression  of  the  radius-vector, 
that  is  to  say,  we  must  augment  in  the  eUiptic  expression  of  the  true 

longitude,  the  mean  longitude  n  t  +  i  by  the  quantity  — /n  d  tJ'dR^ 

The  constant  part  of  the  expression  of  (—71-1)  developed  into  a  series 

of  cosines  of  the  angle  n  t  -|-  1  and  of  its  multiples,  being  reduced  (see 
488)   to    unity,   there   thence  results,  in  the  expression  of  the  longi- 
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and  of  b^');  this  being  done,  we  shall  find 

Sa«b») 


wherefore 


(<>»')  = 4(1  — ««)*   • 

Let 

(a*  —  2  a  a'  COS.  4  +  a")  ^=  (a>  aO  +  (O)  a')' cos*  '+(<>>  a')"  c°^  ^  '+&c 
we  shall  have  by  No.  516. 

(a,  a')  =  i  a'.  b«« ;  (a,  a')'  =  a',  b  <«,  &c. 

-i  -* 

We  shall,  therefore,  have 

.  _        8  A^^  n  a  «  a^  (a,  aQ^ 

Next  we  have,  by  516, 

db^«  d*bt*> 

Substituting  for  b  ^')  and  its  differences,  their  values  in  b  ^^  and  b  (^>,  we 

i  -*     -i 

shall  find  the  preceding  fiinction  equal  to 
therefore 

3  a.  ^'n  1(1  +  a«)b")  +  l  a.bW) 


'^"-~  2(1— a«)« 

or 

_        8  M''^  a  nf(a«+  af*)  (a,  aQ^  +  a  a^  (a,  aQ^ 

2  (a'»_a«)« 


0,1 


We  shall,  therefore,  thus  obtain  very  simple  expressions  of  (0,  1)  and 


of  |0,  1|,  and  it  is  easy  to  perceive  firom  the  values  in  the  series  of  b  ^  and 

of  b^^),  given  in  the  No.  516,  that  these  expressions  are  positive,  if  n  is 

-J 
positive,  and  negative  if  n  is  negative. 


Call  (0,  2)  and  |0, 2|,  what  (0,  I)  and  0, 1|  become,  when  we  diange  a' 
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and  /  into  t!'  and  ^".  In  like  manner  let  (0,  3),  and  (0,  3)  be  what  th<3 
same  quantities  become,  when  we  change  a'  and  itf  into  9!"  and  il'"  ;  and 
so  on.  Moreover  let  h'',  1" ;  h'",  1'",  8cc,  denote  the  values  of  h  and  1 
relative  to  the  bodies  ii!'^  /ea%  &c.  Then,  in  virtue  of  the  united  actions  of 
the  different  bodies  m'>  ¥*"^  V^'\  &c.  upon  m»  we  shall  have 
dh 


jf  =U^»  1)  +  (^>  2)  +  (0, 3)  +  &ajl  —  [MJ-r  —  ^.1"  —  &c. ; 


dl 


Yi  =  — i(0>  1)  +  %  2)+(0, 3)  +  &c4  h  +  [OjTj.  h'  +  [org.  h"+  &c 


d  h'    d  1'    d  h''     d  1" 
It  is  evident  that  -j--  ,    1  -  ;  -rr  >  -j —  5  &c«  will  be  determined  by 

dtdtdtdt  ^ 

expressions  similar  to  those  of  ^r-r  and  of -p-;  and  they  are  easily  obtam- 

ed  by  changing  successively  what  is  relative  to  /&  into  that  which  relates 
to  ju',  Ab^',  &c.  and  reciprocally.     Let  therefore 

(J,0),ll70l;  (1,2),  [l72j;  &c 
be  what 


(0,1),  jMJ;  (0,2),]M|;  &c. 
become,  when  we  change  that  which  is  relative  to  tt,  into  what  is  relative 
to  Ik  and  reciprocally.    Let  moreover 

(2,0),  Ml;  (2,1),  gli;  &c 

be  what  

(0,2),  |M;  (0,  1),|0j2|;  &c, 

become,  when  we  change  what  is  relative  to  /&  into  what  is  relative  to  (J' 
and  reciprocally;  and  so  on.  The  preceding  differential  equations  re- 
ferred successively  to  the  bodies  as  i^^  (i/'^  &c.  will  give  for  determining 
h,  1,  h',  1',  h'',  1",  &C.  the  following  system  of  equations, 

^  =  j(o,  1)  +  (o,  2)  +  &C.J1  —  loTTj.  r  -  J03  r-  &c. 

dl 


^  =  _f(0,  1)+  (0,  2)  +  &c.]h+  |07l|h'  +  |0,2|V^+&c. 


dh 


^  =  i(l,  0)  +  (1,  2)  +  &c}  1'  —  [Ml.  1  — |1,2|F  — &c 


dl' 


~i  =— Hl>0)  +  (l,2)  +  tec.}h  +  [I70|.h  +  |Tr2|.V^+8&c 


dh" 


Y^  =  1(2,  0)  +  (2, 1)  +  &c.jr  —  Q- 1  —  |2jJJ.  1'  —  &c 
^  =  —1(2, 0)  +  (2, 1)  '+  &c.}.h''+  [2^h+  ^h'  +&a 

&C. 
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The  qaantides  {0, 1)  and  (1, 0),  |0, 1|  and  |1^0|  have  remaikaUe  rek- 
tionsi  which  facilitate  the  operations,  and  will  be  nii^I  hereafter.  By 
what  precedes  we  have 

id  n  -        3V^aVa>,aO' 

^^'  ^^  ""  4(a'«  — a«)*      • 

If  in  this  expression  of  (0,  1)  we  change  fj/  into  fk,  n  into  n\  a  into  a' 
and  reciprocally,  we  shall  have  the  expression  of  (1,  0),  which  will  con- 
sequently be 

n  f)\  -         8^.n-a^«.a  (a/ a/  ^ 
(i,o;-—        4(^,._a«).,      . 

but  we  have  (a,  a'/  =  (a',  a/,  since  both  these  quantities  result  from  A 

developement  of  the  function  (a '  — '  2  a  a'  cos  ^  +  a'*)  '  into  a  series  or- 
dered according  to  the  cosine  of  ^  and  of  its  multiples.  We  shall,  there- 
fore, have 

(0,  1).  ^  n'  a'  =  (1, 0).  M^.  n  a. 

But,  neglecting  the  masses  fh  fb\  &)c.  in  comparison  if^idi  M,  we  have 

M      ..       M 


"*  =  r*'  °'*^  v'^'  ^^' 


Therefore 

(0,  l)ieft  Va  =  (1,0)  A*'  V'a'; 
sn  equation  from  which  we  easily  derive  (1,  0)  when  (0, 1)  is  determined. 
In  the  same  manner  we  shall  find. 


0, 1  ^  V  a  =   hO  ft/  V  a\ 


These  two  equations  will  also  subsist  in  the  case  where  n  and  n  have 
different  signs ;  that  is  to  say,  if  the  two  bodies  /c*,  /u^  cir<5ulated  in  different 
directions ;  but  then  we  must  give  the  sign  of  n  to  the  radical  V  a,  and 
the  sign  of  n^  to  the  radical  v^  aT^    ^ 

From  the  two  preceding  equations  evidently  result  these 

(0,  2)  /5»  \^  a  =  (2,  0)  fif'  V  a^;     (MJ  ^  ^  «^  =  [^.  m"  V  a";  &c. 


(I,  2)fjif  V  a'=  (2,  1)  f*''  V  a!';    [i72j  a*'  V  a'  =  |2j.  fif'  V  a'';  &c. 

523.  To  integrate  the  equations  (A)  of  the  preceding  No.,  we  shall 

make 

h  =  N.  sin.  (g  t  +  ^) ;  1  si  N.  cos.  (g  t  +  i5) ; 

h'  =  N.sin.(gt  +  /3);  1'  =  N' cos.  (g  t  +  ^); 
&c 
Then  substituting  these  values  in  the  equations  (A),  we  shall  have 

N'  — 


N  g  =i(0, 1)  +  (0,  2)  +  &C.1N  —  0, 1 


N'g  =KJ^  0)  +  (V2)  +  aa}N'  —  JITO].  N  ^ 
N"g  =  J(2,  0)  +  (2,  1)  +  &c.}N''—  [50|.  N  —  g 


(B) 
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If  we  suppose  the  number  of  the  bodies  th  ^'^  iil\  tftc.  equal  to  i ;  these 

equations  will  be  in  number  i,  and  eliminating  from  them  the  constants 

N,  N',  &ay  we  shall  haye  a  final  equadoo  in.  g»  of  the  degree  i,  which  we 

easily  obtain  as  follows : 
Let  9  be  the  function 

N^  /*  V'  a{g  —  (0, 1)  —  (0,S)  —  &c.} 
+  N'V  ^a{g— (1,0)  — (1,2)— &c.} 
+  8^c. 
+  2  N  A*  v'  a  {|07T|  N'  +  joTSj  N"  +  &c.} 


+  2  N>'  v'  a  t|T72[  W  +  IV31  N'''+  &c} 

+  2  NV  v'  a"  JQ  N'^'  +  &a} 

+  &c 
The  equations  (B)  are  reducible  from  the  relations  giten  in  the  pre- 
ceding No.  to  these 

(j^)="(rl)=«'(irr)='''^- 

Considering  therefore,  N,  N',  N'',  &c«  as  so  many  variables,  9  will  be 
a  maximum.  Moreover,  9  being  a  homogeneous  function  of  these  varia- 
bles, of  the  second  dimension ;  we  have^ 

■*  to  +  N' (r^')  + «- = « '= 

we  have,,  therefore,  f  =  0,  in  virtue  of  the  preceding  equations. 

Thus  we  can  determine  the  maximum  of  tKe  function  f.  We  shall  first 
differentiate  this  function  relatively  to  N,  and  then  substitute  in  9,  for  N, 

its  value  derived  from  the  equation  ( j^)  ^  %  &  value  whicH  will  be  a 

linear  function  of  the  quantities  N',  N^^,  &c.  In  this  manner  we  shall 
have  a  rational  function  whole  and  homogeneous  of  the  second  dimension 
in  terms  of  N',  N''',  &c. :  let  <p^^  be  this  fiinction.  We  shall  differentiate 
<p  ^^  relatively  to  N',  and  we  shall  substitute  in  f>  ^^  for  N'  its  value  derived 

from  the  equation  (;r^r)  =  ^:  ^'^  shaU  have  a  homogeneous  function 

of  the  second  dimension  in  N^',  N%  &c. :  let  p^*^  be  this  function.  Con- 
tinuing thus,  we  shall  arrive  at  a  function  (p^-^^^  of  the  second  dimension, 
in  N  ^^-^  ^>  and  which  will  consequently  be  pf  the  fotm  (N  (^-  ^))?.  Is,  k  being 
a  function  of  g  and  constants.  I£  we  equal  to  2ero^  the  differential  of 
^Ci— 1)  takien  relatively  to  N^'-\  we  shall  have  k  =  0;  which  will  give 
an  equation  in  g  of  the  degree  i,  and  whose  different  roots  will  give  as 
many  different  systems  for  the  indeterminates  N,  N',  N'^,  &c. :  the  inde- 
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terminate  N  ^-*i>  will  be  the  arbitrary  of  each  system ;  and  we  shall  im- 
mediately obtain,  the  relation  of  the  other  indeteiminates  N,  N',  &c.  of 
the  same  system,  to  this  one,  by  means  of  the  preceding  equations  taken 
in  an  inverse  order,  viz., 

(^?^)  =  '■'  (%^)  =  0=  *- 

Let  g»  gb  g2»  ^^  be  the  i  roots  of  the  equation  in  g:  let  N,  N',  N'',  &c. 
be  the  system  of  indeterminates,  relative  to  the  root  g :  let  N^  N/,  N/',  &c 
be  the  system  of  indeterminates  relative  to  the  root  gi,  and  so  on :  by  the 
known  Uieory  of  linear  differential  eqoations;,  we  shall  have 

h  =  N  sin.  (g  t  +  ^)  +  Ni  sin.  (gi  t  +  ft)  +  N,  (&  t  +  ft)  +  &c 
h'  =  N  sin.  (g  t  +  /S)  +  Ni'  sin.  (gi  t  +  ft)  +  N,'  (ft  t  +  ft)  +  &c 
h"=  N"sin.  (g  t  +  /3)  +  N/'sin.  (gi  t  +  ft)  +  N/'(g,  t  +  ft)  +  &c 

ft  Pi3  ft»  &C.  being  arbitrary  constants.  Changing  in  these  values  of 
h,  h',  h^',  8tc  the  sines  into  cosines ;  we  shall  have  the  values  of  1,  t,  P,  &c 
These  di£ferent  values  contain  twice  as  many  arbitraries  as  there  are  roots 
g9  gi9  g»  ^^<^  9  ^^^  ®^^  system  of  indeterminates  contains  an  arbitrarv, 
and  moreover,  it  has  i  arbitraries  ft  ^i,  ft,  &c. ;  these  values  are  conse- 
quently the  complete  integrals  of  the  equations  (A)  of  the  preceding 
No. 

It  is  necessary,  however,  to  determine  only  the  constants  N,  N|,  &c ; 
N,'  N/,  &c ;  ft  ft,  &C.  Observations  will  not  give  immediately  the  con- 
stants, but  they  make  known  at  a  given  epoch,  the  excentricities  e,  eT,  &c. 
of  the  orbits,  and  the  longitudes  w,  V,  &c  of  their  perihelions,  and  conse- 
quently, the  values  of  h,  h'.  See,  1,  T,  &c. :  we  shall  thus  derive  the  values 
of  the  preceding  constants.  For  that  purpose,  we  shall  observe  that  if 
we  multiply  the  first,  third,  fifth,  &c.  of  the  di£krential  equations  (A)  of 
the  preceding  No.,  respectively  by  N.  m.  V  a,  N'.  /*'.  V  a',  &c.;  wc 
shall  have  in  virtue  of  equations  (B),  and  the  reUtions  found  in  the  pre- 
ceding No.  between  (0,  1)  and  (1, 0),  (0, 2),  and  (2, 0),  &c. 

N.^^V'a+N'.i~/cr  V  a'  +  N".^'m"  V  a"  +  &c 

=  g  {N.  1.  A6.  V  a  +  N'.  1'.  M'.  V  a'  +  N".  1".  /*".  V  a"  +  &a| 

If  we  substitute  in  this  equation  for  h,  h',  &c.  1, 1',  &c.  their  preceding 
values ;  we  shall  have  by  comparing  the  coefficients  of  the  same  <X)sincs 

0  =  N.  Ni.  A*  v'  a  +  N'.  Ni'.  /*'  V  a'  +  N".  N,".  /»".  V  a"  +  &c. ; 
0  =  N.  N,.  /ft  V  a  +  N'.  Ng'.  /*'  V  a'  +  N".  Ng".  /*".  V  a"  +  &c 
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Again,  if  we  multiply  the  preceding  values  of  h,  h^  &c.  respectively  by 

N./*.  V  a,  N\fi/.  V  a',  &c. 

we  shall  have,  in  viutue  of  these  last  equations, 
U.fih.V  a  +  Wfi\h'.V  &f  +  ii\  yl'  \\'\  V  b!'  +  &c. 

=  {HKfs..  V'  a  +  N'^  fif.  V  a'  +  N'«  y.  V  af'  +  &c}  sin  (g  t  +  P) 

In  like  manner,  we  have 
^.fil.V  a  +  W.M''  K  V  a'  +  N^'.  fj^'*  V\  V  b!'  +  &c. 
=  {HKfi..  V  a  +  N'Vy.  V  a'  +  W\  (»!'.  V  o!'  +  &c.J  cos.  (g  t  +  i8). 

By  fixing  the  origin  of  the  time  t  at  the  epoch  for  which  the  values  of 
h,  1,  h',  Vj  8cc.  are  supposed  known ;  the  two  preceding  equations  give 

'^  "  N.  1  A*.  V  a  +  NM'  li/.  V  b!  +  W.  I"  tj/'.  V  b!'  +  &c/ 

This  expression  of  tan.  jS  contains  no  indeterminate ;  for  although  the 
constants  N,  N',  N'',  &c.  depend  upon  the  indeterminate  N^*""^^,  yet,  as 
their  relations  to  this  indeterminate  are  known  by  what  precedes,  it  will 
disappear  from  the  expression  of  tan.  ^.  Having  thus  determined  |S,  we 
shall  have  N  ^* ""  ^),  by  means  of  one  of  the  two  equations  which  give  tan.  jS ; 
and  we  thence  obtain  the  system  of  indeterminates,  N,  N^,  N^',  &c.  rela- 
tive to  the  root  g.  Changing,  in  the  preceding  expressions,  this  root  into 
gi,  gs,  gs,  &c.  we  shall  have  the  values  of  the  arbitraries  relative  to  each 
of  these  roots. 

If  we  substitute  these  values  in  the  expressions  of  h,  1,  h^,  \\  &c. ;  we 
hence  derive  the  values  of  the  excentricities  e,  e',  &c.  of  the  orbits,  and 
the  longitudes  of  their  perihelions,  by  means  of  the  equations 

e«  =  h«  +  l';  e'«  =  h''^  +  l'«;  &c. 
tan.  w  =  y  ;  tan.  w'  =  -p- ;  &c.      ^ 

we  shall  thus  have 

e«  =  N*  +  Ni«  +  N8«  +  &C.  +  2NN;  cos. J(gi  —  g)  t  +  ft  — /3} 

+  2NN8COS.[(g5r.g)t  +  ftH3)}+2NiN2Cos.Ugr-gi)t+P^i}+&c. 

This  quantity  is  always  less  than  (N  +  Ni  +  N2  +  &c.)  *,  when  the 
roots  g,  gi,  &c.  are  all  real  and  unequal,  by  taking  positively  the  quanti- 
ties N,  Ni,  &c     In  like  manner,  we  shall  have 

^^^  _  Nsin.  (g  t  +  18)  +  N^sin.  (g^  t  +  ft)  +  N^sin.  (g,t  +  ^,)  +  &c 
N  cos.  (g  t  +  i?)  +  Ni  COS.  (gi  t  +  ft)  +  Ng  cos.  (g2 1  +  ft)  +  &c. 

whence  it  is  easy  to  get, 

*.»  f      ^t^\  -  N,  sin.  Ugi-g)  t  +  ftH3{  +  N2 sin,  {(r^)  t  +  P^]  +  8cc. 
tan.(-r-gt-«;»  N+N|Cos.  l(gi-g)t+ft-/3]  +  I^,cos.  i(gr-g)  t+MH+^c. 

Voi^  11.  K 
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Whilst  die  sum  Ni  +  N9  +  &c.  of  the  coefficients  of  the  cosines  of 
the  denominator,  all  taken  positively,  is  less  than  N,  tan.  («  —  g  t  —  ff) 
can  never  become  infinite ;  the  angle  w  —  g  t  —  /3  (^  never  reach  the 
quarter  of  the  circumference ;  so  that  in  thb  case  the  true  mean  motion 
of  the  perihelion  is  equal  to  g  t 

524.  From  what  has  been  shown  it  follows,  that  the  excentricities  of 
the  orbits  and  the  positions  of  their  axis^majors,  are  subject  to  considera- 
ble variations,  which  at  length  change  the  nature  of  the  orbits,  and  whose 
periods  depending  on  the  roots  g,  gi,  gs,  &c,  embrace  with  regard  to  the 
planets,  a  great  number  of  ages.  We  may  thus  consider  the  excentrici- 
ties as  variably  elliptic,  and  the  motions  of  the  perihelions  as  not  unifemu 
These  variations  are  very  sensible  in  the  satellites  of  Jupiter,  and  we  shall 
see  hereafter,  that  they  explain  the  singular  inequalities,  observed  in  the 
motion  of  the  third  satellite. 

But  it  is  of  importance  to  examine  whether  the  variations  of  the  excen* 
tricities  have  limits,  and  whether  the  orbits  are  constantly  almost  circular. 
We  know  that  if  the  roots  of  the  equation  in  g  are  all  real  and  unequal^ 
the  excentricity  e  of  the  orbit  of  /x  is  always  less  than  the  sum  N  +  N| 
+  N2  +  &c*  o^  ^he  coefficients  of  the  sines  of  the  expression  of  h  taken 
positively ;  and  since  the  coefficients  are  supposed  very  small,  the  value 
of  e  will  always  be  inconsiderable.  By  taking  notice,  therefore,  of  the 
secular  variations  only,  we  see  that  the  orbits  of  the  bodies  ft^  /»',  f»>\  &c. 
will  only  flatten  more  or  less  in  departing  a  little  from  the  circular  form  ; 
but  the  positions  of  their  axis-majors  will  undergo  considerable  variations. 
These  axes  will  be  constandy  of  the  same  length,  and  the  mean  motions 
which  depend  upon  them  will  always  be  uniform,  as  we  have  seen  in  No. 
521.  The  preceding  results,  founded  upon  the  smallness  of  the  excentricity 
of  the  orbits,  will  subsist  without  ceasing,  and  will  extend  to  all  ages  past 
and  future ;  so  that  we  may  affirm  that  at  any  time,  the  orbits  of  the 
planets  and  satellites  have  never  been  nor  ever  will  be  very  excentiic,  at 
least  whilst  we  only  consider  their  mutual  actions.  But  it  wotdd  not  be 
the  same  if  any  of  the  roots  g,  gi,  gs,  &c.  were  equal  or  imaginary  :  the 
sines  and  cosines  of  the  expressions  of  h,  1,  h',  F,  &c  corresponding  to 
these  roots,  would  then  change  into  circular  arcs  or  exponentials,  and 
since  these  quantities  increase  indefinitely  with  the  time^  the  orbits  would 
at  length  become  very  excentric ;  the  stabQity  of  the  planetary  system 
woujd  then  be  destroyed,  and  die  results  found  above  would  cease  to 
take  place.  It  is  therefore  highly  important  to  show  that  g,  gi,  gj,  &c. 
are  all  real  and  unequal.    This  we  will  now  demonstrate  in  a  very  smpk 
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manner,  for  the  case  of  nature,  in  which  the  bodies  At,  ^\  p*'\  &c.  of  the 

i^stem,  all  circulate  in  the  same  direction. 
Let  us  resume  the  equations  (A)  of  No.  528.    If  we  multiply  the  first 

by  Afr  -  */  a .  h ;  the  second,  by  /^  •  V  a  •  1 ;  the  third  by  ik\  V  a',  h' ;  the 
'  fourth  by  fi»\  V  a,\  l\  &c.  and  afterwards  add  the  results  together ;  the 

coefficients  of  h  1,  h'  V,  W  l\  &c.  will  be  nothing  in  this  sum,  the  coeffi- 
.  cients  of  hM  —  h  F  will  be  %l\.  lu.  V  a  —  |iro|>  A^'-  V  a',  and  this  will 

be  nothing  in  virtue  of  the  equation  |0, 1[.  /tt .  V  a  =  pU"0|.  fif*  V  2!  found 


in  No.  522.  The  coefficiente  of  h"  1  —  h  1'',  h''  V  —  h!  F,  &c.  will  be 
nothing  for  the  same  reason ;  the  sum  of  the  equations  (A)  thus  prepared 
will  therefore  be  reduced  to 

hdh+idl   ^^^^   hlil^tldi:  .^..^a'+&c  =  0; 

and  consequently  to 

0  =  ede./».  Va+  e'de'.y.  v'a'^-  &c 

Integrating  this  equation  and  observing  that  (No.  521)  the  semi-axis- 
majors  are  constant,  we  shall  have 

e*.  f6  V  a  +  e'*.  (tf.  V  a'  +  ^"\(i/\  V  a"+  &c.  =  constant ;  (a) 

The  bodies  as  f*'j  A^^'j  &c.  however  being  supposed  to  circulate  in  the 
same  direction,  the  radicals  V  bl,  V  a',  V  af\  &c.  ought  to  be  taken  po- 
sitively in  the  preceding  equation,  as  we  have  seen  in  No.  522;  all  the 
terms  of  the  first  member  of  this  equation  are  therefore  positive,  and  con- 
sequently, each  of  them  is  less  than  the  constant  of  the  second  member. 
But  by  supposing  at  any  epoch  the  excentricities  to  be  very  small,  this 
constant  will  be  very  small ;  each  of  the  termti  of  the  equation  will,  there- 
fore, remain  always  very  small  and  caimot  increase  indefinitely ;  the  orbits 
will  always  be  very  nearly  circular. 

The  case  which  we  have  thus  examined,  is  that  of  the  planets  and 
satellites  of  die  solar  system ;  since  all  these  bodies  circulate  in  the  same 
direction,  and  at  die  present  epoch  their  orbits  have  littie  excentricity. 
That  no  doubt  may  exist  as  to  a  result  so  important,  we  shall  observe 
that  if  the  equation  which  determines  g,  contained  imaguiary  roots,  some 
of  the  sines  and  cosines  of  the  expressions  of  h,  1,  h',  l\  &c.  would  trans<% 
farm  into  exponentials ;  thus  the  expression  of  h  would  contain  a  finite 
number  of  terms  of  the  form  P .  c^S  c  being  the  number  of  which  the 
hyperbolic  logarithm  is  unity,  and  P  being  a  real  quantity,  because  h  or 
e  sin*  w  is  a  real  quantity.    Let 

Q.cfSF.cfSQ'.cfSF'.cf^&c. 
be  the  corresponding  terms  of  1,  h^,  F,  h^',  &c ;  Q,  P^  Q^  P^,  &c  being 
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also  real  quantities :  the  expression  of  e'  will  contain  the  term  (P*  +Q^) 
c"';  the  expression  of  e'*  will  contain  the  term  (P*  +  Q'*)c*'^%  and 
so  on ;  the  first  member  of  the  equation  (u)  will  therefore  contain  the 
term 

{(P«+Q«)^.  Va+(P«+Q")A6' Va'+(F'«+Q"»)/.'Va"+&c}e'^ 

I^  therefore,  we  suppose  c  ^ '  to  be  the  greatest  of  the  exponentials 
which  contain  h,  1,  h^  1',  &c.  that  is  to  say,  that  in  which  f  is  the  most 
considerable,  c*^^  will  be  the  greatest  of  the  exponentials  which  contain 
the  first  member  of  the  preceding  equation :  the  preceding  term  cannot 
therefore  be  destroyed  by  any  other  term  of  this  first  member;  so  that  for 
this  member  to  be  reduced  to  a  constant,  the  coefficient  of  c  *  ^^  must  be 
nothing,  which  gives 

P  =  (P«+Q*)At  V  a+(P'«+  Q:^)fifV  a'  +  (F'«  +  Q'^)(i/Wn!'  +  &c- 

When  V  a,  V  a',  V  a'',  &c.  have  the  same  sign,  or  which  is  tantamount, 
when  the  bodies  (l,  (j/^  ft/\  &c.  circulate  in  the  same  direction,  this  equa- 
tion is  impossible,  provided  we  do  not  suppose  P  =  0,  Q  z=  0,  P  =  0,  &c.; 
whence  it  follows  that  the  quantities  h,  1,  h^  \\  &c  do  not  contain  expo- 
nentials, and  that  the  equation  in  g  does  not  contain  imaginary  roots. 

If  this  equation  had  equal  roots,  the  expressions  of  h,  1,  h',  \\  &c.  would 
contain  as  we  know,  circular  arcs  and  in  the  expression  of  h,  we  should 
have  a  finite  number  of  terms  of  the  form  P  t '.  Let  Q  t  %  P  t  %  Q'  t ',  &c. 
be  the  corresponding  terms  of  1,  h^  F,  &c.  P,  Q,  P,  Q',  &c.  being  real 
quantities ;  the  first  member  of  the  equation  (u)  will  contain  the  term 

j(P«+Q«)^  V  a+{P'+Q«)  ikW  b!  +  (P'^  +  Q"«)  t^"  V  2!'  +  &aj.  t«'. 

If  t '  is  the  highest  power  of  t,  contained  by  the  values  of  h,  1,  h'  I',  &c* ; 
t"  will  be  the  highest  power  of  t  contained  in  the  first  member  of  the 
equation  (u) ;  thus,  that  this  member  *may  be  reduced  to  a  constant,  we 

must  have 

0  =  (P«+Q«)/t*  v^a  +  (P'«+Q'')A*' Va'  +  &c. 

which  gives 

P  =  0,  Q  =z  0,  P  =  0,  Q'  =  0,  &c. 

The  expressions  of  h,  1,  V,  F,  &c.  contain  therefore,  neither  exponas* 
tials  nor  circular  arcs,  and  consequently  all  the  roots  of  the  equation  in  g 
are  real  and  unequal. 

The  system  of  the  orbits  of  a^,  ft/y  iif\  &c.  is  therefore  perfectly  stable 
relatively  to  their  excentricities ;  tliese  orbits  merely  oscillate  about  a 
mean  state  of  ellipticity,  which  they  depart  from  but  litde  by  preservbg 
the  same  major-axis :  their  excentricities  are  always  subject  to  this  condi* 
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tion,  viz,  that  the  sum  of  their  squares  multiplied  respectively  by  the  masses 
of  the  bodies  and  by  the  square  roots  of  the  major-^txes  is  always  the  same. 

525.  When  we  shall  have  determined,  by  what  precedesi  the  values  of 
e  and  of  « ;  we  shall  substitute  in  all  the  terms  of  the  expressions  of  f> 

and  -T-r  9  given  in  the  preceding  Nos.,  e&cing  the  terms  which  contain 

the  time  t  without  the  symbols  sine  and  cosine.  The  elliptic  part  of  these 
expressions  will  be  the  same  as  in  the  case  of  an  orbit  not  disturbed,  with 
this  only  difference,  that  the  excentricity  and  the  position  of  the  perihe- 
lion are  variable ;  but  the  periods  of  these  variations  being  very  long,  by 
reason  of  the  smallness  of  the  masses  a^,  (j/^  fi/'^  &c.  relatively  to  M ;  we 
may  stlppose  these  variations  proportional  to  the  time,  during  a  great 
interval,  which,  for  the  planets,  may  extend  to  many  ages  before  and 
after  the  given  epoch. 

It  is  useful,  for  astronomical  purposes,  to  obtain  under  this  form,  the 
secular  variations  of  the  excentricities  and  perihelions  of  the  orbits :  we 
may  easily  get  them  from  the  preceding  formulae.  In  (act,  the  equation 
e*  =  h*  +  1*,  gives  ede  =  hdh+  Idl;  but  in  considering  only  the 
action  of/*',  we  have  by  No.  522, 

dh 


g-il=L  (0,1)1-10,1  Vj 


dl 


^=^(0,  l)h+|0,l|.  h'; 


wherefore 


e  d  e 


:^  =  |0j21.  Ih' 1  -  h  I'h 

but  we  have  h'  1  —  h  1'  =  e  e'  sin.  {»/  —  w) ;  we,  therefore,  have 

de 


dt 


0, 11.  e'  sin.  (V  —  ») ; 


thus,  with  regard  to  the  reciprocal  action  of  the  different  bodies  f',  f-",  &c. 
we  shall  have 


de 


^  =  loTl .  e' sin.  (•/_«)+  0, 2.  e"  sin.  (•"  —  »)  +  &c. 
a  t         


dt 
de" 


Ml  e  sin.  (w  —  •')  +  M  e"  sin.  (•"  —  »')  +  &c. 


i^  =  113  e  sin.  (w  —  *")  +  ED  e'  sin.  (V  —  w")  +  &c. 
&c. 
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The  equation  tan.  w  =:  j  ,  gives  by  differentiating 

e*d«=sldh  — hdL 

With  respect  only  to  the  action  of  fik%  by  substitnting  for  d  h  and  d  1 
their  valaesi  we  shall  have 

i^  =:  (0,  1)  (h«  +  P)  -  JM).  Ihh'  +  U'i; 
which  gives 

^  =  (0,  1)  _  JMi.  J  C08.  K  -  .); 

we  shall,  therefore,  hare,  through  the  reciprocal  actions  of  the  bodies 
d« 


^  =(0,l)+(0,2)+&c—  0, 1 .  ^cos.(-'— »)—  0, 2  .:^co8.(-"— )— fcc 

Q  t  -       e  e 


e" 


^  =(l,0)+(l,2)+&c.--(l7oi.-|jcos.(— ')— [g-^'  oos.(-"— 7-&C; 


^=(2,0)+(2,l)+8tc-(^^.(>-VO-(M'^  coe-K— 'Via 


Sec 

If  we  multiply  these  values  of  ^.  ^  .  &c  ^,  ^,  8cc  by  the  time  t; 

we  shall  have  the  differential  expressions  of  the  secular  variations  of  the 
excentricities  and  of  the  perihelions,  and  these  expressions  which  are  only 
rigorous  whilst  t  is  indefinitely  small,  will  however. serve  for  a  long  in- 
tei*val  relatively  to  the  planets.  Their  comparison  with  precise  and  distant 
observations,  affords  the  most  exact  mode  of  determining  the  masses  ofUiie 
planets  which  have  no  satellites.  For  any  time  t  we  have  the  excentridty 
e,  equal  to 

d  e        t"      d*e   .    « 

«  +  *-rt  +  i:2'aT«  +  **^ 

e,  -|— ,  -^ — 2 ,  &C.  being  relative  to  the  origin  of  the  time  t  or  to  the  given 

d  e 
epoch.     The  preceding  value  of  -r-r  will  give,  by  differentiating  it,  and 

d' e    d*e 
observing  that  a,  a',  8cc  are  constant,  the  values  of  t-ti*  3T**  ^^*  ^^ 

can,  therefore,  thus  continue  as  far  as  we  wish,  the  preceding  series,  and 
by  the  same  process,  the  series  also  relative  to  « :  but  relatively  to  the 
planets,  it  will  be  sufficient,  in  comparing  the  most  ancient  observations 
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which  have  come  dowa  to  us,  to  take  into  account  the  square  of  the  time, 
in  the  expressions  of  the  series  of  e,  e',  &c.  w,  V,  gee. 

526.  We  will  now  consider  the  equatipi^  relative  to  the  position  of  the 
orbits.  For  this  purpose  let  us  resume  the  equations  (S)  and  (4)  of 
No.  620, 

d  p  _       Afc'  n 


^^  =  _-^.a*a'B«.(q~q'); 
^  =  ^.a«a'B«.<p-pO. 


By  No.  5l6>  we  have 

I 

and  by  the  same  No., 

8b« 
-i 


bO)  = 


£\2» 


We  shall  therefore  have 
(i!  n 


a*a'Bt«  =  — 


SAt'.n.«*bft) 


4  ""  4(1- 

The  second  mem^r  of  this  equation  is  what  we  have  denoted  by  (0,  1) 
in  522 ;  we  shall  hence  have 

|P  =  (0,l)(q'-q); 

^  =  (0,l)(p-p'); 

Hence,  it  ia  easy  to  conclude  that  the  values  of  q,  p,  q',  p',  &c.  will  be 
determined  by  the  following  system  of  di£ferential,  equations : 

^  =  {<0, 1)  +  (0, 2)  +  &c]  .  p  -  (0, 1)  p'  —  (0, 2)  p"  —  &c. 

^  =:  —  {(0,  l)+(0,  2)+&c.}  .  q  +  (0, 1)  q'  +  (0,  2)  q"  +  &c. 

^  =  f(l,  0)  +  (1,  2)  +  &c}  .  p'-  (1,  0)  p  —  (1, 2)  p"-&c 

^'  =  —  {(1,0)  +  (1,2)+&C}  .  q'  +  (l,0)q  +  (1,  2)  q"  +  &C  '^ '  ^^ 

^  =  U2,0)  +  (2,  1)  +  «tc}  .  p"—  (2, 0)  p  — (2, 1)  p'— &c 

^'  =  —  {(2;  0)+(2,  l)+&c}  .q"  +(2,  0)  q  +  (2, 1)  q'  +  &c 
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This  system  of  equations  is  similar  to  that  of  the  equations  (A)  of  No. 
522:  it  would  entirely  coincide  with  it,  if  in  the  equations  of  (A)  we  were 
to  change  h,  1,  h',  1',  &c.  into  q,  p,  q',  p',  &c  and  if  we  were  to  suppose 

(Ml  =  (0,1); 


h  0|  =  (1,0); 

Hence,  the  process  which  we  have  used  in  No.  528  to  integrate  the 
equations  (A)  applies  also  to  the  equations  (C).  We  shall  therefore 
suppose 

q=zN  cos.(gt+/3)+N,cos.(git+ft)+"N,  cos.  (^t+&)+&c 

p  =N  sin.  (gt+/S)  +  Ni  sin.  (git+ft)  +  Na  sin.  (g2t+Ar)+8cc 

q' =  N' COS.  (g  t +i3)  +  N/ cos.  (gi  t+ft)+ N,' cos.  (g8  t+jS,) +&C 

p'=N'sin.  (gt+/3)+N/sin.  (git+ft)+N/sin.  (g8t+ft)+&c. 

&C. 

and  by  No.  523,  we  shall  have  an  equation  in  g  of  the  degree  i,  and  wh<»e 
different  roots  will  be  g,  gi,  gg?  &c.  It  is  easy  to  perceive  that  one  of 
these  roots  is  nothing ;  for  it  is  clear  we  satisfy  the  equations  (C)  by  sup- 
posing p,  p^  p'^  &c.  equal  and  constant,  as  also  q,  q^,  q'^,  &c.  This 
requires  one  of  the  roots  of  the  equation  in  g  to  be  zero,  and  we  can 
thence  depress  the  equation  to* the  degree  i  —  ].  The  arbitraries 
N,  Ni,  N^,  &c.  Pf  jSi,  &c.  will  be  determined  by  the  method  exposed  in 
No.  523.    Finally,  we  shall  find  by  the  process  employed  in  No.  524. 

const.  =  (p«  +  q*)  A*  V  a  +  (p'*  +  q'*)  m/  V  a'  +  &c 
Wlience  we  conclude,  as  in  the  No.  cited,  that  the  expressions  of  p,  q, 
p',  q',  &c.  contain  neither  circular  arcs  nor  exponentials,  when  the  bodies 
M)  f''i  f^'\  &c«  circulate  in  the  same  direction :  and  that  therefore  the  equa- 
tion in  g  has  all  its  roots  real  and  unequal. 

We  may  obtain  two  other  integrals  of  the  equations  (C).  In  fact,  if 
we  multiply  the  fii"st  of  these  equations  by  /t*  V  a,  the  third  by  /*'  V  a', 
the  fifth  by  At"  V  a",  &c.  we  shall  have,  because  of  the  relations  found  in 
No.  522, 

0  =  5j_g^  V  a  +  ^f  /  V  a'  +  &c.; 
at  d  t        . 

which  by  integration  gives 

constant  =  q  /x  V  a  +  q'  /»'  V  a'  4-  &c (1) 

In  the  same  manner  we  find 

constant  =  p  /x  V  a  4-  p'  /»'  -•  a'  +  &c  .  .  .  .  (2) 
Call  p  the  inclinatioi  of  the  orbit  of  /*  to  the  fixed  plane,  and  ^  the  Ion- 
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gitude  of  the  ascending  node  of  this  orbit  upon  the  same  pl^e ;  the  lati- 
tude of  A*  will  be  very  nearly  tan.  p  sin.  (n  t  +  «  —  6):  Comparing  this; 
value  with  q  sin.  (n  t  +  i)  —  p  cos.  (n  t  +  «),  we  shall  have 

p  =  tan.  p  sin.  ^ ;  q  ss  tan.  f  cos.  tf ; 
whence  we  obtkin 

tan.  f>  =  V  (p*  +  q«) ;  tan.  d  =  £-; 

q 

We  shall,  therefore,  have  the  inclination  of  the  orbit  of /»,  and  tne  po- 
sition of  its  node,  by  means  of  the  values  of  p  and  q.  By  marking  suc- 
cessively with  one  dash,  two  dashes,  &c.  relatively  to  m',  f^'\  &c.  the  values 
of  tan.  9,  tan.  ^,  we  shall  have  the  inclinations  of  the  orbits  of  fj/  fj/\  &c^ 
and  the  positions  of  their  nodes  by  means  of  p',  q',  p",  q'',  &c. 

ITie  quantity  v'  p  *  +  q*  is  less  than  the  sum  N  -(-  Ni  +  N2  +  &c.  of 
tlie  coefficients  of  the  sines  in  the  expression  of  q;  thus,  the  coefficients 
being  very  small  since  the  orbit  is  supposed  but  little  inclined  to  the  fixed 
plane,  its  inclination  will  always  be  inconsiderable ;  whence  it  follows,  that 
the  system  of  orbits  is  also  stable,  relatively  to  their  inclinations  as  also  to 
their  excentricities.  We  may  therefore  consider  the  inclinations  of  the 
orbits,  as  variable  quantities  comprised  within  determinate  limits,  and  the 
motion  of  the  nodes  as  not  uniform.  These  variations  are  very  sensible 
in  the  satellites  of  Jupiter,  and  we  shall  see  hereafter,  that  they  explain 
the  singular  phenomena  observed  in  the  inclination  of  the  orbit  of  the 
iburth  satellite. 

From  the  preceding  expressions  of  p  and  q  results  this  theorem : 

Let  us  imagine  a  circle  whose  inclination  to  a  fixed  plane  is  N,  and  of 
"mhich  the  longitude  of  the  ascending  node  is  gt  +  ^ ;  also  let  us  imagine 
upon  this  first  circle^  a  second  circle  inclined  by  the  angle  Ni ,  the  longitude 
of  whose  intersection  with  the  former  circle  is  gi  t  +  ft  ;  upon  this  second 
circle  let  there  be  a  third  inclined  to  it  by  the  angle  Ng ,  the  longitude  of 
whose  intersection  with  the  second  circle  is  gs  t  +  /^s  9  ^^^  ^^  ^^  s  ^^  P^ 
sition  of  the  last  circle  wiU  be  that  of  the  orbit  ofii*. 

Applying  the  same  construction  to  the  expressions  of  h  and  1  of  Na 

523,  we  see  that  the  tangent  of  the  inclination  of  the  last  circle  upon  the 

fixed  plane,  is  equal  to  the  excentricity  of  ^b's  orbit,  and  that  the  longitude 

of  the  intersection  of  this  circle  with  the  same  plane,  is  equal  to^  that  of 

>  the  perihelion  of /x's  orbit 

527.  It  is  useful  for  astronomical  purposes,  to  have  the  differential  va- 
riations of  the  nodes  and  inclinations  of  the  orbits.  For  this  purpose^  let 
us  resume  the  equations^of  the  preceding  No. 
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tan.  p  =  V  (p*  +  q*),  tan.  ^  =  £-. 

Differentiadng  these^  we  shall  have 

d^  =  d  p  sin.  ^  +.d  q  oos.  i; 

,     __^  dp  COS.  S  —  d  q  sin,  tf 
.   tan.  f 

If  we  substitute  for  d  p  and  d  q,  their  values  given  hj  the  eqoatioDs  (C) 

of  the  preceding  No.  we  shall  have 

^=(0, 1)  tan.  9'  sin.  {i  —  0+(0,  2)  tan  f".  sin.  (^_  ^O+ftc 
J-J=-  {(0,  l)+(0,2)+&c.|+(0, 1)  ^  cos.  (tf  -  0 

In  like  manner,  we  shall  have 
^=(1, 0)  tan.  ?>  sin.  (^  —  ^+(1, 2)  tan.  f"  sin.  (^  —  0+&c 

^=-f(I,0)+(i,2)+&cJ  +  (I,0).^.cos.{#'-^) 

&c. 
Astronomers  refer  the  celestial  motions  to  the  moveable  orbit  of  the 
earth ;  it  is  in  fact  from  the  plane  of  this  orbit  that  we  observe  them ;  it  is 
therefore  important  to  know  the  variations  of  the  nodes  and  the  inclina- 
tions of  the  orbits,  relatively  to  the  orbit  of  one  of  the  bodies  ^  f^,  it!\  fcc 
for  example  to  the  orbit  of  a^.     It  is  dear  that 

q  sin.  (n'  t  +  i*)  —  p  cos.  (n'  t  +  i) 

would  be  the  latitude  of  ^  above  the  fixed  plane  if  it  were  in  motion  upon 
the  orbit  of  /6.  The  latitude  of  this  moveable  plane  above  the  same 
plane  is 

q'  sin.(n' t  +  0—  P'  cos.  (n'  t  +  0; 
but  the  difference  of  these  two  latitudes  is  very  nearly  the  latitude  of  a 
above  the  orbit  of  a^;  calling  therefore  f/  the  inclination,  and  ^/  the  lon- 
gitude of  the  node  of  yi  up<Mi  the  orbit  of  /bi»  we  shall  have,   bji  what 
precedes, 

tan.  p/  =  V(p'-p)*+  (q:-q)*;  tan.  ^  =  |^^- 
If  we  take  for  the  fixed  plane,  that  of  ii%  orbit  at  a  given  q)pdi ;  we 
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shall  have  at  that  epoch  p  =  0,  q  =  0 ;  but  the  differentials  d  p  and  d  q 
will  not  be  zero ;  thus  we  shall  have. 

d  f /  =  (d  p'  —  d  p)  sin.  ^  -f.  (d  q'  —  d  q)  cos.  ^ ; 

J    ,  _  dp  —  dp)  cos,  if  —  (d  q'  —  d  q)  siu.  ^ 

tan.  fr 

Substituting  for  d  p,  d  q,  d  p',  d  q',  &c.  their  values  given  by  die  equa- 
tions (C)  of  the  preceding  No.,  we  shall  have 

^  =  J(l,  2)  -  (0, 2)}  tan.  f'  sin.  (<-  -  <") 

+  {(1, 8)  _>  (0,8)}  tan.  p"'  sin.  (f  —  «"')  +  &c 

"d'^  =  —  f(l,0)  +  (1,2)  +  (1,3)  +  &c}  —  (0, 1) 

+  {(1,  2)  -  (0, 2)}  .  ^^  cos.  (<r  -  n 

+  J(l,  8)  -  (0, 8)] .  ^-^  cos.  f  -  n  +  8tc 

It  is  easy  to  obtain  from  these  expressions  the  variations  of  the  nodes, 
and  inclinations  of  the  orbits  of  the  other  bodies  isf\  t^^*\  &c«  upon  the 
moveable  orbit  of /x. 

528.  The  integrals  found  above,  of  the  differential  equations  which  deter- 
mine the  variations  of  the  elements  of  the  orbits,  are  only  approximate,  and 
the  relations  which  they  ^ve  among  the  elements,  only  take  place  on  the 
supposition  that  the  excentricities  of  the  orbits  and  their  inclinations  are 
very  small.  But  the  integrals  (4),  (5),  (6),  (7),  which  are  given  in  No. 
471,  give  the  same  relations,  whatever  may  be  the  excentricities  and  in- 
clinations.    For  this,  we  shall  observe  that ji  ^   is  double  the 

a  t 

area  described  during  the  instant  d  t,  by  the  projection  of  the  radius- 
vector  of  the  planet  ft  upon  the  plane  of  x,  y.  In  the  elliptic  motion,  if 
we  neglect  the  mass  of  the  planet  as  nothing  compared  with  that  of  the 
sun,  taken  for  unity,  we  shall  have,  by  the  Nos.  157,  287,  relatively  to  the 
plane  of/*'s  orbit. 


xdy  —  ydx       ^, — ri iv 

JL_2 =  V  a  (1  -  e«). 


In  order  to  refer  the  area  upon  the  orbit  to  the  fixed  plane,  we  must 
multiply  by  the  cosine  of  the  inclination  f  of  the  orbit  to  this  plane ;  we 
shall,  therefore,  have,  with  reference  to  this  plane, 

xdy  — ydx  _  ^  ^  vTTT^rr^  -    /^'C  — ^'), 

i-g-j  -  cos.  p  va(l— e;  -  Vl  +  tan.«f' 
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In  like  manner 

"         dt  V  1  +tan,*p" 

&c 
These  values  of  x  d  y  —  y  d  x,  x'  d  /  —  y'  d  x',  &c  may  be  used, 
abstraction  being  made  of  the  inequalities  of  the  motion  of  the  planets, 
provided  we  consider  the  elements  e,  e',  &c  p,  f,  &c.  as  variables,  in 
virtue  of  the  secular  inequalities;  the  equation  (4)  of  No.  471  will  there- 
fore give  in  that  case, 

/a  (I  —  e«)  ,     /a'(l  — e'«)    .    ^ 

^  =  ^^rb^  +  ^Wl  +  tan.V  +  ^" 


f(x--x)(dy-dy)-(/-y)dx--dx)l 
+  3.  A«'A*    \  dt  /• 

Neglecting  this  last  term,  which  always  remains  of  the  order  /*  il\  we 

shall  have 

/a.(l  — e«)    ,      ,     /a'(l  —  e'*)    ,    ^ 

Thus,  whatever  may  be  the  changes  which  the  lapse  of  time  produces 
in  the  values  of  e,  e ,  &c.  9,  f ,  &c.  by  reason  of  the  secular  variations, 
these  values  ought  always  to  satisfy  the  preceding  equation. 

If  we  neglect  the  small  quantities  of  the  order  e%  or  e'  f  %  tliis  equa- 
tion will  give 

c  =  fA  V  a  +  fji/  V  a!  +  Sec  —  ^/»v'aje«  +  tan.  •  f  J 
—  if^'  V  a^e'*  +  tan  *  p'}  —  Sw^; 
and  consequently,  if  we  neglect  the  squares  of  e,  e',  f,  &c.  we  shall  have 
fi  V  &  +  M>'  V  &'  +  &c  constant  We  have  seen  above,  that  if  we  onlr 
retain  the  first  power  of  the  perturbing  force,  a,  a',  &c.  will  be  separatek 
constant;  the  preceding  equation  will  therefore  give,  neglecting  small 
quantities  of  the  order  e  *  or  e  *  p  % 

const.  =  At  V  a  [e«  +  tan. « Pl  +  /  v'  a'  {e'«  +  tan.*  fj  +  &c 

On  the  supposition  that  the  orbits  are  nearly  circular,  and  but  Htcle 
inclined  to  one  another,  the  secular  variations  are  determined  (No.  522) 
by  means  of  differential  equations  independent  of  the  inclinations,  and 
which  consequently  are  the  same  as  though  the  orbits  were  in  one  plane. 
But  in  this  hypothesis  we  have 

p  =  0,  ^  z=  0,  &c. 

the  preceding  equation  thus  becoming 

constant  =  e^  /a  V  sl  +  e'^  /a'  V  a'  +  c''^  /a''  V  a"  -f-  &c 

an  equation  already  given  in  No.  524. 
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In  like  manner  the  secular  variations  of  the  inclinations  of  the  orbits, 
are  (No.  626)  determined  by  means  of  dijfferential  equations,  independent 
of  excentricities,  and  which  consequently  are  the  same  as  though  the  or- 
bits were  circular.  But  in  this  hypothesis  we  have  e  =  0,  e'  =  0,  &c. 
Wherefore 

const  sA^v^a .  tan  *  f+  fikWaf .  tan.  *  f+fi/Waf^ .  tan.  *  p"+&c. 
an  equation  which  has  already  been  given  in  No.  526. 
If  we  suppose,  as  in  the  last  No. 

p  =  tan.  9  sin.  ^;  q  =  tan.  f  cos.  i^; 
^  it  is  easy  to  prove  that,  the  inclination  of  the  orbit  of  a&  to  the  plane  of 
X,  y  being  f,  and  the  longitude  of  its  ascending,  node  reckoned  from  the 
axis  of  X  being  ^,  the  cosine  of  the  inclination  of  this  orbit  to  the  plane  of 
x^  z,  will  be 

q 

V  (I  +  tan.*p)' 

X  d  v  ^"^  V  d  X  — ^_-_— — ^__ 

Multiplying  this  quantity  by ^  .  ^ ,  or  by  its  value  Va  (I  —  e*), 

we  shall  have  the  value  of t-- ;  the  equation  (6)  of  No.  471, 

will  therefore  give  us,  neglecting  quantities  of  the  order  fi>  % 

.  ya(l  — e«)    ,     ,      ,     /a\(l  — e^«)    ,   . 

^=^'qVi  +  tan.'^  +  ^'q  Vl  +  tan,'9-   +^ 
We  shall  find,  in  like  manner,  that  the  equation  (6)  of  No.  471,  gives 
-//  /a(l  — e')    ,     ,      ,     /a'.(l— e")  , - 

If  in  these  two  equations  we  neglect  quantities  of  the  order  e'  or  e'  9; 
they  will  become 

const.  =  /*  q .  V  a  +  fj/  q^  V  a'  +  &c. 
const  =  A^  p    v'  a  +  Ab'  p'  V  a'  +  &c. 
equations  already  found  in  No.  526.  ^ 

Finally,  the  equation  (7)  of  No.  471,  will  give,  observing  that  by  478, 

m   _  2  m       d  X*  +  d  y'  +  d  z* 
IT  "■    ^  dt« 

and  neglecting  quantities  of  the  ordef  A^  M'\ 

const  =  ^  +  -r,  +  r?/  +  &c- 

a  tt         ti 

These  different  equations  subsist,  when  we  regard  inequalities  due  to 
very  long  periods,  which  affect  the  elements  of  the  orbits  of  /x.  At',  &c. 
We  have  observed  in  No.  521,  that  the  relation  of  the  mean  motions  of 
these  bodies  may  introduce  into  the  expressions  of  the  axis-majors  of  the 
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orbits  coDsidered  Tariable»  meqaalities  whose  argmnentB  proportional  to 
the  time  increase  irery  slowly,  and  which  haying  finr  divisors  the  coeffi* 
cients  of  the  time  t,  in  these  arguments,  may  become  sensible^  Bat  it  is 
evident  that,  retaining  the  terms  only  which  have  like  divisors,  and  consi* 
dering  the  orbits  as  ellipses  whose  elements  vary  by  reason  of  those  terms, 
the  int^als  (4),  (5),  (6),  (7),  c(  No.  4p71,  will  always  give  die  relations 
between  these  elements  already  fonnd ;  becaose  the  terms  of  the  order 
fk  yf  which  have  been  neglected  in  these  integrals,  to  obtfdn  the  relations, 
have  not  for  divisors  the  very  small  coefficients  above  mentioned,  or  at 
least  they  contain  them  only  when. multiplied  by  a  power  of  the  pertuib- 
ing  forces  superior  to  that  which  we  are  considering. 

629.  We  have  observed  already,  dnt  in  the  motion  (rf*  a  system  of 
bodies,  there  exists  an  invariable  plane,  or  such  as  always  is  of  a 
parallel  situation,  which  it  is  easy  to  find  at  all  times  by  this  condition,  that 
the  sum  of  the  masses  of  the  system,  multiplied  respectively  by  the  pro- 
jections of  the  areas  described  by  the  radius-vectors  in  a  given  time  is  a 
maximum.  It  is  principally  in  the  theory  of  the  solar  system,  that  the  re- 
search of  this  plane  is  important,  when  viewed  with  referodce  to  the  proper 
motions  of  the  stars  and  of  the  ecliptic,  which  make  it  so  difficult  to  astro- 
nomers to  determine  precisely  the  celestial  motions.  If  we  call  y  the 
inclination  of  this  invariable  plane  to  that  of  x,  y,  and  n  the  longitude  of 
its  ascending  node,  it  is  easily  found  that 

c"  c' 

tan.7sin.  n= — ;  tan.  y  cos.  n  =  —  ; 
'  c  c 

and  consequently  that 


.     _    /*  Va  ( 1  —  e*)  sin.  p rin.  ^+/*Va'  (1  —  c'  *)  sm.  ^  sin.  /+&c 
tan.7  sm.  n=^ ^ — ^  ' ^ 

AtVa{l  -.e*)cos.f-t-/*'v'a'(l— e'«)cos.  f'-f&c 

ttVa(l — e*). sin.  ©COS.  ^-|-/*'Va'(l — e'*)  sin.  e'cos.^-f&c. 

tan.  y  •  COS.  n=:- — \  • ^  ■      i    ^ = — 

^=v^a(l  — e*) .  COS.  f -fit*' V  a'  (1  —  e'*) .  cos.  f>'+&c. 

We  shbU  determine  very  ea^ly,  by  means  of  these  values,  the  angles  7 
and  IL  We  see  that  to  determine  the  invariable  plane  we  ought  to  knov 
the  masses  of  the  comets,  and  the  elements  of  their  orbits ;  fortunately 
these  masses  appear  to  be  so  very  small  that  we  may,  without  sensible 
error,  neglect  their  action  upon  the  planets ;  but  time  alone  can  clear  up 
this  point  to  us.  We  may  observe  here^  that  relatively  to  this  invariable 
plane  the  values  of  p,  q,  p',  q^  &c.  contain  no  constant  terms;  for  it  is 
evident  by  the  equations  (C)  of  No.  586,  that  these  terms  are  the  same  for 
p,  p',  p^^  &c.  and  that  they  are  also  the  same  for  q,  q',  q'',  &c. ;  and  since  re- 
latively to  the  invariable  plane,  the  constants  of  the  first  members  of  die 
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equations  (1)  and  (3)  of  No.  526  are  nothing:  the  constant  terms  disap- 
pear, by  reason  of  these  equations^  from  the  expressions  ^  p,  p',  &c. 
q,  q',  &c. 

Let  us  consider  the  motion  of  the  two  orbits,  supposing  them  inclined 
to  one  another,  by  any  angle  whatever :  we  shall  have  by  No.  528, 

c  =:8in.9C0s.  ^.fA  V  a(l  —  e*)+sin.f'.  cos.^ .(if  V  a'  (1  — e'*); 

c''=8in.  (p  sin.  tf .  (a  V  a(l  —  e*)+sin.  <(/  .  sin.  ^ .  fs/  V  a' (1  —  e'*). 

Let  us  suppose  that  the  fixed  plane  to  which  we  refer  the  motion  of  the 
orbits,  is  the  invariable  plane  of  which  we  have  spoken,  and  by  reference 
to  which  the  constants  of  the  first  members  of  these  equations,  are  no- 
thing, as  may  easily  be  shown.  The  angles  f  and  f'  being  positive,  the 
preceding  equations  give  the  following  ones : 

fk  V  a  (1  — e*) .  sin. f  =AfcV  a'  (1  —  e'*) .  sin.  p' ; 

sui.  ^  =  —  sin.  ^ ;   cos.  ^  =  —  cos.  ^ ; 
whence  we  derive  ^  =  ^  -f  the  semi  circumference ;  the  nodes  of  the  or- 
bits are  consequently  upon  the  same  line ;  but  the  ascending  node  of  the 
one  coincides  with  the  decending  node  of  the  other ;  so  that  the  mutual 
inclination  of  the  two  orbits  is  equal  to  f  +  f'. 
We  have  by  No.  528, 

c  =  A*  V  a  (1  —  e*) .  cos*  f  +  (i/  V  a'  (1  — e'*)  cos.  q/ ;    ' 
by  combining  this  equation  with  the  preceding  one  between  sin.  f  and 
sin.  f',  we  shall  have 

2^c.cos.p.  Va(l  -e*)=c«+iefc«a(l  — e*)  — itt'*.a'(l— e'*). 

If  we  suppose  the  orbits  circular,  or  at  least  having  excentricity  so  small 
that  we  may  neglect  the  squares  of  their  excentricities,  the  preceding 
equation  will  give  f  constant :  for  the  same  reason  ^  will  be  constant ;  the 
inclinations  of  the  planes  of  the  orbits  to  the  fixed  plane,  and  to  one  ano- 
ther, will  therefore  be  constant,  and  these  three  planes  will  always  have  a 
common  intersection.  It  thence  results  that  the  mean  instantaneous  va- 
riation of  this  intersection  is  always  the  same ;  because  it  can  only  be  a 
function  of  these  inclinations.  When  they  are  very  small,  we  shall  easily 
find  by  No.  528,  and  in  virtue  of  the  preceding  relation  between  sin.  f 
and  sin.  ^,  that  for  the  time  t,  the  motion  of  this  intersection  is 

'— U0,1)  +  (i,o)i.t. 

The  position  of  the  invariable  plane  to  which  we  refer  the  motion  of 
the  orbits,  may  easily  be  determined  for  any  instant  whatever ;  for  we 
have  only  to  divide  the  angle  of  the  mutual  inclination  of  the  orbits  into 
two  angles,  f  and  f',  such  as  that  we  have  in  the  preceding  equation  be- 
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tween  sin.  f  and  sin.  f\     Designating,  therefore^  this  mutual  indination 
by  V,  we  shall  have 

_  /l'  V  a^(l— 0,sin.w 

^^^f-  ^  V  a(l— e«)  +  A*'  V  a'(l— e'*).cos,« 

SECOND  METHOD  OF  APPROXIMATION  OF  THE  CELESTIAI.  MOTIOKS. 

580.  We  have  already  seen  that  the  coordinates  of  the  celestial  bodies, 
referred  to  the  foci  of  the  principal  forces  which  animate  them,  are  deter- 
mined by  differential  equations  of  the  second  order.  We  have  int^rated 
these  equations  in  retaining  only  the  principal  forces,  and  we  have  shown 
that  in  this  case,  the  orbits  are  conic  sections  whose  elements  are  the* 
4»rbitrary  constants  introduced  by  integration. 

The  perturbing  forces  adding  only  small  inequalities  to  the  elliptic  mo- 
tion, it  is  natural  to  seek  to  reduce  to  the  laws  of  this  motion  the  troubled 
motion  of  the  celestial  bodies.  If  we  apply  to  the  differential  equations 
of  elliptic  motion,  augmented  by  the  small  terms  due  to  the  perturbing 
forces,  the  method  exposed  in  No.  512,  we  can  also  consider  the  celestial 
motions  in  orbits  which  turn  into  themselves,  as  being  elliptic;  but  the 
elements  of  this  motion  will  be  variable,  and  by  this  method  we  shall  ob- 
tain their  variations.  Hence  it  results  that  the  equations  of  motion,  being 
differentials  of  the  second  order,  not  only  their  finite  integrals,  but  also 
their  infinitely  small  integrals  of  the  first  order,  are  the  same  as  in  the 
case  of  invariable  ellipses ;  so  that  we  may  differentiate  the  finite  equa- 
tions of  elliptic  motion,  in  treating  the  elements  of  this  motion  as  con- 
stant. It  also  results  from  the  same  method  that  the  differential  equa- 
tions of  the  first  order  may  be  differentiated,  by  making  vaiy  only  the 
elements  of  the  orbits,  and  the  first  differences  of  the  coordinates ;  pro- 
vided that  instead  of  the  second  differences  of  these' coordinates,  we  sub- 
stitute only  that  part  of  their  values  which  is  due  to  their  perturbing 
forces.  These  results  can  be  derived  immediately  from  the  consideration 
of  elliptic  motion. 

For  that  purpose,  conceive  an  ellipse  passing  through  a  planet^  and 
through  the  element  of  the  curve  which  it  describes,  and  whose  focus  is 
occupied  by  the  sun.  This  ellipse  is  that  which  the  planet  would  invari- 
ably describe,  if  the  perturbing  forces  were  to  cease  to  act  upon  it*  Its 
elements  are  constant  during  the  instant  d  t;  but  they  vary  from  one 
instant  to  another.  Let  therefore  V  =  0,  be  a  finite  equation  to  an  in- 
variable ellipse,  V  being  a  function  of  tlie  rectangular  coordinates  x,  y,  i 


and  the  parameters  c,  c',  ftc  which  are  functions  of  the  elements  of  ellip- 
tic motion.  Since,  however,  thia  ellipse  belongs  to  the  element  of  the  '  ~ 
ciure  described  by  the  planet  during  the  instant  d  t ;  the  equation  V  =  0 
will  still  bold  good  for  the  first  and  last  point  of  this  element,  by  regard- 
ing c,  &,  &C.  as  constant  We  may,  therefore,  differendate  this  equadoB 
once  in  only  suppasing  x,  y,  ^  to  vary,  vhicb  gives 

We  also  see  the  reason  why  the  finite  equations  of  the  invariable  el- 
lips^  may,  in  the  case  of  the  variable  ellipse,  be  difierentiated  once  in 
treating  the  parameters  as  ccoistant.  For  the  same  reason,  every  difier^ 
ential  equation  of  the  first  order  relative  to  the  invariable  ellipse,  equally 
holds  good  for  the  variable  ellipse ;  for  let  V  =  0  be  an  eqaation  of  this 

order,  V  being  a  iimction  of  x,  y,  z,  -j— ■ ,  -r-^ ,  -r- ,  and  the  parameters 

c,  &,  Sic.  ■  It  is  clear  that  all  these  quantities  are  the  same  for  the  varia- 
ble ellipse  as  well  as  for  the  invariable  ellipse,  which  for  the  instant  d  t 
coincides  with  it 

Nov  if  we  consider  the  planet,  at  the  end  of  the  instant  d  t,  or  at  the 
comm^iceraeot  of  die  following  one ;  the  iiinction  V  will  vary  Irom  tha 
ellipse  relative  to  the  instant  d  t  to  the  consecutive  ellipse  only  by  the 
.-ariation  of  the  parameters,  since  the  coordinates  z,  y,  z,  relative  to  the 
;nd  of  the  first  instant  are  the  same  for  the  two  ell^>se8 ;  thus  the  function 
^  being  nothing,  we  have 

''  =  0-/'  +  ^) '"='+*«•  "'> 

TTiis  equation  may  be  deduced  fi:om  the  equation  V  =  0,  by  making 
,  y,  z,  c,  cf,  &c.  vary  together ;  for  if  we  take  the  diflferential  eqtiatlon 
i)  fix>in  this  difi*erenUal,  we  shall  have  the  equation  (i']. 
Difiereotiating  the  equation  (i),  we  shall  have  a  new  equation  in  jd  c, 
c',  ficc  which  with  the  equation  (i')  will  serve  to  determine  the  parame- 
Ts  c,  c',  ate  Thus  it  is  that  the  geometers,  who  were  first  occupied  in 
le  theory  of  celestial  perturbations,  have  determined  the  variations  of 
le  nod«s  and  the  inclinations  of  the  orbits:  but  we  may  dmpli^^  this 
fferentiation  in  the  following  mannw. 

Consider  generally  the  diflferantial  equation  of  the  first  order  V  =  0, 
,  equation  which  belongs  eqoaUy  to  the  variable  ellipse,  and  to  the  in- 
riable  «llipse  whidi,  in  the  instaat  A  t,  ctuacides  with  it.  In  the  follow- 
j  instaztt,  this  equation  belongs  also  to  the  two  ellipses,  but  with  this 
rot-  II.  ^ 


difference,  that  c,  c',  fitc,  remain  tlie  same  in  the  case  of  the  invariable 
ellipse,  but  vary  with  the  variable  ellipse.  Let  V"  be  what  V  becomes, 
when  the  ellipse  is  supposed  invariable,  and  V/  what  this  same  functiua 
becomes  in  the  case  of  the  variable  ellipse.  It  is  clear  that  in  order  to 
have  V  we  must  change  in  V,  the  coordinates  x,  y,  z,  which  are  rela- 
tive to  the  commencement  of  the  first  instant  d  t,  in  those  which  are  lela- 
tive  to  the  commencement  of  the  second  instant;  we  must  then  augment 
the  first  differences  d  x,  d  y,  d  z  respectively  by  the  quantities  d*  x,  d*  y> 
d  *  z,  relative  to  the  invariable  ellipse,  the  element  d  t  of  the  time,  being 
supposed  constant. 

In  like  manner,  to  get  V/,  we  must  change  in  V,  the  coordinates 
X,  y,  z,  in  those  which  are  relative  to  the  commencement  of  the  second 
instant,  and  which  are  also  the  same  in  the  two  ellipses ;  we  must  thai 
augment  d  X,  dy,  dzrespectivelyby  the  quantities  d*x,d*  y,d'z;  finally, 
we  must  change  the  parameters  e,  c',  &c  into  c  +  dc,c'4-dc';  Sec 

The  values  of  d  *  x,  d  *  y,  d '  z  are  not  the  same  in  the  two  ellipses ; 
they  are  augmented,  in  the  case  of  the  variable  ellipse,  by  the  quantities 
due  to  the  perturbing  forces.  We  see  also  that  the  two  functions  V 
and  V/i  differing  only  in  this  that  in  the  second  the  parameters  c,  c',  ftc. 
increase  by  d  c,  d  c',  8tc. ;  and  the  values  ofd'x,  d'y,  d*z  relative  to 
the  invariable  ellipse,  are  augmented  by  quantities  due  to  the  perturbing 
forces.  We  shall,  therefore,  form  V/  —  V",  by  differentiating  V  in  the 
supposition  that  x,  y,  z  are  constant,  and  that  d  x,  d  y,  d  z,  c,  c/,  &c. 
are  variable,  provided  that  in  this  differential  we  substitute  for  d  *  x,  d '  v, 
d'  z,  &c.  the  parts  of  their  values  due  solely  to  the  disturbing  forces. 

If,  however,  in  the  function  V"  —  V  we  substitute  for  d'  x,  d*  y,  d'  i 
their  values  relative  to  elliptic  motion,  we  shall  have  a  function  of  x,  y,  i, 

-j-7- ,  -T^ ,  TT »  «)  c'j  StC'j  which  in  the  case  of  the  invariable  ellipse,  is 
nothing;  thb  function  is  therefore  also  nothing  in  the  case  of  the  variable 
ellipse.  We  evidently  have  in  this  last  case,  V/  —  V  =  0,  unce  this 
equation  is  the  differential  of  the  equation  V  =  0 :  taking  it  from  the 
equation  V/  —  V  =  0,  we  have  V/  —  V"  =  0.  Thus,  we  may,  in  this 
case,  differentiate  the  equation  V  =  0,  supposing  d  x,  d  y,  d  z,  c,  c',  &c. 
alone  to  vary,  provided  that  we  substitute  for  d '  x,  d  *  y,  d  *  z,  the  parts 
of  their  values  relative  to  the  disturbing  forces.  These  results  are  ex:actly 
the  same  as  those  which  we  obtained  in  Ko.  512,  by  considerations  purely 
analytical ;  but  as  is  due  to  their  importance,  we  shall  here  again  preseat 
them,  deduced  from  the  consideration  of  elliptic  motion. 


531.  Let  (IS  resniDe  the  equations  (P)  of  No.  513, 

«  =  a4'  + 7-' +  (?!)•. 

If  wegnppose  R  =i  0,  we  shall  have  the  equations  of  elliptic  motion, 
which  we  have  integrated  in  (478)-    We  have  there  obtained  the  seren 
following  integrals 
X  dy  —  y  d  X 

X  d  z  —  z  d  X 
'= 31 ■■ 

at  ' 


(  d  t'         J  at*  d  t' 


dx*  +  d  z*    1        X  dx.d  y       z  d  z.  d  y 
IT'  /  +  ~dT'        +        df 


dx'  +  d  y*   i        xdx.d  z       y  dy  -d  z 

■      3T-      /  +    df    +    rn~ 

d  x'  +  d  y '  +  d  z* 
dt" 


(P) 


These  integrals  give  the  arbilraries  in  functions  of  their  first  differences ; 
they  are  under  a  very  commodious  form  for  determining  the  variations  of 
these  arbitraries.  The  three  first  integrals  give,  by  differentiating  them, 
and  making  vary  by  the  preceding  No,  the  parameters  c,  c',  c",  and  the 
first  difierences  of  the  coordinates, 


dc 


_  X  d*y  — y  d  *  X 
■  d  t 


X  d'  z  —  z  d'  X 


yd'a-zd'y 
'^'^'-'  dt 

Substituting  for  d  *  x,  d  *  y,  d  *  z,  the  parts  of  their  values  due  to  the 
perturbing  forces,  and  which  by  the  differential  equations  (P)  are 


we  ahall  bare 


ac=..{,(i|)_.(||)}; 


We  know  &om  478,479that  the  psrameten  c,  c',  c"  detennine  three 
dements  of  the  elliptic  oriHt,  viz.,  the  incUnatkut  p  of  the  orbit  to  the 
plane  of  x,  y,  and  the- longitude  »  of  its  ascending  nod^  b;  meaos  of  the 


tao,  f  = 

and  the  semi-parameter  a  (1  —  e*)  of  die  ellipse  by  means  of  the  equa- 
tion 

m  a  (1  —  e')  =  c*  +  c"  +  c"». 

The  same  equations  Eubsbt  also  in  the  case  of  the  variable  ellipse, 
provided  we  determine  c,  c',  c"  by  means  of  the  preceding  difierential 
equadons.  We  shall  thus  have  the  parameter  of  the  rariable  ell^ise,  its 
inclination  to  the  fixed  plane  of  z,  y  and  the  position  of  its  node. 

The  three  first  of  the  equatiims  (p)  hare  given  ua  in  Ko.  (179)  the 
finite  integral 

0  =  c"x  —  (/y  +  cz: 
this  equation  subsists  in  the  case  of  the  troubled  ellipse,  as  also  Its  first 
di&rence 

0  =  c"dx  —  c'dy  +  cdz 
taken  in  considering  c,  c',  c"  constant 

If  we  differentiate  the  fourth,  the  fifth  and  the  sixth  of  the  intcgrab 
(p),  making  only  the  parameters  f,  P,  V,  and  the  difierencea  d  x,  d  y,  d  s 
vary ;  if  moreover,  we  substitute  then  for  d  *  x,  d  *  y,  d  *  z,  the  quantities 

-  d  ..  (^),  -  d  ..  (^),  -  d  ,.  (i£),  we  .h.U  h„e 

df=d.{,(^)-.(^)}  +  d.{.(^)-,{i|)} 

+  (jdx-xdy)(i|)  +  (.d.-xaz,(i5)i 
dr.  =  d.{.(^)_,(^)}  +  d.{.(|^)-,{2f)} 

+  (xdy-ydx)(^)+(zd,_yd2)(^); 


.p=d.{.(^)-.(^)}^..{,(^,i')-.(fl)} 

+  (xd.-zdx)(l|)  +(jd«-zdy)(?^).. 

Finally,   the  seventh  of  the  integralB  (p),  differentiated  in  the  seme 
manner,  will  give  the  rariation  of  the  semi-ozis-nmjor  a,  by  means  of  tlic  ^ 
equation 

d.E=2iR, 

the  differential  d  R  bung  taken  relatively  to  the  coordinates  x,  y,  c  alone 
of  the  body  /*. 

The  values  of  f,  f,  f  determine  the  longitude  of  the  projection  of  the 
perihelion  of  the  orbit,  upon  the  fixed  plane,  and  the  relation  of  the  ex- 
centricity  to  tlie  Bemi-axij-major ;  for  I  being  the  Itmgitude  of  this  projec- 
tion by  <4'i9)  we  have 

tan.  I  =  -jt; 

and  e  being  the  ratio  of  the  excentrici^  to  the  semi-axis-major,  we  have 
me  =  V(f'  +  f"  +  f"')- 
This   ratio  may  also  be   determined  by  dividing  the  semi-parameter 
a(l  ^  e*),  by  the  sem>-BXJs-mBJor  a:  the  quolient  taken  from  unity  will 
give  the  value  of  e '. 
The  integrds  (p)  have  given  by  elimination  (479)  the  finite  integral 
0  =  mf  — h*  +  fx  +  fy  +  P'z: 
this  equation  subsists  in  the  case  of  the  troubled  ellipse,  and  it  determines 
at  each  instant,  the  nature  of  the  variable  ellipse;     We  may  differentiate 
it,  conadering  ^  f,  f"  as  constant ;  which  gives 

0  =  m  d  f  +  f  d-x  +  f  d  y  +  P  d  z. 
The  semi- axis-major  a  gives  the  mean  motion  of  fh  or  more  exactly, 
that  which  in  the  troubled  orbit,  corresponds  to  the  mean  motion  in  the 
invariable  orbit ;  for  we  have  (479)  n  =;  a~  *  V  m ;  moreover,  if  we  de- 
note by  {  the  mean  motion  of  (is  we  have  in  the  invariable  elliptic  orbit 
d  1^  =  n  d  t :  this  equation  equally  holds  good  in  the  vatiable  ellipse, 
since  it  is  a  differential  of  the  first  order.  Differentiating  we  shall  have 
d*^  IS  dn.dt;  but  we  have 

,      _  San     ,    m  _  S  and  R 
""   2  m  '     '  a  ""         m        * 
therefore 

,,,       Sandt.ffR 
*  m 


and  integnitbg 


Finally  we  hare  seen  in  (Na  178)  that  the  integrals  (p)  are  equivalent 
to  bat  five  distinct  integrals,  and  that  the;  ^ve  between  the  seven  para- 
meters c  </,  c",  r,  t,  i"  e,  the  two  eqnations  of  ccmditioa 
0  =  f  c"  —  f  c'  +  f"  c; 

m        f +  f"  +  r*  — m*. 

these  equations  subsist  therefore  in  the  case  of  the  variable  ellipse  provid- 
ed that  the  parameters  are  determined  as  above. 

We  can  easily  verify  these  statements  a  posteriori. 

We  have  determined  five  elements  of  the  variable  orbit,  viz.,  its  inclin- 
ation, position  of  the  nodes,  its  semi-axis- major  which  gives  its  mean  mo- 
tion, its  ezcentricity  and  the  position  of  the  perihelion.  It  remains  for  us 
to  find  the  sixth  dement  of  elliptic  motion, — that  which  in  the  invariable 
ellipse  corresponds  to  the  position  of  |U  at  a  ^veo  epoch.  For  this  pur- 
pose let  us  resume  the  expression  of  d  t  (ITS) 
d  t  Vm  _  d  Y  (1  —  e")  ^ 
•     aJ       ~  U-l-ecos.(v  — -)i** 

This  equation  developed  mto  series  gives  (473) 
ndt  =  dv{]  +E">cos.(v  — w)  +  E**' cos.  2  (v  —  •)  +  8tc.}. 

Integrating  this  equation  on  the  supposition  of  e  and  >  being  con- 
stant, we  shall  have 

/n  d  t  +  •  =  V  +  E")  sin.  (v  —  •)  +  ^  sin.  8.  (v  —  -)  +  &c 

t  being  an  arbitrary.     This  integral  is  relative  to  the  invariable  ellipse : 
to  extend  it  to  the  variable  ellipse,  in  making  every  thing  vary  even  to 
the  arbitraries,  t,  e,  w  which  it  contains,  its  differential  must  coincide  with 
the  preceding  one ;  which  ^ves 
d.=  da{('?^).b.(.-.,  +  J(^J=^).,«.2(,-,)  +&4 

—  dw  tEWcos.  (v  — •)  -I-  E»'cos.2  (v  — -)  +  Sec} 
r  —  w  being  the  true  anomaly  of  ft  measured  upon  the  orbit,  end  w  the 
longitude  of  the  perihelion  also  measured  upon  the  orbit.  We  have  de- 
te/mined  above,  the  longitude  I  of  the  projecdon  of  the  perihelion  upon 
a  fixed  plane.  But  by  (188)  we  have,  in  changing  v  into  *  and  v,  into  I 
in  the  expression  of  v  —  0  of  this  No. 

w —  8=  I  —  S  +  tan. '  J  f  sin.  2  (I  —  «)  +  8tc. 
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Supposing  next  that  y,  v^,  are  zero  in  this  same  expression,  we  have 

|3  =  tf  +  tan.* ^  f  sin.  2  ^  +  &C. 

wherefore, 

w  ==  I  +  tan. '^ f>.  {sm.  2^  +  sin. 2  (I  —  ^)  +  &c.| 
which  gives 

dv=:dI.{l  +  2  tan.«ip  COS.  2  (I  —  ^)  +  &c.J 

+  2dtftan.*i^  Jcos.  2tf  — COS.  2(1  — 0  +  ^c] 

Thus  the  values  of  d  I,  d  6,  and  d  f  being  determined  by  the  above,  we 
shall  have  that  of  d  v ;  whence  we  shall  obtain  the  value  of  d  f. 

It  follows  from  thence  that  the  expressions  in  series,  of  the  radius-vec- 
tor, of  its  projection  upon  the  fixed  plane,  of  the  longitude  whether  re- 
ferred to  the  fixed  plane  or  to  the  orbit,  and  of  the  latitude  which  we 
have  given  in  (No.  488)  for  the  case  of  the  invariable  ellipse,  subsist  equal- 
ly in  the  case  of  the  troubled  ellipse,  provided  we  change  n  t  intoy*n  d  t, 
and  we  determine  the  elements  of  the  variable  ellipse  by  the  preceding 
formulas.  For  since  the  finite  equations  between  (,  v,  s,  x,  y,  z,  and 
y*n  d  t,  are  the  same  in  the  two  cases,  and  because  the  series  of  No.  438 
result  from  these  equations,  by  analytical  operations  efltirely  independent 
of  the  constancy  or  variability  of  the  elements,  it  is  evident  these  expres- 
sions subsist  in  the  case  of  variable  elements. 

When  the  ellipses  are  very  excentric,  as  is  the  case  with  the  orbits  of 
the  comets,  we  must  make  a  slight  change  in  the  preceding  analysis.  The 
inclination  f  of  the  orbit  to  the  fixed  plane,  the  longitude  ^  of  its  ascend- 
ing node,  the  semi-axis-major  a,  the  semi-parameter  a  (1  —  e'),  the  ex- 
centricity  e,  and  the  longitude  I  of  the  perihelion  upon  the  fixed  plane 
may  be  determined  by  what  precedes.  But  the  values  of  w  and  of  d  tr 
being  given  in  series  ordered  according  to  the  powers  of  tan.  ^  f  ,  in  order 
to  render  them  convergent,  we  must  choose  the  fixed  plane,  so  as  to  make 
tan.  ^  9  inconsiderable ;  and  to  effect  this  most  simply  is  to  take,  for  the 
fixed  plane,  that  of  the  orbit  of>  at  a  given  epoch. 

The  preceding  value  of  d  s  is  expressed  by  a  series  ii^jhich  is  convergent 
only  in  the  case  where  the  excentricity  of  the  orbit  is  inconsiderable,  we 
cannot  therefore  make  use  of  it  in  this  case.  Instead,  let  us  resume  the 
equation     , 

dt  Vm  _         dv(l  — e«)* 

"    ^i  U  +  ecos.  (v  — w)]«' 

L4 


If  we  make  1  —  e  =  «,  we  have  b;  (489)  in  the  case  c^  the  uiTaruble 
ellipse, 

T  being  an  arbitrary.  To  extend  this  equation  to  the  variable  elfipse, 
we  must  differentiate  it  by  making  vary  T,  the  semi  parameter  a  ( 1  —  e  *), 
«E,  and  <r.  We  shall  thence  obtain  a  differential  equation  which  will  de- 
termine T,  and  the  finite  equations  which  subsist  in  the  case  (^  the  ia- 
Tariable  ellipse,  will  still  hold  good  in  that  of  the  variable  ellipse. 

5S2.  Let  us  consider  more  particularly  the  variations  of  the  elements 
of /i's  orbit,  in  the  case  of  the  orbits  being  of  small  excentiicity  and  but 
little  inclined  to  one  another.  We  hare  given  in  No.  5]d>  the  mannei  d 
developing  R  in  a  series  of  sines  and  cosines  of  the  form 

ijf  k  cos.  (i'  n'  t  —  i  n  t  +  A) 
k  and  A  being  functions  of  the  excentricity  and  incUnatiixis  of  the  orbits, 
the  positions  of  their  nodes  and  perihelions,  the  longitudes  of  the  bodies 
at  a  given  ^K>ch,  and  the  major-axes.  When  the  ellipses  are  variable 
all  these  quantities  must  be  supposed  to  vary  conformably  to  what  pre- 
cedes. We  must  moreover  change  in  the  preceding  term,  the  angle 
i'  n'  t  —  i  n  t  into  j.'  y  n'  dt  —  iyn  d^  or  which  is  tantamount,  into 

However,  by  the  preceding  No.,  we  have 

<=/ndt=l-.//«ndt.dR. 

The  difference  d  R  being  taken  relatively  to  the  coordinates  Ji3>^ 
of  the  body  th  we  must  only  make  vaiy,  in  the  term 

y  k  cos.  (i'  S'  —  i  C  +  A) 
of  the  expression  of  R  developed  into  a  series,  what  d^>ends  i^kid  the 
motion  of  this  body ;  moreover,  R  being  a  finite  fimction  of  x,  y,  z,  x',  f,  i 
we  may  by  No.  530,  suppose  the  elements  of  the  orbit  constant  in  '^ 
difference  <i  R ;  it  suffices  therefore  to  make  (  vaty  in  the  preceding  temi 
and  since  the  difference  of  ^  is  n  d  t,  we  have 

i/.  kndt.sin.(i'^  — i^  +  A) 
for  the  term  of  if  R  which  corresponds  to  the  preceding  term  of  B.  Tbo^ 
with  reqwct  to  this  term  only,  we  have 


C  =  ^//«  k  ■>■  d  f  sm.  (i' J' -  i  C  +  A). 

If  we  nc^ect  the  sqcarea  and  prodacts  of  the  perturbing  masses,  we 
may,  in  the  integrals  of  the  above  terms,  suppose  the  elements  of  elliptic 
motion  constant.     Hence  £[  becomes  n  t  and  ^,  n'  t ;  whence  we  get 

1  2  i  /(r'  n  k  ,., 

a  m  (r  n'  —  in)  *  '       ' 

^  =  "  m  (i'  n^  -  i  n) '  "^  t»'  "^  t  - »  n  t  +  A). 

Hence  we  perceive  that  if  f  n'  —  i  n  is  not  zero,  the  quantities  a  and  ^ 
1  only  contun  periodic  inequalities,  retaining  only  the  first  power  of  the 
perturbing  force ;  but  i  and  i'  being  whole  numbers,  the  equation  in'  —  in 
=  0  cannot  subsist  when  the  mean  motions  of  /»  and  /t'  are  incommen- 
surable which  is  the  case  with  the  planets,  and  which  can  be  admitted 
generally,  since  n  and  n'  being  arbitrary  constants  susceptible  of  all  possi- 
ble values,  their  exact  relatioD  of  number  to  number  is  not  at  all  probaUe. 

We  are,  therefore,  conducted  to  thb  remarkable  result,  viz.,  that  the 
principal  axes  t^  the  j^anets,  and  their  mean  motions,  are  only  sub/ect  to 
periodic  inequalities  depending  on  their  cotifiguraiion,  and  that  thus  in  ne- 
glecting these  quantities,  their  principal  axes  are  constant  and  their  mean 
motions  uniform,  a  result  agreeing  vith  toAat  has  otherwise  been  faand  by 
No.  621. 

If  the  mean  motions  n  t  and  n'  t,  without  being  ex&ctiy  commensur^Ie, 
approach  very  nearly  to  the  ratio  i' ;  i ;  the  divisor  i'  n'  —  i  n  is  very 
small,  and  there  iUay  result  in  ^  and  ^  inequalities,  which  increasing  very 
slowly,  may  give  reason  for  observers  to  suppose  that  the  mean  motions 
of  the  two  bodies  /*,  fi/  axt  not  uniform.  Vfe  shall  see,  in  the  theory  of 
Jupiter  and  Saturn,  that  this  is  actually  the  case  with  regard  to  these  two 
planets :  their  mean  motions  are  such  that  twice  that  of  Jupiter  is  very  nearly 
equal  to  five  times  that  of  Saturn ;  so  that  6  n'  —  2  n  is  hardly  the  sixty- 
fourth  part  of  n.  The  smallness  of  this  divisor,  renders  very  sensible  the 
term  of  the  expression  for  {^  depending  upon  the  angle  5  n'  t  -^  2  n^ 
although  it  is  of  the  order  i'  —  i,  or  of  the  third  order,  relatively  to  the 
excentriddes  and  inclinations  of  the  orbits,  as  we  have  seen  in  No.  515. 
The  preceding  analysis  gives  the  most  sensiUe  part  of  Uiese  inequalities ; 
for  the  variation  of  the  mean  longitude  depends  on  two  integrations,  whilst 
the  variations  of  the  other  elements  of  elliptic  motion  depend  only  on 
one  integration ;  only  terms  of  the  expression  of  the  mean  lon^tude  can 
therefore  have  the  divisor  (i'  n'  —  i  n)  *  j  conseqnendy  with  regard  only 
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to  these  terms,  vhich,  considering  the  snuillness  of  the  divisor  ought  to 
be  the  more  considerable,  it  will  sufiSce,  in  the  expressions  of  the  radius- 
vector,  the  l<»igitude  and  latitude,  to  derive  fropi  these  terms,  the  mean 
longitude.- 

When  we  have  inequalities  of  this  kind,  which  the  action  of  /  prodnces 
in  the  mean  motion  of  /i,  it  is  easy  thence  to  get  the  corresponding  ine- 
qualities which  the  action  of  f  produces  in  the  mean  motion  of  /i!  In 
fact,  if  we  have  r^ard  only  to  the  mutual  action  of  three  bodies  U,  >>  and 
/i' ;  the  formula  (7)  of  [4TI )  gives 

dx'-fdy'+dz*        ,  dx"  +  dV* +di'' 
const  =M ^ +  ^'. JL. 

(M -i-;*-i-/)"df  '' 

2  Mfi.'  2i*iu' 

:''+y'+z™~V(x'— x)'+(y'-y)'-t-(B'-^r' 
The  htst  of  the  integrols  (p)  of  the  preceding  No.  pves,  by  subslituting 
for  —  the  integral  2/d  R, 

dx'  +  dj'.fdz'_        2{M  -Hm)  a^.,T, 

a  t*  Vx»  +  y'  +  z»  -^ 

If  we  then  call  R',  what  R  becomes  when  we  consider  the  ac^  of  p 

upon  fi/,  we  shall  have 

J, ,  _  f^i^^'  +  yf  +  zzO  _  ' » 

"    (^.  +  y.  +  z')i  V(x'-x)'-Ky'-y)'  +  (z'-«? 

dx"+d/'-fdz"  _        g  (M  -H  ^0      _     .  „  jj,. 

dt»  -  vx'^  +  y'*  +  2f*        -^ 

the  differential  characteristic  d'  only  belonging  to  the  coordinates  of  iw 

k  J  /  o  u  .-.  .■  r  d  x»  + dy»-(-dz'  .  dx'*  +  dy*  +  di' 
body  111.     Substituting  lor >  j,    and t'ti 

the  values  in  the  equation  (a),  we  shall  have 

"*■  Vx*.f  y^-f  z' "''  v'x"-(-y"'  +  z" ' 
It  is  evident  that  the  seomd  member  of  this  equation  contains  no  teiiu 
olthe  order  of  squares  and  products  of  the  ^  /*',  which  have  the  diTiaf 
i'  n'  —  in;  relative,  therefore,  only  to  these  terms,  we  shall  have 
«/dR  -^;.'/d'R'  =  0; 


thus,  by  only  considering  the  terms  which  have  the  divisor  (i'  n'  —  in)  % 
we  shall  have 

Sffa' n' dt.  ^ R'  _       ^{M  +  M.).a.'n'   S/Tandt.dR     . 

M  +  ^  ~       *t'(M  +  /*'Jan M  + ,.        ' 

bnt  we  have 

r  -  S//&ndt.dR        _  Sffa'  n'  d  t .  J  R' 
^-  M+A*         '  ^  -  M  +  *.'  ' 

we  therefore  get 

/  (M  +  ^0  a  n  C  +  **  (M  +  ;*)  a'  n'  C  =  0. 
Again,  we  have 

^  _  V(M  +/*).  ^  _V(M  +  ^0. 
a^         '  a'S  ' 

neglecting  therefore  /<,  f>',  in  comparison  with  M,  we  shall  have 
^  V  a . !;  +  /*'  V  a'.  !;'  =  0 ; 

Thus  the  inequalities  of  Z,  which  have  the  divisor  (i'  n'  —  in)  *,  give 
us  those  of  Z,',  which  have  the  same  divisor.  These  inequali^es  are,  as 
we  see,  affected  with  the  contrary  sign,  if  n  and  n'  have  the  same  signj  or 
which  amounts  to  the  same,  if  the  two  bodies  ft  and  m'  circulate  in  the 
same  direction ;  they  are,  moreover,  in  a  constant  ratio ;  whence  it  follows 
that  if  they  seem  to  accelerate  the  mean  motion  of  ^  they  appear  ,to  re- 
tard that  of  ^'  according  to  the  same  law,  and  the  ^parent  accderadon 
of /tj.vrill  be  to  the  apparent  retardation  of/*',  as/*'Va'isto^Va.  The 
acceleration  of  the  mean  motion  of  Jupiter  and  the  retardation  of  that  of 
Saturn,  which  the  comparison  of  modern  with  ancient  observations  made 
known  to  Halley,  being  very  nearly  in  this  ratio ;  it  may  be  concluded 
1  irom  the  preceding  theorem,  that  they  are  due  to  the  mutual  action  of  the 
two  planets;  and,  since  it  is  constant,  that  this  action  cannot  produce  in 
the  mean  motions  any  alteration  independent  of  the  configuration  of  the 
planets,  it  is  veiy  probable  that  there  exists  in  the  theory  of  Jupiter  and 
Saturn  a  great  periodic  inequality,  of  a  very  long  period.  Nest,  consider- 
ing that  five  times  the  mean  motion  of  Saturn,  minus  twice  that  of  Jupi 
ter  is  very  nearly  equal  to  nothing,  it  seems  very  probable  that  the  phe- 
nomenon observed  by  Halley,  was  due  to  an  inequality  depending  upon 
this  argument  The  detenninati<m  of  this  inequity  will  verify  the  con- 
jecture. 

The  period  of  the  argument  i'  n'  t  —  i  n  t  being  supposed  very  long, 
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the  dements  of  the  orbits  of  fs  tu^  M''  undergo,  in  this  interval  sensible 
▼ariationsy  which  must  be  taken  into  account  in  the  double  integral 

/fa  k  n«  d  t*  sin,  (i'  n'  t  —  i  n  t  +  A). 

For  that  purpose  we  shall  give  to  the  function  k  sin.  (i'  n''  t — i  n  t + A), 
the  form 

Qsin.(in't  — int  +  iV  — if)+Q'cos.(i'n't— int  +  i'i— if) 
Q  and  Q'  being  functions  of  the  elements  of  the  orbits :  thus  we  shall 
have 

f/sL  k  n«  d  t«  sin.  (i'  n'  t  —  i  n  t  +  A)  = 

n«asin.(iVt— int+i^>— if)    f^         2  d  Q^  8d«Q      ,^  1 
(i'n'  — in)*             '(.^"(iV— in)dt      (i'tf— inydt*"*"*^] 

rf  a  cos.(iVt— i  n  t+i'  J— i  <)   //y_2dQ  8d^Q^     ,  ^,  \ 
{V  n'  —  i  nj*             •  \  ^     (iV— in)dt    (iV— in)yt«+*^  T 

The  terms  of  these  two  series  decreasing  Tery  rapidly^  with  regard  to 
the  slowness  of  the  secular  variations  of  the  elliptic  elements,  we  maj)  in 
each  series,  stop  at  the  two  first  terms.  Then  substituting  for  the  ele- 
ments of  the  orbits  their  values  ordered  according  to  the  powers  of  the 
time,  and  only  retaining  the  first  poorer,  the  double  integral  above  may 
be  transformed  in  one  term  to  tlie  form 

(F  +  E  t)  sin.  (i'  n't—  i  n  t  +  A  +  H  t). 

Relatively  to  Jupiter  and  Satuni,  this  expr^sion  may  serve  for  many 
ages  before  and  after  the  mstant  firc»n  which  we   date  the  given  epoch. 

The  great  inequalities  above  referred  to^  become  sensible  amongst  die 
terms  dependbg  upon  the  second  power  of  the  perturbing  forces.  In 
fact,  if  in  the  formula 

^  =  ^^^''^''"^  ^  ^"-  •^  (i'  ?;'- i  ?;  +  A), 

we  substitute  for  ^  ^  their  yalues 

8  i  /tft'  a  n '  k   .     ,.*    /  .       •     . 

^  ^ 7m — ^-Tt  sin.  (r  n'  t  —  i  n  t  +  A) ; 

m  (r  n' — in)*        ^  ^      / » 

,  ^        8i/»an*k     /a      .     ,;    ,  ^       .     ^        ^^ 

"  t 7v-7 — ^-isJ  —/  •  sm.  (i'  n'  t  —  1  n  t  +  A), 

m(i'n' — ^in)*V  a'  ^  ^     ^ 

there  will  result  among  the  terms  of  the  order  pk  \  the  following 

9i'M^*a*n^k«   i,.' V  a' +  V f^  V a  .     .,.,    .         .    ^  ^  .. 
~  8i?(?nr^rir  • TVS^ sm.2(i'n't— int  +  A). 

The  Talue  of  ^  contains  the  corresponding  term,  which  is  to  the  one 
preceding  in  theratio  a^  V  a  :  —  M''  V  a^y'iz. 

638.  It  may  happen  that  the  inequalities  of  the  mean  motion  which  are  the 


most  fenabl^  are  only  to  be  found  among  terras  of  the  orda  of  the 
squares  of  the  perturbing  masses.  If  we  consider  three  bodies,  as  l*'t  f*" 
circulating  around  M,  the  expression  of  (/  B  relative  to  terms  of  this  or- 
der, will  contain  inequalities  of  the  form 

k  sin.  (i  n  t  —  i'  n'  t  +  i"  n"  t  +  A) 
but  if  we  suppose  the  mean  motions  n  t,  n'  t,  n"  t  such  that  in  —  i'  n' 
+  i"n"is  an  extremely  small  fraction  of  »,  there  wiUresultaverysensible 
inequality  in  the  Talue  of  £[.  This  inequali^  may  render  rigorously  equal 
to  zero,  the  quantity  i  n  —  i'  n'  4*  i"  n"i  and  thos  establish  an  equation  of 
condition  between  the  mean  motions  and  the  mean  longitudes  of  the  three 
bodies  /*,  I*',  t^".  This  very  ungular  case  exists  in  the  sptem  of  Jupiter's 
satellites.     We  will  give  the  analysis  of  it 

If  we  take  M  for  the  mass-unit,  and  neglect  fi^  i^',  ft-"in  comparison  with 
it,  we  shall  have 


we  have  then 
wherefore 


dlsndtjdfsn'dt;  d^'  =  n"dt; 

^  =  _|ni.i#; 
dt  2  a* 


dt  ~      a       ." 

We  have  seen  in  No.  &28,  that  if  we  neglect  the  squares  of  the  excen- 
tricities  and  inclinations  of  the  orbits,  we  have 

const  =  I*  V  a  -I-  j»'.  V  a'  +  ^"  ^  a"  I 
which  gives 

„  da'         ,    d a'  „    d  a" 

liVom  these  several  equations,  it  is  eatry  to  get 
d'C  _  _  8        J    da 


A   • 


AA       '^^^_^A«*J 


/«rwi.t    A»A* 


Finally  the  equation 


m 


-   =  2/d  R 


a 


of  No.  53 19  gives 

a* 
We  have  therefore  only*  to  determine  d  R. 

By  No.  513,  neglecting  the  squares  and  products  of  the  indiiiatioos  of 
the  orbits,  we  have 

R  =  ?^C08.(v'  —  v)  — m'(^»  — 2^/  cos.  (V  _v)  +e'*)"'* 

i 

+  ^ COS.  (y  —  V)  — >''a « —  2if  COS.  (v''  —  V)  +  f «)"* 

If  we  develope  this  function  in  a  series  ordered  according  to  the  cosines 
of  v'  —  V,  v^'  —  V  and  their  multiples ;  we  shall  have  an  expression  of 
this  form 

R  =  ^0,^W  +/*'fe^O^'^cos.  (v'— V)  +  ^'0,fO®cos.2(v'-Y) 


2 


+  /»'  to  O^^  cos.  3  (v'  —  v)  +  &c 


+  k-  (f»  n  ^"^  +  /^'U  n  ^'^  cos-  (y"  -  v)  +  f^''  (f,  /O  «  cos.  2  (v"- V} 


2 


+  ^"fe?'0^^cos.3(v''— v)  +  &c.; 
whence  we  derive 


dR=i 


dg 


cos.  2  (v'  —  v)  +  &C. 


f('-^)+'"f-^V('"-'>+'r-^) 


COS.  2  (v''  —  v)  +  &c 


.  d  v/'"'^'  ^^"^  *"^*  ^^  -"^)  +  2'^'  fe  ^)«6in.2(v'— v)+fcc.l 

L  t  +f^'%^')  ^^^sm.(y'—v)+2fi'%^')  »)sin.2(v''— v)+&c J  J 

Suppose,  conformably  to  what  observations  indicate  in  the  system  of 

the  three  first  satellites  of  Jupiter,  that  n  —  2  n'  and  n'  —  2  n"  fli^ 

very  small  fractions  of  n,  and  that  their  difference  n  —  2  n'  —  (n'  —  2  n ') 

or  n  —  3  n'   +   2  n^'  is  incomparably   smaller  than  each  of  them. 

It  results  firom  the  expressions  of  — ^,  and  of  3  v  of  No.  517,   that    the 

action  of  ^'  produces  in  the  radius-vector  and  in  the  longitude  offtavcry 
sensible  inequality  depending  on  the  argument  2  (n'  t  —  n  t  +  i'  —  *)• 
The  terms  relative  to  this  inequality  have  the  divisor  4  (n'  —  n)*  ^  n^ 


smalloess  of  tbe  factor  n  —  2  n'.  We  also  perceive,  by  the  consideration 
of  tbe  same  expressions,  that  the  action  of  i*  produces  in  the  radius- 
veclor,  and  in  the  longitude  of  lU.',  an  inequality  depending  on  the  argu- 
ment (n'  t  —  n  t  +  I*  —  ')>  Bnd  which  having  the  divisor  (n'  —  n)  *  — -  n'  *, 
or  n  (n  ^  2  n'),  is  very  sensible.  We  see,  in  like  manner,  that  the  action 
of  It"  upon  It'  produces  in  the  same  quantities  a  considerable  inequality 
depending  upon  the  argument  2  (q"  t  —  n'  t  ■)-  ■"  —  /).  Finally,  we 
perceive  that  the  action  of  ii!  produces  in  the  radius-vector  and  in  the 
longitude  of  /*"  a  considerable  inequali^  depending  npon  the  argument 
n"  t  —  n'  t  +  i"  —  I.  These  inequalities  were  first  recognised  by  obsei^ 
vations;  we  shall  develope  them  at  length  in  the  Theory  of  Jupiter's  Sa- 
tellites. In  the  present  question  we  may  neglect  them,  relatively  to  other 
inequalities.  We  shall  suppose,  therefore, 
3  f  =  ^'  E'  cos,  a  (n'  t  —  n  t  -|-  f'  —  •) ; 
a  V  =  /t'  F  sin.  2  (n'  t  -L  n  t  +  i'  —  •)  j 

i^  =  /*"E"cos.2(n"t— n't-Hi"  — i')-t-^Gcos.(n' t  — nt-l-.'  — .) 
a  v'  =  /*"  F"  sin.  2(n"t  — n't+t"—  •')+/* Hwn.(n't  —  nt+i'  —  i) 
i  j"  =  /*'  G'  COS.  (n"  t  —  n'  t  +  ■"  —  /) 
d  v"  =  m"  H'  sin.  (n"  t  —  n'  t  +  •"  —  •'). 

We  must,  however,  substitute  in  the  preceding  expres^on  of  <2  R  for 
f»  V,  i,  v*,  (",  v",  the  values  of  a  3  j,  n  t  +  i  -|-  3  v,  a'+a  j',  n'  t+  «'-(-3  v, 
a"  +  '  f"»  n"  t  -H  »"  -I-  a  V,  and  retain  only  the  terms  which  depend  upon 
the  argument  n  t — 8  n'  t  +  2  n"  t  -J-  i — 3  •*  -H  2  •".  But  it  is  easy  lo  see 
that  the  substitution  of  the  values  of  3  j,  3  v,  8  j",  3  v"  cannot  produce  any 
such  term.  This  is  not  the  case  with  the  substitution  of  the  values  of 
a  g'  and  8  v*:  the  teftn  /*'  (j,  /)">  d  t  sin.  (v'  —  v)  of  the  expression  of 
d  B,  produces  the  following, 

an.  (n  t  —  3  n'  t  -|-  2  n"  t  -|-  .'  —  3  i'  +  2  I'O- 
This  is  the  only  expression  of  the  kind  which  the  expression  of  (2  R 
contains.    The  expressions  of  —  ,  and  of  3  v  of  No.  517,  applied  to  tlie 
action  of  ^"  upon  /*',  pve,  retaining  only  the  terms  which  have  the  divisor 
n'  —  2  n",  and  observing  that  n"  is  very  nearly  equal  to  \  n', 

.d.(.-,.'-)«,a_j^     ,(,,,„ 

E"  _  ,  „„  ..       V       d»'       ;t^ii'  — n" 

"S"  ~  '  (n'  —  2  n")  (3  n'  —  a  n») 
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we  therefore  have 


,R  =  /i^E".{?i^-(!L^')  } 


da 


Xsin.  (n  t— 8  n'  t+2  n"  t+i  —8  »+2  0=  —  j .  — s . 

el's.  d*2    d*^    d*f" 

Substituting  this  value  of  — ^  "^  ^®  values  of -jy  >  'TTT'  »  ■  .      >  and 

making  for  brevity's  sake 

we  shall  have,  sii^ce  n  is  very  nearly  equal  to  2  n',  and  n'  to  2  n'', 

^,  — 3.j^,+  2.i^  =  ^n«sin.(nt— 3n't+2n''t+t  — 3f'+2t^^^ 

or  more  exactly 

so  that  if  we  suppose 

V  =  |  —  8C  +  2C'  +  i-8i'+2/', 

we  shall  have 

d*  V 

-g—j-  =  jS.  n  *.  sin.  V. 

The  mean  distances  a,  a'^  a"^  varying  but  little  as  also  the  quantity  n, 
we  may  in  this  equation  consider  /3  n  %  as  a  constant  quantity.  lut^rat- 
ing,  we  have 

V  c  — 2i8n«cos.  V' 
c  being  an  arbitrary  constant     The  different  values  of  which  this  con- 
stant is  susceptible,  give  rise  to  the  three  following  cases. 

If  c  is  positive  and  greater  than  +  2  0  n ',  the  angle  V  will  increase 
continually,  and  this  ought  to  take  place,  if  at  the  origin  of  the  motion, 
(n  —  3  n'  +  2  n")  *  is  greater  tlian  +  2  jS  n  *  (1  +  cos.  V),  the  uppei  or 
lower  signs  being  taken  according  as  jS  is  positive  or  negative.  It  is  easy 
to  assure  ourselves  of  this,  and  we  shall  see  particularly  in  the  theory  of 
the  satellites  of  Jupiter,  that  jS  is  a  positive  quantity  relatively  to  the  three 
first  satellites.  Supposing  therefore  4I «  a  «*  —  V, «  bdng  the  semi  dt» 
cumference,  we  shall  have 

dw 


dt  = 


v.  c  +  2i3n*cos. 


In  the  interval  from  «  ~  0  to  «  =  — ,  the  radical  V  c  -)-  2  0  n '  cos. « 

is  greater  than  V  2  fin*,  when  c  is  equal  or  greater  than  2 (3  n ' ;  we 
have  therefore  in  this  interval  v  >  n  t  V  2  ^.  Thus,  the  time  t  which  the 


angle  w  employs  in  arriving  &om  zero  to  a  right  angle  is  less  than  - —  .■'■■- . 

The  value  of  |3  depends  upon  the  masses,  p^  it',  /*";  the  ineqoalides  ob- 
served in  the  three  first  satellites  of  Jupiter,  and  of  which  we  spoke  above, 
give,  between  their  masses  and  that  of  Jupiter,  relations  from  whence  it 

results  that         J^o'g  ^  under  two  years,  as  we  shall  see  in  the  theory 

of  these  satellites ;  thus  the  angle  «  would  employ  less  than  two  years  to 
increase  from  zero  to  a  right  angle ;  but  the  observations  made  upon  Ju- 
piter's satellites,  give  since  their  discovery,  v  constantly 'nothing  *>^  insen- 
sible ;  the  case  which  we  are  examining  is  not  therefore  that  of  the  three 
first  satellites  of  Jupiter. 

If  the  constant  c  is  less  than  +  3  ^  n*,  the  angle  V  will  not  osdlkte; 
it  will  never  reach  two  right  angles,  if  0  is  negative,  because  then  the 
radical  V  c  —  8  ^  n*  cos.  V,  becomes  imaginary ;  it  will  never  be  no- 
thing if  j3  is  positive.  In  the  first  case  its  value  will  be  alternately  greater 
and  less  than  zero ;  in  the  second  case  it  will  be  alternately  greater  and 
less  than  two  right  angles.  All  observations  of  the  three  first  satellites  of 
Jupiter,  prove  to  us  that  this  second  case  belongs  to  these  stars ;  thus  the 
value  of  j3  ought  to  be  positive  relatively  to  them ;  and  since  the  theory 
of  gravitation  gives  ff  positive,  we  may  regard  the  phenomenon  as  a  new 
confirmation  of  that  theory. 

Let  us  resume  the  equation  , 

~  1^0+  2^n'cos.  -* 

The  angle  <r  being  always  very  small,  according  to  tfae  observations, 
we  may  suppose  cog.  ir  =  I  —  ^  **>  the  preceding  equadon  will  give  by 
integration 

-  =  X  sin.  (n  t  V  0  +  y) 
X  and  y  being  two  arbitrary  constants  which  observation  alone  can  deter- 
mine.   Hitherto,  it  has  not  been  recognised,  a  circumstance  which  proves 
it  to  be  very  small. 

From  the  preceding  analysis  result  tbe  following  consequences.  Since 
tie  angle  nt-f-  8n't+2n"t-|-t  —  3»'+  li"  oscillates  being  some- 
times less  and  sometimes  greater  than  two  right  angles,  its  mean  value  is 

Vot.  II.  u 
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equal  to  two  right  angles;  we  shall  therefore  have,  rej 
quantities 

n  —  3ii-  +  2n"  =  0 
that  is  to  say,  tiat  the  mean  motion  of  the  ^st  sateUit , 
that  of  the  second,  plut  twice  that  of  the  third,  is  ex 
equal  to  zero.     It  is  not  necessaiy  that  this  equality  s   : 
at  the  origin,  which  would  not  in  the  least  be  prol    I 
that  it  did  very  nearly  so,  and  that  n  —  3  n'  +  2  n 
stractlon  being  made  of  the  sign,  than  \n  V  ff;  and     i 
attraction  lias  rendered  the  equality  rigorous. 

We  have  next  i  ■ —  3  i'  +  2  i"  equal'to  two  right  j 
longitude  i^thejra  satellite,  minus  three  times  timt  i  ! 
that  of  the  third,  is  exactlif  and  consfantlt/  equal  to  t      i 

From  this  theorem,  the  preceding  values  oi  i^, 
ble  to  the  two  fcdlowing    - 

3  f  =  (/i.  G  —  p."  E")  COS.  (n'  t  —  n  t  H 
a  v'  =  (/*  H  —  I*"  F")  sin.  (n'  t  —  n  t  - 

The  two  inequalities  of  the  motion  of  iif  due  to 
/',merge  consequently  into  one,  and  constantly  r 

It  also  results  from  this  theorem,  that  the  three 
be  eclipsed  at  the  same  time.     They  cannot  be  s 
ter  neither  in  opposition  nor  in  conjunction  with 
ing  theorems  :>ubsist  equally  relative  to  the  syno 
the  synodic   mean   lon^tudes  of  the  three  sat 
satisfy  ourselves.     These  two  theorems  subsist, 
ations  which  the  mean  motions  of  the  satellib 
arise  from  a  caase  similar  to  that  which  alters 
moon,  or  whether  from  the  resistance  of  a  very 
dent  that  these  several  causes  only  require  tha' 

the  value  of  -rrri  '  qoanli^  of  the  form  of  - 

become  sensible  by  integrations ;  supposing  th 
veiy  small,  the  differential  equation  in  V  will  1 


The  period  of  the  angle  n  t  V  |3  being  a  v 
whilst  the  quantities  contained  in  -^ — r  "^^ 
many  ages ;  by  integrating  the  above  equatio 


Thug  the  value  of  «r  will  always  be  very  small,  and  the  secular  equa- 
[ioiw  of  the  mean  motions  of  the  three  first  satellites  will  always  be  ordei^ 
ed  by  the  mutual  action  of  these  stars,  so,  that  the  secular  equation  of  tlie 
first,  plus  twice  ttiatofthe  third,may  beeqnal  to  threfc  times  that  of  the 
second. 

The  preceding  theorems  give  between  the  six  constants  n,  n',  n", 
i, )',  ("  two  eqaatioua  of  condition  which  reduce  these  arbitreries  to  four ; 
but  the  two  arbitraries  X  and  7  of  the  value  of  *  replace  them.  This 
value  is  distributed  among  the  three  satellites,  so,  that  calling  p,  p',  p"  the 
coefficients  of  sin.  (n  t  V  ^  -^  y)  in  the  egressions  of  v,  v',  v",   these 

coefficients  are  as  the  preceding  values  of  -t-r^ ,  -rrr ,  "arV »  "*''  more- 
over we  hare  p  —  3  p'  -f-  S  p"  =  X.  Hence  results,  in  the  mean  mo- 
tions of  the  three  first  satellites  of  Jupiter,  an  inequality  which  difiers  for 
each  only  by  its  coefficienU,  and  which  forms  in  these  motions  a  sort  of 
libration  whose  extent  is  arbitrary.  Observations  show  it  to  be  insen- 
sible. 

634i.  Let  ns  now  consider  the  variations  of  the  eccentricities  and  of  the 
periheUons  of  the  orbits.  For  this  purpose,  resume  the  expressions  of 
d  f,  d  f ,  d  {"  found  in  53 1  :  calling  f  the  radius-vector  of  f  projected 
upon  the  plane  of  x,  y;  v  the  angle  which  thb  projection  makes  with  the 
axis  of  X ;  and  s  the  tangent  of  the  latitude  of  a.  above  the  same  plane,  we 
shall  have 

"   X  =  J  COS.  v ;  y  =  J  sin.  v ;  z  =  f  s 
whence  it  is  easy  to  obtain 

/d  B\  /d  Ry,        /d  Rv 

/d  R\  /d  R^       ,,    ..    ,,  /dR\  /dRv 

'' (dr)- *  (ar)  =  <*  +  "' "^ "  v-ar) -'"=**•  ^  (iry) 

/dRx 


'(jt) 


By  5S1,  we  also  have 

X  d  y  — y  dx'=  cdt;  xdz  — zdx  =  c^dt;  ydz  —  zdy  =  c  dt; 


the  di&reDtial  equidons  in  ^  i',  i"  will  thus  become 
+  .  sin.  V  ( j5)  } 

— •  {■^-  '('df) + T  d-v  )-^(^) }  -^(^)-- 

-•»'»■' (ar)} 

,    f  /dR\     sin.»/dR\     s.siii.T/dR\  )      c"dt/dRv 

+cdt|c<»..(jy) — -{_^) — F-Car); — r(dT)' 

d  f"=  d  I  {(1  +  »•)  COS.  »(^)-  t  s  COS.  »(^)  +  s  sin.  T(i5)  } 
+  d,{(.  +  -)«n,,(^)-r-".v{^^)-.c«.v(|-f)} 
+  ^.d  .  {c..  v(^)-S!^'(^)-tfp.(^  } 

The  quantides  c'^  c"  depend,  as  we  have  seen  in  No.  531,  upon  the  in- 
cliiiadon  of  the  orbit  of  m  to  the  fixed  plane^  in  such  s  manner  that  they 
become  zero  when  the  inclinadon  =  0 ;  moreover  i^  is  easy  to  see  by  the 

nature  of  R  that  \~\ — \  is  of  the  order  of  the  inclinations  of  the  ortnts; 

n^lecting  therefore  the  squares  and  products  of  these  inclinations,  the 
preceding  expressions  of  d  f  and  of  d  f,  will  become 

J  r  J     /d  R\  ,    S  ■        /d  Rx   ,   cos.  T   /d  Rv  1 

''f=-dy(-j^)-cdt4s.n.v(^)+--.(-j^)}; 

,  .,       ,      /d  R\    ,       .  ,  (  /d  R\       sin.  T  /d  R%> 

but  we  have 

d  X  =  d  (f  COS.  v) ;  d  y  =  d  (j  sin.  t)  ;  c  d  t  =:  x  d  y  —  y  d  x  =  [■  d  t, 

we  therefore  get 

df  =  —  (d{sin.v  +  2fd  v  cos.  vj  (g — )  —  ('dysin.  v  (-g-r)' 

...      .,     -     ,       .       ,  /dR\    .    ..^ /dB^ 
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that,  of  the  orbit  of  as  &t  a  given  epoch ;  for  then  </,  z"  and  s  are  of  the 
order  of  the  perturbing  forces;  thus  the  quantities  which  we  neglect,  are 
of  the  order  of  the  squares  of  the  perturbing  forces,  multiplied  by  the 
square  of  the  respective  inclination  of  the  two  orbits  of /e^  and  of//. 

The  values  of  ^,  d  ^ ,  d  v,  T-t — j,  T-i — j,  remain  clearly  the  same  what- 
ever is  the  position  of  the  point  from  which  we  reckon  the  longitudes ; 
but  in  diminishing  v  by  a  right  angle,  sin.  v  becomes  —  cos.  v,  and  cos.  v 
becomes  sin.  v ;  the  expression  of  d  f  changes  consequently  to  that  of 
d  V\  whence  it  follows  that  having  developed,  into  a  series  of  sines  and 
cosines  of  angles  increasing  proportionally  with  the  times,  the  value  of 
d  ^  we  shall  have  the  value  of  d  i\  by  diminishing  in  the  first  the  angles 
f,  •',  «r,  «^,  4  and  ^  by  a  right  angle.  x 

The  quantities  f  and  f  ^  determine  the  position  of  the  perihelion,  and 
the  excentricity  of  the  orbit;  in  fact  we  learn  from  531,  that 

tan.  1  =  -rr ; 

I  being  the  longitude  of  the  perihelion  referred  to  the  fitted  plane.  When 
this  plane  is  that  of  the  primitive  orbit  of  /(«,  we  have  up  to  quantities  of 
the  order  of  the  squares  of  the  perturbing  forces  multiplied  by  the  square 
of  the  respective  inclinations  of  the  orbits,  1  z=  v,  v  being  the  longitude  of 
the  perihelion  upon  the  orbit ;  we  shall  therefore  then  have  . 

f' 


which  gives 


tan.  ^  rr  -jr; 


sin.  w  =     .  .  :  COS.  w  = 


Vf*  +  f'»  Vl*  +  P^ 

By  531  y  we  then  get 

me  =  V  f«+  r*+  r'%P'  =  i.-^^ ^; 

c 

thus  c'  and  c"  being  in  the  preceding  supposition  of  tjie  order,  of  the 
perturbing  forces,  i"  is  of  the  same  order,  and  neglecting  the  terms  of  the 
square  of  these  forces,  we  have 
m  e  =  V  f'  +  V\ 
If  we  substitute  for  V  f  *  +  f  *,  its  value  m  e,  in  the  expressions  of 
sin.  w,  and  of  cos.  w,  we  shall  have 

m  e  sin.  *  =  P;  m  e  cos.  w  =  f ; 
these  two  equations  will  determine  the  excentricity  and  the  position  of  the 
perihelion,  and  we  thence  easily  obtain 

m«.ede  =  fdf  +  fdf;  m«e«dw  =  fdF  — Tdf. 

M3 


Taking  f<H-  the  plane  of  x,  ;  that  of  the  orbit  of  /»;  we  have  for  the 
cases  of  the  invariable  elli[»es, 

ft  (1— c')  J  g^dv.e.sin.  (v  —  ■) 

g=l  +  ecos.(v-^^^='^g=  a(l  -  e*) ' 

j»dv  =  a'ndtV  1  —  e*i 
and  b;  Ko.  530,  these  equations  also  subsist  in  the  case  of  the  variable 
ellipses ;  the  expressions  of  d  f  and  of  d  f  vrill  thus  become 


the  preceding  expression  of  d  e,  will  thus  give 

m  VcIt/  m 

We  can  arrive  very  simply  at  this  fonnula,  in  the  following  tnanner 
We  have  by  No.  531| 

d  c  /d  Rx  /d  Rx  /d  R\ 


but  by  the  same  No.  c  =  V  m  a  (1  ^  e ')  which  gives 


dc 


.  d  a  V  m  a  (1  —  e*)       e  d  c 


V  I  — e 
therefore 


*  /d  R\    .       ,,  ..da 

and  then  we  have  by  Ko.  531 

md  a _        ,„ 

We  thus  obtain  for  e  d  e  the  same  expreission  as  before. 

535.  We  have  seen  in  592,  that  if  we  neglect  the  squares  of  the  per- 
turbing forces,  the  variations  of  the  principal  axis  and  of  the  mean  mi^ 
tion  contain  only  periodic  qaantities,  depending  on  the  configuration  of 
the  bodies  /t-,  i*',  i^",  &c.  This  is  not  the  case  with  respect  to  the  varia- 
tions of  the  exceotncities  and  inclinations :  their  differential  expressions 
contain  terms  independent  of  this  configuration  and  which,  if  they  were 
rigorously  constant,  would  produce  by  int^ration,  terms  proportional  to 
the  time,  which  ait  length  would  render  the  orbits  very  exceotric  and 
greatly  inclined  to  one  another ;  thus  the  preceding  approximations,  found- 
ed upon  the  smallness  of  the  excentrioity  and  inclination  of  the  orbits,  ' 
would  become  insufficient  and  even  &ulty.  But  the  terms  apparently 
constant,  which  enter  the  differential  expressions  of  the  excentricitles  and 
inclinations,  are  functions  of  the  elemenU  of  the  orbits ;  so  that  they  vary 
with  an  extreme  slowness,  because  of  the  changes  they  there  introduce. 
We  conceive  there  ought  to  result  in  these  elements,  considerabl^inequa- 
lities  independent  of  the  mutual  configuration  of  the  bodies  of  the  system,' 
and  whose  periods  depend  upon  the  ratios  of  the  masses  ^  n',  &c.  to  the 
mass  M.  Tliese  inequalities  are  those  which  we  have  named  secular  in- 
equalides,  and  which  have  been  considered  in  (520).  To  determine  them 
by  this  method  we  resume  the  value  of  d  f  of  the  preceding  Nou 

d  f  -  -     '  "^*  ,  12  cos  V  +  8  «  cos.  -  +  J  e  cos.  (2v-  -)i  (^) 
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—  a*  n  d  t  VI  —  e'.sin  v.r-j — ). 

We  shall  neglect  in  the  developement  of  this  eqnation  the  squtre  and 
products  of  the  excentricities  and  inclinations  of  the  orbits ;  and  amongst 
the  terms  depending  upon  the  excentricities  and  inclinations,  we  shall  re- 
tain those  only  which  are  constant :  we  shall  then  suppose,  as  in  Na  515. 

f  =  a(l+u,);    ^  =  a'(l  +  u/); 
V  =  n  t  +  s  +  ▼, ;    V  =  n'  t  +  •'  +  v/. 
Again,  if  we  substitute  for  R,  its  value  found  in  515;  if  we  next  con- 
sider that  by  the  same  No.  we  have, 

/d  R\        a  /d  Rv        .  /d  R\ 

(T7)  =  T^TO  =  (*~"'Hd-i> 

and  lasdy  if  we  substitute  for  u^  u/,  v^  v/  their  values  —  e  cos.  (n  t+t— »), 
—  e'  cos.  (n' t  +  •'  — w),  2  e  sin.  (n  t  +  i  —  W),  2  ef  sm.  (n'  t  +  i' -»') 
given  in  No.  484,  &C.  by  retaining  only  the  constant  terms  of  those  which 
depend  upon  the  first  power  of  the  excentricities  of  the  orbits,  and  ne- 
glecting the  squares  of  the  excentricities  and  inclinations,  we  shall  find 
that 


df=' 


a  /*'  n  d  t         ,         f     /d  A  f<>5 


.  e .  sm 


+  ..'„d..'.si»v{A«+,(^)+K(^')+J.^O} 
_a^'ndt2|iA^)+Ja(ip~^Usin4i(n't— nt-^ 

the  integral  sign  belonging  as  in  the  value  of  R  of  515,  to  all  the  whole 
positive  and  negative  values  of  i,  including  also  the  value  of  i  =  0. 

We  shall  have  by  the  preceding  No.  the  value  of  d  f ,  by  diminishing 
in  that  of  d  f  the  angles  f,y,  w,  «/  by  a  right  angle ;  whence  we  get 


df  =?  — 


a/t/fr'ndt  f     /d  A^®) 


— '{•(=^)+»••(^^^-)} 


-..'.dt .-.  cos.-'l  A  o.+t  .(^>) +♦  ..(^) +K(-^;) } 


'dA« 


+  a/»'ndt2|iA0)+Ja(5^-)|cos.n(n't— «t+f'-«)+ntH 

Let  X,  for  the  greater  brevity,  denote  that  part  of  d  f,  v^iich  is  cod- 
tained  under  the  sign  S,  and  Y  the  corresponding  part  of  d  f.  Make  alsoi 
as  in  Na  522, 
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then  observe  that  the  coefficient  of  e'  d  t  sin.  w',  in  the  expression  of  d  f 

is  redocible  to  |0,  1|  when  we  substitute  for  the  partial  differences  in  a', 

their  valiltes  in  partial  differences  relative  to  a;  finally  suppose,  as  in  517, 
that 

e  sin.  w  =  h ;  e'  sin.  1/  =  h' 
e  cos.  w  =  1 ;  e'  cos.  w  =  1' 

which  gives  by  the  preceding  No.  f  =:  m  1,  f  c  m  h  or  simply  f  =  1, 
P  =  fa,  by  taking  M  for  the  mass-unit,  and  neglecting  yk  with  regard  to 
M ;  we  shall  obtain 

g^==(0,  l).l-[ori].F+a/^'nY; 

j-^  =  —  (0,  1).  h  +  [OTTI^  h'  —  a  /  n.  X. 

Hence,  it  is  easy  to  conclude  that  if  we  name  (Y)  the  sum  of  the  terms 
analogous  to  a  /ct'  n  Y,  due  to  the  motion  of  each  of  the  bodies  /a',  lif'^  &c. 
upon  AP ;  that  if  we  name  in  like  manner  (X)  the  sum  of  the  terms  analo- 
gous to  —  a  Ab'  n  X  due  to  the  same  actions,  and  finally  if  we  mark  suc- 
cessively with  one  dash,  two  dashes,  &c.  what  the  quantities  (X),  (Y),  h, 
and  1  become  relatively  to  the  bodies  At',  y/\  &c. ;  we  shall  have  the  fol- 
lowing differential  equations, 

dh 


^  =  [(0,  1)  +  (0,  2)  +  &C.1  1  -  n  r  -  g  P  -  &c  +  (Y); 


dl 


j^  =  -  {(9,  1)  +  (0,  2)  +  &C.J  h+  n  h'  +  loTH  h''  +  &C+  (X); 


dh 


dY-=  Ui>o)  +  (1,2)  +  &c.|r-5ro|i-[i72|r-&c.  +  (YO- 


dl 


g-L  =  _  J(l,  0)  +  (1,  2)  +  &c.}  h'  +  [irg  h  +  fl72|h^^+&c.+  (X0 


&c. 

To  integrate  these  equations^  we  shall  observe  that  each  of  the  quanti- 
ties b,  1,  h',  F,  &c.  consists  of  two  parts ;  the  one  depending  upon  the 
mutual  configuration  of  the  bodies  <»,  11! ^  ftc. ;  the  other  independent  of 
this  configuration,  and  which  contains  the  secular  variations  of  these  quan- 
tities. We  shall  obtain  the  first  part  by  considering  that  if  we  regard 
hat  alone,  h,  1,  h',  1',  &c.  are  of  the  order  of  the  perturbing  masses,  and 
consequently,  (0,  1 ).  h,  (0,  1 ).  1,  &c.  are  of  the  order  of  the  squares  of 
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these  nutfses.     By  neglectiag  dterefore  qqaotities  of  diii  otHert  wc  sbaH 
Have 


wherefore^ 

D 
tl 

b 

tl 
tl 


|^  =  (r),.^'  =  (xi, 


n^lectia  B  tlie  incItDStion  f  of  the  oibit  of/t  to  this  plane;  allthetflrms 
of  the  expression  of  R  deprading  upon  the  angle  i'  n'  t  —  i  n  t,  ifiU  be 
comprised  in  the  following  fbrm, 

/*' k  C08.  (i' n' t — in  t  +  i'f  —  i  »  — ^«  —  g*  w'  —  g"  «*), 
'>*'>&  S>  S"  t>cu>g  whole  numbers  and  such  that  we  have  0  =  i'-i-g-g'-g"' 
The  coefficient  k  has  the  &ctor  e  >.  e'  b'  (tan.  J  f')  ■" ;  g,  g*,  g"  being  taken 
positively  in  the  exponents :  moreover,  if  we  suppose  i  and  i'  poeitive,  and 
i'  greater  than  i;  we  have  seen  in  Na  £15,  that  the  terms  of  R  which 
d«pend  upon  the  angle  i'  n'  t  —  i  n  t  are  of  the  order  i'  —  i,  or  of  a  su- 
perior order  of  two,  of  four,  &c  units;  taking  into  account  therefore  only 
terma  of  the  wder  i' —  i,  k  will  be  of  the  form  e<.  e'<'(tan.  i  pO'"-  Q» 
Q  being  a  function  independent  of  the  excentricdties  and  the  inclination 
of  the  orbits.  The  numbers  g,  g'»  g"  comprehended  under  the  symbol 
COS.,  are  thea  positive ;  for  if  one  of  them,  g  for  instance,  be  negative  and 
equal  to  —  f,  k  will  be  of  the  order  f  +  g'  +  g" ;  but  the  equation  0  =  i* 
—  i  —  g  —  g'  —  g"  gives  f+g'  +  g"  =  i'  —  i  +  2f;  thus  k  will  be 
of  an  order  superior  to  i' —  i,  which  is  contrary  to  the  supposition.   Hence 

by  No.  515,  we  have  f-j — J  =  (-3—)  provided  that  in  this  last  partial 

difierenc^  we  make  1  —  *  constant;  the  term  of  ( -• — ^  corresponding 

to  the  preceding  term  of  R,  is  therefore 

«'  (i  +  g)  k  sin.  (i'  n'  t  —  i  n  t  +  iV  —  i .  —  g  •  —  ^  V  —  g"  0- 

The  corresponding  term  of  i2  R  is 
tt'  J3  i  n  k  d  t  sin.  (i'  n'  t  —  i  n  t  +  i'  /  —  i  ( —  g  •■  _  g"  »'  —  g"  ff^. 

Hence  only  regarding  these  terms  and  neglecting  e*  in  comparison  witli 
unity^  the  preceding  expression  of  e  d  e,  will  give 

d  e  =:'*'•; '".8^. ui.(i' n't- in. +i'.-i.-g^-g'.--e"C), 

but  we  have 

t!^  =  g  e.-'.  e-.'.  (un.  i  »')>".  Q  =  (^); 

integrating  therefore  we  get 

"^  = -stIfSs)  dl)'»^  (■"■ '-■"•' +'■■■-■  ■-8--e' -'-«'''')■ 

Tlie  sum  of  all  the  terms  of  R,  however,  which  depend  on  the  angle 
i'  n'  t  —  i  n  t,  being  represented  by  the  following  quantity 
(»'.  P  sin.  (i'n't  — i  n  t+  i'/—!  0+  *'  P'  co3.(i'n't— i  nt+i'i'— i«) 
the  corresponding  part  of  e  will  be 
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of  the  expression  of  R*  Hence  it  follows  that  the  part  of  «r,  which  cor- 
responds to  the  part  of  R  expressed  by 

/*'P8in.(i'n't  — int+iV  — iO  +  /«.'Fcos,(i'n't  — int+i'f'— ii), 
is  equal  to 

M^?S)5-  {  (||)«»-(i'n't-mt+i'.'-i.)-(^)..m.(i'nVint+i'.'-i0} ; 

we  shall  therefore,  thus,  after  a  very  simple  manner,  find  the  variations 
of  the  excentricity  and  of  the  perihelion,  depending  upon  the  angle 
i'  n'  t  —  i  n  t  +  i'  e'  —  i  e.  They  are  connected  with  the  variation  ^  oi 
the  corresponding  mean  motion,  in  such  a  way  that  the  variation  of  the 
excentricity  is 

Sin    Vde.dJ' 
«nd  the  variation  of  the  longitude  of  the  perihelion  is 

i^n^  — in    /djx 
Sine       \d  e/ 
The  corresponding  variation  of  the  excentricity  of  the  orbit  of  /»',  due 
to  the  action  of  as  will  be 

__JL_  (JUL\ 

Si'n'.e'*  Ue'.dty' 
and  the  yariation  of  the  longitude  of  its  perihelicm,  will  be 

in  —  in  ^'*  ^' 


Si'n'e'    VdeV' 

/A  ^  a 
and  since  by  No.  532,  T  =  —  ^, — r—/  •  &  the  variations  will  be 

fi^Vti        f  d«^  N         ,  (i^n— in)/tt  Va  d^^ 
Si'.n'.At' Va'Vde'.dl;/' ™      Si'n'.eWa'  "de'* 

When  the  quantity  i'  n'  —  i  n  is  very  small,  the  inequality  depending 
upon  the  angle  i^  n^  t  —  i  n  t,  produces  a  sensible  one  in  the  expression 
of  the  mean  motion,  amongst  the  terms  depending  on  the  squares  of  the 
perturbing  masses ;  we  have  given  the  analysis  of  this  in  No.  632.  This 
same  inequality  produces  in  the  expression  of  d  e  and  of  d  «r,.  terms  of 
the  order  of  the  squares  of  the  masses,  and  which,  being  only  functions  of 
the  elements  of  the  orbits,  have  a  sensible  influence  upon  the  secular 
variations  of  these  elements.  Let  us  consider,  in  fact,  the  expression  of 
d  e,  depending  on  the  angle  i'  n'  t  —  int. 

By  what  precedes,  we  have 

,                A* .  a  n .  d  t  f  /d  P\  r,    »  ^       •     ^   ,    •#  /       •  \ 

d  e  = \  ^g — \  COS.  (i'  n  t  —  i  n  t  +  i V  — i  s) 

—  (^y  sin.  (i'  n'  t  —  i  n  t  +  i'  s'  — i  t)}  . 
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By  No,  5S8  the  mean  motion  n  t,  ought  to  be  augmented  by 

and  the  mean  motion  n'  t,  ought  to  be  augmented  by 

Sj/an*. i        /*  V  a    c^ 
~(i'n'  — in)«.m-  TVl/'^^  ''''*•  0'  ^'  t-  i  n  t+  i'  ^-i  ,)- 

F  sin.  (i'  n'  t  —  i  n  t  +  i'  i'  —  i  i)}. 

In  virtue  of  these  augments,  the  value  of  d  e  will  be  augmented  by  the 
function 

and  the  value  of  d  «r  will  be  augmented  by  the  function 

iim'Va-(yn--in)'.e'^'^^^»^+^^^''l-{P.(j|)  +  FQ}. 

In  like  manner  we  find  that  the  value  of  d  e'  wiU  be  auirmeBted  by  the 
function 

8/»a*.Va.in'. dt    ,.      ,  f      .a  xv  jvt  \ 

""2m'.a^(i-nMn)«-^^-^-^«'+^-^-->^»l{P.(§f)-F.(^)}; 

and  that  the  value  of  d  e'  wiU  be  augmented  by  the  function 

S^a*.  v^a.in».dt      ,..  /  t      ^ j  p  j  iv  i 

2m«a'.(i'n'_in)«.e"^»'''  '^«'^+  i'''  ^«J  {^'Cal)  +  P'©}- 

These  different  tenns  am  seasible  in  the  theory  of  Jupit«r«id  Saturn,  and 

m  that  of  Jupiter's  satelUtes.     The  variations  of  e,  e',  •,  .'  relative  to  the 

angle  i  n'  t — i  n  t  may  also  introduce  some  constant  terms  of  the  order  of 

the  square  of  the  perturbing  masses  in  the  differentials  d  e,  d  e',  d-,  and  dV, 

and  dependmg  on  the  variations  of  e,  e',  w,  ^  rektive  to  the  same  angle. 

^is  may  easily  be  discussed  by  the  precedbg  analysis.     Finally  it  will 

be  easy,  by  our  analysis,  to  determine  the  terms  of  the  expressions  of 

e,  -r,  e',  •/  which  depending  upon  the  angle  i'  n'  t  —  i  n  t  +  i'  .'-ii 

have  not  i'  n'  -  i  n  for  a  divisor,  and  those  which,  dependimr  on  the  same 

angle  and  the  double  of  this  angle,  are  of  the  order  of  thelquare  of  the 

perturbmg  forces.     These  different  terms  are  sufficiendy  consideiable  in 

he  theory  of  Jupiter  and  Saturn,  for  us  to  notice  them:  we  shaU  deve- 

loj^  them  to  the  extent  they  merit  when  we  come  to  that  theory, 

.1.       lu      "!  i^"^^  the  variations  of  the  nodes  and  incUnations  of 
the  orbits,  and  for  that  purpose  resume  the  equations  of  681 
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dC  =  d.{«(||)-x(^)}, 

If  we  only  notice  the  action  of  Ai',  the  value  of  R  of  No.  513,  gives 


101 


dR 


f  » 1 _K 

/d  Rn 


^(cr?)--(%?)='*'^-'^--^')>^ 


f  1 1  1; 


^(j7)-y(^)  =  '''<y'^-y^>>< 


{    (X"       +        y'«+Z'«)«  J(^/      ^    ^J.^     (y/„    y),^    (^    _     ^J.J   J    }       • 


Let  however, 


T  =  P'7  =  *1' 


the  two  variables  p  and  q  will  determine,  by  No.  531,  the  tangent  of  the 
inclhiation  f  of  the  orbit  of  as  &nd  the  longitude  ^  of  its  node  by  means  of 
the  equations 

tan.  p=  Vp*  +  q»;  tan.  ^  =  -^. 

Call  p',  q',  p",  q'',  &c.  what  p  and  q  become  relatively  to  the  bodies 
ft/^  fj/%  &C. :  we  shall  have  by  531^ 

z  =  q  y  —  p  X ;  z'  =  q'  y  —  p'  ic,  fitc. 
The  preceding  value  of  p  differentiated  gives 
dp        1     d  c^^  —  p  d  c . 


at         c 


dt 


substituting  for  d  c,  and  d  cf'  their  values  we  get 


Kq  —  q')  y  y' +  (p' -  p) »' yJ  ^ 


t  1 L_-^ I . 


In  like  manner  we  find 

i(l/-p)xx'+  (q_q')xy'l  X 


d  t 


rt'T 
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•(%'■  +  r'  +  »")'      i(x--i)'+(j'-y)-+(z'-.)'l  '' 

If  we  substitute  for  x,  y,  x',  y"  their  values  ;  cos.  T*  f  sin.  v,  g'  cos.  v', 
f*  sin.  v',  we  shall  bave 

(q-"^  J  J*  +  (P'-P)  »'  J  =  ""-i^-  tV-  !"»■  («'+')  -  <»«.  (.'— t)| 
+  E^^.  (  ('.  (sin.  (v'+»)  —  sin.  (»■— v)); 
(P'-P)  1 1'  +  (<l-<i')  X  y-  =  E^^ .  !  j".  icos.  (v'+t)  +  COS.  (Y-— y)! 
+  1^ .  ,  (■.  [sin.  (v'+.)  +  sin.  (.■— v)|. 
Neglecting  the  excentricities  and  inclinations  of  the  orbits,  v.e  have 
(  =  a;  V  =  nt+  »;  e'  =  a';  v*  =  n't  +  Z; 
which  give 


{«"+?"+  2")^        U^t'  -  X)  •  +  (/  -  y)  ■  +  (z'  -  z)«ji       *'• 

Ja"  —  2  a  a'  COS.  (n'  t  —  D  t  +  i*  —  •)  +  a"j  ^' 
by  No.  616. 

=  j2.B'*'.co8.i(n't— nt+i*— 0 


[a*— 2a a'  cos.  (n'  t— n  t+i'— i)  +a'  ')^ 
the  tnt^;ral  sign  s  belon^g  to  all  whole  positive  and  oegative  values  of 
i,  including  the  value  i  =  0;  ve  shall  thus  have,  Delecting  terms  of  the 
order  of  the  squares  and  products  of  the  ezcentricities  and  inclinations  of 
tlie  orbits, 

ti  =  ^'^•7^-  i°»-  (»'  '+  °  '  +  ■'+■)-«».  (n'  t— n  t+.'-.)l 

+  E^^.^.{sin.  (nl+  nt+i'+i)— sui.(n' t  — nt+.'— .)! 

+  3!^^.,'.aa'.l.B»llcOB.C(i+l)(n'  t— n  t+i'— 03 

ni<.rriJ.lWn'  t — n  tM>' — 1)4-  fin't  J-Sill 
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+  g'pa.  ^  .  fan.  (n'  t  +  n  t  +  •'+»)  +  sin.  (n'  t  — nt+f'— Oi 
2  c       a  * 

w 

+  ^=£^ .  ftf.  a  a'.  I B  ».{cos.  [(i+ 1)  (n'  t— n  t+i'— •)] 

+  COS.  [(i+ 1)  (n't— n  t+Z— .)  +  2n t+8 0} 
+  3£=3 .  ^/.  a  a'.  3.  B  ».  {sin.  [(i+ 1 )  (n'  t— n  t+  •— •)] 

+  sin.  [(i+1)  (n' t— n  t+i'— i)  +  2  n  t+2  0}- 
The  value  i  =  -»  1  gives  in  the  expression  of  3-^ ,  the  constant  quan- 

tity  ^-£— ^  -  /*'•  a  a'  B^-"*^ ;  all  the  other  terms  of  tlie  expression  of  -r^ 

are  periodic :  denoting  their  sum  by  P,  and  observing  that  B  ^-  *^  =  B  ^*> 
by  516 f  we  shall  have 

iP  =  5l=La .  ^'.  a  a'.  B  «  +  p. 
at  4  c 

By  the  same  process  we  shall  find,  that  if  we  denote  by  Q  the  sum  of 
all  the  periodic  terms  of  the  expression  of -r^ ,  we  shall  have 

^  =  E^.^'.aa'.Ba)  +  Q. 

If  we  neglect  the  squares  of  the  excentricities  and  inclinations  of  the 
orbits,    by  531,  we  have  c   =  V  m  a,  and  then  supposing  m  =  1,  we 

have  n  *  a '  =  1  which  gives  c  =  — ;  the  quantity     '        thus  be- 

an  4f  c 

/•''.  a*  a',  n  B^^^ 
comes  ^— ^ which  by  526,  is  equal  to  (0,  1);  hence  we  get 

^=:(0,l).(q'-q)+P; 

^J  =  (0,  l).(p-p')+Q. 

Hence  it  follows  that,  if  we  denote  by  (P)  and  (Q)  the  sum  of  all  the 
functions  P  and  Q  relative  to  the  action  of  the  different  bodies  fj/y  fif\  &c 
upon  /* ;  if  in  like  manner  we  denote  by  (F),  (Q0>  (F0>  (Q'Oj  &<^-  what 
(P)  and  (Q)  become  when  we  change  successively  the  quantities  relative 
to  fA  into  those  which  are  relative  to  fj/y  ih'\  &c  and  reciprocally ;  we  shall 
have  for  determining  the  variables  p,  q,  p^  q',  p^',  q'^,  8cc.  the  following 
system  of  differential  equations, 

^^  =  — K«/l)  +  (0,  2)  +  &c}  q  +  (0,  1).  q'  +  (U,  2)  q''+  &C.+  (P) ; 
Vot.  II.  N 
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^  =f(6,  1)  4-  (0,  2)  +  &C.J  p  -  (0,  1)  p'  -  (0,  2)  p''  -  &c.+(Q) 
^  =  — i(l,  0)  +  (1,  2)  +  kc]  q'  +  (1,  0)  q  +  (1,  2)  q"+  &c+(F) 
^'  ={{1,  0)  +  (I,  2)  +  &c|.p'  —  (1,  0)  p  —  (I,  2) p"  — kc.+(QO 

The  analysis  of  535,  gives  for  the  periodic  parts  of  p,  q,  p^  q'.  Sec 

p  =/(P).dt;q  =/(Q).dt; 
p'=/(F).dt;  q'=/(Q').dt; 
&c. 
We  shall  then  have  the  secular  parts  of  the  same  quantities,  by  inte- 
grating the  preceding  differential  equations  deprived  of  their  last  terms 
(P),  (Q),  (P))  &C. ;  and  then  we  shall  again  hit  upon  the  equations  (C) 
of  No.  526,  which  have  been  sufficiently  treated  of  already  to  render  it  un- 
necessary again  to  discuss  them. 

538.  Let  us  resume  the  equations  of  No.  53 1, 

l/c'«+c''*  c'^ 

tan.  0  = ;  tan.  ^  =  — 

c  c 

whence  result  these 

c  c'' 

—  =  tan.  0  cos.  0;    -  =  tan.  o  sin.  ^. 
c  '^  c 

Differentiating,  we  shall  have 

d  tan.  f  =  —  Jd  c'  cos.  i  +  d  c"  sin.  i  —  d  c  tan.  f } 

c 

d  $  tan.  9  =r  -    Jd  c''  cos.  ^  • —  d  c'  sin.  tf|. 

If  we  substitute  in  these  equations  for  -r— ,   -j--  ,   -r-r  >  their  values 
„  /d  Rx         /d  Rx      /d  Rv  /d  Rx       /d  Rv  /d  Rx  ,  - 

these  last  quantities  their  values  given  in  534;  if  moreover  we  observe 
that  s  =  tan.  f  sin.  (v  —  tf),  we  shall  have 

^   «^««i  A      d  t  ton.  o  cos.  (v  -  tf)    /  /d  R\  .    ,     .v  ,  /d  R\        ^    .\  I 

d.tan.f  = )L-_^ — •  IK-dyy^^^^^-^^+ld^y^^t^-^'i 

At   ♦—  -.      d  t  tan. « sin.  (v  -  <)   f     /dR\  .    ,     .v.  /d  R\        ,  ..I 
d  * .  tan.  p  = ■L-S L  V  •  (  j-  )  s"»-<v-')+ (5— )  cos.(»l-}  J 

(1  4-  s'')dt.._  ,„       ,,  /d  R 
c 


sin.(v-«)(^. 
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Th€8e  two  differential  equations  will  determine  directly  the  inclination 
of  the  orbit  and  the  motion  of  the  nodes. 
They  give 

sin.  (V  —  0)  d  tan.  p  —  d  tf  cos.  (v  —  4)  tan.  f  =  0  ; 
an  equation  which  may  be  deduced  from  this 

s  =:  tan.  f  sin.  (v  —  6); 
in  &ct,  this  last  equation  being  finite,  we  may  (580)  differentiate  it  whe- 
ther we  consider  f  and  tf  constant  or  variable ;   so  that  its  differential, 
taken  by  only  making  p  and  ^  vary,  is  nothing ;  whence  results  the  pre- 
ceding differential  equation. 

Suppose,  however,  that  the  fixed  plane  is  inclined  extremely  little  to  the 
orbit  of  fAf  so  that  we  may  neglect  the  squares  of  s  and  tan.  p,  we  shall 
have 

d.tan.  ^  =  —  —  COS.  (V  — 0-(j-^); 

J  A  d  t    .     ,         ii\    /d  R\ 

ddtan.  9  =  — -^  sm.  (v  — tf)   (-j^); 

by  making  therefore  as  before 

p  =  tan.  f  sin.  ^ ;   q  =  tan.  f  cos.  6 ; 
we  shall  have,  instead  of  the  preceding  difierential  equations,  the  follow- 
ing ones, 

J  d  t  /d  R\ 

dq  =  --cos.v.(-j^); 

,  d  t   .         /d  R\ 

But  we  have  also 

s  =  q  sin.  v  —  p  cos.  v 
which  gives 

/dRv  _      1       /djftx      /dRv 1_   /dRv 

\ds/ ""  sin.  v    \d  q  y*   Vds/""        cos.v   \dp/* 
wherefore 

,  dt/dRv 

,  dt/dRv 

^P  =  T(dT)- 

We  have  seen  in  515  that  the  function  R  is  independent  of  the  po* 
sition  of  the  fixed  plane  of  x,  y ;  supposing,  therefore,  all  the  angles  of 
that  function  referred  to  the  orbit  of  /&,  it  is  evident  that  R  will  be  a 
function  of  these  angles  and  the  respective  inclination  of  two  orbits,  an 


i 
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inclination  we  denote  by  ^/.    Let  ^/  be  the  longitude  pf  the  node  of 
orbit  of  ik'  upon  the  orbit  of  At ;  and  supposing  that 

li!  k  (tan.  p/)  «  cos.  (i'  n'  t  —  i  n  t  +  A  —  g^/) 
is  a  term  of  K  depending  on  the  angle  i'  n^  t  —  i  n  t,  we  shall  hare,  by 
527, 

tan.  <p!  .  sin.  ^/  =  p'  —  p ;   tan.  9/  cos.  ^/  =  q'  —  qj 
whence  we  get 

(tan.  9/)  •  sin.  g  ./=  !<-q+(p--p)  V-H  ^-\^  -  q-(p--^)^^-\U 

^       '         *  2  y  —  1 


(tan. ,/) .  COS.  g  */= K-<<+(P'-P)  V-ll'+^f^-q-  (P--P)  V-jl' . 
With  respect  to  the  pfecedrng  term  of  R,  we  shall  have 

(^)  =— g  (tan.  ?/)  «7»  f*'  k .  sin.  {l  n'  t— i  n  t+ A— (g— 1)  </1 5 

(^)  =_g  (tan.  f /)^V  k  COS.  {f  n'  t  —  i  n  t+ A— (g-1)  ^W- 

If  we  substitute  these  values  in  the  preceding  expressions  of  d  p  ^ 

d  q,  and  observe  that  very  nearly  c  =  — ,  we  shall  have 

gA^-k.an     ^  ,j^  ^j^  jj,  ^,  ^_.  ^  ^^^_(g_i)  ^/j 

'^     m  (i  n'  —  1  n)    ^         '  ^** 

q=  g^?'^°, .  (tan.  f/)«-»  cos.  U'  n'  t  —  i  n  t+ A— (g— 1)  ^/l- 
*    A^  (i  n  —  1  n)    ^        ^"  ^'^ 

Substituting  these  values  in  the  equation 

s  sr  q  sin.  v  —  p  cos.  v 
we  shall  have 

s=— j^p^7^f4^(ten.  p/)ir-^  sin.  Ji'  n'  t  —  i  n  t  —  v+ A-(g-l)^/J- 

This  expression  of  s  is  the  variation  of  the  latitude  corresponding  to 
the  preceding  term  of  R :  it  is  evident  that  it  is  the  same  whatever  may 
be  the  fixed  plane  to  which  we  refer  the  motions  of  il  and  a*'*  provided  thM 
it  is  but  little  inclined  to  the  plane  of  the  orbits ;  we  shall  therefore  thus 
have  that  part  of  the  expression  of  the  latitude,  which  the  smaUness  of  tbe 
divisor  i'  n'  —  in  may  make  sensible.  Indeed  the  inequality  of  tie  lati- 
tude, containing  only  the  first  power  of  this  divisor,  is  in  that  degree 
jess  sensible  than  the  corresponding  inequality  of  the  mean  longitude? 
which  contains  the  square  of  the  same  divisor ;  but,  on  the  other  ba"^' 
tan,  <pl  is  then  raised  to  a  power  less  by  one ;  a  remark  analogous  io  that 
which  was  made  in  No.  536,  upon  the  corresponding  inequality  of  the 
excentricities  of  the  orbits.     We  thus  see  that  all  these  inequalities  are 


connected  with  one  anotlier,  and  with  the  corresponding  part  of  R,  by 
very  simple  relations. 
If  we  d^erentiate  the  preceding  expressions  of  p  and  q,  and  if  in  the 

values  of  T-E  and  j^  we  augment  the  angles  n  t  and  n'  t  by  the  inequa- 
lities of  the  mean  motions,  depending  on  the  angle  i'  n'  t  —  i  n  t,  tliere 
will  result  in  these  differentials,  quantities  which  are  functions  only  of  the 
elements  of  the  orbits,  and  which  may  influence,  in  a  sensible  manner,  the 
secular  variations  of  the  inclinations  and  nodes  although  of  the  order  of 
the  squares  of  the  masses.  This  is  analogous  to  what  was  advanced  in 
No.  5S6  upon  the  secular  variations  of  the  excentricities  and  aphelions. 

539.  It  remains  to  consider  the  variation  of  the  longitude  i  of  the^pock. 
By  No.  531  we  have 

d.  =  de{(^'')sin.(v-w)+i(^)sui.2(v-w)+&c.j- 

—  d w  {E(')cos.  (v  — w)  +  E  »^cos.  2  (v— *)  +  &a| ; 
substituting  for  £^^^,  E^%  &c.  their  values  in  series  ordered  according  to 
the  powers  of  e,  series  which  it  is  easy  to  form  from  the  general  expres- 
sion of  E  ^')  (473)  we  shall  have 
d  I  =  —  2  d  e  sin.  (v  —  w)  +  2  e  d  «r  cos.  (v  —  w) 

+e  d  e  is  +  J  e*+&c.i  sin.  2  (v_w)— e«  d  w  {|+i  ^+&c.}cos.2  {v^w) 
—  e*deU  4- &C.1  sin.  8  (v  —  w)  +  eMtr{l  +  &c.}  cos.  8  (v  —  w) 

+  &C. 

If  we  substitute  for  d  e  and  e  d  «  their  values  given  in  534^  we  shall 
find,  carrying  the  approximation  to  quantities  of  the  order  e  *  inclusively, 

"mv'l— e''^'"''""'^''""^  ^^  +  i  ecos.  (v-w)|  (^). 
The  general  expression  of  d  f  contains  terms  of  the  form 
m'  k .  n  d  t .  COS.  (i'  n'  t  —  i  n  t  +  A) 
and  consequently  the  expression  of  i  contains  terms  of  the  form 

ttA : —  sin.  (i'  n'  t  —  i  n  t  +  A) ; 

r  n  —  1  n         ^ 

but  it  is  easy  to  be  convinced  that  the  coefficient  k  in  these  terms  is  of 
the  order  i'  —  i,  and  that  therefore  these  terms  are  of  the  same  order  as 
those  of  the  mean  longitude,  which  depend  upon  the  same  angle.  These 
having  the  divisor  (i'  n'  —  in)  *,  we  see  that  we  may  neglect  the  corre- 
sponding terms  of  f,  when  i'  n'  — ^  i  n  is  a  very  small  quantity. 
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If  IB  the  terms  of  the  expression  of  d  f,  which  are  solely  fiioctioiis  of  tke 
elements  of  the  orbits,  we  substitute  for  these  elements  the  secular  parts 
of  their  values ;  it  is  evident  that  there  will  result  constant  tenns,  and 
others  affected  with  the  sines  and  cosines  of  angles,  upon  which  depend 
the  secular  variations  of  the  excentricities  and  inclinations  of  the  orbits. 
The  constant  terms  will  produce,  in  the  expression  of  i,  terms  propor- 
tional to  the  time,  and  which  will  merge  into  the  mean  motion  /&.  As  to 
the  terms  affected  with  sines  and  cosines,  th^  will  acquire  by  integration, 
in  the  expression  of  i,  very  small  divisors  of  the  same  order  as  the  per- 
turbing forces ;  so  that  these  terms  being  at  the  same  time  muUq)lied  and 
divided  by  the  forces,  may  become  sensible,  although  of  the  order  of  the 
squares  and  products  of  the  excentricities  and  inclinations*  We  shall  see 
in  the  theory  of  the  planets,  that  these  terms  are  there  insensible;  but  in 
the  theory  of  the  moon  and  of  the  satellites  of  Jupiter,  they  are  veiy  sen- 
sible, and  upon  them  depend  the  secular  equations. 

We  have  seen  in  No.  582, that  the  mean  motion  of  ^  is  expressed  b; 

~f/sL  n  d  t .  d  R, 
m''*'  ' 

and  that  if  we  retain  only  the  first  power  of  the  perturbing  masses,  d  R 
will  contain  none  but  periodic  quantities.  But  if  we  consider  the  squares 
and  products  of  the  masses,  this  differential  may  contain  terms  which  are 
functions  only  of  the  elements  of  the  orbits.  Substituting  for  the  dements 
the  secular  parts  of  their  values,  there  will  thence  result  terms  affected  with 
sines  and  cosines  of  angles  depending  upon  the  secular  variations  of  the 
orbits.  These  terms  will  acquire,  by  the  double  integration,  in  the  ex- 
pression of  the  mean  motion,  small  divisors,  which  will  be  of  the  order  of 
the  squares  and  products  of  the  perturbing  masses;  so  that  being  botb 
multiplied  and  divided  by  the  squares  and  products  of  the  masses,  they 
become  sensible,  although  of  the  order  of  the  squares  and  products  of  the 
excentricities  and  inclinations  of  the  orbits.  We  shall  see  that  these  terms 
are  insensible  in  the  theory  of  the  planets. 

640.  The  elements  offi^s  orbit  being  determined  by  what  precedes,  by 
substituting  them  in  the  expressions  of  the  radius-vector,  of  the  longitude 
and  latitude  which  we  have  given  in  484,  we  shall  get  the  values  of  these 
three  variables,  by  means  of  which  astronomers  determine  the  position  oi 
the  celestial  bodies.  Then  reducing  them  into  series  of  sines  and  cosines, 
wc  shall  have  a  series  of  inequalities,  whence  tables  being  formed,  we  maj 
cosily  calculate  the  position  of  fi  at  any  given  instant. 

Tliis  method,  founded  on  the  variation  of  the  parameters,  is  very  useful 


in  the  research  of  inequalities,  which,  by  the  relations  of  the  mean  motions 
of  tlie  bodies  of  the  system)  will  acquire  great  divisors,  and  thence  become 
very  sensible.  This  sort  of  inequality  principally  affects  the  elliptic  ele^ 
ments  of  the  orbits ;  determining,  therefore,  the  variations  which  result 
in  these  elements,  and  substituting  them  in  the  expression  of  elliptic  mo- 
tion, we  shall  obtain,  in  the  simplest  manner,  all  the  inequalities  made 
sensible  by  these  divisors. 

The  preceding  method  is  moreover  useful  in  the  theory  of  the  comett:. 
We  perceive  these  stars  in  but  a  very  small  part  of  their  courses,  and  ob- 
servations only  give  that  part  of  the  ellipse  which  coincides  with  the  arc 
of  the  orbit  described  during  their  apparitions  ;  thus,  in  determining  the 
nature  of  the  orbit  considered  a  variable  ellipse,  we  shall  see  the  changes 
undergone  by  this  ellipse  in  the  interval  between  two  consecutive  appari* 
tions  of  the  same  comet  We  may  therefore  announce  its  return,  and 
when  it  reappears,  compare  theory  with  observation. 

Having  given  the  methods  and  formulas  for  determining,  by  successive 
approximations,  the  motions  of  the  centers  of  gravity  of  the  celestial  bo- 
dies, we  have  yet  lO  apply  them  to  the  different  bodies  of  the  solar  system : 
but  the  ellipticity  of  these  bodies  having  a  sensible  influence  upon  the 
motions  of  many  of  them,  before  we  come  to  numerical  applications,  we 
must  treat  of  the  figure  of  the  celestial  bodies,  the  consideration  of  which 
is  as  interesting  in  itself  as  that  of  their  motions. 


SUPPLEMENT 


TO 


SECTIONS   XII,    AND   XII I. 

ON  ATTRACTIONS  AND  THE  FIGURE  OF  THE  CELESTIAL  BODIES. 

541.  The  figure  of  the  celestial  bodies  depends  upon  the  law  of  gravi 
tation  at  their  surface,  and  the  gravitation  itself  being  the  result  of  the  at- 
tractions of  all  their  parts,  depends  upon  their  figure;  the  law  of  giavi- 
ty  at  the  surface  of  the  celestial  bodies,  and  their  figure  have,  therefore,  a 
reciprocal  connexion,  which  renders  the  knowledge  of  the  one  necessary 
to  the  determination  of  the  other.     The  research  is  thus  very  intricate, 
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and  seems  to  require  a  very  particular  sort  of  analysis.  If  the  planets  were 
entirely  solid,  they  might  have  any  figure  whatever ;  but  if,  like  the  earth, 
they  are  covered  with  a  fluid,  all  the  parts  of  this  fluid  ought  to  be  dis- 
posed so  as  to  be  in  equilibrium,  and  the  figure  of  its  exterior  surfiu»  de- 
pends upon  that  of  the  fluid  which  covers  it,  and  the  forces  which  act 
upon  it.  We  shall  suppose  generally  that  the  cdestial  bodies  are  covered 
with  a  fluid,  and  on  that  hypothesis,  which  subsists  in  the  case  of  the  earth, 
and  which  it  seems  natural  to  extend  to  the  other  bodies  of  the  system  of 
the  world,  we  shall  determine  their  figure  and  the  law  of  gravity  at  their 
snrfiioe.  The  analysis  which  we  propose  to  use  is  a  aingolar  application 
of  the  Calculus  of  Partial  Difierences,  which  by  simple  diflereatiatioD,  will 
conduct  us  to  very  extensive  results,  and  which  with  difficulty  we  should 
obtain  by  the  method  of  integrations. 

THS  ATTRACTIONS  OF  HOMOGENEOUS  SPHEROIDS  BOUNDED  BT  SURFACES 

OF  THE  SECOND  ORDER. 

542.  The  difierent  bodies  of  the  solar  system  may  be  considered  as 
formed  of  shells  very  nearly  spherical,  of  a  density  Tarying  according  to 
any  law  whatever ;  and  we  shall  show  that  the  action  of  a  spherical  shell 
upon  a  body  exterior  to  it,  is  the  same  as  if  its  mass  were  collected  at  its 
center.  For  that  purpose  we  shall  establish  upon  the  attractions  of  sphe- 
roids, some  general  propositions  which  will  be  of  great  use  hereafter. 

Let  X,  y,  z  be  the  three  coordinates  of  the  point  attracted  which  ve 
call  /ft ;  let  also  d  M  be  the  element  or  molecule  of  the  spheroid,  aod 
x',  /,  t!  the  coordinates  of  this  element;  if  we  call  i  its  densi^,  \  being  a 
function  of  x',  /,  i!  independent  of  x,  y,  z,  we  shall  have 
dM  =  f.dx'.dy'.dz'. 

The  action  of  d  M  upon  /&  decomposed  parallel  to  the  axis  of  x  and 
directed  towards  their  origin,  will  be 

gdx\dy.dz^(x  — xQ 

{(X  — xO*  +  (y  — yO*  +  (z  — z')*}^ 
and  consequently  it  will  be  equal  to 

\  f  d  x' .  d  / .  d  z' 

'  V(x  — x-)'-Ky  — yO'+  (z  — z^)' 

d  X 
calling  therefore  V  the  integral 

/g  d  x^ .  d  /.  d  z^ 


V{x  — x')»+(y-y)*+  («  — «0* 
extended   to   the  entire  mass  of  the  spheroid,  we  shall  have  —  (j^) 
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for  the  total  action  of  the  spheroid  upon  the  point  (l,  resolved  paivllel  to 
the  axis  of  x  and  directed  towards  its  origin. 

V  is  the  sum  of  the  elements  of  the  spheroid,  divided  by  their  respec- 
tive distances  from  the  point  attracted ;  to  get  the  attraction  of  the  sphe- 
roid upon  this  point,  parallel  to  any  straight  line,  we  roust  consider  V  as 
a  function  of  three  rectangular  coordinates,  one  of  which  is  parallel  to  this 
straight  line,  and  differentiate  this  function  relatively  to  this  coordinate ; 
the  coefficient  of  this  differential  taken  vdth  a  contrary  sign,  will  be  the 
expression  of  the  attraction  of  the  spheroid,  parallel  to  the  given  straight 
line,  and  directed  towards  the  origin  of  the  coordinate  which  is  parallel  to 
it 

If  we  represent  by  ft  the  function  {(x  — x')*+(y — yO*+(z  — z')*}~'; 
we  shall  have 

V  =//3.^.dx'd/dz'. 
The  integration  being  only  relative  to  the  variables  x',  y',  z',  it  is  evi- 
dent that  we  shall  have 

But  we  have 

in  like  manner  we  get 

n        /«J*Vx   ^  /d«Vx  ^   /d*Vv  ... 

®  =  (di^)  +  (ayO  +  (ar^)' <a^ 

This  remarkable  equation  will  be  of  the  greatest  use  in  the  theory  of  the  fi- 
gure of  the  celestial  bodies.  *  We  may  present  it  under  more  commodious 
forms  in  different  circumstances ;  conceive,  for  example,  from  the  origin 
of  coordinates  we  draw  to  the  point  attracted  a  radius  which  we  call  ^ ; 
let  6  be  the  angle  which  this  radius  makes  with  the  axis  of  x,  and  m  the 
angle  which  the  plane  formed  by  ^  and  this  axis  makes  with  the  plane  oi 
32>  y;  we  shall  have 

X  =:  f  cos.  ^;  y  =  f  sin.  6  cos.  « ;  z  =  f  sin.  6  sin.  w ; 
whence  we  derive 


X  z 


p  =z  V  x*+y*+z";  cos.^  =  —  ;  tan. «  =  —  ; 

thus  we  can  obtain  the  partial  differences  of  f,  d,  ir,  reladve  to  the  varia- 

/d*V\     /d*V\      /d*V\ 
bles  X,  y,  z,  and  thence  get  the  values  of  (g-p-)  >  \J^)  »  VTF/ 


^^ 
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in  partial  dLSerencM  of  V  relative  to  the  variables  ^,  d,  «.  Since  we  shall 
often  use  these  transformations  of  partial  differences,  it  is  useful  here  to 
lay  down  the  principle  of  it.  Considering  V  as  a  function  of  the  TariaUes 
X,  y,  z,  and  then  of  the  variables  ^,  i^  «,  we  have 

(aT)  =  (l7)(3i)  +  (^)(|->(§T)(-.w 

To  get  the  partial  differences  (j-^)>   (^)>   (j^)  »  ^^  "^^^^  ™^* 

X  alone  vary  in  the  preceding  expressions  of  ^,  cos.  ^,  tan.  w;  difierentiat- 
ing  therefore  these  expressions,  we  shall  have 

(J5  =  -'^(rx)=-^'(ji)=»' 

which  gives 

/d  V\  ^/d  V\       sin.  ^    /d  Vx 

Thus  we  therefore  get  the  partial  difference  (t — )  ,  in  partial  differ- 
ences of  the  function  V,  taken  relatively  to  the  variables  f,  ^,  v«  Differ- 
entiating  again  this  value  of  (-^ — A  ,  we  shall  have  the  partial  difierence 

f  J — g  )in  partial  differences  of  V  taken  relatively  to  the  variables  |,  #,  ». 

By  the  same  process  the  values  of  f  t — jp )  and  (-j — 5-)may  be  found. 
In  this  way  we  shall  transform  equation  (A)  into  the  following  one: 

,d»Vx 

"-VdOV  +  sin.*  VdW  ^   sia.*i    ^^^  dt*  )'       '   ^"> 
And  if  we  make  cos.  i  :s  m,  this  last  equation  wiU  become 


„('_iizs©i),|i<.,ft^,. 


(C) 


543*  Suppose,  however,  that  the  spheroid  is  a  spherical  shell  whose 
origin  of  coordinates  is  at  the  center ;  it  is  evident  that  V  will  only  de* 
pend  upon  ^,  and  contain  neither  m  nor  v;  the  equation  (C)  will  tlierefbre 
give 

whence  by  integration  we  get 
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A  and  B  being  two  arbitrary  constants.     We  therefoi^  have 

d  V 
—  -T-  expresses,  by  what  precedes,  the  action  of  the  spherical  shell  upon 

the  point  /u,  decomposed  along  the  radius  ^  and  directed  tovards  the 
center  of  the  shell ;   but  it  is  evident  that  the  total  action  of  the  shell 

ought  to  be  directed  along  this  radius;  —  f-r — )  expresses  therefore 

the  total  action  of  the  spherical  shell  upon  the  point  /^« 

First  suppose  this  point  placed  within  the  shell.  If  it  were  at  the  center 
itself,  the  action  of  the  shell  would  be  nothing ;  we  have  therefore, 

wheii  f  =  0,  which  gives  B  =  0,  and  consequently  —  (-^ — ^  =  0,  what- 
ever ^  may  be;  whence  it  follows  that  a  point  placed  in  the  interior  of  the 
shell,  suffers  no  action,  or  which  comes  to  the  same  thing,  it  is  equally  at- 
tracted on  all  sides. 

If  the  point  fi  is  situated  without  the  spherical  shell,  it  is  evident,  sup- 
posing it  infinitely  distant  from  the  center,  that  the  action  of  the  shell 
upon  the  point  will  be  the  same,  as  if  all  the  mass  of  the  shell  were  con- 
densed at  this  center ;  calling,  therefore  M  the  mass  of  the  shell,  —  f -j-  ) 

or  —jp  will  become  in  this  case  equal  to  —^  ,  which  gives  B  =  M ;  we  have 
therefore  generally  relatively  to  exterior  points, 

V  d^/  "    ^« 
that  is  to  say,  the  shell  attracts  them  as  if  all  its  mass  were  collected  at 
its  center. 

A  sphere  being  a  spherical  shell,  the  radius  of  whose  interior  surface  is 
nothings  we  see  that  its  attraction,  upon  a  point  placed  at  or  above  its 
surface,  is  the  same  as  if  its  mass  were  collected  at  its  center. 

This  result  obtains  for  globes  formed  of  concentric  shells,  varying  in 
density  from  the  center  to  the  circumference  according  to  any  law  what- 
ever, for  it  is  true  for  each  of  the  shells :  thus  since  the  sun,  the  planets, 
and  satellites  may  be  considered  nearly  as  globes  of  this  nature,  they  at- 
tract exterior  bodies  very  nearly  as  if  their  masses  were  collected  into 
their  centers  of  gravity.    This  is  conformable  with  what  has  been  found  by 
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obsenrations*  Indeed  the  figure  of  the  celestial  bodies  departs  a  lit- 
tle from  the  sphere,  but  the  difference  is  very  little,  and  the  error  which 
results  from  the  preceding  supposition  is  of  the  same  order  as  this  sup- 
position relatively  to  points  near  the  surface;  and  relatively  to  distant 
points,  the  error  is  of  the  same  order  as  the  product  of  this  difference  by 
the  square  of  the  ratio  of  the  radii  of  the  attracting  bodies  to  tbdr 
distances  from  the  points  attracted;  for  we  know  that  the  considera- 
tion alone  of  the  distance  of  the  points  attracted,  renders  the  error  of 
the  preceding  supposition  of  the  same  order  as  tne  square  of  this  ratio. 
The  celestial  bodies,  therefore,  attract  one  another  very  nearly  as  if  thdr 
masses  were  collected  at  their  centers  of  gravity,  not  only  because  they 
are  very  distant  from  one  another  relatively  to  their  respective  dimensions^ 
but  also  because  their  figures  differ  very  little  from  the  sphere. 

The  property  of  spheres,  by  the  law  of  Nature,  of  attracting  as  if  their 
masses  were  condensed  into  their  centers.  Is  very  remarkable,  and  we  may 
be  curious  to  learn  whether  it  also  obtains  in  other  laws  of  attraction. 
For  that  purpose  we  shall  observe,  that  if  the  law  of  gravity  is  such,  that 
a  homogeneous  sphere  attracts  a  point  placed  without  it  as  if  all  its  mass 
were  collected  at  its  center,  the  same  result  ought  to  obtain  for  a  spherical 
shell  of  a  constant  thickness;  for  if  we  take  from  a  sphero  a  spherical 
shell  of  a  constant  thickness,  we  form  a  new  sphere  of  a  smaller  raiiUus 
with  the  remainder,  but  which,  like  the  former,  shall  have  the  property  of 
attracting  as  if  all  its  mass  were  collected  at  its  center ;  but  it  is  evident, 
that  these  two  spheres  can  only  have  this  common  property,  unless  it  also 
belongs  to  the  spherical  shell  which  forms  their  difference.  The  problem, 
therefore,  is  reduced  to  determine  the  laws  of  attraction  according  to  which 
a  spherical  shell,  of  an  infinitely  small  and  constant  thickness,  attracts  an 
exterior  point  as  if  all  its  mass  were  condensed  into  its  center. 

iLet  ^  be  the  distance  of  the  point  attracted  to  the  center  of  the  spherical 
shell,  u  the  radius  of  the  shell,  and  d  u  its  thickness.  Let  4  be  the  angle 
which  the  radius  u  makes  with  the  straight  line  f,  «r  the  angle  which  the 
plane  passing  through  the  straight  lines  f,  u,  makes  with  a  fixed  plane 
passing  through  ^,  the  element  of  the  spherical  shell  will  be  u '  d  u .  d  «■ . 
d  tf  sin.  tf.  If  we  then  call  f  the  distance  of  this  element  from  the  point  at- 
tracted, we  shall  have 

f  *  =  g*  —  2  f  u  COS.  ^  -I-  u  ■. 

Represent  by  f  (f)  the  law  of  attraction  to  the  distance  f ;  the  action  of 
the  shell's  element  upon  the  point  attracted,  decomposed  parallel  to  ^  and 
directed  towards  the  center  of  the  shell,  will  be 
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«2^„      A         •       aS  —  U  COS-  ^       ,r\ 

u^  d  u  •  d  «  sin.  ^  2 J p  (f)  J 

but  we  have 

g  —  n  COS.  ^  _^  /d  f  \ 

F         "Vd7r 

which  gives  to  the  preceding  quantity  this  form 

u'd  u.  d  «r  sin.  ^(-5-  )p  (Oj 

wherefore  if  we  denote  yd  f  f  (f)  by  f,  (f)  we  shall  have  the  whole  action 
of  the  spherical  shell  upon  the  point  attracted,  by  means  of  the. integral 
u*  d  uy*d  «  d  tf  sin.  ^.  f^  (f ),  differentiated  relatively  to  f,  and  divided  by 

This  integral  ought  to  be  taken  relatively  to  «,  from  «  =  0  to  «r  equal 
to  the  circumference,  and  after  this  integration  it  becomes 

2*u«/d^sin.  ^p,  (f); 
If  we  differentiate  the  value  of  f  relatively  to  ^,  we  shall  have 

a  V  sm.  ^  = : 

and  consequently 

2*.u«dn/d^sin.tf.f>,(f)  =  2fl'.— /fdf.  p,  (f). 

The  integral  relative  to  6  ought  to  be  taken  from  ^  =  0  to  ^  =  v,  and 
at  these  two  limits  we  have  f  =  f  —  u,  and  f  ==  ^  +  u ;  thus  the  integral 
relative  to  f  must  be  taken  fix)m  f=g  —  utof=g  +  u;  let  therefore 
/f  d  f.  f,  (f)  =  -^  (f ),  we  shall  have 

r^ /f  d  f<p,  (f)  = [>|.  (s+u)  —  >Kf  —  u)}. 

The  coefficient  of  d  ^  in  the  differential  of  the  second  member  of  this 
equation,  taken  relatively  to  g,  will  give  the  attraction  of  the  spherical 
shell  upon  the  point  attracted;  and  it  is  easy  thence  to  conclude  that  in 

nature  where  p  (f )  =  '7^  this  attraction  is  equal  to 

4  y . u' d  u 

That  is  to  say,  that  it  is  the  same  as  if  all  the  mass  of  the  spherical 
shell  were  collected  at  its  center.  This  furnishes  a  new  demonstration  of 
tlie  property  already  established  of  the  attraction  of  spheres. 

Let  us  determine  f  (f )  on  the  condition  that  the  attraction  of  the  shell 
is  the  same  as  if  its  mass  were  condensed  into  its  center.  This  mass 
is  equal  to  4  «* .  u*  d  u«  and  if  it  were  condensed  into  its  center,  its  action 
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upon  the  point  attracted  would  be  4  « .  u '  d  u  •  ^  (g) ;  we  shall  therefore 
have 

/d.{i..(>H^+u]_>Hj-u])|\ 
2».udul    Li Ly=4^u«duf(f);.(D) 

integrating  relatively  to  f,  we  shall  get 

+  (f  +  u)  —  >Kf  —  u)  =  2  f  u/d  f .  f(i)  +  t  U, 
I J  being  a  function  of  u  and  constants^  added  to  the  integral  2  uyd^  f  (f). 
If  we  represent  4  (^  +  u)  —  4  (f  "^  u)  by  R>  we  shall  have  by  difleren- 
tiating  the  preceding  equation 


/d»Rx  _     /d»Ux 


But  we  have,  by  the  nature  of  the  fonctiod  R, 

d*R 


O  = 


du 


s   > 


wherefore 


«"{«'«)+.ii^}=.o= 


or 


g      ■*■      d^      "2u\du«/' 
Thus  the  first  member  of  this  equation  being  independent  of  u  and  the 
functions  of  ^,  each  of  iis  members  must  be  equal  to  an  arbitrary  which  we 
shall  designate  by  8  A ;  we  therefore  have 

f  d| 

whence  in  integrating  we  derive 

^e  =  Af  +  y 

B  being  a  new  arbitrary  constant.  All  the  laws  of  atti'ftction  in  which  a 
sphere  acts  upon  an  exterior  point  placed  at  the  dintanoe  ^firom  its  center, 
as  if  all  the  mass  were  condensed  into  its  center,  are  therefore  comprised 
in  the  general  formula 

it  is  easy  to  see  in  fact  that  this  valtiie  satisfies  equation  (D)  whatever  1x117 

be  A  and  B. 

*    If  we  suppose  A  r=  0^  we  shall  have  the  law  of  nature^  and  we  aeethat 
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in  the  infinity  of  laws  which  render  attraction  very  small  at  great  dis- 
tances, that  of  nature  is  the  only  one  in  which  spheres  have  the  ptc^riv 
of  acting  as  if  their  masses  were  condensed  into  their  centers* 

This  law  is  also  the  only  one  in  which  a  body  placed  within  a  spherical 
shell,  every  where  of  an  equal  thickness,  is  equally  attracted  oa  all  sides. 
It  results  from  the  preceding  analysis  that  the  attraction  of  the  spherical 
shell,  whose  thickness  is  d  u,  up<m  a  point  placed  in  its  interior,  has  the 
expression 

2flru*duv     ^  ^' 1      — . 

To  make  this  function  nothing,  we  must  have 
+  ("  +  f)  —  +  (u  —  ^)  =  f .  U, 
U  being  a  function  of  u  independent  of  ;,  and  it  is  easy  to  see  that  this 

obtains  in  the  law  of  nature,   where  f  (f )  =  —^  .     But  to  show  that  it 

ukes  place  only  in  this  law,  we  shall  denote  by  >{/  (f )  the  difference  of  -^ 
(f )  divided  by  d  f,  we  shall  also  denote  by  4"  (f )  the  difference  of  %|/'  (f ) 
divided  by  d  ^  and  so  on ;  thus  we  shall  get^  by  differentiating  twice  suc- 
cessively, the  preceding  equation  relatively  to  f. 

This  equation  obtaining  whatever  may  be  u  and  ^,  it  thence  results 
that  -4/^  (f )  ought  to  be  equal  to  a  constant  whatever  f  may  be,  and  that 
therefore  >|/''  (f )  =  0.     But,  by  what  precedes, 

>l/(f)  =  f.f,(f), 
whence  we  get 

4/"(f)  =  2p(f)+ff(f); 
we  therefore  have 

0  =  2p(f)  +  f^'(f); 
which  gives  by  integration 

and  consequently  the  law  of  nature. 

554«  Let  us  resume  the  equation  (C)  of  No.  541.  If  this  eqtiation 
could  generally  be  integrated,  we  should  have  an  expression  of  V,  which 
would  contain  two  arbitrary  functions,  which  we  sht)uld  detemritiie  by 
finding  the  attraction  of  a  spheroid,  upon  a  point  situated  so  as  to  ikeili- 
tate  this  research,  and  by  comparing  this  attraction  with  its  getieral  ex- 
pression. But  the  integration  of  the  equation  (C)  is  possible  only  in  some 
particular  cases,  such  as  that  where  the  attracting  spheroid  is  a  sphere, 
which  reduces  this  equation  to  ordinary  differences ;  it  is  also  possible  in 
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the  case  where  the  attracting  body  is  a  cylinder  whose  base  is  an  oyal  or 
curve  returning  into  itself,  and  whose  length  is  infinite.  This  particulai 
case  contains  the  theory  of  Saturn's  ring. 

Fix  the  origin  of  ^  upon  the  same  axis  of  the  cylinder,  which  we  shall 
suppose  of  an  infinite  length  on  each  side  of  the  origin.  Naming  ^  the 
dbtance  of  the  point  attracted  from  the  axis;  we  shall  have 

g'  =  f  V  1  —  m «. 
It  is  evident  that  V  only  depends  on  ^  and  «r,  since  it  is  the  same  for 
all  the  points  relatively  to  which  these  two  variations  are  the  same;  it 
contains  therefore  only  m  inasmuch  as  f'  is  a  function  of  this  variable. 
This  gives 

(^  Vx  _  /d  Vx    /d  i\  _  gm        /dVx 

VcTS;  ■"  VdjJ'  \dmJ  ""  ~  VI— m«  ^d  f' )' 

/d*Vv  _    g«m«       /d'Vx  g  /dV^ 

VdmV  -  1— m**  \Ti^)  ~/i_mt)f  *  ^^i^' 
die  equation  (C)  hence  becomes 

whence  by  integrating  we  get  * 

V  =  f{^'  COS.  9  +  i'  V  —  1  sin.  9]  +  -sf/fg'  COS.  «  —  g'  V  — Isin.*} ; 


f  (/)  and  -^  (i)  being  arbitrary  functions  of  g',  which  we  can  determine 
by  seeking  the  attraction  of  the  cylinder  when  w  is  nothing  and  when  it 
is  a  right  angle. 

If  the  base  of  the  cylinder  is  a  circle,  V  will  be  evidently  a  function  of 
^  independent  of  w ;  the  preceding  equation  of  partial  differences  w3l 
thus  become 

which  gives  by  integrating, 

/d  Vn  _  H 

~\dY)  -7* 

H  being  a  constant.  To  determine  it,  we  shall  suppose  ^  relatively  to 
the  radius  of  the  base  of  the  cylinder  extremely  great,  which  supposition 
permits  us  to  consider  the  cylinder  as  an  infinite  straight  line.  Let  A  be 
this  base,  and  z  the  distance  of  any  pomt  whatever  of  the  axis  of  the  cy- 
linder, to  the  point  where  this  axis  is  met  by  f;  the  action  of  the  cyli^ 
der  considered  as  concentrated  or  condensed  upon  its  axis,  wiU  be,  panu 
lei  to  ffi  equal  to 
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the  int^ral  being  taken  from  z  =  —  oDtozsoo;  this  reduceis  the  in-* 
tegral  to—,  ;  which  is  the  expression  of  —  \a~j)  ^l^^n  f  is  very  con- 
siderable. Comparing  this  with  the  preceding  one  we  have  H  =  2  A^ 
and  we  see  that  whatever  is  ^'j  the  action  of  the  cylinder  upon  an  exterior 

.       •   2  A 

pomt,  IS  —7- . 

i 

If  the  attracted  point  is  within  a  circular  cylindrical  shell,  of  a  constant 

thickness,  and  infinite  length,  we  shall  have  —  (  ji"")  =  -^5  and  since 

the  attraction  is  nothing  when  the  point  attracted  is  upon  the  axis  of  the 
shell,  we  have  H  =  0,  and  consequently,  a  point  placed  in  the  interior  of 
the  shell  is  equally  attracted  on  all  sides. 

545.  We  have  thus  determined  the  attraction  of  a  sphere  and  of  a 
spherical  shell :  let  us  now  consider  the  attraction  of  spheroids  terminated 
by  surfaces  of  the  second  order. 

Let  X,  y,  z  be  the  three  rectangular  coordinates  of  an  element  of  the 
spheroid;  designating  d  M  this  element,  and  taking  for  unity  the  density 
of  the  spheroid  which  we  shall  suppose  homogeneous,  we  shall  have 

dM  =  dx.dy.dz. 
Let  a,  b,  G  be  the  rectangular  coordinates  of  the  point  attracted  by  the 
spheroid,  and  denote  by  A,  B,  C  the  attractions  of  the  spheroid  upon 
this  point  resolved  parallel  to  the  axes  of  x,  y,  z  and  directed  to  the  origin 
of  the  coordinates. 

It  is  easy  to  show  that  we  have 

A  =  fff (a  —  x)dx.dy.dz ^ 

{(a  — x)«  +  (b  — y)*  +  (c  — z)»}i' 
B  -f/f  (b  — y)dx.dy.dz  ^ 

,  J(a-x)«  +  (b-y)*+(c-z)'l*' 

C-//f  (c  — z)dx.dy.dz  ' 

(a  — x)«  +  (b  — y)'  +  (c  — z)«}* 
All  these  triple  integrals  ought  to  be  extended  to  the  entire  mass  of  the 
spheroid.  The  integrations  under  this  form  present  great  di£Sculties, 
which  we  can  often  in  part  remove  by  transforming  the  dlfierentials  into 
others  more  convenient.  This  is  the  general  principle  of  such  trans- 
formations. 

Let  us  consider  the  differential  function  Pdx.dy.dz,P  being  any 
function  whatever  of  x,  y,  z.  We  may  suppose  x  a  function  of  y  and  z 
and  of  a  new  variable  p  :  let  p  (y,  z,  p)  denote  this  function ;  in  this  case,  • 

Vol.  ir.  O 
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we  shall  have,  makitig  y  and  z  ecmstant,  d  x  =  /3 .  d  p,  i3  being  a  fiincdon 
of  y,  z  and  p.  The  preceding  differential  will  thus  become  p.  P. dp. 
d  y  •  d  z ;  and  to  integrate  it,  we  must  substitute  in  P,  for  x,  its  valae 

P  (yj  2^  p). 
In  like  manner  we  may  suppose  in  this  new  diffi^rential,  y  =  f'  (z,  p,  q], 

q  being  a  new  rariable,  and  f^  (z,  p,  q)  being  any  function  of  the  three 
variables  z,  p  and  q.  We  shall  have,  considering  z  and  p  constant, 
d  y  =r  J^'  d  q,  i9^  being  a  fimction  of  z,  p,  q ;  the  preceding  differential 
will  thus  take  this  new  form  /S/S^P.  dp.dq.dz,  and  to  integrate  it,  we 
must  substitute  in  /9  P  for  y  its  value  ^  (z,  p,  q). 

Lastly  we  may  suppose  z  equal  to  ^'  (p,  q,  r),  r  being  a  new  variable, 
and  f^  (p,  q,  r)  being  any  function  whatever  of  p,  q,  r.  We  shall  have, 
considering  p  and  q  constant,  d  z  =  jS^  d  r,  jS^'  being  a  function  of  p,  ({,r; 
the  preceding  differential  will  thus  become  fi.  f^.  ^\  P.dp.dq.dr 
and  to  integrate  it,  we  must  substitute  in  /3 .  jS'.  P  for  z  its  value  ^'  (p,  q,  r). 
The  proposed  differential  function  is  thence  transformed  to  another  rela- 
tive to  the  three  new  variables  p,  q,  r,  which  are  connected  with  the  pre- 
ceding by  the  equations 

3t  =  f  (y,  «,  p) ;  y  =  ^  (2,  P,  q);  «  =  j^'  (p,  q,  r). 

It  only  remains  to  derive  from  these  equations  the  values  of  fij  Pt  ?'* 
For  that  purpose  we  shall  observe  that  they  give  x,  y,  z,  in  fanctions  of 
Ae  variables  p,  q  and  r ;  let  us  consider  therefore  the  three  first  variables 
as  functions  of  the  three  last  Since  I3f^  is  the  coefficient  of  d  r  in  the  dif- 
ferential of  Zy  taken  by  considering  p  and  q  constant,  we  have 

^'  =  0- 

fif  isihe  coefficient  of  d  q»  in  the  differential  of  y  taken  <»i  the  supposi- 
tion that  p  and  z  are  constant ;  we  shall  therefore  have  P^,  by  differen- 
tiating y  on  the  supposition  that  p  is  constant,  and  by  elinuDadng  d  r  b; 
means  of  the  differential  of  z  taken  on  the  supposition  that  p  is  constant, 
and  equating  it  to  zero. "  Thus  we  shall  have  the  two  equations 


which  give 


dy  =  dq  X -* t -*- 
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wherefofb 

^    0(r;)-(d?)O 

Finally,  ^  is  the  ooe£Bcieat  of  d  p,  in  the  differential  of  x  taken  on  the 
supposition  that  y  and  z  are  constant.    This  gives  the  three  following 


equations 


If  we  make 


•  =  0  0  (a-:)  -  O  (jf )  O 

+  (a|)  (if)  (ff|)  —  (j^)  (j|)  (ji) 

+  (if)  (II)  (Id  -  (jf )  (H)  (!-:)= 


shall  have 


dx  = 


which  gives 


0  (rj  -  ( I?)  (rS  ^ 


8  = 


(a^)  (1^)  -  (I?)  0 ' 


wherefore  fi.p^.^'  ^  t  and  the  differential  P.  d  x •  d  y .  d  z  is  transform- 
ed into  i.P.dp.dq«dr;P  being  here  what  P  becomes  when  we 
substitute  for  x,  y,  z  their  values  in  p^  q»  r.  The  whole  is  therefore  re- 
duced to  finding  the  variables  p»  qs  r  such  that  the  integrations  may  be- 
come possible. 

Liet  us  transform  the  coordinates  x^  y,  z  into  the  radius  drawn  from 
the  point  attracted  to  the  molecule,  and  into  the  angles  which  this  ra* 
dius  makes  with  given  straight  lines  or  with  given  planes.  Let  r  be 
this  radius,  p  the  angle  which  it  forms  with  a  straight  line  drawn  through 
the  attracted  point  parallel  to  the  axis  of  x,  and  let  q  be  the  angle  which 
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its  projection  makes  on  the  plane  of  y,  z  with  the  axis  of  y ;  we  sbll 
have 

X  =  a  —  rcos.p;  y  =  b  —  rsin.pcos.  q;  z  =  c — r  sin.  p  sin.  q. 
We  shall  then  find  f  =  —  r  *  sin.  p,  and  the  differential  d  x .  d  y .  d  z  will 
thus  be  transformed  into  —  r *  sin.  p .  d  p •  d  q.  d  r :  this  is  the  expres- 
sion of  the  element  d  My  and  since  this  expression  ought  to  be  positiTe 
in  considering  sin.  p^dpydq^dras  positive^  we  must  change  its  sign, 
which  amounts  to  changing  that  of  f,  and  to  making  i  ^  r  *  sio.  p. 
The  expressions  of  A,  B,  C  will  thus  become 

A  ^ff/A  r  d  p  d  q .  sin.    p  cos.  p ; 

B  sr^/X/d  r  d  p  d  q.  sin.*  p  cos.  p; 

C  ^ff/A  r  d  p  d  q.  sui.*  p  sin.  q. 
It  is  easy  to  arrive  by  another  way  at  these  expressions,  by  obseryiog 
that  the  element   d  M  may  be  supposed  equal  to  a  rectangular  paialielo- 
piped,  whose  dimensions  are  d  r,  r  d  p  and  r  d  q  sin.  p^  and  by  then  obseniDg 
that  the  attraction  of  the  element)  parallel  to  the  three  axes  of  x,  y,  zis 

dM  dM    .  dM  . 

—5-  COS.  p ;   — jp  sm.  p  cos.  q;   — j-  sm.  p  sm.  q. 

The  triple  integrals  of  the  expressions  of  A»  B,  C  must  extend  to  die 
entire  mass  of  the  spheroid  :  the  integrations  relative  to  r  are  easy,  but 
they  are  different  according  as  the  point  attracted  is  within  or  without  the 
spheroid ;  in  the  first  case,  the  straight  line  which  passing  through  the 
)x>int  attracted,  traverses  the  spheroid,  is  divided  into  two  parts  by  this 
point ;  and  if  we  call  r  and  r'  these  parts,  we  shall  have 

A  zzjy{T  +  r')  d  p  d  q.  sin.  p  cos.  p 
B  ^ff[t  +  r')  d  p  d  q .  sin.  *  p  cos.  p 
C  zzff{t  -f  r')  d  p  d  q.  sin.*  p  sin.  q 

the  int^rrals  relative  to  p  and  q  ought  to  be  taken  fix>m  p  and  q  equal  to 
zero,  to  p  and  q  equal  to  two  right  angles. 

In  the  second  case,  if  we  call  r,  the  radius  at  its  entering  the  spheroid) 
and  r^  the  radius  at  its  farther  sur&ce,  we  shall  have 

A  =  //{/  —  0  d  p  d  q .  sin.  p  cos.  p  ; 
B  ^ff{jf  —  r)  d  p  d  q .  sin.  *  p  cos.  q ; 
C  ^Jlfif  —  r)  d  p  d  q .  sin.  *  p  sin.  q. 

The  limits  of  the  integnds  relative  to  p  and  to  q,  must  be  fixed  at  the 
points  where  r'  —  r  =:  0,  that  is  to  say,  where  the  radius  r  is  a  tangent 
to  the  surfiioe  of  the  q>heroid. 

546*  Let  us  apply  these  results  to  spheroids  bounded  by  surfiicesof  die 
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second  order.     The  general  equation  of  these  surfaces,  referred  to  tlie 

three  orthogonal  coordinates  x,  y,  z  is 

0=  A+B.x  +  C.y+E.  z+F.  x*+H.x  y+L.  y«+M.  x  z+N.  y  z+O.  z«. 

The  change  of  the  ori^n  of  coordinates  introduces  three  arbitraries, 
since  the  position  of  this  new  origin  relating  to  the  first  depends  upon 
three  arbitrary  coordinates.  The  changing  the  position  of  the  coordi- 
nates around  their  origin  introduces  three  arbitrary  angles ;  supposing, 
therefore,  the  coordinates  of  the  origin  and  position  in  the  preceding 
equation  to  change  at  the  same  time,  we  shall  have  a  new  equation  of  the 
second  degree  whose  coefiBcients  will  be  functions  of  the  preceding  coeffi- 
cients and  of  the  six  arbitraries.  If  we  then  equate  to  zero  the  first 
powers  of  the  coordinates,  and  their  products  two  and  two,  we  shall  de- 
termine these  arbitraries,  and  the  general  equation  of  the  surfaces  of  the 
second  order,  will  take  this  very  simple  form 

x*-|-my*-f-nz*=:k*; 
it  is  under  this  form  that  we  shall  discuss  it 

In  these  researches  we  shall  only  consider  solids  terminated  by  finite 
surfaces,  which  supposes  m  and  n  positive.  In  this  case,  the  solid  is  an 
ellipsoid  whose  three  semi-axes  are  what  the  variables  x,  y,  z  become 

when  we  suppose  two  of  them  equal  to  zero;  we  shall  thus  have  k,  -^ — , 

k 
^ —  fi>r  the  three  semi-axes  respectively  parallel  to  x,  to  y  and  to  z.    The 

4  «'.k' 
solid  content  of  the  ellipsoid  will  be 


3  V  m  n 

I^  however,  in  the  preceding  equation  we  substitute  for  x,  y,  z  their 
values  in  p,  q,  r  given  by  the  preceding  No.,  we  shall  have 
r  *  (cos.  *  p  -f-  m  sin.'  p  cos,*  q  +  n  sin.  •  p  sin.  *  q) 
-^  2  r  (a  cos.  p  -f  m b  sin. p  cos.  q+ii  ^  sin. p  sin.  q) :=k'-a'-^m  b'-n  c*; 
so  that  if  we  suppose 

I  =  a  COS.  p  -f  Di  b  sin.  p  cos.  q  +  n  c  sin.  p  sm.  q; 
L  =  COS. » p  -f-  m  sin.  •  p  cos.  *  q  +  n  sin.  •  p  sin.  •  q ; 
R  =  I*  -I-  (k*  — a«  — mb«--nc«).  L 
we  shall  have 

1+  V  R 
r  =  -=j-— ;         ^ 

whence  we  obtain  r'  by  taking  +,  and  r  by  taking  —*;  we  shall  there- 
fore have 

.    -.       21       ,  2  v'  R 

r+/=^;V-r  =  — ^. 

03 
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HeDce  relatively  to  the  interior  points  of  the  spheroidi  we  get 
A        o  /*/*d  p.  d  q.  I.  siiu  p  .  cos,  p 

B  —  a  ^|t  d  p .  d  q .  I .  sin. '  p .  cos,  q^ 

n  _  o  y^/^dp.dq.I.  siiL'p.  siiLq^ 

and  relatively  to  the  exterior  points 

C  — »  2   /*  i*  d  p .  d  q .  sin, '  p  sin,  q  ^  R 

the  three  last  integrals  being  to  be  taken  between  the  two  limits  which 
correspond  to  R  =  0. 

547.  The  expressions  relative  to  the  interior  points  being  the  most 
simple,  we  shall  begin  with  them.  Firsts  we  shall  observe  that  the  semi- 
axis  k  of  the  spheroid  does  not  enter  the  values  of  I  and  L ;  the  values  of 
A,  B|  C  are  consequently  independent ;  whence  it  follows  that  we  may 
augment  at  pleasure,  the  shells  of  the  spheroid  which  are  above  the  point 
attracted^  without  changmg  the  attraction  of  the  spheroid  upon  this  point, 
provided  the  values  of  m  and  n  are  constant  Thence  results  the  follow- 
ing theorem. 

A  jpoint  placed  within  an  elliptic  shell  whose  intericr  and  exterior  Wf' 
/aces  are  similar  and  similarly  situate^i  is  equally  attracted  an  all  sides* 

This  theorem  is  an  extension  of  that  which  we  hawe  demonstrated  m 
542,  relative  to  a  spherical  shell. 

Let  us  resume  the  value  of  A.  If  we  substitute  for  I  and  L  their  va- 
lues, it  will  become 

A  =  2  r/*^P'dq'Sin,p^cos.p.(acos>p  +  mbsiB>pco8>q  +  PC8ip.psin.q) 
J  J  cos.  *  p  +  m  sin.  *  p  cos. '  q  4-  n  sin.  *  p  sin*'  ^ 

Since  the  integrals  relative  to  p  and  q,  must  be  lak^  from  p  and  q 
equal  to  zero»  to  p  and  q  equal  to  two  right  angles,  it  b  dear  ve  ^^^ 
generally  /P  d  p .  cos.  p  =  0,  P  being  a  rational  function  of  sin.  p  vA 
of  cos. '  p;  because  the  value  of  p  being  taken  at  equal  distances  greater 
and  less  than  the  right  angle,  the  corresponding  values  of  P .  00a.  p  >^ 
equal  and  have  contrary  signs ;  thus  we  have 

A^aa//-        ,  dp.dq.sinpco8.«p 

J  J  cos. '  p  +  m  sin. '  p  cos  *  q  4-  n  sm'  p  suu '  q 
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If  we  integrate  relatively  to  q  from  q  s  0  to  q  b  two  right  angles,  we 
shall  find 

.^2aflr/-  *dp.  sin.  p  cos.  •  p 

an  integral  which  must  be  taken  from  cos.  p  =  1  to  cos.  p  =  —  1.    Let 
cos.  p  =  X,  and  call  M  the  entire  mass  of  the  spheroid ;  we  shall  have 

by  945,  M  s      -1 —  and  consequently  --»»»&  =s  -n- ;  we  shall  there- 

V  m  n  V  m  n         * 

fore  have 

.         3  a  M    /•  x"d  X 

which  must  be  taken  from  x  =  0,  to  x  =  1. 

Integrating  in  the  same  manner  the  expressions  of  B,  C  we  shall  reduce 

them  to  simple  integrals ;  but  it  is  easier  to  get  these  integrab  from  the 

preceding  expression  of  A.     For  that  purpose,  we  shall  observe  that  this 

expression  may  be  considered  as  a  function  of  a  and  of  the  squares  k  \ 

k*    k* 

— ,  —  of  the  semi-axes  of  the  spheroid,  parallel  to  the  coordinates  a,  b,  c 

m     n 

of  the  point  attracted;  calling  therefbre  k^*  the  square  of  the  semi-axis 

parallel  to  b,  and  consequendy  k'  '•  m,  and  k^ '  n  the  squares  of  the  two 

other  semi-axes,  B  will  be  a  similar  function  of  b,  k'*,  k' '  m,  k^*  —  ;  thus 

9  '      '  '       ,n 

to  get  B  we  must  change  in  the  expression  of  A,  a  into  b,  k  into  k'  or 

-7 — ,  m  into  —  ,  and  n  into  —  ,  which  irives 
V  m'  m  m'  ® 

g_8bM    /  m^.x'dx 

Let 

t 


X  = 


V  m  +  (I  — m).  t** 
we  shall  have 

»bM    /  t*dt 


^    r t'dt 


an  integral  relative  to  t  which  must  be  taken,  like  the  integral  relative  to  x 

0« 
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from  t  =:  0  to  t  =  1,  because  x  =  0  gives  t  =  0  and  x  =  1,  gires  t  =  1 
Hence  it  follows  that  if  we  suppose 

1 — m  _  >a.  1  — P  _  y,,    r?^  r  x*dx 

m      ""^^      n     ~       •  •/  V(l+x«x«).(l  +x'«x*)' 

we  shall  have  * 

-,       SbM/d.xFx 

If  we  change  in  this  expression,  b  into  c^  X  into  V  and  reciprocallj,  we 
shall  have  the  value  of  C.  The  attractimis  A,  B^  C  of  the  sj^eroid,  par- 
allel to  its  three  axes  are  thus  given  by  the  following  formulas 

.       SaM    „    „       3bM/d.xFN     ^      ScM/d.X'Fx 

We  may  observe  that  these  expressions  obtaining  for  all  the  mterior 
points,  and  consequently  for  those  infinitely  near  to  the  surfieu^e,  they  also 
hold  good  for  the  points  of  the  surface. 

The  determination  of  the  attractions  of  a  spheroid  thus  depends  ooly 
on  the  value  of  F ;  but  although  this  value  is  only  a  definite  integral,  it 
has,  however,  all  the  difiiculty  of  indefinite  intends  when  X  and  X'  are 
indeterminate,  for  if  we  represent  this  definite  integral^  taken  fitHn  x  :=  0 
to  X  =  I9  by  p  (X*,  X'  *},  it  is  easy  to  see  that  the  indefinite  integral  will 
be  x'  p  (X  X %  x;  *  X *),  so  that  the  first  being  given,  the  second  is  likewise 
given.  The  indefinite  integral  is  only  possible  in  itsdf  when  one  of  the 
quantities  X,  X'  is  nothing^  or  when  they  are  equal :  in  these  two  case^ 
the  spheroid  is  an  ellipsoid  of  revolution,  and  k  will  be  Us  s^ni-axis  01 
revolution  if  X  and  X'  are  equaL     In  this  last  case  we  have 

To  get  the  partial  differences  (^!^^) ,  (4^^),  which  enter  the 
ezpresaioDs  of  B,  C,  we  shall  observe  that 

but  when  X  =  X',  we  have 

/d .  X  F\  _  /d^xNPx      d  X  _  d  X' 

V  dx  y-v  dx'  r     X  •"T^* 

wherefore 

(^^^).dx=t.xdF+Fdx  =  i^d.x«F. 
Substituting  for  F  its  valuer  we  shall  have 
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we  shall  therefore  have  reladyely  to  ellipsoids  of  reTolntion,  whose  semi- 
axis  of  revoltttion  is  k, 

^        3c.  Ma       _,  ^  ^      \ 

548*  Now  let  us  consider  the  attraction  of  spheroids  upon  an  exterior 
point.  This  research  presents  greater  difficulties  than  the  preceding  be- 
cause of  the  radical  V  R  which  enters  the  differential  expressions,  and 
which  under  this  form  renders  the  integrations  impossible.  We  may  ren- 
der them  possible  by  a  suitable  transformation  of  the  variables  of  which 
they  are  functions ;  but  instead  of  that  method,  let  us  use  the  following 
one,  founded  solely  upon  the  differentiation  of  functions. 

If  we  designate  by  V  the  sum  of  all  the  elements  of  the  spheroid  divided 
by  their  respective  distances  from  the  point  attracted,  and  x^  y,  z  the  co^ 
ordinates  of  the  element  d  M  of  the  spheroid,  and  a,  b,  c  those  of  the 
point  attracted,  we  shall  have 

V  =  f  ^^ 

J  V(a  — x)«  +  (b  — y)«  +  (c  — 2)«* 

Then  designating,  as  above,  by  A,  B,  C  the  attractions  of  the  spheroid 
parallel  to  the  axes  of  x,  y,  z,  and  directed  towards  their  origin,  we  shall 
have 

*  ^   /• (a  —  x).  d  M ^       /d  V\ 

"•^  {(a-x)«+(b-y)«+(c-z)«ji""       ^d«^' 
In  like  manner  we  get 

whence  it  follows. that  if  we  know  V,  it  will  be  easy  thence  to  obtain  by 
dLOferentiation  alone,  the  attraction  of  a  spheroid  parallel  to  any  straight 
line  whatever,  by  considering  this  straight  line  as  one  of  the  rectangular 
coordinates  of  the  point  attracted ;  a  remark  we  have  already  made  in 

541. 

The  precedbg  value  of  V,  reduced  into  a  series,  becomes 


v=/        ^^ 


fi  _L  1  ga3c+2by+2cz  —  x»  —  y* — z»      ■\ 

^)    t*-  a*  +  b«  +  c*  f 

'+c«1  (2ax+2by+2cz-x'— y^-z')«    ^    ( 


(a«  +  b«+c«) 
This  series  is  ascending  relatively  to  the  dimensions  of  the  spheroid. 
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and  descending  relatively  to  the  coordinates  of  the  point  attracted.  If  ve 
only  retain  the  first  ternij  which  is  sufficient  when  the  attracted  pobt  is 
at  a  very  great  distance,  we  shall  have 

0/  a'  +  b*  +  c*' 

M  being  the  entire  mass  of  the  spheroid.     This  expression  will  be  still 

more  exact,  if  we  place  the  origin  <^  coordinates  at  the  center  of  graTity 

of  the  sphere;  for  by  the  property  of  this  center  we  have 

/x.dM  =  0;  /y.  dM  =  0;  /z.dM  =  0; 

so  that  if  we  consider  a  very  small  quantity  of  the  first  orderi  the  ratio 

of  the  dimensions  of  the  spheroid  to  its  distance  from  the  point  attracted, 

the  equation 

M 


V  = 


V  a*  +  b»  +  c« 


will  be  exact  to  quantities  nearly  of  the  third  order. 

We  shall  now  investigate  a  rigorous  expression  of  V  relatively  to  eiii 
tic  spheroids. 

649.  If  we  adopt  the  denominations  of  544,  we  shall  have 

A   'KM 

V  =/^  =y>7r  d  r  d  p  d  q  sin.  p  =  \Sf{j!^  —  r*)  d  p  dq.sin.p. 

Substituting  for  r  and  r'  their  values  found  in  544,  we  shall  have 

v       ^  /•/•  d  p . d  q  sin. p.I.  V  R 
^  =  ^JJ IT • 

Let  us  resume  the  values  of  A  B,  C  relative  to  the  exterior  points,  and 

given  in  546^ 

A  —  o  tt  d  P  •  d  q  sin.  p  cos,  p  v^  R 

A  •  ayy -j- ; 

R  —  a  rr  <^  P  *  d  ^  s^°*  *  P  ^^^^  Q  ^  ^ . 

r  —  9  ff  d  P  *  d  q  g^P*  *  p  an.  q  V  R 

Snce  at  the  limits  of  the  integrals,  we  have  VR=:0,  itiseasjtosee 
that  by  taking  the  first  differences  of  V,  A,  B,  C  rektivdy  to  any  of  ^« 
six  quantities  a,  b,  c,  k,  m,  n,  we  may  dispense  with  regarding  the  rana- 
lions  of  the  limits ;  so  that  we  have,  for  example, 

for  the  integral 

/d  p  sin,  p  I  V  R 
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is  towards  these  limits,  very  nearly  proportional  to  R  ',  which  renders 
equal  to  zero,  its  differential  at  these  limits.  Hence  it  is  easy  to  see  by 
differentiation  that  if  for  brevity  we  make 

aA  +  bB  +  cC=:F; 
we  shall  have  between  the  four  quantities  B,  C,  F,  and  V  the  following 
equation  of  partial  differences, 

.  =  "^^-r--^'-^-{(|^)-(||)}^^-(V-F> 

+"=^'-{(^)-»(:l^)-c} 

-^•<".-l).(JI)-'^-<»-')(JI)-<" 

We  may  eliminate  from  this  equation,  the  quantities  B,  C,  F  by  means 
of  their  values 

We  shall  thus  get  an  equation  of  partial  ^Ufferences  in  V  alone.  Let 
therefore 

V=  ,^V^'  .v  =  M.v, 
3  v'  mn 

M  being  by  545,  the  mass  <tf  the  elliptic  spheroid;  and  for  the  yariables 
m  and  n  let  us  here  introduce  ^  and  w  which  shall  be  such  that  we  have 

m  n 

^  will  be  the  difference  of  the  square  of  the  axis  of  the  spheroid  parallel 
to  y  and  the  square  of  the  axis  parallel  to  x ;  w  will  be  th|e  difierence  of 
the  square  of  the  axis  of  z  and  the  square  of  the  axis  of  x ;  so  that  if  we 
take  for  the  axis  of  x,  the  smallest  of  the  three  axes  of  the  spheroid,  V  ^ 
and  V  w  will  be  its  two  excentricities.    Thus  we  shall  have 

(ra)  =  -  "{!■••  (37) + rs}- 

V  being  considered  in  the  first  members  of  those  equations  as  a  function 
of  a,  b,  c,  k,  m,  u ;  and  v  being  considered  in  their  second  members  as  a 
function  of  a,  b,  c,  ^,  «,  k. 
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If  we  make 

«="(ii)+<)+K^:)= 

we  shall  have  F  =  —  M  Q^and  we  shall  get  the  values  of  l^f^-i.)^ 
(dfs) '  (jTt)  *^y  changing  in  the  preceding  values  of  k  ( j^)  ,    (H_) , 

C^ — K  V  into  —  Q.     Moreover  V  and  F  are  homogeneous  funcdoos  io 

8)  b,  c^  k,  V  ^f  V  woi  the  second  dimension,  for  V  being  the  sum  of  the 
elements  of  the  spheroid,  divided  by  their  distances  from  the  point  at- 
tracted, and  each  element  being  of  three  dimensions,  V  is  necessarilj  d 
two  dimensions,  as  also  F  which  has  the  same  number  of  dimensions  u 
V ;  V  and  Q  are  therefore  homogeneous  functions  of  the  same  quantities 
and  of  the  dimension  —  1 ;  thus  we  shall  have  by  the  nature  of  homo- 
geneous functions, 

'(rD+'-(TB)+-(ij)+«'(i^)+«-(i;)+'(j£)=— 

an  equation  which  may  be  put  under  this  form 

«'(f7')+»'{3^)+''(jl')=-'-«- 

We  shall  have  in  like  manner 

'(r?)  +-0  +«dl)  +»'(!?)  +'-(^)  ^<f)  =-* 

then,  if  in  equation  (1)  we  substitute  for  V,  F  and  their  partial  diflfereuces: 

k*  k* 

if  moreover  we  substitute  i  ,   .    ^  for  m  and  ,-«—; —  for  n«  we  shall  have 

k'  +  ^  k*  +  w 

»=(•■+"•+«■)['+ 1  «-»{•(  J?) + "O + «(j?) }] 

-'•(lf)+«-(iT)-*'"(a^)-*"(i^)- 

550.  Conceive  the  function  v  expanded  into  a  series  ascending  rels- 
tively  to  the  dimensions  k,  V  0,  v^  v  of  the  spheroid,  and  consequentlj 
descending  relatively  to  the  quantities  a,  b,  c :  this  series  will  be  of  the 
following  form : 

V  =  UW4.  u^*'  +  \5^^+  U<«)+&a; 
U  Wj  U  ^^\  &c.  being  homogeneous  functions  of  a,  b,  c,  k,  V  9^  V  •r,  and 
separately  homogeneous  relatively  to  the  three  first  and  to  the  three  \tsx 
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of  these  six  quantities ;  the  dimensions  relative  to  the  three  first  always 
decreasing,  and  the  dimensions  relative  to  the  three  last  increasing  con- 
tinually. These  functions  being  of  the  same  dimension  as  v,  are  alt  of  the 
dimension  —  1. 

If  we  substitute  in  equation  (2)  for  v  its  preceding  expanded  value;  if 
we  call  s  the  dimension  of  U  ^'^  in  k,  v^  ^,  v^  v,  and  consequently —  s  — 1 
its  dimension  in  a,  b,  c ;  if  in  like  manner  we  name  s'  the  dimension  of 
U  ^'+')  in  k,  V  ^9  v^  ^9  and  consequently  —  fl  —  1  its  dimension  in  a,  b, 
c;  if  we  then  consider  that  by  the  nature  of  homogeneous  functions  we 
have 

/d  U  ^\  ^  , /d  U^N  ^    /d  \i^\  ,   ^  ,.  .T^. 

n— dir-)  +  *^v-Tb-) + ^(-d-^-) =- («^+ 1)  u^^.-^'^- 

we  shall  have,  by  rejecting  the  terms  of  a  dimension  superior  in  k,  v^  ^9 
v^  V  to  that  of  the  terms  which  we  retaiuy 

/d  U(*\  /d  U(*\ 

H»+ l).k».(2^)-(s+ l).tf«(i^) 
.(s+i)....(d^')_!+J.(,+  .).u« 

_  (8  +  f )  b  tf.  (-g-g-.)  -  (S  +  J).  C -.  (-g^) 


UC  +  "  = 


s'.2^.(a«  +  b«+c») 


(8) 


This  equation  gives  the  value  of  U  ^^  +  ^^9  by  means  of  U  ^^  and  of  its 
partial  differences;  but  we  have 

UW  = \ j; 

(a«  +  b«  +  c«)* 

since,  retaking  only  the  first  term  of  the  series,  we  have  found  in  548,  that 

V  = 


M 


(a«+b*  +  c«)* 

Substituting  therefore  this  value  of  U  ^^  in  the  preceding  formula,  we 
shall  get  that  of  U  ^^^ ;  by  means  of  that  of  U  ^^  we  shall  have  that  of  U  ^^ 
and  so  on.  But  it  is  remarkable  that  none  of  these  quantities  contains  k : 
for  it  is  evident  by  the  formula  (S)  that  U^%  not  containing  U^'\  does 
not  contain  it;  that  U ^^^  not  containing  it,  U ^^  will  not  contain  it,  and  so 
on ;  so  that  the  entire  series  U  ^^  +  U  ^^^  +  &c,  is  independent  of  k,  or 

which  is  the  same  thing (-t^)  =  0.    The  values  of  v,  —  (g~")  >  —  (jb)  * 
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—  (^~~)9  ^^  therefore  the  same  (or  all  elliptic  spheroids  similarly  si- 
tuated, and  which  have  the  same  excentricities  V  ^9  V  « ;  but  —  M  (3— )> 

—  M y-jT^ 9  —  M (;i— ') 9  express  by  548^ the  attractions  of  the  qpheroiJ 

parallel  to  its  three  axes;  therefore  the  attractions  of  different  dlipdc 
q^eroids  whidi  haTe  the  same  center,  the  same  podtion  of  the  axes  and 
the  same  excentricities^  apon  an  exterior  point,  iure  to  one  another  as  thar 
masses. 

It  is  easy  to  see  by  formula  (S)  that  the  dimensions  of  V^%  l]^^\  U^, 
&C.  in  V^  and  V  v,  increase  two  units  at  a  tim^  so  that  ss=8  i,  8^=2  i+2; 
nooreoyer  we  have  by  the  nature  of  homogeneous  functions 

this  formula  will  therefore  become 

^  "^  (i+l)(2i  +  5)(a«  +  b«+c^)  ~'^' 

By  means  of  this  equation,  we  shall  have  the  value  of  v  in  a  series  verj 
convergent,  whenever  the  excentricities  V  0,  V  w  are  veiy  small,  or  when 
the  distance  v'  a*  +  b*  +  c*  of  the  point  attracted  from  the  center  of 
the  spheroid  is  very  great  relatively  to  the  dimensions  of  the  sphercnd. 

If  the  spheroid  is  a  sphere,  we  shall  have  ^  =:  0,  and  «r  =  C^  wfaidi 
give  U<*5  =  0,  U<«>  =  0,  &c.;  wherefore 

V  a«  +  b*  +  c«* 
and 

v'  a*  +  b*  +  c«' 
whence  it  follows  that  the  value  of  V  is  the  same  as  if  all  the  mass  of  the 
sphere  were  condensed  into  its  center,  and  that  thus,  a  sphere  attracts  any 
exterior  point,  as  if  all  its  whole  mass  were  condensed  into  its  center ;  a 
result  already  obtained  in  542. 

651.  The  property  of  the  function  of  v  being  independent  of  k,  for- 
nishes  the  means  of  reducing  its  value  to  the  most  simple  form  of  which  it 
is  susceptible;  for  since  we  can  make  k  vary  at  pleasure  without  changuig 
this  value,  provided  the  ^heroid  retain  the  same  excentricities,  V  ^  aod 
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V  wy  we  may  mippose  k  such  that  the  sphetoid  shall  be  kifihitely  flattoi- 
ed,  or  so  contrived  that  its  surface  |>ass  through  the  point  attracted.  In 
these  two  cases,  the  research  of  the  attractions  of  the  spheroid  is  rendered 
more  simple;  but  since  we  haye  aheady  determined  the  attractions  of  elliptic 
spheroids,  upon  points  at  the  surface,  we  shall  now  suppose  k  such  that 
the  surface  of  the  spheroid  passes  through  the  point  of  attraction. 

If  we  call  k',  m',  n'  relatively  to  this  new  spheroid  what  in  545,  we 
named  k,  m,  n  relatively  to  the  spheroid  we  there  considered ;  the  condi- 
tion tiiat  the  point  attracted  is  at  the  snriace,  and  that  also  a,  b^  c  are  the 
coordinates  6f  a  point  of  the  surface,  will  give 

a*  +  m'b*  +  n'c*  =  k*; 
and  since  we  suppose  the  excentricities  V  i  and  V  «r  to  remain  the  same, 
we  shall  have 

whence  we  obtain 

k'*  k'* 

we  shall  therefore  have  to  determine  k^  the  equation 

**  +  F^*^'  +  i?^in;  •*'*  =  ''"•   •  •  •      ^*^ 

It  is  easy  hence  to  conclude  that  there  is  only  one  spheroid  whose  sur- 
face passes  through  the  point  attracted,  ^  and  v  remaining  the  same*  For 
if  we  suppose,  which  we  always  may  do,  that  9  and  w  are  positive,  it  is 
clear  that  augmenting  in  the  preceding  equation,  k'  *  by  any  quantity  which 
we  may  consider  an  aliquot  part  of  k",  each  of  the  terms  of  the  first 
member  of  this  equation,  will  increase  in  a  less  ratio  than  k^';  therefore 
if  in  the  first  state  of  ]sf  \  there  subsist  an  equality  between  the  two  mem- 
bers of  this  equation,  this  equality  will  no  longer  obtain  in  the  second 
state ;  whence  it  follows  that  k^ '  is  only  susceptible  of  one  real  and  posi- 
tive value. 

Let  M^  be  the  mass  of  the  new  spheroid,  and  A^  B^,  O  its  attractions 
parallel  to  the  axes  of  a,  b,  c;  if  we  make 

m  n 

by  547,  we  shaU  have 

*,  _  8  a  M'  P    „,       8  b  MVd.  X  Fn    ^,      8cM'/< 
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Changing  in  Chece  values  of  A^  B^  C^  M'  into  M,  we  shall  have  by 
the  preceding  No.,  the  values  of  A»  B,  C  relatively  to  the  first  spheroid 
but  the  equations 

^~—    k'«-d-     ^~°'    k'*-« 


m 
give 


X  •  —  —  •    X'  *  —  —  • 

""  k'«*       ""k'*' 


k^ '  bemg  given  by  equation  (5)  which  we  may  put  under  this  form 

0  =  k'«-(a«+b*+c«-^-w)k'M{a«+c«)tf+{a*+b*)*-^»}k'WJ»; 

we  shall  therefore  have 

.        8aM„„       8bM/d.xF\^      ScM/d.x'Fx 
A  =  __.F;  B=  .p^(-g^);  C  =  -j^(-j^). 

These  values  obtain  relatively  to  all  points  exterior  to  the  spheroid,  and 
to  extend  them  to  those  of  the  surface,  and  even  to  the  interior  poinu 
we  have  only  to  change  k'  to  k« 

If  the  spheroid  is  one  of  revolution,  so  that  4  =  v,  the  fonnola  (5) 
will  give 

2  k'*  =  a«+b«+c*  —  S  +  v'(a«+b«+c*  _^)«+4a*-*; 
and  by  547,  we  shall  have 

.        3  a  M  ..        ^      _, -. 

A  =  p_-5(x_tan.-»X) 

„        8  b  M  /       _, ,  X     V 

-,        8  c  M  A      _, ,  X      X 

Thus  we  have  terminated  the  complete  theory  of  the  attractions  of  e^ 
liptie  spheroids ;  for  all  that  remains  to  be  done  is  the  integration  of  tbe 
differential  expression  of  F,  and  this  integration  in  the  general  sense  i> 
impossible,  not  only  by  known  methods,  but  also  in  itself.  Thevalu^^^ 
cannot  be  expressed  in  finite  terms  by  algebraic,  logarithmic  or  circutir 
quantities;  or  which  k  tantamount,  by  any  algebraic  function  of  quantities 
whose  exponents  are  constant,  nothii^^  or  variable.  Functions  of  this  bi" 
being  the  only  ones  which  can  be  expressed  independently  of  the  spDo 
Jl  all  the  integrals  which  cannot  be  reduced  to  such  functions,  sre  iioi^ 
sible  in  finite  terms. 

If  the  elliptic  spheroid  is  not  homogeneous,  and  if  it  is  composes  o 
elliptic  shells  varying  in  position,  excentricity  and  density  according 
any  law  whatever,  we  shall  have  the  attraction  of  one  of  its  shellsi  by 
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termining  as  abov^  the  difference  of  the  attractions  of  two  homogeneous 
elliptic  spheroids,  having  the  same  density  as  the  shell,  one  of  which  shall 
have  for  its  surface  the  exterior  surface  of  the  shell,  and  the  other  the  in- 
terior surface  of  the  shell.  Then  summing  this  differential  attraction,  we 
shall  have  the  attraction  of  the  whole  spheroid.  ' 


THE  DEVELOPEMENT  INTO  SERIES,  OF  THE  ATTRACTIONS  OF  ANY 

SPHEROIDS  WHATEVER. 

552;  Let  us  consider  generally  the  attractions  of  any  spheroids  what* 
ever.  We  have  seen  in  No.  647,  that  the  expression  V  of  the  sum  of  the 
elements  of  the  spheroid,  divided  by  their  distances  from  the  attracted 
points,  possesses  the  advantage  of  giving  by  its  differentiation,  the  attrac- 
tion of  this  spheroid  parallel  to  any  straight  line  whatever.  We  shall  see 
moreover,  when  treating  of  the  figure  of  the  planets,  that  the  attraction  of 
their  elements  presents  itself  under  this  form  in  the  equation  of  their  equi- 
librium ;*  thus  we  proceed  particularly  to  investigate  V. 

Let  us  resume  the  equation  of  Na  548, 

v=  r  ^^ 

J   V  (a  — x)«  +  (b  — y)«+(c  — z)«' 

a,  b,  c  being  the  coordinates  of  the  point  attracted ;  x,  y,  z  those  of  the 
element  d  M  of  the  spheroid ;  the  origin  of  coordinates  being  in  the  in- 
terior of  the  spheroid.  This  integral  must  be  taken  relatively  to  tlie  va- 
riables X,  y,  z,  and  its  limits  are  independent  of  a,  b,  c;  hence  we  shall 
find  by  differentiation, 

an  equation  already  obtained  in  541, 

Let  us  transform  tlie  coordinates  to  others  more  commodious.  For 
that  purpose,  let  r  be  the  distance  of  the  point  attracted  firom  the  origin 
of  coordinates ;  ^  the  angle  which  the  radius  r  makes  with  the  axis  of  a ; 
V  the  angle  which  the  plane  formed  by  the  radius  and  this  axis,  makes 
with  the  plane  of  the  ^is  of  a,  and  of  b ;  we  shall  have 

a  =  r  cos.  ^ ;  b  =  r  sin.  ^  cos.  ]t^  c  =  r  sin.  tf  sin.  w. 

If  in  like  manner  we  name  R,  ^,  «/  what  r,  ^,  m  become  relatively  to 
the  element  d  M  of  the  spheroid ;  we  shall  have 

X  =r  R  COS.  ^ ;  y  =  R  sin.  ^  cos.  v' ;  z  =:  R  sin.  ff.  sin.  v^ 

Moreover,  the  element  d  M  of  the  spheroid  is  equal  to  a  rectangular 

parallelopiped  whose  dimensions  are  d  R,  R  d  ^,  R  d  «/  sin.  ^^  and  con- 
VoL.  II.  P 
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sequently  it  is  equal  to  f.  R  '•  d  R.  d  ^.  d  V.  sin.  ^,  f  being  its  denuljr;  we 
shall  thus  have 

V  —   rrr  g  R^d  R.d^.  do^  sin.  ^ 

^JjJ  V  r«— 2  r  R  Jcos.  tf.cos.  ^+sin.  i  sin.  /  cos.  (•'-.•)}+R»* 

the  integral  relative  to  R  must  be  taken  from  R  =  0  to  the  value  of  R  at 
the  surface  of  the  spheroid ;  the  integral  relative  to  «/  must  be  taken  from 
w  =  0  to  «^  equal  to  the  circumference ;  and  the  integral  rdaiive  to  i 
must  be  taken  from  ^  =  0  to  ^  equal  to  the  semi-circumference.  Differ- 
entiating this  expression  of  V,  we  shall  find 

^  =  { dP)  +  ^MirAdu)  +  11577-  +  '^  C-dT^)'  •   •  <^' 

an  equation  which  is  only  equation  (1)  in  another  form. 
If  we  make  cos.  ^  =  m,  we  may  give  it  this  form 


We  have  already  arrived  at  these  several  equations  in  541. 

553.  First,  let  us  suppose  the  point  attracted  to  be  exterior  to  the  sphe- 
roid. If  we  wish  to  expand  V  into  a  series,  it  ought  in  this  case,  to  de- 
scend relatively  to  powers  of  r,  and  consequently  to  be  of  this  form 

V  =  -^  +  -p-  +  -p-  +  &c. 

Substituting  this  value  of  V  in  equation  (3)  of  the  preceding  No.)  the 
comparison  of  the  same  powers  of  r  will  give,  whatever  i  may  be 

It  is  evident  firom  the  integral  expression  alone  of  V  that  U  ^'^  is  a  IS: 
tional  and  entire  function  of  m,  V  1 — m*.  sin.  w,  and  V  1— mX  cos. », 
depeiiaingTrpSn  thenature  of  the  spheroid.  When  i  =  0,  this  function 
becomes  a  constant ;  and  in  the  case  of  i  =  1,  it  assumes  the  form 

H  m  +  H'  v'  1  —  m«.  sin.  w+  W  V  1  — m«.  cos.  »; 
H,  H^  H"  being  constants. 

To  determme  generally  U  ^*5  call  T  the  radical 

1 

7r«— 2  Rr  |cos.^cos.^+sin.  tfsin.^cos.(w^— w)|+K*' 
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we  shall  have 


C 


This  equation  will  still  subsist  if  we  change  i  into  ^,  «r  into  i/,  and  re- 
ciprocally ;  because  T  is  a  similar  function  of  ^,  w  and  of  ^,  w. 

If  we  expand  T,  in  a  series  descending  relatively  to  r,  we  shall  have 

T  =  ^+Qa).i^+Q»'.^+&c. 

Q  f  being,  whatever  i  may  be,  subject  to  the  condition  that 


V  dlS  / 


QO); 


and  moreover  it  is  evident,  that  Q  ^)  is  a  rational  and  entire  function  of  m, 
and  V  1  —  m«.  cos,  (»'  —  ») :  Q  0)  being  known,  we  shall  have  U  ^^^  by 
means  of  the  equation 

UO)  =zfs  R^+«.d  R.  d  w'.  d  ^  .  sin.^.  Qfi). 
Now  suppose  the  point  attracted  in  the  interior  of  the  spheroid :  we 
must  then  develope  the  integral  expression  of  V,  in  a  series  ascending  re- 
latively to  r,  which  gives  for  V  a  series  of  the  form 

V  =  v(«)  +  r.  Y^^^+  r*.  v»^+  r^  v(3)+  &c. 

v  ^')  being  a  rational  and  whole  function  of  m,  V  1  —  m  * .  sin.  w  and 

^1  —  m  *  cos.  w,  which  satisfies  the  same  equation  of  partial  differences 
that  U  ^^  does ;  so  that  we  have 


i) 


To  determine  v  %  we  shall  expand  the  radical  T  into  a  series  ascending 
according  to  r,  and  we  shall  have 

O  (0)  r  r  2 

the  quantities  Q^^,  Q^^\  Q<^i  &c.  being  the  same  as  above;    we  shall 
therefore  get 

(,j  _   /g ■  d  R.  d  tr^ .  d  »  .  sin.  ^ .  Q  ^^) 

▼     -J  RT^ir  • 

But  since  the  preceding  expression  of  T  is  only  convergent  so  long  as 

R  is  equal  to  or  greater  than  r,  the  preceding  value  of  V  only  relates  to  the 

shells  of  the  spheroid,  which  envelope  the  point  attracted.     This  point 

being  exterior,  relatively  to  the  other  shells,  we  shall  determine  that  part 

of  V  which  is  relative  to  them  by  the  first  series  of  V. 

P2 
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554.  First  let  us  consider  those  spheroids  which  differ  but  very  little 
from  the  sphere,  and  determine  the  functions  U^%  U^^^,  U^%  &c.  v^^'), 
V  ^%  V  (^1  &c,  relatively  to  these  spheroids.  There  exists  a  differential 
equation  in  V,  which  holds  good  at  their  surface,  and  which  is  remarkable 

.  because  it  gives  the  means  of  determining  those  functions  without  any  id- 

f  tegration. 

Let  us  suppose  generally,  that  gravity  is  proportional  to  a  power  n  of 
the  distance ;  let  d  M  be  an  element  of  the  spheroid,  and  f  its  distance 
from  the  point  attracted;  call  V  the  integraiy*f  "  +  ^  d  M,  which  shall  ex- 
tend to  the  entire  mass  of  the  spheroid.     In  nature  we  have  n  =  —  2, 

it  becomes  J^'—v —  >  ^^^  ^^  have  expressed  it  hi  like  manner  by  V  in  the 

preceding  Nos.  The  function  V  possesses  the  advantage  of  ^ving,  by  its 
differentiation,  the  attraction  of  the  spheroid,  parallel  to  any  straight  line 
whatever ;  lor  considering  f  as  a  fmiction  of  the  three  coordinates  of  the 
point  attracted  perpendicular  to  one  another,  and  one  of  which  is  parallel 
to  this  straight  line.     Call  r  this  coordinate,  the  attraction  of  the  spheroid 

along  r  and  directed  towards  its  origin,  will  bey.  f  ** .  f  t — V  d  M.  Con- 
sequently  it  will  be  equal  to  ^   (r: — ) ,  which,  in  the  case  of  nature, 

becomes  —  (  . — ),  conformably  with  what  has  been  already  shown. 

*  Suppose,  however,  that  the  spheroid  differs  very  little  from  a  sphere  of 
the  radius  a,  whose  center  is  upon  the  radius  r  perpendicular  to  the  sar« 
face  of  the  spheroid,  the  origin  of  the  radius  being  supposed  to  be  arbi- 
trary, but  very  near  to  the  center  of  gravity  of  the  spheroid;  suppose, 
moreover,  that  the  sphere  touches  the  spheroid,  and  that  the  point  at- 
tracted is  at  the  point  of  contact  of  the  two  surfaces.  The  spheroid  is 
equal  to  the  sphere  plus  the  excess  of  the  spheroid  above  the  sphere;  but 
we  may  conceive  this  excess  as  being  formed  of  an  infinite  number  oi 
molecules  spread  over  the  surface  of  the  sphere,  these  molecules  being 
supposed  negative  wherever  the  sphere  exceeds  the  spheroid;  we  shall 
therefore  have  the  value  of  V  by  determining  this  value,  1st,  relatively  to 
the  sphere ;  3dly,  relatively  to  die  different  molecules. 

Relatively  to  the  sphere,  V  is  a  function  of  a,  which  we  denote  by  A; 
if  we  name  d  m  one  of  the  molecules  of  the  excess  of  the  spheroid  ahove 
the  sphere,  and  f  its  distance  from  the  point  attracted ;  the  value  of  V  rela- 
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tive  to  this  excess  will  bey.  f  °  +  ^ .  d  m ;  we  shall  therefore  have,  for  the 
entire  value  of  V,  relative  to  the  spheroid, 

V  =  A+/.  f°  +  i..din. 

Conceive  that  the  point  attracted  is  elevated  by  an  infinitely  small 
quantity  d  r,  above  the  sur&ce  of  the  spheroid  and  the  sphere  upon  r  or  a 
produced ;  the  value  of  V,  relative  to  this  new  position  of  the  attracted 
pointy  will  become 

A  will  increase  by  a  quantity  proportional  to  d  r,  and  which  we  shall  re- 
present by  A' .  d  r.  Moreover,  if  we  name  7  the  angle  formed  by  the  two 
radii  drawn  from  the  center  of  the  sphere  to  the  point  attracted,  and  to 
the  molecule  d  m,  the  distance  f  of  this  element  or  molecule  from  the  point 
attracted,  will  be  in  the  first  position  of  the  point,  equal  to 

V  2  a«  (1  — COS.  7); 
in  the  second  position  it  will  be 


V  (a  +  d  r)  *  —  2  a  (a  +  d  r)  cos.  7  +  a  *, 
or 

the  integraiy.  f  **  +  ^  d  m,  will  thus  become 

we  shall  therefore  have 

(^).'dr  =  A'dr  +  °-±i.l-V.f»+'.din; 
substituting  for/,  f  »  +  ^ .  d  m,  its  value  V  —  A,  we  shall  have 

In  the  case  of  nature,  the  equation  (1)  becomes 

-  *  (^)  =-aA'-4A  +  iV. 
The  value  of  V  relative  to  the  sphere  of  radius  a,  is,  by  550,  equal  to 
^  ^^' ,  which   gives  A  =      ^^    ;  A'  =3  —  ^~ ;   we  shall   therefore 
get 

—  (|7)='t^+*^' « 

We  must  here  observe  that  this  equation  obtains,  whatever  may  be  the 
position  of  the  s^aight  line  r,  and  even  in  the  case  where  it  is  not  perpen- 

PS 
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dicular  to  the  surface  of  the  spheroid,  provided  that  it  passes  very  near  its 
center  of  gravity,  for  it  is  easy  to  see  that  the  attraction  of  the  spheroid, 
resolved  parallel  to  these  straight  Jines,  and  which,  as  we  have  seen,  is 

equal  to  —  (-i — j ,  is,  whatever  may  be  their  position,  always  the  same^  to 

quantities  nearly  of  the  order  of  the  square  of  the  excentricity  of  tbe 
spheroid. 

555.  Let  us  resume  the  general  expression  of  V  of  553,  rebtive  to  a 
point  attracted  exterior  to  the  spheroid, 

the  function  U  ^*^  being,  whatever  i  may  be,  subject  to  the  equation  of  par- 
tial differences 

/d{(l-.m.).(^)}\       (^) 

o=(  _^^ —  '  \.^.^JA  )  +\A^^ni+i).v^'>. 

\  dm  /        1  —  ni*     "    ^   '    ' 

By  differentiating  the  value  of  V  relatively  to  r,  we  have 

-(^)  =  H?  +  ^+'-7^  +  '- 

Let  us  represent  by  a  (1  +  ay)  the  radius  drawn  from  the  origin  of 
r  to  the  surface  of  the  spheroid,  a  being  a  very  small  constant  coefficienl, 
whose  square  and  higher  powers  we  shall  neglect,  and  y  being  a  function 
of  m  and  v  depending  on  the  nature  of  the  spheroid.     We  shall  have  to 

quantities  nearly  of  the  order  a,  V  =  -— ;  whence  it  follows  that  in  the 

9  r 

4«'a' 
preceding  expression  of  V,  1st,  the  quantiiy  U  ^®^  is  equal  to  — = —  pUis  a  rery 

small  quantity  of  the  order  a,  and  which  we  -shall  denote  byU'^^; 
2dly,  that  the  quantities  U^^^,  U^^,  &c.  are  small  quantities  of  the  order  a. 
Substituting  a  (1  +  ay)  for  r  in  the  preceding  expressions  of  V andot 

»—  ("JP")*  ^^^  neglecting  quantities  of  the  order  a*,  we  shall  have  rela- 
tively to  an  attracted  point  placed  at  the  surface 

U'W      U^')      U^ 

If  we  substitute  these  values  in  equation  (2)  of  the  precKling  No-  ^' 
shall  have 

■^  a  a*  a'  a* 
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^  It  thence  follows  that  the  function  y  is  of  this  form 

y  =  Y(o)  +  Y(»  +  Y^^  +  &c. 
the  quantities  Y  to),  Y  t»,  Y  ^\  &c.  as  well  as  U  ^%  U  ^^  &c  being  subject 
to  the  equation  of  partial  di£ferences 


„.rM"--'(^d^')}Y(^) 

\  dm  y         1  — m"^ 


fi(i+l).Yt»); 

this  expression  of  y  is  not  therefore  arbitrary,  but  it  is  derived  from  the 
developement  of  the  attractions  of  spheroids.  We  shall  see  in  the  follow- 
ing No.  that  y  cannot  be  thus  developed  except  in  one  manner  only;  we 
shall  therefore  have  generally,  by  comparing  similar  functions, 

^      "  2  i  +  1  ^         •  ^      ' 
whence,  whatever  r  may  be,  we  derive 

To  get  V,  therefore,  it  remains  only  to  reduce  y  to  the  form  above  de- 
scribed ;  for  which  object  we  shall  give,  in  what  follows,  a  very  simple 

method. 

If  we  had  y  =  Y  ^\  the  part  of  V  relative  to  the  excess  of  the  spheroid 
above  the  sphere  whose  radius  is  a,  or  which  is  the  same  thing,  relative  to 
a  spherical  shell  whose  radius  is  a,   and   thickness  a  a  y,   would   be 

fQ'  ,    j\  *t  +  i  ;  this  value  would  consequently  be  proportional  to  y, 

andjt  is  evident  that  it  is  only  in  this  case  that  the  proportionality  can 
subsist. 

556.  We  may  simplify  the  expression  Y^^  +  Y^^^  +  Y^^  +  &c.  of  y, 
and  cause  to  disappear  the  two  first  terms,  by  taking  for  a,  the  radius  of  a 
sphere  equal  in  solidity  to  the  spheroid,  and  by  fixing  the  arbitrary  origin 
of  r  at  the  center  of  gravity  of  the  spheroid.  To  show  this,  we  shall  ob- 
serve that  the  mass^M  of  the  spheroid  supposed  homogeneous,  and  of  a 
density  represented  by  unity,  is  by  552,  equal  toy' R*  d  R  d  m  d  v,  or  to 
i/B/^  d  m  d  «,  R'  being  the  radius  R  produced  to  the  surface  of  the 
spheroid.     Substituting  for  R'  its  value  a  (1  +  ay)  vfe  shall  have 

M  =  — 5 —  +  a  tL^/j  d  m  d  V. 

All  that  remains  to  be  done,  therefore,  is  to  substitute  for  y  its  value 
YS^  +  Y^*)  +  &c.  and  then  to  make  the  integrations.  For  this  pur[)ose 
here  is  a  general  theorem,  highly  useful  also  in  this  analysis. 

P4 
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«  If  Y  ^*)  and  Z  ^'^  be  rational  and  entire  functions  of  m,  V  i  —  m*.  suuv 
^^  and  V  I  — -  m' .  cos.  «r,  which  satisfy  the  following  equations : 

«0=i    —il^ Vdm;X     )+\d'*f+i(i-H).YO); 

V.  am  >/l— m* 

^^  we  shall  have  generally 

«/Y^*^Z<i').dmdw  =  0, 
"  whilst  i  and  i'  are  whole  positive  numbers  differing  from  one  another . 
"  the  integrals  being  taken  from  m  =  —  ltom=  I,  and  from  w  =  0 
«  to  -^  =  2  »/• 

To  demonstrate  this  theorem,  we  shall  observe  that  in  virtue  of  the  first 
•   of  the  two  preceding  equations  of  partial  differences,  we  have 

/Y('>.ZW.dm.dw=-r74y,./zK    _i ^dmJ  )     )dn,.d. 

1(1+ 1)"        \  din  y 

d*Y»' 


-  .7.  ,  ,v>  / — .  a  m  .  a  tr ; 

i(i+l)  -^  1  —  m' 


But  integrating  by  parts  relatively  to  m  we  have 


(0 

dZ« 


+/Y  0)^^    ^        dm  /'^'^ 


and  it  is  clear  that  if  we  take  the  integral  from  m=:  —  ltom=  l^the 
second  member  of  this  equation  will  be  reduced  to  its  last  term.  In  like 
manner,  integrating  by  parts  relatively  to  v,  we  get 

-v(i^)+/v»(^).d.. 

f 

and  tills  second  member  also  reduces  to  its  last  term,  when  the  integral 
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is  taken  from  wsr0tow  =  2«-,  because  the  values  of  Y  %  (—, ) ,  i 

Z^,  f— J — J  are  the  same  at  these  two  limits;  thus  we  shall  have 

/Y«.ZW.dm.d-  = 

whence  we  derive,  in  virtue  of  the  second  of  the  two  preceding  equations 
of  partial  differences, 

/Y  W.  Z^.  d  m  .  d  w=\  $!'+ V  -/Y  ^l  Z^a  d  m.  d  w,    ^ 

we  therefore  have 

^  0  =:/Y^»\Z^^dm.dw, 

when  i  is  different  from  i^ 

Hence  it  is  easy  to  conclude  that  y  can  be  developed  into  a  series  of 
the  form  Y^®)  +  YW  +  Y»)  -|_  4c.  in  one  way  only;  for  we  have 
generally 

Ay .  Z  (»)  d  m  d  •  =/Y  ^).  Z  «>  d  m .  d  tr ; 
If  we  could  develope  y  into  another  series  of  the  same  form,  Y/®^  + 
Y,  ^'>  +  Y,^  +  &c.  we  should  have 

/y.Z»)  =/Y,(»).  ZWdm.dtr; 
wherefore 

/Y,tt).  Z«).  dmdtr  =/Y0).  Z«)dm.dtr. 
But  it  is  easy  to  perceive  that  if  we  take  for  Z  ^^  the  most  general 
function  of  its  kind,  the  preceding  equation  can  only  subsist  in  the  case 
wherein  Y,  ^*5  =  Y  ^*^ ;  the  function  y  can  therefore  be  developed  thus  in 
only  one  manner. 

If  in  the  integraiy^y  d  m .  d  tr,  we  substitute  for  y  its  value  Y  ^^^  +  Y  ^^^ 
+  Y^  +  &C.,  we  shall  have  generally  0  =y  Y  ^*M  m  •  d  tr,  i  being 
equal  to  or  greater  than  unity;  for  the  unity  which  multiplies  d  m  .  d  « 
is  comprised  in  the  form  Z  %  which  extends  to  every  constant  and  quan- 
tity independent  of  m  and  «,  The  integrally  d  m .  d  tr  reduces  there- 
fore toy  Y^^  d  m.  d  tr,  and  consequently  to  4  «■  Y^^;  we  have  there- 
fore 

M  =  tca»+  4aca».  Y(«>; 

thus^  by  taking  for  a,  the  radius  of  the  sphere  equal  in  solidity  to  the  sphe- 
roid, we  shall  have  Y  ^°^  =  0,  and  the  term  Y  ^^  will  disappear  from  the 
expression  of  y. 
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The  distance  of  the  element  d  M,  or  R*«  d  R  d  m.  d  «,  from  die 
plane  of  the  meridian  from  whence  we  measure  the  angle  «,  is  equal  to 

R  V  1  — *  m'  •  sin.  «;  the  distance  of  the  center  of  gravity  of  the  sphe- 
roid from  this  plane,  will  be  thereforey  R'dRdm.d*  VI  —  m'.  sin,  w, 
and  integrating  relatively  to  R,  it  will  be  ^yR'^dm.dw  VI  —  m*sin.w, 
R'  being  the  radius  R  produced  to  the  surface  of  the  spheroid.  In  like 
manner  the  distance  of  the  element  d  M  from  the  plane  of  the  meridian 
perpendicular  to  the  preceding,  being  R  V  1  —  m  * .  cos.  w,  the  distance 
of  the  center  of  gravity  of  the  spheroid  firom  this  plane  will  be  i/  R'* 
d  m  •  d  tr  •  VI  —  m"* .  cos.  tr.  Finally,  the  distance  of  the  element  d  M 
from  the  plane  of  the  equator  being  m,  the  distance  of  the  center  of  gra- 
vity of  the  spheroid  from  this  plane  will  be  ^yR'^  m.  d  m.  d  «pw     These 

functions  m,  V  1  —  m*.  sin.  tr,  V  1  —  m*.  cos.  «,  are  of  the  formZ  \ 
Z  (')  being  subject  to  the  equation  of  partial  differences 

/.{.-.,.(^-)}N    (^-^)    _ 

\  dm  y        1  — m* 

If  we  conceive  R'  ^  developed  into  the  series  N  ^°^  +  N  ^'^  +  N®  +  &c, 
N  ^^  being  a  rational  and  entire  function  of  m,  V  1  —  na* .  sin. », 
V  1  —  m ' .  cos.  V,  subject  to  the  equation  of  partial  differences. 

the  distances  of  the  center  of  gravity  of  the  spheroid,  from  the  three 
preceding  planes,  will  be,  in  virtue  of  the  general  theorem  above  derooD* 
strated, 

4/N<«.dm.dw.  V  1— m*.sin.  w, 

i/N(*>.dm.dw.  V  1— m*.cos.w; 
4/NWm.dm.dw. 

N(i>  is,  by  No.  563,  of  the  form  A  m  +  B  V  1  —  m*.sin.w  + 
C  VI  —  m* .  COS.  «r.  A,  B,  C  being  omstants ;  the  preceding  distances 


«•     ^    » 


will  thus  become  -o  •  B,  -^ .  C,  -5- .  A.     The  position  of  the  center  of 

000 

gravity  of  the  spheroid,  thus  depends  only  on  the  function  N  ^^\    This 

gives  a  very  simple  way  of  determining  it.     If  the  origin  of  the  radius  R' 

is  at  the  center ;  this  origin  being  upon  the  three  preceding  planes,  tbc 

distances  of  the  center  of  gravity  from  Uiese  planes  will  be  nothing.   This 

gives  A  =  0,  B  =  0,  C  =  0;  therefore  N^'^  =  0. 
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These  results  obtain  whatever  may  be  the  spheroid :  when  it  is  very 
little  different  from  a  sphere,  we  have  R'  =  a  (1  +  a  y),  and  R'^  = 
a*  (1  +  4  «  y) ;  thus,  y  being  equal  to  Y^»>  -fe  Y(*>  +  Y»)  +  &c*,  we 
have  N^^  =  4  a  a*  Y^*^,  the  function  Y^'^  disappears,  therefore,  from  the 
expression  of  y,  when  we  fix  the  origin  of  R'  at  the  center  of  gravity  of 
the  spheroid. 

557.  Now  let  the  point  attracted  be  in  the  interior  of  the  spheroid,  we 

shall  have  by  553 

V  =  v»)+  r.  v^i)  +  r*.  v(2)  +  r'v^s)  +  Sec. 

(ij        /-dR.dt/.d^.sin.  ^.  Qv) 
V     =y  g-j^ri 

Suppose  that  this  value  of  V  is  relative  to  a  shell  whose  interior  surface  is 
spherical  and  of  the  radius  a,  and  the  radius  of  whose  exterior  surface  is 
a  ( 1  -)-.  a  y) ;  the  thickness  of  the  shell  is  a  a  y.  If  we  denote  by  y'  what 
y  becomes  when  we  change  ^,  w  into  ^,  w^,  we  may,  neglecting  quantities 
of  the  order  a\  change  r  into  a,  and  d  R  into  a  a  y',  m  the  int^ral  ex^ 
pression  of  v  ^*) ;  thus  we  shall  have 

v«  =  -^//dy.diK.sin.  ^.QW. 

a 
Relatively  to  a  point  placed  without  the  spheroid,  we  have,  by  559, 

V=^^+^  +  &c.; 
r  r  * 

U  ««  =/R*  +  «.  d  R.  d  V.  d  /.  sin.  0.  Q  «>. 
If  we  suppose  this  value  of  V  relative  to  a  shell,  whose  interior  and  ex- 
terior radii  are  respectively  a,  a  (I  +  «  y)^  ^e  shall  have 

U  ^'^  =  a.  a^+'./Z.  d  t/.  d  ^.  sin.  ^.  Q  »); 
wherefore 


vC*)  = 


a2i  +  i- 

We  have  by  555 

^,,  _4a^a'+3.YW 
^      "        2i  +  1 
therefore 

■"  (2  1  +  l)a»-2* 
which  gives 


V  =  4a 


«a 


.{y««+J1.Y0)+I:,.Y«+8cc.}. 


To  this  value  of  V  we  must  add  that  which  is  relative  to  the  spherical 
shell  of  the  thickness  a  —  r  which  envelopes  the  attracted  point  plus  that 
which  is  relative  to  the  sphere  of  radius  r,  and  which  is  below  the  same 
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point     If  we  make  cos.  /  =  m',  we  shall  have,  relativel;  to  the  first  o: 
the  two  parts  of  V, 

an  mt^;ral  which,  reLitiye  to  m',  must  be  taken  from  m'  =:  —  1  torn  =  1 
Integrating  relative  to  R,  from  R  =  rtoR=:a,we  shall  have 

But  we  have    generally,    by   the  theorem  of   the    preceding  No, 
y*d  V  •  dm'.  Q  ^)  =  0  when  i  is  equal  to  or  greater  than  vantj;  wheo 
i  =  0,  we  have,  by  559,  Q  ^^  =  1 ;  moreover  the  int^ration  leUtiTe  to 
w^  must  be  taken  from  «^  =  0to«^r=2«-;we  shall  therefore  have 

v(»)  =  2T(a*  — r«). 
This  value  of  v  ^^  is  that  part  of  V  which  is  relative  to  the  q)herical  she!! 
whose  thickness  is  a  —  r. 

The  part  of  V  which  is  relative  to  the  sphere  whose  radius  b  r  is  equai 
to  the  mass  of  this  sphere,  divided  by  the  idistance  of  the  attracted  point  frDtc 

its  center :  it  is  consequently  equal  to  — ■= —  .     Collecting  the  dinereDt 

parts  of  V,we  shall  have  its  whole  value 

V=2flra«  — yflrr«+4«flra«-fY(<»+5^Y('>  +  -fL Y  «  +  &c.  1 ; .  (^1 

I  o  a  5  a*  ) 

Suppose  the  point  attracted,  placed  within  a  shell  very  nearly  spherical, 
whose  interior  radius  is 

a  +  a  a  JY W  +  Y")  +  Y(«  +  &c.} 
and  whose  exterior  radius  is 

a'  +  a  a'  {Y'W  +  Y'(»  +  Y'W  +  Stc.} 
The  quantities  a  a  Y  <">  and  a  a'  Y'  ^^  may  be  comprised  in  the  quann- 
ties  a,  a'.     Moreover,  by  fixing  the  origin  of  coordinates  at  the  center  oi 
gravity  of  the  spheroid  whose  radius  is 

a+  f^alY^"^  +  Y")  +  &c.J, 
we  may  cause  Y^*)  to  disappear  from  the  expression  of  this  radius;  and 
then  the  interior  radius  of  the  shell  will  be  of  this  form,' 

a  +  aa{Y<«)  +Y^^  +  kc-}, 
and  the  exterior  radius  will  be  of  the  form, 

a'+  aa'  {T^^)  +  Y'^^  +  &C.J. 

We  shall  have  the  value  of  V  relative  to  this  shell,  by  taking  the 
ence  of  the  values  of  V  relative  to  two  spheroids,  the  smaller  of  «^  ^ 
shall  have  for  the  radius  of  its  surface  the  first  quantity,  and  the  p^ 


I 
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the  second  quantity  for  the  radius  of  its  surface;  calling  therefore  a  .  V, 
what  V  becomes  relatively  to  this  shell,  we  shall  have 

AV=2<a"-a«)+4«^  {^^'''^+'^{Y'^'^-Y^}+^^^ {^  +&c.} 

If  we  wish  that  the  point  placed  in  the  interior  of  the  shell,  should  be 
equally  attracted  on  all  sides,  a  .  V  must  be  reduced  to  a  constant  inde- 
pendent of  r,  ^,  tr ;  for  we  have  seen  that  the  partial  differences  of  a  •  V, 
taken  relatively  to  these  variables,  express  the  partial  attractions  of  the 
shell  upon  the  point  attracted ;  we  therefore,  in  this  case  have  Y^  ^^^  =  0, 
and  generally 

so  that  the  radius  of  the  interior  sur&ce  being  given,  that  pf  the  exterior 
surface  vill  be  found. 

When  the  interior  surface  is  elliptic,  we  have  Y  ^^  =  0,  Y  W  =  o,  &c* 
and  consequently  Y'^  =  0,  Y'^*^  =  0;  the  radii  of  the  two  surfaces,  in- 
terior and  exterior,  are  therefoce 

a  U  +  aY(«)];     a'  {I  +  aY^^)]; 
thus  we  see  that  these  two  surfaces  are  similar  and  similarly  situated, 
which  agrees  with  what  we  found  in  547. 

558.  The  formulas  (3),  (4)  of  Nos.  555,  and  557,  comprehend  all  the 
theory  of  the  attractions  of  homogeneous  spheroids,  differing  but  little  from 
the  sphere;  whence  it  is  easy  to  obtain  that  of  heterogeneous  spheroids, 
whatever  may  be  the  law  of  the  variation  of  the  figure  and  density  of  their 
shells.  For  that  puipose  let  a  (1  +  <i^  y)  be  the  radius  of  one  of  the  shells 
of  a  heterogeneous  spheroid,  and  suppose  y  to  be  of  this  form 

YW  +  Y(')  +  Y(«>  +  &C. 
the  coefficients  which  enter  the  quantities  Y  ^^,  Y  ^^\  &c.  being  functions 
of  a,  and  consequently  variable  from  one  shell  to  another.  Ifwediffer** 
entiate  relatively  to  a,  the  value  of  V  given  by  the  form  (3)  of  No.  555 ; 
and  call  ^  the  density  of  the  shell  whose  radius  is  a  (1  +  ^  y)»  ^  being  a 
function  of  a  only ;  the  value  of  V  corresponding  to  this  shell  will  be,  for 
au  exterior  attracted  point, 

Jffda»  +  *^d{a'Y««  +  ^^.Y<«  +  |^..Y«)  +  &c.}; 
this  value  will  be,  therefore,  relatively  to  the  whole  spheroid, 
V=i^^/jdaH^/ed{a»Y('«+|^YO)+^.Y<«+&c.};   .   .   (5) 

the  integrals  being  taken  from  a  =  0  to  that  value  of  a  which  subsbts  at 
the  surface  of  the  spheroid,  and  which  we  denote  by  a. 


•  V7*vtvY»'i     ] 


'*♦'  i  f  J,    .  *.    ,. .  /-»<-» 
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To  get  the  part  of  V  relative  to  an  attracted  point  in  the  interior  of  the 
spheroid,  we  shall  determine  first  the  part  of  this  value  relati? e  to  all  the 
shells  to  which  this  point  is  exterior.  This  first  part  is  given  by  forqiab 
(5)  by  taking  the  integral  £rom  a  =  Otoa  =  a,a  being  rekti?e  to  the 
shell  in  which  is  the  point  attracted.  We  shaU  find  the  second  part  of  V 
relative  to  all  the  shells  in  the  interior  of  which  is  placed  the  point  attract- 
ed, by  differentiating  the  formula  (4)  of  the  preceding  No.  relatively  to  i; 
then  multiplying  this  differential  by  ^,  and  taking  the  integral  from  a  =  a, 
to  a  s  a,  the  sum  of  the  two  parts  of  V  will  be  its  entire  valne  reUtiTeto 
an  interior  point,  which  sum  will  be 

+  2c/^da«+4ac/^d.  {a*Y(«)+2y  YW+L*YW+&c.}.> 

the  two  first  integrals  being  taken  firom  a  =  Otoa  =  a,  and  the  tvol^: 
being  taken  fit)m  a  =  a  to  a  =  a ;  after  the  integrations,  moreover,  vt 

must  substitute  a  for  r  in  the  terms  multiplied  by  a,  and '  ^^'• 

1  4  V 

-  in  the  term  ^-fi  d .  a '. 
r  3  r*'  ^ 

559.    Now  let  us  consider  any  spheroids  whatever*    The  research  ^ 
their  attraction  is  reduced,  by  553,  to  forming  the  quantities  U  ^"^  and  v 
by  that  No.  we  have 

U  («)  =/f  R»+«.  d  R  d  m'  d  w  .  Q  w ; 
in  which  the  integrals  must  be  taken  from  R  =  O  to  its  valne  at  the  sar- 
face,  from  m'  =  —  1  to  m'  =  1,  and  from  «/=  Oto«^  =  2ff. 

To  determine  this  integi*al,  Q  (*)  must  be  known.  This  quantity  n«) 
be  developed  into  a  finite  function  of  cosines  of  the  angle  w  —  « »  ^ ' 
its  multiples.  Let  jS  cos.  n  («  —  w')  be  the  term  of  Q  ^^  depending  ^ 
cos,  n  (tr  —  m%  fi  being  a  function  m,  .m'.  If  we  substitute  for  Q '  '^^ 
value  in  the  equation  of  partial  differences  in  Q  ^^  of  No.  553,  we  J'^- 
have,  by  comparing  the  terms  multiplied  by  cos.  n  (« —  w'),  this  exfoif^ 
of  ordinary  differences, 

I  0=_! Vdm^J    _n^^^s; 

dm  J  —  m  ^ 

R  ^i  I 

Q  ^>  bcmg  the  coefficient  of-y^  ,  in  the  developement  of  the  radical 

1  ^ 

Vr*  — aRrimm'+v'  1— m'».  V  1  — na*.  cos.(tr— .0+"  " 


H     ^S    /^ 
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The  term  depending  on  cos.  n  (v  —  W\  in  the  developement  of  this 
radical,  can  only  result  from  the  powers  of  cos.  (tr  —  V),  equal  to  n,  n-fS, 
n  4-  4^  &c. ;  thus  cos.  (tr  —  J)  having  the  factor  VI  —  m«,  j8  must  have 

the  fector  (1  —  m*)  ^.     It  is  easy  to  see,  by  the  consideration  of  the  de- 
velopement of  the  radical,  that  |3  is  of  this  form 

(l_ni«)ff.  JA.m  *'«+A^').m*-°-«+A(«).m*-°-*+&c.|. 
If  we  substitute  this  value  in  the  differential  equation  in  jS;  the  compari- 
son of  like  powers  of  m  will  give 

^r._        (i-n-2s+2).(i-n-2s+  1)  ; 

^     "  2s(2i  — 2s  +  1)  -^         * 

whence  we  derive,  by  successively  putting  s  =  1,  s  =  2,  &c.  the  values  of 
A  ^^>,  A  ^%  and  consequently, 

r-w  (i-n)(i-P-l)^.^  ■  (i-n)(i-it-l)(i-n-2)(i-n-^)    ^-v 

p_A(l  m;  -J  (i_n)(i_n_i)(i_n-2)(i-n-3)(i-n-4)(i-n-^)  ( 

^"     2.4.6(2i  — l)(2i  — S)(2i  — 6)       ^      ^^"^    -' 

A  is  a  function  of  m'  independent  of  m ;  but  m  and  m'  entering  alike  into 
the  preceding  radical,  they  ought  to  enter  similarly  into  the  expression  q& 
8;  we  have  therefore 

7  being  a  coefficient  independent  of  m  and  m' ;  therefore 

^=r  (1— m'  «)*  {m'^  —  ^'7"/2^|l!7)^'  m'  *-»-*+&c. } .  (1  —  m  *)»  X 

Thus  we  see  that  jS  is  split  into  three  factors,  the  first  independent  of 
in  and  m' ;  the  second  a  fiinction  of  m'  alone ;  and  the  third  a  like  function 
of  ni.     We  have  only  now  to  determine  7. 

For  that  purpose,  we  shall  observe,  that  if  i  —  n  be  even ;  we  have, 
supposing  m  =r  0,  and  m'  =  0, 

•      ^  7.  D-  2.  ...i  —  nj* 

^"  {2.  4.. . .  (i  — n).  (2i  —  1).  (2i  — 3). . . .  (i+n+lH« 

_  7 .  U-  3.  5. . , .  (i  — n  —  1). ).  3. 5. . . .  (i+n—  I)] « 
-^  :  U.3.5....  (2i  — !)}• 
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If  i  —  n  is  odd,  we  shall  havei  in  retaining  only  the  first  power  of  u, 

and  m'y 

Q  _  y.  m>  m'  {L  2..,.  (i  —  n)}  * 

^  ""  {2.  4....(i  — n—  i)  (2i— l)(2i  — 3)...(i+n+2)j' 

_  y .  m .  m'  f  1>  8.  5. , .  *  (i  —  n) .  L  8.  5. . . .  (i+n)]  * 
""  U.S.  6....  (2i—  ])}« 

The  preceding  radical  becomes,  neglecting  the  squares  of  in,  m', 

Jr*-2  R  r  cos.(*-ii^)+  R  «}"^ + R  r.  m  m'  {i:*-2r  R  cos.  (tp-w') + R  'f^ ; .  (f ) 
If  we  substitute  for  cos.  (tr  -^  «r ),  its  value  in  imaginary  exponential^ 
and  if  we  call  c  the  number  whose  hyperbolic  logarithm  is  unity,  the  part 
independent  of  m  m',  becomes 

{r  —  R .  c  (•'—')  V^"!]-*  .  [r— R .  c-(-'—')%^"^i"*. 
The  coefficient  of 

pTT-  2 ,  orofp-^.C08.n(#-»T 

in  the  developement  of  this  function  is 

2,  1.  3.  5 (i  +  n  —  1).  1.  8.  5 (j  —  n  —  1) 

2.  4.  6.  .  .  •  (i  +  n)  2.  4.  6 (i  —  h) 

This  is  the  value  of  /3  when  i  —  n  is  even.     Comparing  it  witb  tliat 
which  in  the  same  case  we  have  already  found,  we  shall  have 

_,      /1.8.5....(2i— l)x>       i(i— l),...(i-n+l) 

^""     \      ,1.2.3 i         J    ^  (i  +  1)  (i  +  2)....(i  +  n) 

When  n  =  0,  we  must  take  only  half  this  coefficient,  and  then  wt 

have 

_/I.  3.  5 2i—  lv« 

^  "  V       1.  2.  3 i       /  • 

In  like  manner,  the  coefficient  of    i  ,  ^  m .  m'  cos.  n  (*  —  »')  in  ^^ 
function  (f)  is 

2.  1.  8.  5.\  .  .  (i  +  n) .  1.  3.  5 (i  —  n)      . 

2.  4.  6.  (i  +  n  —  1) .  2.  4.  6 (i  _  n  —  1) ' 

this  is  the  coefficient  of  m  m'  in  the  value  of  j8,  when  we  n^l«l  ^ 
squares  of  m,  m',  and  when  i  —  n  is  odd.  Comparing  this  with  the  ^a- 
lue  already  found,  we  shall  have 

o  /I.  3.  5 (2i  — l)x«    i(i  — 1) (i  — P+j. 

^  ""       V        1.  2.  3 i         )   •  (1+1)  (1+2) (1+^' 

an  expression  which  is  the  same  as  in  the  case  of  i  —  n  being  even. 
If  n  =  0,  we  also  have 

_   /I.  3.  5 (2i—  IK' 

r   \         1.  2.  3 i        )  ' 


7 


I 
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560.  From  what  precedes,  we  may  obtain  the  general  form  of  functions 
Y  ^^  of  m,  V  1  —  m « .  sin,  «,  and  V  V  — m« .  cos.  w^  which  satisfy  the 
equation  of  partial  differences 

Designating  by  ^  the  coefficient  of  sin.  n  «r,  or  of  cos.  n  «r,  in  the 
function  Y  ^%  we  shall  have 

d{(l-m«)(-jll)}  ,. 

°= jrs-     — i^r^«  + »('  +  i)-^- 

n 

3  is  equal  to  (I  —  m*) «"  multiplied  by  a  rational  and  entire  function  of  m, 
and  in  this  case,  by  the  preceding  No.,  we  have 

)3=  ACn)  (1  -m')  ^{"^'^"-^' V(2  |ZV  '^  '"'""^'  +  ^<^-}> 
A  ^B)  being  an  arbitrary  constant ;  thus  the  pert  of  Y  ^^>  depending  on  the 
angle  n  ir,  is 

(1— m«)*|m»-»r-ii::i^i=^^^ 

+  B^>co3.n«}; 
A  ^^^  and  B^^  being  two  arbitraries.    If  we  make  successively  in  thb  func- 
tion, n  =  0,  n  =  1,  n=2...n=ri;  the  sum  of  all  the  functions  which 
thence  result,  will  be  the  general  expression  of  Y  ^\  and  this  expression 
will  contain  2  i  +  1  arbitraries  B<W,  A  W,  B^^  A»,  B(«),  &c. 

Let  us  now  consider  a  rational  and  entire  function  S  of  the  order  s, 
of  the  thVee  rectangular  coordinates  x,  y,  z.  If  we  represent  by  R  the 
distance  of  the  point  determined  by  these  coordinates  from  their  origin ; 
by  6  the  angle  formed  by  R  and  the  axis  of  x ;  and  by  w  the  angle  which 
the  plane  of  x,  y  forms  with  the  plane  passing  through  R  and  the  axis  of 
X ;  we  shall  have 
X  =  R  m ;  y  =  R.  VI  —  mT  cos.  w;  z=  RV  1  —  m*.  sin.  tr. 

Substituting  these  values  in  S,  and  developing  this  function  into  sines 
and  cosines  of  the  angle  w  and  its  multiples,  if  S  is  the  most  general  func- 
tion of  the  order  s,  then  sin.  n  tr,  and  cos.  n  «,  will  be  multiplied  by  func- 
tions of  the  form  * 

(1  —  m*)^U.m^-"+  B.m«-a-»  +  C.m«-»-«  +  &c.J; 
thus  the  part  of  S,  depending  on  the  angle  n  tr,  will  contain  2  (s  —  n+ 1) 
indeterminate  constants.     The  part  of  S  depending  on  the  angle  «r  and  its 
multiples  wUl  contain  therefore  s  (s  -f  1)  indeterminates ;  the  part  inde- 

VoL.  II.  Q 
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pendent  of  «  will  contain  s  +  1,  and  S  will  thererore  contain  (s  +  1)' 
indeterminate  constants. 

The  function  Y  («>  +  Y  ^'^  +  &c  Y  (•)  contains  in  like  manner  ($  +  !)« 
indeterminate  constants,  since  the  function  Y  ^^^  contains  2  i  4-  I ;  we  may 
therefore  put  S  into  a  function  of  this  form,  and  this  may  be  eflected  as 
follows : 

From  what  precedes  we  shall  learn  the  most  general  expression  of  Y-'', 
we  shall  take  it  from  S  and  determine  the  arbitraries  of  Y  (*)  so  that  the 
powers  and  products  of  m  and  V  1  < —  m  '  of  the  order  s  shall  dissfipos 
from  the  difference  S  —  Y  ^^ ;  this  difference  will  thus  become  a  function 
of  the  order  s  —  1  which  we  shall  denote  by  S\  We  shall  take  the  most 
general  expression  of  Y  ^*^  ^^ ;  we  shall  subtract  it  from  S",  and  determine 
the  arbitraries  of  Y^*""^)  so  that  the  powers  and  products  of  m  and 

V  1  —  m  *  of  the  order  s  —  1  may  disappear  from  the  difference 
S'  —  Y^*"'^     Thus  proceeding  we  shall  determine  the  functicms  Y^', 

Y  <•-«>,  Y^— »,  &C.  of  which  the  sum  is  S. 
561.  Resume  now,  the  equation  of  No.  559, 

U  0)  =/e.  R»+8  d  R . d  m'.  d  t/.  Q  0). 
Suppose  R  a  function  of  m',  w'  and  of  a  parameter  a,  constant  for  all 
shells  of  the  same  density,  and  variable  from  one  shell  to  another.   The 
difference  d  R  being  taken  on  the  supposition  that  m',  V  are  constant  we 
shall  have 

dR  =  (^)da; 

therefore 

Let  R'  +  '  be  developed  into  a  series  of  the  form 

Z'C«)  +  Z'(')  +  Z'<«)  +  &c., 
Z'(^)  being  whatever  i  may  be,  a  rational  and  entire  function  of  m* 
-•  1  — m'«.  sin.  ^j  and  V  1  — m'*.  cos.  w',  which  satisfies  the  equation 
of  partial  differences 

The  difierence  of  Z'  ^>  taken  relatively  to  a,  satisfies  also  this  eqoatiooi 
and  consequently  it  is  of  the  same  form ;  by  the  general  theorem  of  ^^ 
we  ought  therefore  only  to  consider  the  term  Z'  ®  in  the  developement  of 
R  * +^,  and  then  we  have 
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When  the  spheroid  is  homogeneous  and  differing  but  little  from  a 
sphere,  we  may  suppose  ^  =  1,  and  R  =  a  (1  +  a  y')  J  then  we  have,  by 
integrating  relatively  to  a 

U0)  =  ^  /Z'0).dm'.d*'.Q<»). 
Moreover,  if  we  suppose  y'  developed  into  a  series  of  the  form 

Y  ^^  satisfying  the  same  equation  of  partial  difference  as  Z^  ^  ;  we  shall  have, 
neglecting  quantities  of  the  order  a*,  Z'®-  =  (i  +  S).a.  a*+'  ¥'<*> ;  we 
shall  therefore  have 

If  we  denote  by  Y  ^>  what  Y'  ^^  becomes  when  we  change  m'  and  »'  into 
m  and  « ;  we  shall  have  by  No*  554, 

^      "^     2i+  1     •  ^     * 
we  therefore  have  this  remarkable  result, 

/Y'».dm'.dV.QW=:|f-i^ (1) 

This  equation  subsisting  whatever  may  be  Y'  ^^  we  may  conclude  ge- 
nerally that  the  double  integration  of  the  function  yZ'  ^^  d  m'.  d  V  •  Q  ^'^ 
taken  from  m'  =  —  1  to  m'  s  1,  and  from  «^  =  0to«^  =  2  4r,  only 

4  c  Z^^ 
transforms  Z'  ^>  into      .       . ;  Z  ^  being  what  Z'  ^*^  becomes  when  we 

change  m'  and  «/  into  m  and  « ;  we  therefore  have 

^''  =  (i  +  8)(2i+l)M-JT")-^^> 
and  the  triple  integration  upon  which  U  ^^  depends^  reduces  to  one  in- 
tegration cmly  taken  relatively  to  a,  from  a  =  0  to  its  value  at  the  surface 
of  the  spheroid. 

The  equation  (1)  presents  a  very  simply  method  of  integrating  the  func- 
tion /  Y  ^).  Z  (*>.  d  m  •  d  w,  from  m  =  —  ltom  =  l,  and  from  w  =  0 
to  tr  =  2  c.  In  feet,  the  part  of  Y  ^^  depending  on  the  angle  n  tr,  is  by 
what  precedes,  of  the  form  X  {A^"^  sin.  n  «-  +  B^"^  cos.  n  tr|,  x  being 
equal  to 

we  shall  have  therefore 

Y'  ®  =  X'  {A  <»>  sin.  n  w'  +  B^>  cos.  n  w^]  ; 
X'  being  what  X  becomes  when  m  is  changed  into  m^    The  part  of  Q  ^ 
dependmg  on  the  angle  n  w,  is  by  the  preceding  No.,  y  X  X'  cos.  n  (w — V), 
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or  y  X'.  X.{cos.  n  9.  cos.  n  «/  +  ain.  n  ir.  siiL  n  ^\ ;  thus  that  part  of  the 
integraiy*  Y  ^^.  d  m .  d  »^  Q  (^>  which  depends  on  the  angle  n  «>  will  be 
7  A.  sin.  n  -st.fK'K  d  m'.  d  »'•  sin.  n  J  {A^"^  sin.  n  w'  +  B^>  cos.  n  w^ 
y  X.  cos.  n  vrf\'  \  d  m'.  d  t/.  cos.  n  w'  { A  ^"^  sin.  n  ^^  +  B  ^">  cos.  n  »'}. 
Executing  the  integrations  relative  to  t/,  that  part  becomes 
7  X  «  f  A  ^)  sin.  n  w  +  B^>  cos,  n  tr|./X'«.  d  m'; 
but  in  virtue  of  equation  (1),  the  same  part  is  equal  to 

-.^-^ .  X.  {A^"5  sin.  n  *  +  B^°)  cos.  n  trj 

we  therefore  have 

Now  represent  by  X  \k!^^^  sin.  n  •  +  B'^"^  00s.  n  tr|  that  part  of  Z  ^ 

which  depends  on  the  angle  n  m.    This  part  ought  to  be  combined  witli 

the  corresponding  part  of  Y  ^^^ ;  because  the  terms  depending  on  the  ^nes 

and  cosines  of  the  angle  ^  and  its  multiples,  disappear  by  integration,  in 

the  functiony  Y  ^*^  Z  ^^^  d  m .  d  tr,  integrated  from  «9rs:0tow=2«";we 

shall  thus  obtain,  in  regarding  only  that  part  of  Y  ^^  which  depends  on 

the  angle  n  tr, 

/  Y  «.  Z  «)  d  m  d  w  2= 

/X*.dm.d*[At»)8m*nir +  B^5coB.ntrHA'^°>8in.n*  +  B'^)cos.n»} 

=  *{A(»).  A'  (»)+B H  B'^)l./x«  d m=     "V^^.    .{A^).  A'(»>+B HB'^»}. 

Supposing  therefore  successively  in  tlie  last  member  b  s=  (I,  n  =  1, 
n  =:  2 . .  •  n  =  i;  the  sum  of  all  the  terms,  will  be  the  value  of  the  in- 
tegral/Y  «^)  Z  f^)  d  m .  d  tsr. 

If  the  spheroid  is  one  of  revolution,  so  that  the  axis  with  which  the  ra* 
dius  R  forms  the  angle  tr,  may  be  the  axis  of  revolution ;  the  angle  «  will 
disappear  from  the  expression  of  Z  (^>,  which  then  takes  the  following 
form: 

1.3.5...(2i-l)       ,f      ,   i.(i-l)  ^.-.  .Mi-l)(i-2)(i-S)^wu  ^A. 
1.2,3...i      ^     I"       2:(2M)"       +a.4.(2i-l)(3i^)'°     ^^)' 

A  <*>  being  a  function  of  a.     Call  X  W  the  coefficient  of  A  <*\  in  this  fimc- 
tion :  the  product 

(^•'•.'^.s':^'.r")'{'-#TE^^^}' 

is  by  the  preceding  No.,  the  coefficient  of  -j^tj  in  the  developement  of 

the  radical 

Jr«  — 2Rr{mm'+V  1  — m».  V  1  —  m'« cos.  (w  —  w')}  +  R^^^' 
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when  we  therein  suppose  m  and  m'  equal  to  unity.     This  coefficient  is 

then  equal  to  1 ;  we  have  therefore 

I.  8.  5  ...  (2  i  —  1)  c  ,         i('  — 1)     ^o,    1       , 
i.2.8...i {^-2(21-1)  +  ^*^]  =  ^' 

that  is  to  say,  X  *   reduces  to  unity,  when  m  =:  1.     We  have  then 

Relatively  to  the  axis  of  revolution,  m  =  1,  and  consequently, 

U"'  =  (i  +  8Hai  +  i)->/'K^)^'>> 

therefore  if  we  suppose  that  relatively  to  a  point  placed  upon  this  axis 
produced,  we  have 

we  shall  have  the  value  of  V  relative  to  another  point  placed  at  the  mean 
distance  from  the  origin  of  coordinates,  but  upon  a  radius  which  makes 
with  the  axis  of  revolution,  an  angle  whose  cosine  is  m ;  by  multiplying 
the  terms  of  this  value  respectively  by  X^%  \^^\  X^^,  &c. 

In  the  case  when  the  spheroid  is  not  of  revolution,  this  method  will 
give  the  part  of  V  independent  of  the  angle  w :  we  shall  determine  the 
other  part  in  this  manner.  Suppose  for  the  sake  of  simplicity,  the  sphe-^ 
roid  such  that  it  is  divided  into  two  equal  and  similar  parts  by  the  equa- 
tor, whether  by  the  meridian  where  we  fix  the  origin  of  the  angle  ar,  or 
by  the  meridian  which  is  perpendicular  to  the  former.  Then  V  will  be 
a  function  of  m ',  sin.  *  tr,  and  cos.  *  w,  or  which  comes  to  the  same,  it  will 
be  a  function  of  m',  and  of  the  cosine  of  the  angle  2  «  and  its  multiples ; 
U  ^^^  will  therefore  be  nothing,  when  i  is  odd,  and  in  the  case  when  it  is 
even,  the  term  which  depends  on  the  angle  2  n  tr,  will  be  of  the  form 

C«.(l-m«)«{m*-«»  — i^^^^^^^^ 

Relatively  to  an  attracted  point  placed  in  the  plane  of  the  equator, 
where  m  =:  0,  that  part  of  V  which  depends  on  this  term  becomes 

4.C^^>  1.8.5...(i-2n-l)  cos2n,.- 

^P^^'  2(i  +  2n+  l)(i  +  2n  +  2)...(2i^l)  '  ^^^- ^  "     ' 

whence  it  follows  that  having  developed  V  into  a  series  ordered  according 
to  the  cosines  of  the  angle  2  w  and  its  multiples,  when  the  poiqt  attracted 
is  situated  in  the  plane  of  the  equator;  to  extend  this  value  to  any  attract- 
ed point  whatever,  it  will  be  sufficient  to  multiply  the  terms  which  depend 

on Vri —  by  the  function 

r  ■  +  *         "^ 

Q3 
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=^l.S.6...(i— 2n— 1)-^^      m;-^m  2(2i— 1) 

+  &€•}; 


ml-2n-8 


we  shall  hence  obtain,  therefore,  the  entire  value  of  V,  when  this  value 
shall  be  determined  in  a  series,  for  the  two  cases  where  the  part  attracted 
is  situated  upon  the  polar  axis  produced,  and  where  it  is  situated  in  the 
plane  of  the  equator ;  this  greatly  simplifies  the  research  of  this  value. 

The  spheroid  which  we  are  considering  comprehends  the  eUqpsdd. 
Relatively  to  an  attracted  point  situated  upon  the  polar  axis,  which  we 
shall  suppose  to  be  the  axis  of  x,  by  546,  we  have  b  =  0,  c  =  0,  and 
then  the  expression  of  V  of  No.  549,  is  integrable  relatively  to  p.  Rela- 
dvely  to  a  point  situated  in  the  plane  of  the  equator,  we  have  a  =  0,  and 
the  same  expression  of  V  still  becomes,  by  known  methods,  integrable  re- 
latively to  q,  by  making  tan.  q  =  t.  In  the  two  cases,  the  integral  bdng 
taken  relatively  to  one  of  these  variables  in  its  limits,  it  then  becomes 
possible  relatively  to  the  other,  and  we  find  that  M  being  the  mass  of 

V 

the  spheroid,  the  value  of  n  is  independent  of  the  semi-axis  k  of  the 

spheroid  perpendicular  to  the  equator,  and  depends  only  on  the  ex- 
centridties  of  the  ellipsoid.     Multiplying  therefore  the  different  terms 

V 

of  the  values  of  v>  relative  to  these  two  cases,  and  reduced  into  se- 
ries proceeding  according  to  the  powers  of  -  ,  by  the  fiurtors  above  men- 

V 

tioned,  to  get  the  value  of -»  relative  to  any  attracted  point  whatever;  the 

function  which  thence  results  will  be  independent  of  k,  and  only  depend 
on  the  excentriddes ;  this  furnishes  a  new  demonstration  of  the  theorem 
already  proved  in  550. 

If  the  point  attracted  is  placed  in  the  interior  of  the  spheroid,  the  at- 
traction which  it  undergoes,  depends,  as  we  have  seen  in  Na  553,  on  tbe 
function  v  ^',  and  by  the  No.  cited,  we  have 

,«        /•£  d  R  d  m'  d  w^.  Q  « 

an  equation  which  we  can  put  under  this  fonn 

vCO  =  g_L-../g(i^)da.dm'.dV.Q«. 
Suppose  R'**'  developed  into  a  series  of  the  form 


'-» 
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z'  W  satisfying  the  equaUon  of  pardal  differences, 

.y^{c--->(i^)}),(^"),, ,,.,,„ 

if  moreover  we  call  z  ^)  what  z'  ^^  becomes  when  we  change  m'  into  m,  and 
V  into  tr,  we  shall  have  by  what  precedes^ 

thus  therefore  we  shall  get  the  expression  of  V  relative  to  all  the  shells  of 
the  spheroid  which  envelope  the  point  attracted.  The  value  of  V  relative 
to  shells  to  which  it  is  interior,  we  have  already  shown  how  to  deter- 
mine. 


ON  THE  FIGURE  OF  A  FLUID  HOMOGENEOUS  MASS  IN  EQUILIBRIUM, 
AND  ENDOWED  WITH  A  ROTATORY  MOTION. 

562.  Having  exposed  in  the  preceding  Nos.  the  theory  of  the  attrac- 
tions of  spheroids,  we  now  proceed  to  consider  the  figure  which  they 
must  assume  in  virtue  of  the  mutual  action  of  their  parts,  and  the  other 
forces  which  act  upon  theuL  We  shall  first  seek  the  figure  which  satis- 
fies the  equilibrium  of  a  fluid  homogeneous  mass  endowed  witli  a  rotatory 
motion,  and  of  that  problem  we  shall  give  a  rigorous  solution. 

Let  a,  b,  c  be  the  rectangular  coordinates  of  any  point  of  the  surface  of 
the  mass,  and  P,  Q,  R  the  forces  which  solicit  it  parallel  to  the  coordi- 
nates, the  forces  being  supposed  as  tending  to  diminish  them.  We  know 
that  when  the  mass  is  in  equilibrium,  we  have 

0  ==  P.  d  a  +  Q*  d  b  +  R.  d  c; 
provided  that  in  estimating  the  forces  P,  Q,  R,  we  reckon  the  centrifugal 
force  due  to  the  motion  of  rotation. 

To  estimate  these  forces,  we  shall  suppose  that  the  figure  of  the  fluid 
mass,  is  that  of  the  ellipsoid  of  revolution,  whose  axis  of  rotation,  is  the  axis 
itself  of  revolution.  If  the  forces  P,  Q,  R  which  result  fix>m  this  hypothe- 
sis, substituted  in  the  preceding  equation  of  equilibrium  give  the  difleren- 
tial  equation  of  the  surface  of  the  ellipsoid ;  the  preceding  hypothesis  is 
legitimate,  and  the  elliptic  figure  satisfies  the  equilibrium  of  the  fluid 

mass. 

Suppose  that  the  axis  of  a  is  that  also  of  revolution ;  the  equation  of 
the  surface  of  the  ellipsoid  will  be  of  this  form 

a*  +  ni(b«  +  c'^)  =k«; 
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the  origin  of  the  coordinates  a,  b,  o  being  at  the  center  of  the  ellipsoid, 
k  will  be  the  semi-axis  of  revolution,  and  if  we  call  M  the  mass  of  the  el- 
lipsoid)  by  646,  we  shall  have 

3  m 
§  being  the  density  of  the  fluid.     If  we  make  as  in  547,  —^ —  =  x*,  we 

shall  have  m  =  ,       ^ ,  and  consequently 

M=^k'.  (1+X«); 

an  equation  which  will  give  the  semi-axis  k,  when  X  is  known. 
Let 

B' =  |-y  1(1  +  X«)  tan. -•  X  —  X)| ; 

we  shall  have  by  547,  regarding  only  the  attraction  of  the  fluid  mass 

P  =  A'a;  Q  =  B'b;  R  =  B'c. 
If  we  call  g,  the  centrifugal  force  at  the  distance  1,  from  the  axis  of 
rotation ;  this  force  at  the  distance  V  b*  +  c*  from  the  same  axis,  will 
be  g  ^  b'  +  c* :  resolving  this  parallel  to  the  coordinates  b,  c  there  will 
result  in  Q  the  term  —  g  b,  and  in  R  the  term  —  go;  thus  we  shall  have^ 
reckoning  all  the  forces  which  animate  the  molecules  of  the  surface, 

P  =  A'  a;  Q  =  (B'-  g)  b;  R  =  (B'—  g).  c; 
the  preceding  equation  of  equilibrium,  will  therefore  become 

0  =  a  d  a  +    '  Af^  (b  d  b  +  0  d  c). 
The  difierendal  equation  of  the  surface  of  the  ellipsoid  is  by  substitut- 
ing for  m  its  value  ^         ^ , 

^  ,      .bdb+cdc 

by  comparing  this  with  the  preceding  one,  we  shall  have 

(l  +  X«)(B'-g)  =  A';. 0' 

if  we  substitute  for  A',  B'  their  values,  and  if  we  make  J^  =  q ;  *^  ^^'^ 

have 

>     «=T?i^'— -^' '^' 
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determining  therefore  X  by  this  equation  which  is  independent  of  the  co- 
ordinates a,  b,  c,  the  equation  of  equilibrium  will  coincide  with  the  equa- 
tion of  the  surface  of  the  ellipsoid ;  whence  it  follows,  that  the  eUiptic  fi- 
gure satisfies  the  equilibrium,  at  least,  when  the  motion  of  rotation  is  such 
that  the  value  of  X '  is  not  imaginary,  or  when  being  negative,  it  is  neither 
equal  to  nor  greater  than  unity.  The  case  where  X*  is  imaginary  would 
give  an  imaginary  solid;  that  where  X'  =:  •—  1,  would  give  a  paraboloid,  / 
and  that  where  X '  is  negative  and  greater  than  unity,  would  give  a  hy- 
perboloid. 

563.  If  we  call  p  the  gravity  at  the  surface  of  the  ellipsoid,  we  shall 
have 

p  =  V  P«  +  Q»+  R«. 

In  the  interior  of  the  ellipsoid,  the  forces  P,  Q,  R,  are  proportional  to 
the  coordinates  a,  b,  c ;  for  we  have  seen  in  No.  547,  that  the  attractions 
of  the  ellipdoid,  parallel  to  these  coordinates,  are  respectively  proportional 
to  them,  which  equally  takes  place  for  the  centrifiigal  force  resolved  pa- 
rallel to  the  same  coordinates.  Hence  it  follows,  that  the  gravities  at  dif- 
ferent points  of  a  radius  drawn  from  the  center  of  the  ellipsoid  to  its  sur- 
face, have  parallel  directions,  and  are  proportional  to  the  distances  from 
the  center ;  so  that  if  we  know  the  gravity  at  its  surface,  we  shall  have 
the  gravity  in  the  interior  of  the  spheroid. 

If  in  the  expression  of  p,  we  substitute  for  P,  Q,  R,  their  values  given 
in  the  preceding  No.,  we  shall  have 

p  =z  V  A'*  a*  +  (B'— g)».  (b«  +  c«); 
whence  we  derive,  in  virtue  of  equation  (1)  of  the  preceding  No. 


=  ^'J^ 


.  +  ^i+^ 


(1  +x«)«* 

b*  +  c* 
bttt  the  equation  of  the  surface  of  the  ellipsoid  gives  -^    ,   ^g  =  k « —  a*; 

we  shall  therefore  have 


P  —  ^'jJ        1   _i_  X* 


a  is  equal  to  k  at  the  pole,  and  it  is  nothing  at  the  equator ;  whence  it  fol- 
lows, that  the  gravity  at  the  pole  is  to  the  gravity  at  the  equator,  as 
V  1  +  X*  is  to  unity,  and  consequently,  as  the  diameter  of  the  equatoi 
is  to  the  polar  axis. 

Gall  t  the  perpendicular  at  the  sur&ce  of  the  ellipsoid,  produced  to 
meet  the  axis  of  revolution,  we  shall  have 

t  =  V  {I  +  X«)  (k'«  +  X«a«); 
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wherefore 

A't 

thus  gravity  is  proportional  to  t 

Let  >!/  be  the  complement  of  the  angle  which  t  makes  with  the  axis  of 
revolution ;  -^  will  be  the  latitude  of  the  point  of  the  surface,  which  we 
are  considering,  and  by  the  nature  of  the  ellipse,  we  shall  have 

""  V  1  +  X«cos.»-+* 
we  therefore  shall  have 

^  ^  V  1  +  X*.  cos.*>}/' 
anctssubstitutlng  for  A'  its  value,  we  shall  get 

-  4<rg>k.(l  +  X«).(X  — tan,-'X)^^     ....     (3) 
P  "  x«  V  1  +  x«.  cos.*>}/  * 

this  equation  gives  the  relation  between  gravity  and  the  latitude ;  but  we 
must  determine  the  constants  which  it  contains. 

Let  T  be  the  number  of  seconds  in  which  the  fluid  mass  will  ^cct  a 
revolution ;  the  centrifugal  force  at  the  distance  1  from  the  axis  of  revo- 
lution, will  be  equal  to  -^  ;  we  therefore  have 

which  gives 

12. »* 
*         q.  1  * 
The  radius  of  curvature  of  the  elUptic  meridian  is 

(1   +  X«COS-*-4/)^ 

calling  therefore  c  the  length  of  a  degree  at  the  btitude  4,  we  shall  have 

i^+^')*^       -200c 

(1   +  X«COS.*^/)* 

This  equation  combined  with  the  preceding  one,  gives 

r 

tlius  we  shall  have 

p  =  200c(l  +  X«cos.'>}.)^  — ^"•"''^.l^,. 
Let  1  be  the  length  of  the  simple  pendulum  which  oscillates  seconds ; 
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from  dynamics  it  results  that  p  =  «r*  1  (see§X.) ;  comparing  these  two 
expressions  of  p,  we  get 

_  2400  c  (X  —  tan,-^  x)  (1  +  x«  cos, «  >)/)  ,  . 

q ,1T«X«  ;    .     •     .    .   (4j 

this  equation  and  equation  (2)  of  the  preceding  No.  will  give  the  values 
of  q  and  X  by  means  of  the  length  1  of  the  seconds'  pendulum,  and  the 
length  c  of  the  degree  of  the  meridian,  both  being  observed  at  the  lati- 
tude •4/. 

Suppose  -vj/  s=  50®,  these  equatbns  will  give 

800  c        ,  /800  c  \  ,   .    o 

X«=^q  +  ^q»  +  &a; 

observations  give,  as  we  shall  see  hereafter, 

c  =  100000;  1  =  0.741608; 
moreover  we  have  T  ==  99727 ;  we  shall  thus  obtain 

q  ==  0.00344957;  X«  =:  6.00868767. 

The  ratio  of  the  axis  of  the  equator  to  the  polar  axis,  being  V  1+  X% 
it  becomes  in  this  case  1.00433441 ;  these  two  axes  are  very  nearly  in 
the  ratio  of  231.7  to  230.7,  and  by  what  precedes,  the  gravities  at  the 
pole  and  at  the  equator  are  in  the  same  ratio. 

We  shall  have  the  semi  polar  axis  k,  by  means  of  the  equation 

200c(l  +  ^X')^_200c  ,  , 

^-        »(1+X«)         --j^ll— tX   +&c.i, 

which  gives 

k  =  6352534. 
To  get  the  attraction  of  a  sphere,  whose  radius  is  k,  and  density  any 
whatever ;  we  shall  observe  that  a  sphere,  having  the  radius  k  and  density 
§j  acts  upon  a  point  placed  at  its  surface,  with  a  force  equal  to  ^  ff"  f .  k, 

X •  p  V  1  +  i  X* 

and  consequentiy,  in  virtue  of  equation  (3)  equal  to  ^  . ,  J*  ,v  ,j^^  ^i^x » 

or  to  p  (l  —  20  ^*  +  ^^\  ^^  finally  to  0.998697.  p,  p  being  the  gravi- 
ty upon  the  parallel  of  50®.  Hence  it  is  easy  to  obtain  the  attractive  force 
of  a  sphere  of  any  radius  and  density  whatever,  upon  a  point  placed  with* 
in  or  without  it 

564.  If  the  equation  (2)  of  No.  56S9  were  susceptible  of  many  real 
roots,  many  figures  of  equilibrium  might  result  from  the  same  motion  of 
rotation ;  let  us  examine  therefore  whether  this  equation  has  several  real 
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roots.     For  that  purpose,  call  f  the  function  — ^      ^^ tan."*x, 

which  being  equated  to  zero,  produces  the  equation  (2).  It  is  easy  to  see, 
that  by  making  X  increase  from  zero  to  infinity,  the  expression  of  p  begins 
and,  ends  by  being  positive ;  thus,  by  imagining  a  curve  whose  abscissa  is 
X  and  ordinate  p,  this  curve  will  cut  its  axis  when  X  ==  0 ;  the  ordioates 
will  afterwards  be  positive  and  increasing;  when  arrived  at  their  max!- 
mum^  they  will  decrease;  the  curve  wiU  cut  the  axis  a  second  time  at  a 
point  which  will  determine  the  value  of  X  corresponding  to  the  state  of 
equilibrium  of  the  fluid  mass ;  the  ordinates  will  then  be  native,  and 
since  they  are  positive  when  X  =  go  ;  the  curve  necessarily  cuts  the  axis 
a  third  time,  which  determines  a  second  value  of  X  which  satisfies  the 
equilibrium.  Thus  we  see,  that  for  one  and  the  same  value  of  q,  or  for 
one  given  motion  of  rotation,  there  are  several  figures  for  which  the 
equilibrium  may  subsist 

To  determine  the  number  of  these  figures,  we  shall  observe,  that  we 
have 

,      _  6  X«  d  X  iq  X^  +  (10  q  ~  6)  X*+  9  q} 

'^  ""  (3X«+9)«,  (l  +  X«) 

The  supposition  of  d  p  =  0,  gives 

0  =  q  X*  +  (10  q  —  6)  X«  +  9  q; 
whence  we  derive,  considering  only  the  positive  values  of  X 


These  values  of  X  determine  the  maxima  and  minima  of  the  ordinate  f ; 

there  being  only  two  similar  ordinates  on  the  side  of  positive  abscissas,  od 

that  side  the  curve  cuts  its  axis  in  three  points,  one  of  them  beiog  the 

origin ;  dius,  the  number  of  figures  which  satisfy  the  equilibriam  is  reduc- 

I  ed  to  twa 

* 

The  curve  on  the  side  of  negative  abscissas  being  exacdy  the  same  as 
on  the  side  of  positive  abscissas ;  it  cuts  its  axis  on  each  side  in  corzc- 
sponding  points  equidistant  from  the  origin  of  coordinates ;  the  negaUve 
values  of  X  which  satisfy  the  equilibrium,  are  therefore,  as  to  the  sign 
taken,  the  same  as  the  positive  values;  which  gives  the  same  elliptic  fi- 
gures, since  the  square  of  X  only  enters  the  determination  of  these  figui«; 
it  is  useless  therefore  to  consider  the  curve  on  the  side  of  ne^ve  ab- 
scissas. 

If  we  suppose  q  very  small,  which  takes  place  fi>r  the  earth,  we  m) 
satisfy  equation  (2)  of  562,  in  the  two  hypothesea  of  X*  being  t^  ^^ 


«  =  T  —  «n  +  ic  ■» » —  *C' 


/-^/v  ^  -  T  tr  -^  $r  ^-- 
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and  of  X'  being  very  great     In  the  first,  by  the  preceding  No.,  we 

have 

5  75 

To  get  the  value  of  X^  in  the  second  hypothesis,  we  shall  observe  that 

<  _ 

then  tan.""  ^  X  differs  very  little  from  \  v,  so  that  if  we  suppose  X  =  ^  —  a, 

ct  will  be  a  very  small  angle  of  which  the  tangent  is  -  ;  we  shall  there- 

fore  have,  p.  27.  Vol.  I. 

I  ^ 
X        8  X  •  "^  5  X 

and  consequently 

taiu-X  =  __-  +  _,-— 3 +  &C.; 

equation  (2)  of  No.  562,  will  thus  become 

9X+  2q.X'  _  jr'  1        J_ 

9  +  8X«      •"  2  ""  X  '**3X»~**^'       1 
whence  by  the  reversion  of  series  we  get 

=  2.356195*  ±  —  8.546479  —  1.478885  q  +  8tc. 
We  have  seen  in  the  preceding  No.,   that   relatively  to  the   earth, 
q  r=  0.00344957 ;  this  value  of  q  substituted  in  the  preceding  expression, 
gives  X  =  680.49.     Thus  the  ratio  of  the  two  axes  equatorial  and  polar, 

a  ratio  which  is  equal  to  V  1  +  X  %  is  in  the  case  of  a  very  thin  spheroid, 

equal  to  680.49. 

Tlie  value  of  q  has  a  limit  beyond  which  the  equilibrium  is  impossible, 

the  figure  being  elliptic     Suppose,  in  fact,  that  the  curve  cuts  its  axis 

only  at  its  origin,  and  that  in  the  other  points  it  only  touches;  at  the 

point  of  contact  we  shall  have  ^  =  0,  and  d  9  =  0 ;  the  value  of  f  will 

never  therefore  be  negative  on  the  side  of  positive  abscissas,  which  are 

the  only  ones  we  shall  here  consider.     The  value  of  q  determined  by  the 

two  equations  ^=0,  d9=0,  will  therefore  be  the  limit  of  those  with  which 

the  equilibrium  can  take  place,  so  that  a  greater  value  will  render  the 

equilibrium  impossible ;  for  q  being  supposed  to  increase  by  f,  the  fimc- 

2  f  X'  ' 

tion  p  increases  by  the  term  q  ,   o  x* '  *^^^  ^^  value  of  p  correspond-   . 

jng  to  q,  being  never  negative,  whatever  X  may  be,  the  same  function  cor- 
responding to  q  -I-  f,  is  constantly  positive,  and  can  never  become  no- 
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thing;  the  equilibrium  is  theii  therefore  impossible.  It  results  also  from 
this  aaalysis,  that  there  is  only  one  real  and  positive  value  of  q,  vhich 
would  satisfy  the  two  equations  f  =  0,  and  d  ^  s  0.  These  equadons 
give 

-  6X* 

•J  -  (1  +  X«)  (9  +  X«) 

n  _         7X*  +  80X»  +  27X  _, 

"  -  (1  +  X»)  (8  +  X«)  (9  +  X«)  ~~  **°*       *• 

The  value  of  X  wbich  satisfies  this  last  equation  is  X  =  2.5392;  wheoce 

we  get  q  =  0.337007 ;  the  quanti^  V  1  +  ^%  wbich  expresses  the  ra- 
tio of  the  equatorial  axis  to  the  polar  axis,  is  in  this  case  equal  to  2.7197. 
The  value  of  q  relatively  to  the  earth  is  equal  to  0.00344957.     This 
value  corresponds  to  a  time  of  rotation  of  0.99727  days;  but  we  haTe 

generally  q  =  r^— »  so  that  relatively  to  masses  of  the  same  density,  q  is 

proportional  to  the  centriiugal  force  g  of  the  rotatory  motion,  and  conse- 
quentiy  in  the  inverse  ratio  of  the  square  of  the  time  of  rotation;  wheuoe 
it  follows,  that  relatively  to  a  mass  of  the  same  density  as  the  earthy  the 
time  of  rotation  which  answers  to  q  =  0.337007,  is  0.10090  days.  Whence 
result  these  two  theorems. 

«  Every  homogeneous  fluid  mass  of  a  density  equal  to  the  mean  den^ty 
of  the  earth,  cannot  be  in  equilibrium  having  an  elliptic  figure,  if  the  time 
of  its  rotation  is  less  than  0.10090  days.  If  this  time  be  greater,  there 
will  be  always  two  elliptic  figures  and  no  more  which  satisfy  the  equili- 
brium." 

<'  If  the  densi^  of  the  fluid  mass  is  different  firom  that  of  the  earth ;  we 
shall  have  the  time  of  rotation  in  which  the  equilibrium  ceases  to  be  pos- 
sible under  an  elliptic  figure,  by  multiplying  0.10090  days  by  the  square 
root  of  the  ratio  of  the  mean  density  of  the  earth  to  that  of  the  fluid 


mass.'' 


This  relatively  to  a  fluid  mass,  whose  density  is  only  a  fourth  part  of 
that  of  the  earth,  which  nearly  is  th6  case  with  the  sun,  this  time  will  be 
0.20184  days;  and  if  the  density  of  the  earth  supposed  fluid  and  homo- 
geneous  were  about  98  times  less  than  its  actual  density,  the  figure  which 
it  ought  to  take  to  satisfy  its  actual  motion  of  rotation,  would  be  the  limit 
of  all  the  elliptic  figures  with  which  the  equilibrium  can  subsist.  The 
density  of  Jupiter  being  about  five  times  less  than  that  of  the  earth,  and 
the  time  of  its  rotation  being  0.41377  days;  we  see  that  this  duration  is 
in  the  limits  of  those  of  equilibrium. 
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It  may  be  thought  that  the  limit  of  q,  is  that  where  the  fluid  would  be* 
gin  to  fly  off  by  reason  of  a  too  rapid  motion  of  rotation ;  but  it  is  easy  to 
be  convinced  of  the  contrary,  by  observing  that  by  563,  the  gravity  at  the 
equator  of  the  ellipsoid  is  to  that  at  the  pole  in  the  ratio  of  the  polar  axis 
to  that  of  the  equator,  a  ratio  which  in  this  case,  is  that  of  1  to  2.7197 ; 
the  equilibrium  ceases  therefore  to  be  possible,  because  with  a  motion  of 
rotation  more  rapid,  it  is  impossible  to  give  to  the  fluid  mass,  an  elliptic 
figure  such  that  the  resultant  of  its  attraction  and  of  the  centrifugal  force, 
may  be  perpendicular  to  the  sur&ce. 

Hitherto  we  have  supposed  X*  positive,  which  gives  the  spheroids  flat- 
tened towards  the  poles ;  let  us  now  examine  whether  the  equilibrium  can 
subsist  with  a  figure  lengthened  towards  the  poles,  or  with  a  prolate  sphe- 
roid. Let  X '  =  —  X'  * ;  X' '  must  be  positive  and  less  than  unity,  otherwise^ 
the  ellipsoid  will  be  changed  into  a  hyperboloid.  The  preceding  value 
ofdf  gives 

|>X«  d  X  fq  X^  +  (10  q  —  6)  X«  +  9  qK 
^^J  (1+X«)(9  + 


3X«)« 


the  integral  being  taken  from  X  =  0.  Substituting  for  X  its  value  +  X'  V  - 1, 
we  shall  have 

^       ^ T  /'^^'dX^{q.(l-X^').(9— X^')+6X^'K 

^  "  -  ^  ~  V  (l_x'«)(9— 3X'«)  ' 

but  it  is  evident  that  the  elements  of  this  last  integral  are  all  of  the  same 
sign  from  X^'  =  0,  to  X^*  =  1 ;  the  function  f  can  therefore  never  be- 
come nothing  in  this  interval.  Thus  then  the  equilibrium  cannot  subsist 
in  the  case  of  the  prolate  spheroid. 

565.  If  the  motion  of  rotation  primitively  impressed  upon  the  fluid 
mass,  is  more  rapid  than  that  which  belongs  to  the  limit  of  q,  we  must 
not  thence  infer  that  it  cannot  be  in  equilibrium  with  an  elliptic  otfgure; 
for  we  may  conceive,  that  by  flattening  it  more  and  more,  it  will  take  a 
rotatory  motion  less  and  less  rapid ;  supposing  therefore  that  there  exists, 
as  in  the  case  of  aU  known  fluids,  a  force  of  tenacity  between  its  mole- 
cules, this  mass,  after  a  great  number  of  oscillations,  may  at  length  arrive 
at  a  rotatory  motion,  comprised  within  the  limits  of  equilibrium,  and  may 
continue  in  that  state.  But  this  possibility  it  would  also  be  interesting  to 
verify ;  and  it  would  be  equally  interesting  to  know  whether  diere  would 
not  be  many  possible  states  of  equilibrium ;  for  what  we  have  already  de« 
monstrated  upon  the  possibili^  of  two  states  of  equilibrium,  correspond- 
ing to  one  motion  of  rotation,  does  not  infer  the  possibility  of  two  states 
of  equilibrium  corresponding  to  one  primitive  force;  because  the  two 


I 

1 


V 
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states  of  equilibrium  relative  to  one  motioa  of  rotation^  require  two  pri- 
mitive forces,  either  different  in  quantity  or  differently  applied. 

Consider  therefore  a  fluid  mass  agitated  primitively  by  any  forces  what- 
ever, and  then  \^  to  itself,  and  to  the  mutual  attractions  of  all  its  parts. 
If  through  the  center  of  gravity  of  this  mass  supposed  immoveable,  we 
conceive  a  plane  relatively  to  which  the  sum  of  the  areas  described  upon 
tliis  plane,  by  each  molecule^  multiplied  respectively  by  the  correspond- 
ing molecules,  is  a  maximum  at  the  origin  of  motion ;  this  plane  will 
always  have  this  property,  whatever  may  be  the  manner  in  which  the 
molecules  act  upon  one  anodier,  whether  by  their  tenacity,  by  their  attrac- 
tion, and  their  mutual  collision,  even  in  the  very  case  where  there  is  finite 
loss  of  motion  in  an  instant  of  time ;  thus,  when  after  a  great  number  of 
oscillations,  the  fluid  mass  shall  take  a  uniform  rotatory  motion  aboat  a 
fixed  axis,  this  axis  shall  be  perpendicular  to  the  plane  above-mentioned, 
which  will  be  that  of  the  equator,  and  the  motion  of  rotation  will  be  such 
that  the  sum  of  the  areas  described  during  the  instant  d  t,  by  the  mole- 
cules projected  upon  this  plane^  will  be  the  same  as  at  the  origin  of  mo- 
tion ;  we  shall  denote  by  £  d  t  this  last  sum. 

We  shall  here  observe,  that  the  axis  in  question,  is  that  relativel)'  to 
which  the  sum  of  the  moments  of  the  primitive  forces  of  the  system  was  a 
maximum.  It  retains  this  property  during  the  motion  of  the  system,  and 
finally  becomes  the  axis  of  rotation ;  for  what  is  above  asserted  as  to  the 
plane  of  the  maximum  of  projected  areas^  equally  applies  to  the  axis  of  i'^ 
greatest  nioment  of  forces ;  since  the  elementary  area  described  by  the  pro- 
jection of  the  radius-vector  of  a  body  upon  a  plane,  and  multiplied  by  its 
mass,  is  evidently  proportional  to  the  moment  of  the  finite  force  of  ^ 
body  relatively  to  the  axis  perpendicular  to  this  plane. 

Let,  as  above,  g  be  the  centrifiigal  force  due  to  the  rotatory  motion  at 
the  distance  1  from  the  axis;  V  g  will  be  the  angular  velocity  of  rotaUoQ 
(p.  166.  Vol.  I.) ;  then  call  k  the  semi-axis  of  rotation  of  the  fluid  mass, 
and  k  V  1  +  x«  the  semi-axis  of  its  equator.  It  is  easy  to  show  thsi 
the  sum  of  the  areas  described  during  the  instant  d  t,  by  all  the  molecules 
projected  upon  the  plane  of  the  equator  and  multiplied  respectively  by  the 
corresponding  molecules,  is 

i^(l+x«)«.k*dtVg 

we  shall  therefore  have 


a"  -*■  x-s  6'-»-  ^"^ )  ^  _  •/>-•  ,\    ^-i£  tv^-  ^ ' 
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Then  calling  M,  the  fluid  mass,  we  shall  have 

J«k»f(l  +  X*)  =  M; 


tlie  quantity  z~ — ,  which  we  have  called  q,  in  No.  562,  thus  becomes 

q'  ( 1  +  >^  •)"  '.  denoting  by  q'  the  function  ^^  ^l^?  '  ^^        The  equa- 
tion  of  the  same  No.  becomes 

U  -  9T8T5 

Tbi3  equation  will  determine  X ;  we  shall  then  have  k  by  means  of  the 
preceding  expression  of  M. 
Call  f  the  function 

9X  +  2q-X»(l+X>)"i 

9  +  8X«  tan.      A,  a 

which,  by  the  condition  of  equilibrium^  ought  to  be  equal  to  zero :  this 
equation  b^ins  by  being  positivey  when  X  is  very  small,  and  ends  by  being 
negative,  when  X  is  infinite ;  there  exists  .therefore  between  X  =  0,  and 
X  =  infinity,  a  value  of  X  which  renders  this  function  nothing,  and  ccxise- 
quently,  there  is  always,  whatever  q'  may  be,  an  elliptic  figtu:e,.with  which 
the  fluid  mass  may  be  in  equilibrium. 

The  value  of  f  may  be  put  under  this  integral  form 

rx^d\{^f+  18q'-{q'X«+  18(1  +  X«)M 

>  =  2  /  \± -J L. 

/  (9  +  SX«)«(1  +X«)y 

When  it  becomes  nothing  the  iunction 

^'+18q'-.{q'X«  +  18(l  +X«)3l, 

has  already  passed  through  zero  to  become  negative;  but  from  the  in- 
stant when  this  iunction  begins  to  be  negative,  it  continues  to  be  so  as  X 

increases,  because  the  positive  part       {  +  18  q'  decreases  whilst  the  ne- 

A 

gative  part  —  iq'>.*+  18(1  +  X*)^J  increases;  the  function  f  cannot 
therefore  twice  become  nothing ;  whence  it  follows,  that  there  is  but  one 
real  and  positive  value  of  X  whiqh  satisfies  the  equation  of  equilibrium, 
and  consequendy,  the  fluid  can  be  in  equilibrium  widi  one  elliptic  figure 
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ON  THE  FIGURE  OF  A  SPHEROID  DIFFERING  VERY  LITTLE  FROM  A  SPHERE, 
AND  COVERED  WITH  A  SHELL  OF  FLUID  IN  EQUILIBBIUM. 

566.  We  have  already  discussed  the  eqnilibriaro  of  a  horoogeneoos 
fluid  mass,  and  we  have  found  that  the  elliptic  figure  satisfies  this  equili- 
brium; but  in  order  to  get  a  complete  solution  of  the  problem,  ve  must 
determine  a  priori  all  the  figures  of  equilibrium,  or  we  must  be  certified 
that  the  elliptic  is  the  only  figure  which  will  fulfil  these  conditions;  be- 
sides, it  is  very  probable  that  the  celestial  bodies  have  not  bomogeDeoDs 
masses,  and  that  they  are  denser  towards  the  center  than  at  the  sur&ce. 
In  the  research,  therefore,  of  their  figure,  we  must  not  rest  satisfied  vitii 
the  case  of  homogeneity ;  but  then  this  research  presents  great  difficd- 
ties.  Happily  it  is  simplified  by  the  consideration  of  the  little  difference 
which  exists  between  the  spherical  figure  and  those  of  the  planets  and 
satellites ;  by  which  we  are  permitted  to  neglect  the  square  of  this  differ- 
ence, and  of  the  quantities  depending  on  it.  Notwithstanding,  the  research 
of  the  figure  of  the  planets  is  still  very  complex.  To  treat  it  with  the 
greatest  generality,  we  proceed  to  consider  the  equilibrium  of  a  fluid  mass 
which  covers  a  body  formed  of  shells  of  variable  density,  endowed  with 
a  rotatory  motion,  and  sollicited  by  the  attraction  of  other  bodies.  For 
that  purpose,  we  proceed  to  recapitulate  the  laws  of  equilibrium  of  fluids, 
as  laid  down  in  works  upon  hydrostatics. 

If  we  name  §  the  density  of  a  fluid  molecule,  II  the  pressure  it  sustains, 
F,  F,  F'',  &c.  the  forces  which  act  upon  it,  and  d  f,  d  f ',  d  V'  the  ele- 
ments of  the  directions  of  these  forces ;  then  the  general  equation  of  the 
•  equilibrium  of  the  fluid  mass  will  be 

A  TT 

—  =  F  d  f  +  F  d  f  +  F'  d  f'  +  &c 

Suppose  that  the  second  member  of  this  equation  is  an  exact  difference; 
designating  by  d  ^this  difierence,  ^  will  necessarily  be  a  function  of  n  and 
of  p:  the  integral  of  this  equation  will  give  f  in  a  function  of  n;  wemij 
therefore  reduce  to  a  function  of  11  only,  from  which  we  can  obtain  n  in 
a  function  off;  thus,  relatively  to  shells  of  a  giveA  constant  doisity,  « 
shall  have  d  n  z=  0,  and  consequently 

0  =  F  d  f  +  F  d  f '  +  F'  d  f ''  +  &c  ; 
an  equation  which  indicates  the  tangential  force  at  the  surface  of  those 
j  shells  is  nothing,  and  consequently,  that  the  resultant  of  all  the  forces 
F,  F',  F'',  &c.  is  perpendicular  to  this  surface ;    so  that  the  shells  are 
spherical. 
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The  pressure  n  being  nothing  at  the  exterior  surface,  §  must  tliere  be 
constant,  and  the  resultant  of  all  the  forces  which  animate  each  molecule 
of  the  surface  is  perpendicular  to  it.  This  resultant  is  wnat  we  call  gravi- 
ty. The  conditions  of  equilibrium  of  a  fluid  mass,  are  therefore  1st,  that 
the  direction  of  gravity  be  perpendicular  to  each  point  of  the  exterior  sur-  \ 
face :  2dly,  that  in  the  interior  of  the  mass  the  directions  of  the  gravity  of 
each  molecule  be  perpendicular  to  the  surface  of  the  shells  of  a  constant  ' 
density.  Since  we  may  take,  in  the  interior  of  a  homogeneous  mass,  such 
shells  as  we  wish  for  shells  of  a  constant  density,  the  second  of  two  pre- 
ceding conditions  of  equilibrium,  is  always  satisfied,  and  it  is  sufficient  for 
the  equilibrium  that  the  first  should  be  fulfilled ;  that  is  to  say,  that  the 
resultant  of  all  the  forces  which  animate  each  molecule  of  the  exterior 
surface  should  be  perpendicular  to  the  surface. 

567.  In  the  theory  of  the  figure  of  the  celestial  bodies,  the  forces  F,  F', 
'F'',  &c.  are  produced  by  the  attraction  of  their  molecules,  by  the  centrifu- 
gal force  due  to  their  motion  of  rotation,  and  by  the  attraction  of  distant 
bodies.  It  is  easy  to  be  certified  that  the  difference  F  d  f  +  F  d  f '  H-&c. 
is  there  exact ;  but  we  shall  clearly  perceive  that,  by  the  analysis  which 
we  are  about  to  make  of  these  different  forces,  in  determining  that  part  of 
the  integraiy(F  d  f  -|-  F'  d  f '  +  &c.)  which  b  relative  to  each  of  them. 

If  we  call  d  M  any  molecule  of  the  spheroid,  and  f  its  distance  from  the 

point  attracted,  its  action  upon  this  latter  will  be  —^  .     Multiplying  tins 

action  by  the  element  of  its  direction,  which  is  —  d  f,  since  it  tends  to 
diminish  f,  we  shall  have,  relatively  to  the  action  of  the  molecule  d  M, 

y  F  d  f  =  -t:—  ;  whence  it  follows  that  tliat  part  of  the  integral  y(F  d  f 

+  F  d  f '  H-  &c.),  which  depends  on  the  attraction  of  the  molecules  of 
the  spheroid,  is  equal  to  the  sum  of  all  these  molecules  divided  by  their 
respective  distances  from  the  molecule  attracted.  We  shall  represent  this 
sum  by  V,  as  we  have  already  done. 

We  propose,  in  the  theory  of  the  figure  of  the  planets,  to  determine 
the  laws  of  the  equilibrium  of  all  their  parts,  about  their  common  center  of 
gravity ;  we  must,  therefore,  transfer  into  a  contrary  direction  to  the  mole- 
cule attracted,  all  the  forces  by  which  this  center  is  animated  in  viitue  of 
the  reciprocal  action  of  all  the  parts  of  the  spheroid;  but  we  know 
that,  by  the  property  of  this  center,  the  resultant  of  all  the  actions  upon 
this  point  is  nothing.     To  get,  therefore,  the  total  effect  of  the  attraction 
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of  tbe  spheroid  upon  the  molecules  attracted,  we  have  nothing  to  add 
toV. 

To  determine  the  effect  of  the  centrifugal  force^  we  diall  suppose  the 
position  of  the  molecule  determined  by  the  three  rectangular  csoordinates 
x',  y'j  7fj  whose  origin  we  fix  at  the  center  of  gravity  of  the  sfAercHd. 
We  shall  then  suppose  that  the  axis  of  x^  is  the  axis  of  rotation,  and  that 
g  expresses  the  centrifugal  force  due  to  the  velocity  of  rotation  at  the  dis* 
tance  1  from  the  axis.  This  force  will  be  nothing  in  the  direction  of  x' 
and  equal  to  g  y'  and  g  z'  in  the  direction  of  y'  and  oi  iL  ;  multiplying 
therefore,  these  two  last  forces  respectively  by  tbe  elements  d  y,  d  r  of 
their  directions,  we  shall  have  ^  g  (y^*  +  z' ')  for  that  part  of  the  integral 
/(F  d  f  4-  F^  d  f '  +  &c),  which  is  due  to  the  centrifugal  force  of  tbe 
rotatory  motion. 

if  we  call,  as  above,  r  the  distance  of  the  molecule  attracted  from  the 
center  of  gravity  of  the  spheroid,  tf  the  angle  which  die  radius  r  forms  with 
the  axis  of  x^,  and  m  the  angle  the  plane  which  passes  through  the  axis 
of  x^,  and  through  the  molecule,  forms  with  the  plane  of  x',  y' ;  finally,  if 
we  make  cos.  ^  =  m,  we  shall  have 

x'rsrm;    y'  =  r  V  1  — m*.cos. w;    z'  =  r  V  1  —  m*.siii.v; 
whence  we  get  «- 

We  shall  put  this  last  quantity  under  the  following  form  : 

to  assimilate  its  terms  to  those  of  the  expression  V  which  are  ^ven  in  Ka 
659;  that  is  to  say,  to  give  them  the  property  of  satisfying  the  equation  of 
partial  differences 

;,,  ,,    /dY«x\         /d«Y«\ 

?^=V dS )  +T^i:^+»('+i)Y-; 

in  which  Y  ^'>  is  a  rational  and  entire  function  of  m,  */  1  —  m  *  .  cos.  w 
and  V  1  —  m"*  sin.  w  of  the  degree  i ;  for  it  is  dear  that  each  of  the  two 
terms  \  g  r«  and  —  i  g  r'  (m*  —  i)  satisfies  for  Y  %  the  preceding 
equation. 

It  remains  now  for  us  to  determine  that  part'  of  the  integral 
/^(F  d  f  +  F'  d  f '  +  &c.)  which  results  from  the  action  of  distant  bodies. 
Let  S  be  the  mass  of  one  of  these  bodies,  f  its  distance  from  the  molecule 
attracted,  and  s  its  distancefrom  the  center  of  gravity  of  the  spheroid. 
Multiplying  its  action  by  die  element  —  d  f  of  its  direction,  and  then  inte- 
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grating  we  shall  have  -jr- .     This  is  not  the   entire  part  of  the  integral 

/(F  d  f  +  F'  d  f  +  &c.)  which  is  due  to  the  action  of  S;  we  have  still 

to  transfer,  in  a  contrary  direction  to  the  molecule,  the  action  of  this  body 

upon  the  center  of  gravity  of  the  spheroid.     For  that  purpose,  call  v  the 

angle  which  s  forms  with  the  axis  of  x^  and  -^  the  angle  which  the  plane 

passing  through  this  star  and  through  the  body  S,  makes  with  the  plane  of 

S 
x',  y'.     The  action  of  — ^  of  this  body  upon  the  center  of  gravity  of  the 

spheroid,  resolved  parallel  to  the  axes  of  x^,  y',  z',  will  produce  the  three 

following  forms : 

S  S  S  . 

— r  COS.  v:     s-  sin.  v  cos.  4/;     — r  sin.  v  sin.  -^^ 
s*  s"  ^ '     s* 

Transferring  them  in  a  contrary  direction  to  the  molecule  attracted, 

.  which  amountstoprefixtngto  them  the  sign — ^  then  multiplying  them  by 

the  elements  d  x',  d  y^  dxf^  of  their  directionsi  and  integrating  them,  the 

sum  of  the  integrals  will  be 

—  —5-  .Jx'  COS.  V  +  y'  sin.  v.  cos.  >)/  +  z'  sin.  v  sin.  4 J  +  const. ; 

the  entire  part  of  the  integral  y(F  d  f  +  F'  d  /'  +  &c),  due  to  the  ac- 
tion of  the  body  S,  will  therefore  be 

S        S 
-^ J  Jx'  COS.  V  +  y'  sin.  v  cos.  >}/  +  z'  sin.  v  sin.  -vH  +  const ; 

and  since  this  quantity  ought  to  be  nothing  relatively  to  the  center  of  gra- 
vity of  the  spheroid,  which  we  suppose  immoveable,  and  that  relatively  to 
this  point,  f  becomes  s,  and  x",  y^  z',  are  nothing,  we  shall  have 

S 

const  = . 

s 

However,  f  is  equal  to 

{(s  COS.  V  —  x')  '  +  (s.  sin.  V  cos.  -4/  —  yO  *  +  (s  sin.  v  sin.  4  —  if) *J«; 
which  gives,  by  substituting  for  x^,  y\  z^,  their  preceding  values 

S         S 

f        Vs' — 2sr{cos.  vcos.  tf  +  sin.  v sin. ^ cos.  (w — 4^)  +  r*J' 
If  we  reduce  this  function  into  a  series  descending  relatively  to  powers 
of  s,  and  if  we  thus  represent  the  series, 

Sjpw^,    I  pa)+L]p(B)+&c.}; 

we  shall  have  generally  by  66 1  and  662, 

1.8.6..  (2i-l)  J^,     i(i-l)y,a,i(i-l)(i-2)(l-8)^^    ^A  . 
^  ^^=1.2.3 1        l^      2(2i— l)*^+2.4(2i_l)(2i— 3)*^^"^/  ' 
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3  being  equal  to  cos.  v  cos.  6  +  sin.  v  sin.  6  .  cos.  (» — >}/) ;  it  is  evident 
that  by  553,  we  have 

d  P  0)  M  "^^       /d  *  P  ^'^ 


d 
0  = 


dm  y  1— m  ■ 


so  that  the  terms  of  the  preceding  have  this  property,  common  with  those 
of  V.     This  being  shown,  we  have 

S       S        S 
-jr j(x'  COS.  v  +  y'  sin.  v  cos.  -^  +  z'  sin.  v  sin.  -i*) 

X  9  O 


=  Sxi  I  p  «  +i.p  (8)  +^Fi*)  +  &c.  } 


If  there  were  other  bodies  S',  S'',  &c ;  denoting  by  s',  V,  >}/',  F  « ;  s", 
v",  '^"f  F'  ^\  &c.  what  we  have  called  s,  v,  -xl/,  P  ^%  relatively  to  the  body 
S,  we  shall  have  the  parts  of  the  int^ral  /(F  d  f  +  F'  d  f '  +  &c)  due 
to  their  action,  by  marking  with  one^  two,  &c.  dashes,  the  letters  s,  v,  y, 
and  P  in  the  preceding  expression  of  that  part  of  this  intend,  which  is 
due  to  the  action  of  S. 

If  we  ooUect  all  the  parts  of  this  integral,  and  make 

■|=z«Z<«); 

&c. 
a  being  a  very  small  coefficient,  because  the  condition  that  the  spheroid  is 
very  little  different  from  a  sphere,  requires  that  the  forces  which  produce 
this  difference  should  themselves  be  very  small ;  we  shall  have 
/(Fdf  +  F'df +  &c.)  =  V  +  «rMZ(<»)+Z(^+rZ«+r*ZW  +  &c} 
Z  ^  satisfying,  whatever  i  maybe,  in  the  equation  of  partial  diflerences 

The  general  equation  of  equilibrium  will  therefore  be 

yAH.=:  V  +  a  r«  {Z««)  +  Z«  +  r  Z^  r«  Z^^>  +  &cj      .       (1) 

If  theextraneousbodies  are  very  distant  from  the  spheroid,  we  may  ne- 
glect the  quantities  r '  Z  ®,  r  *  Z  ^S  &c.,  because  the  difierent  terms  of  these 
quantities  being  divided  respectively  by  s*,  s%&c  s'*,  ^\  &c.  these  terms 
become  very  small  when  s,  s',  &c  are  veiry  great  compared  with  r.     This 
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case  subsists  for  the  planets  and  satellites  with  the  exception  of  Saturn, 
whose  ring  is  too  near  his  surface  for  us  to  neglect  the  preceding  terms. 
In  the  theory  of  the  figure  of  that  plaint,  we  must  therefore  prolong  the 
second  member  of  equation  (1),  which  possesses  the  advantage  of  forming 
a  series  always  convergent ;  and  since  then  the  number  of  corpuscles  ex- 
terior to  the  spheroid  is  infinite,  the  values  of  Z  ^%  Z  ^^9  &c.  are  given  in 
definite  integrals,  depending  on  the  figure  and  interior  constitution  of  the 
ring  of  Saturn. 

568.  The  spheroid  may  be  entirely  fluid ;  it  may  be  formed  of  a  solid 
nucleus  covered  by  a  fluid.  In  both  cases  the  equation  (1)  of  the  preced- 
ing No.  will  determine  the  figure  of  the  shells  of  the  fluid  part,  by  con- 
sidering, that  since  n  must  be  a  function  of  f,  the  second  member  of  this 
equation  must  be  constant  for  the  exterior  surface,  and  for  that  of  the 
shells  in  equilibrium,  and  can  only  vary  firom  one  shell  to  another. 

The  two  preceding  cases  reduce  to  one  when  the  spheroid  is  homoge- 
neous; for  it  is  indifierent  as  to  the  equilibrium  whether  it  is  entirely 
fluid,  or  contains  an  interior  solid  nucleus.  It  is  sufficient  by  No.  d56>  that 
at  the  exterior  surface  we  have 

constant  =  V  +  a  r*  {Z^^+  Z^^^+  t  Z^+  &cj. 

If  we  substitute  in  this  equation  for  V  its  value  given  by  formula  (3)  of 
No.  555,  and  if  we  observe  that  by  No.  556,  Y  ^^^  disappears  by  taking  for 
a  the  radius  of  a  sphere  of  the  same  volume  as  the  spheroid,  and  that 
Y  (^  is  nothing  when  we  fix  the  origin  of  coordinates  at  the  center  of  the 

m 

spheroid ;  we  shall  have 

constant  =±^+±14^' {^Y^«)+^.  Y^  +±Ly^^'+  &c.} 

3  r      '         r '        I  5  7t  9  r'  J 

+  ar«fZ^<^  +  Z(«)+  rZ»)  +  r«Z<*)  +  &c.] 

Substituting  in  the  equation  of  the  surface  of  the  spheroid  for  r  its  value 

at  the  surface  1  +  <>&  y*  or 

a+  aa'jYtt)  +  Y<»)  +  YW>  +  &c.J 

which  gives 

const  =J^a^-J^^{-J  Y;«)  +^Y^  +4^^*)  +  &c.} 

+  a  a*  {Z^^  +  Z^«>  +  a  Z®  -f-  a«  Z^*)  +  &c.J 
We  shall  determine  the  arbitrary  constant  of  the  first  member  of  this 
equation,  by  means  of  this  equation, 

const  =  — -jf  a*  -f-  a  a*  Z^^; 

we  shall  then  have  by  comparing  like  functions,  that  is  to  say,  such  as  are 
subject  to  the  same  equation  of  partial  difierences, 


M 


^       2^ 


:^f 
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8  (i  —  1)  •• 
i  being  greater  than  unity.  The  preceding  equaticm  may  be  put  tinder  the 
form 

4  w  8ar*^ 

the  integral  being  taken  from  r  =  0  to  r  =  a*    The  radios  a  (1 4-<>j) 
of  the  surface  of  the  spheroid  will  hence  become 

1-5-JZW  +  aZW  +  a«ZW  +  8ic.] 
a(l  +  «y)=a^  \\  ^,(2) 

Z^^+8tc} 


(l+^{Z<«)  +  aZ(»>  +  a«Zw  + 

I     +-^^dr  fZW  +  r  ZW  +  r«ZO 
^  o  a  «■ 


We  may  put  this  equation  under  a  finite  form,  by  considering  that  we 
have  by  the  preceding  No. 

«[ZC«)  +  rZ<^  +  r«ZW  +  &c}  = -i(m«- i) --i.,-|^ 

,  S _S^^j^ 

"*"r«\/s«  — 2srd  +  r«     s'r« 
so  that  the  integral/ d  r  {Z  »>  +  r  Z  ^^^  +  &c.}  is  easily  found  by  bown 
methods. 

569.  The  equation  (1)  of  567  not  only  has  the  advantage  of  showing  the 
figure  of  the  spheroid,  but  also  that  of  giving  by  differentiation  the  hiw  of 
gravity  at  its  surface ;  for  it  is  evident  that  the  second  member  of  this 
equation  being  the  integral  of  the  sum  of  all  the  forces  with  which  each 
molecule  is  animated,  multiplied  by  the  elements  of  their  respective  direc- 
tions, we  shall  have  that  part  of  the  resultant  which  acts  along  die  radius 
r,  by  differentiating  the  second  member  relatively  to  r;  thus  calling  p 
the  force  by  which  a  molecule  of  the  surface  is  soUicited  towards  the  center 
of  gravity  of  the  spheroid,  we  shall  have 

p  -.  _  (^J  ^^  d  {r«  Z^^  +  r«  Z«>  +  r »  Z^  +  r*  Z»J  +  8»1' 

If  we  substitute  in  this  equation  for  —  (-^ — V  its  Talue  at  die  sozfice 

2  V 

1-*  a  +2^9  given  by  equation  (2)  of  No,  554^  and  for  V,  its  value  give" 

by  equation  (I)  of  No.  567;  we  shall  have 

-j  P=  |»a  — |«aiZW  +  aZ(»>a«Z<*)  +  kcj 

m 
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r  must  be  changed  into  a  after  the  difTerentiations  in  the  second  mem- 
ber of  this  equation,  which  by  the  preceding  No.  may  always  be  reduced 
to  a  finite  function. 

p  does  not  represent  exactly  gravity,  but  only  that  part  of  it  which  is 
directed  towards  the  center  of  gravity  of  the  spheroid,  by  supposing  it  re- 
solved into  two  forces,  one  of  which  is  perpendicular  to  the  radius  r,  and 
the  other  p  is  directed  along  this  radius.  The  first  of  these  two  forces  is 
evidently  a  small  quantity  of  the  order  a ;  denoting  it  therefore  by  a  y^ 
gravity  will  be  equal  to  Vp*  +  a*  y*,  a  quantity  which,  neglecting  the 
terms  of  the  order  a ',  reduces  to  p.  We  may  thus  consider  p  as  express- 
ing gravity  at  the  surface  of  the  spheroid,  so  that  the  equations  (2)  and 
(3)  of  the  preceding  No.  and  of  this,  determine  both  the  figure  of  ho- 
mogeneous spheroids  in  equilibrium,  and  the  law  of  gravity  at  their 
surfaces ;  they  contain  the  complete  theory  of  the  equilibrium  of  these 
spheroids,  on  the  supposition  that  they  differ  very  Kttie  from  the  sphete. 

If  the  extraneous  bodies  S,  S',  8cc.  are  nothing,  and  therefore  the 
spheroid  is  only  sollicited  by  the  attraction  of  its  molecules,  and  the  cen- 
trifugal force  of  its  rotatory  motion,  which  is  the  case  of  the  E^th  and 
primary  planets  with  the  exception  of  Saturn,  when  we  only  regard  the 
permanent  state  of  their  figures ;  then  designating  by  a  9,  the  ratio  of 
the  centrifugal  force  to  gravity  at  the  equator,  a  ratio  which  is  very  nearly 

equal  to  -r^  the  density  of  the  spheroid  being  taken  for  unity;  we  shall 

find, 

a(l+ay)  =  a{l-^(m«-i)J; 

p  =  J^an-f»P  +  -^(in*— i)i; 

the  spheroid  is  then  therefore  an  ellipsoid  of  revolution,  upon  which  in- 
crements of  gravity,  and  decrements  of  the  radii,  firom  the  equator  to 
the  poles,  are  very  nearly  proportional  to  the  square  of  the  sine  of  the 
latitude,  m  being  to  quantities  of  the  order  a,  equal  to  this  sine. 

a,  by  what  precedes,  is  the  radius  of  a  sphere,  equal  in  solidity  to  the 
spheroid ;  gravity  at  the  surface  of  this  sphere  will  be  |f  r  a ;  thus  we  shall 
have  the  point  of  tiie  surface  of  the  spheroid,  where  gravity  is  the  same  as 
at  the  surface  of  the  sphere,  by  determining  m  by  die  equation 

0  =  -|  +  4(m«-i); 

which  crives 

/IS 
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570.  The  preceding  analysis  conducts  us  to  the  figure  of  a  homoge* 
neous  fluid  mass  in  equilibrium,  without  employing  otHer  hypotheses  than 
that  of  a  figure  differing  very  little  from  the  sphere :  it  also  shows  that 
the  elliptic  figure  which  satisfies  this  equilibrium,  is  the  only  figure 
which  does  it  But  as  the  expansion  of  the  radius  of  the  spheroid  into 
a  series  of  the  form  a  { 1  +  a  Y  ^^^  +  a  Y  ^^^  +  &C.J  may  give  rise  tosome 
difficulties,  we  proceed  to  demonstrate  directly,  and  independently  of  this 
expansion,  that  the  elliptic  figure  is  the  only  figure  of  the  equilibrium  of 
a  homogeneous  fluid  mass  endowed  with  a  rotatory  motion ;  which  by  con- 
firming the  results  of  the  preceding  analysis,  will  at  the  same  time  seire 
to  remove  any  doubts  we  may  entertain  against  the  generality  of  this  ana- 
lysis. 

First  suTjpose  the  spheroid  one  of  revolution^  and  that  its  radios  is  s 
( 1  +  a  y ))  y  being  a  fiinction  of  m,  or  of  the  cosine  of  the  angle  ^  which  thii! 
radius  makes  with  the  axis  of  revolution.  If  we  call  f  any  straight  lice 
drawn  firom  the  extremity  of  this  radius  in  the  interior  of  the  spheroid;  p 
the  complement  of  the  angle  which  this  straight  line  makes  with  the  plane 
which  passes  through  the  radius  a  ( 1  +  <»  y )  &nd  through  the  axis  of  revolu- 
tion; q  the  angle  made  by  the  projection  of  f  upon  this  plane  and  by  the 
radius ;  finally,  if  we  call  V  the  sum  of  all  the  molecules  of  the  spheroid, 
divided  by  their  distances  from  the  molecules  placed  at  the  extremitr  d 
the  radius  a  (1  +  a  y) ;  each  molecule  being  equal  to  f '  d  f.  d  p.dq* 
sin.  p,  we  shall  have 

V  =  iy P*  d  p .  d  q .  sin.  p, 
r  being  what  f  becomes  at  its  quitting  the  spheroid.     We  must  now  de- 
termine f  in  terms  of  p  and  q. 

For  that  purpose,  we  shall  observe  that  if  we  call  /,  the  value  of  ^  rela- 
tive to  this  point  of  exit,  and  a  (1  +  ay'),  the  correspondmg  radius  of  the 
spheroid,  y'  being  a  similar  function  of  cos.  ^  or  of  m'  that  y  is  of  m; « 
is  easily  seen  that  the  cosine  of  the  angle  formed  by  the  two  straight  Ubcs 
P  and  a  ( 1  +  a  y)  is  equal  to  sin.  p .  cos.  q ;  and  therefore  that  in  tw 
triangle  formed  by  the  three  straight  lines  T,  a  (1  +  «y)  ^uid  a  (I  +^; 
we  have 

a*(l  +  ay')»  =  r*  — 2af'(l  +  ay)sin.p.cos.  q  +  a«(l +«)')• 

This  equation  gives  for  f*  two  values;  but  one  of  them  being  of  tw 
order  a*  is  nothing  when  we  neglect  the  quantities  of  that  order;  ^ 
other  becomes 

r*  =  4  a*  sin. «  pcos.«q  (1  +  2ay)  +  4aa«(y'— y); 
which  gives 

^- •^'^ "^-^^'.  /^      f  -  Ci.     €im  S  ^ 

/ c'"  \  OP  ^   CRO    ^       ^    ^ 
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V=  2a«/dpdqsin.  p  {{I  +2ay)  sin.«  p  cos. «  q  +  a  (y  —  y)j; 
It  is  evident  that  the  integrals  must  be  taken  from  p  =  0,  to  p  =  at,  and 
from  q  =  —  ^irtoq  =  ^^;  we  shall  therefore  have 

V  =  |»a«— J  a^a'y  +  2  a  a«/d  p  .  dq.y'sin.  p  •  ^ 
y'  being  a  function  of  cos.  ^,  we  must  determine  this  cosine  in  a  function 

of  p  and  q ;  we  may  therefore  in  this  determination  neglect  the  quantities 
of  the  order  oe,  since  y'  is  already  multiplied  by  a ;  hence  we  easily  find 

a  cos.  ^  =  (a  —  P  sin.  p  cos.  q)  cos.  tf  +  f '  sin.  p .  sin.  q .  sin.  6  ; 
whence  we  derive,  substituting  for  {'  its  value  2  a  sin.  p  cos.  q, 

m''  =  m  cos.  *  p  —  sin.  *  p  cos.  (2  q  +  tf).  (^  > 

Here  we  must  observe,  relatively  to  the  integral  y  y'  d  p .  d  q .  sin.  p, 
taken  relatively  to  q  from  2q=  —  «'to2qi=flr,  that  the  result  would 
be  the  same,  if  this  integral  were  taken  from  2q  =  —  ^to2q  =2  «*. —  ^, 
because  the  values  of  m',  and  consequently  of  y'  are  the  same  from  2  q  = 
—  irto2q=:  —  ^as  from  2q  =  a'to2q  =  2ir  —  6;  supposing  there- 
fore 2  q  +  tf  =  q',  which  gives 

m^  =  m  cos. '  p  —  sin. '  p  cos.  q' ; 
we  shall  have 

V  =  ffl-a'-^lttflra^y  +  «» *y*y'  d  p  d  q'  sin.  p ; 

the  integrals  being  taken  from  p  =  0  to  p  z=  9  and  from  q'  =  0  to  q'  = 
2  9. 

Now  if  we  denote  by  a^  N  the  integral  of  all  the  forces  extrinsic  to  the 
attraction  of  the  spheroid,  and  multiplied  by  the  elements  of  their  direc- 
tions ;  by  568  we  shall  have  in  the  case  of  equilibrium 

constant  =  V  +  a*  N, 
and  substituting  for  V  its  value,  we  shall  have 

const.  =  It  Ok  9,  y  —  a/y  dp.dq'  sin.  p  —  N;  • 

an  equation  which  is  evidendy  but  the  equation  of  equilibrium  of  No..  568, 
presented  under  another  form.  This  equation  being  linear,  it  thence  results 
that  if  any  number  i  of  radii  a  (I  +  ay),  a  (1  +  a  v),  and  satisfy  it;  the 

radius  al+-T-(y  +  v  +  &c.)]  will  also  satisfy  it. 

Suppose  that  the  extraneous  forces  are  reduced  to  the  centrifugal  force 
due  to  the  rotation,  and  call  g  this  force  at  the  distance  1  from  the  axis  of 
rotation ;  we  shall  have,  by  567,  N  =  J  g  (1  —  m*) ;  the  equation  of 
equilibrium  will  therefore  be 

const  :^  It  (tvy  —  aj^y  d  p  d  q'  sin.  p  —  J  g  (1  —  ™*)» 

Differentiating  three  times  successively,  relatively  to  m,  aud  oVssftTNW^ 

that  r% — \  =  cos-*p,  in  virtue  of  the  equation 


K. 


/ 
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m'  =:  m  COS.  *  p  —  sin.  *  p  cos.  q'; 
we  shall  have 

®=»  •  (d^^  -/dpdq'sin.pcos.sp  (^^,)  . 

but  we  hsvey* d  p  d  q'  sin.  p  cos.'  p  =  -=-;  we  may  tberefi«e  pot  the  , 

preceding  equation  under  this  form, 

0=/dpdqsin.pcos..p{j(^,)-(^)}. 

This  equation  subsists,  whatever  m  may  be ;  but  it  is  evident,  tk 
amongst  all  the  values  between  m  =  —  1  and  m  =  I,  there  is  one  which 
we  shall  designate  by  h,  and  which  is  such  that,  abstraction  being  nude 

of  the  sign,  each  of  the  values  of  (t-^s)  ^iU  ^ot  exceed  that  idiidi  is  re- 
lative to  h ;  denoting  therefore  by  H,  this  latter  value,  we  shall  have 
0=/dpdcfsin.pcos.«p{;H—  (j^)  }  • 

The  quantity  }  H  ^-  (  i     ,"s\  has  evidently  the  same  sign  as  H,  and 

the  factor  sin.  p  •  cos.^  p,  is  constantly  positive  in  the  whole  extent  of  tbe 
integral ;  the  elements  of  this  integral  have,  therefore,  all  of  them  the 
same  sign  as  H;  whence  it  follows  that  the  entire  integral  cannot  be  no- 
thing, at  least  H  cannot  be  so,  which  requires  that  we  have  generally 

0  z=  ( 1    ^\  whence  by  integrating  we  get 

y  =  1+  tn»  Tn.  +  u.wl*; 
1,  ;»,  n,  being  arbitrary  constants. 

If  we  fix  the  ori^  of  the  radii  in  the  middle  of  the  axis  of  revolutioo, 
and  take  for  a  the  half  of  this  axis,  y  will  be  nothing  when  m  =  1  ^ 
when  m  =  —  1,  which  gives  m  =  0  and  n  =  —  1 ;  the  value  of  y  ihss 
becomes,  1  (1  —  m');  substituting  in  the  equati<Mi  (^  equilibrium, 
const  =  ^a*y  — a^y'  d  p  d  q'  sin.  p  —  ig  (1  — m.*); 

we  shall  find  a  1  =  7^  =  -^  a  p,  a  f  being  the  ratio  of  the  centrifogal 

10  V         4 

force  to  the  equatorial  gravity,  a  ratio  which  is  very  nearly  equal  to  j^; 
the  radius  of  the  spheroid  will  therefore  be 

a{l  +  ^(l-mO}; 

whence  it  follows  that  the  spheroid  is  an  ellipsoid  of  revolution,  which  ^ 
conformable  to  what  precedes. 


J        *>      'i.O  '  •         ^•''»*-  ^      UtM      y        JC  y*  y/' 


'^      / 


/ 
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Thus  we  have  determined  directly  and  independently  of  series,   the 
figure  of  a  homogeneous  spheroid  of  revolution,  which  turns  round  its 
axis,  and  we'  have  shown  that  it  can  only  be  that  of  an  ellipsoid  which 
becomes  a  sphere  when  ^  =2  0 ;  so  that  the  sphere  is  the  only  figure  off  ^^  *^ . .  < 
revolution  which  would  satisfy  the  equilibrium  of  an  immoveable  homo-'    ^^^^^'*  ^ 
geneous  fluid  mass. 

Hence  we  may  conclude  generally,  that  if  the  fluid  mass  is  sollicited 
by  any  very  small  forces,  there  is  only  one  possible  figure  of  equilibrium . 
or,  which  comes  to  the  same,  there  is  only  one  radius  a  (1  +  <>^  y)  which 
can  satisfy  the  equation  of  equilibrium,  ^ 

const.  r=  I  a  ir  •  y  —  <^fj  d  p  •  d  q'  sin.  p  —  N; 
y  being  a  function  of  6  and  of  the  longitude  «,  and  y'  being  what  y  be- 
comes when  we  change  6  and  w  into  ^  and  v  •     Suppose,  in  fact^  that 
there  are  two  difierent  rays  a  (1  +  a  y)  and  a  (1  +  «  y  +  «  v)  whicli 
satisfy  this  equation ;  we  shall  have 

const  =  $  a  «•  (y  +  v)  —  «y  (/  +  v')  d  p  d  q'  sin.  p  —  N.  /^  ^ 

Taking  the  preceding  equation  from  this,  we  shall  have 

const  =  I  fl*  V  — y  v'  d  p  d  q'  sin.  p. 

This  equation  is  evidently  that  of  a  homogeneous  spheroid  in  equili- 
brium, whose  radius  is  a  (1  +  <*  v),  and  which  is  not  sollicited  by  any 
force  extraneous  to  the  attraction  of  its  molecules.  The  angle  v  disappear- 
ing in  this  equation,  the  radius  a  (1  +  a  v)  will  still  satisfy  it  if  «  be  suc- 
cessively changed  to  v  +  d  ir,  v  +  2  d  v.  Sic,  whence  it  follows,  that  if 
we  call  V],  V9,  &C.  what  v  becomes  in  virtue  of  these  changes;  the 
radius 

a{l  +<*vdv-favid«r  +  <^V8d«+  &c.}, 
or 

a  (1  +  a/v  d  *), 

will  satisfy  the  preceding  equation.  If  we  take  the  integral  y  v  d  «  from 
«  z=  0  to  V  =  2  «^,  the  radius  a  (1  +  ay  v  d  «)  becomes  that  of  a  sphe- 
roid  of  revolution,  which,  by  what  precedes,  can  only  be  a  sphere :  see 
the  condition  which  results  for  v.  . 

Suppose  that  a  is  the  shortest  distance  of  the  center  of  gravity  of  the 
spheroid  whose  radius  is  a  (I  +  a  v),  to  the  surface,  and  fix  the  pole  or 
origin  of  the  angle  tf  at  the  extremity  of  a ;  v  will  be  nothing  at  the  pole^ 
and  positive  every  where  else;  it  will  be  the  same  for  the  integraiyvd  tr. 
But,  since  the  center  of  gravity  of  the  spheroid  whose  radiusisa  (1+a  v), 
is  at  the  center  of  the  sphere  whose  radius  is  a«  this  point  will,  in  Uke 
manner,   be  the   center  of  gravity  of   the   spheroid   whose   radius   is 


• 

,.  «  '■-r        -.^'/        7  f^                        y 

^C'.'',>        ^    '/vf^/ 
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a.(l  4-  ajy  d  v) ;  the  different  radii  drawn  from  this  center  to  the  sur- 
&ce  of  this  last  spheroid  are  therefore  unequal  to  one  another,  if  v  is  not 
nothing;  there  can  only  therefore  be  a  sphere  in  the  case  of  v  =  0 ;  thus  we 
learn  for  a  certainty,  that  a  homogeneous  spheroid,  solhcited  by  any  small 
forces  whatever,  can  only  be  in  equilibrium  in  one  manner. 
''  ^Oa\  h^\»    We  have   supposed   that   N  is   independent  of  the    figure  d 

^  the  spheroid;  which  is  what  very   nearly  takes  place  when  the  forces, 

extraneous  to  the  action  of  the  fluid  molecules,  are  due  to  the  centri- 
fugal force  of  rotatory  motion,  and  to  tlie  attraction  of  bodies  exterior 
to  the  spheroid.  But  if  we  conceive  at  the  center  of  the  spheroid  a  finite 
force  depending  on  the  distlmce  r,  its  action  upon  the  molecules  placed  &t 
the  surface  of  the  fluid,  will  depend  on  the  nature  of  this  surface,  and 
consequently  N  will  depend  upon  y.  Tliis  is  the  case  of  a  homogeneous 
fluid  mass  which  covers  a  sphere  of  a  density  different  from  that  of  the 
fluid ;  for  we  may  consider  this  sphere  as  of  the  same  density  as  the  fluidi 
and  may  place  at  its  center  a  force  reciprocal  to  the  square  of  the  dis- 
tances ;  so  that,  if  we  call  c  the  radius  of  the  sphere,  and  i  its  density,  that 
of  the  fluid  being  taken  for  unity,  this  force  at  the  distance  r  will  be  equal 

to  I  «• .  — ^^-j .     Multiplying  by  the  element  —  d  r  of  its  directicm 

the  integral  of  the  product  will  be  f  4r.  — ^ ^,  a  quantity  which  we 

must  add  to  a'  N ;  and  since  at  the  surface  we  have  r=:a(l-f-ay),  in 
the  equation  of  equilibrium  of  the  preceding  No.,  we  must  add  to  N, 

This  equation  will  become 

4  ft  cr  I  c  ^1 

const.  =•  -3— |1  +  (f —  !)•  -ujy — a/y'dp.dq  sin.p  — X. 

If  we  denote  by  a  (1  +  ay  +  a  v),  a  new  expression  of  the  radius  of 
the  spheroid  in  equilibrium,  we  shall  have  to  determine  v,  the  equation 

const  =  Jfl"!  1  -I-  (f — 1)— } — yv'dpd  q'sin. p; 

an  equation  which  is  that  of  tlie  equilibrium  of  the  spheroid,  supposing  it 
immoveable,  and  abstracting  every  external  force. 

If  the  spheroid  is  of  revolution,  v  will  be  a  function  of  cos.  ^  or  monk; 
but  in  this  case  we  may  determine  it  by  the  analysis  of  the  preceding  No. ; 
for  if  we  difl*erentiate  this  equation  i  +  1  times  successively  relatively  to 
m,  we  shall  have 

0= j.  {1  +  (f- 1)  S^l  (d^)_/(^i±;j;)dpdqsin.pcos.«+V 
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but  we  hikve 

/d  p  d  q'  sin.  p  cos. « »  + « p  =  ^T^ ; 
the  preceding  equation  may  therefore  be  put  under  this  form, 

o=/dpd<^,i.pcos..H.p{ai+l(n.fn.i-:)(^',)_C;';)}. 

We  may  take  i  such  that,  abstraction  being  made  of  the  sign,  we  have 

Supposing,  therefore,  that  i  is  the  smallest  positive  whole  number  which 
renders  this  quantity  greater  than  unity,  we  may  see,  as  in  the  preceding  No., 

that  this  equation  cannot  be  satbfied  unless  we  suppose  \^ — riTi)  =  ^> 

which  gives 

V  =  mJ  +  Am»-'  +  Bm  *-«  +  &c. 

Substituting  in  the  preceding  equation  of  equilibrium  for  v,  this  value, 
and  for  v' 

m'»  +  Am'*-i+  Bm'»-«  +  8tc. 
m'  being  by  the  preceding  No.  equal  to  m  cos.  *  p  —  sin.  *  p  cos.  q',  first 
we  shall  find 

i  +  (8-i)^-;  =  2iVr  "^ 

which  supposes  g  equal  to  or  less  than  unity ;  thus,  whenever  a,  c,  and  g 
are  not  such  as  to  satisfy  this  equation^  i  being  a  positive  whole  number, 
the  fluid  can  be  in  equilibrium  only  in  one  manner.     Then  we  shall  have 

A^U,     «-  — 2(2i_l)'  ^''• 
so  that 

I         i(i— 1)  i    «,i(i  — l)(i  — 2)(i  — 8)      i_4     o, 

there  are,  therefore,  generally  two  figures  of  equilibrium,  since  a  v  is  sus- 
ceptible of  two  values,  one  of  which  is  given  by  the  supposition  of  a  =  0, 
and  the  other  is  given  by  the  supposition  of  v  being  equal  to  the  preced- 
ing function  of  m. 

If  the  spheroid  has  no  rotatory  motion,  and  is  not  soUicited  by  any  ex- 
traneous force,  the  first  of  these  two  figures  is  a  sphere,  and  the  second 
has  for  its  meridian  a  curve  of  the  order  i.  These  two  curves  coincide  in 
the  case  of  i  ==  i,  because  the  radius  a  (1  +  am)  is  that  of  a  sphere  in  • 
which  the  origin  of  the  radii  is  at  the  distance  a  from  its  center ;  but  then 
it  is  easy  to  see  that  ^  =  1,  that  is,  the  spheroid  is  homogeneous,  a  result 
agreeing  with  that  of  the  preceding  No. 
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672.  When  we  have  figures  of  revolution  which  satisfy  the  eqnilibriuni, 

it  b  easy  to  obtain  those  which  are  not  of  revolution  by  the  following 

metiiod.     Instead  of  fixing  the  origin  of  the  angle  S  at  the  extremity  of 

the  axis  of  revolution,  suppose  it  at  the  distance  7  from  this  extremity,  and 

call  ^  the  distance  from  this  same  extremity  of  the  point  of  the  surface 

whose  distance  from  the  new  origin  of  the  angle  tf  is  ^.     Call,  moieover, 

w  —  fi  the  angle  comprised  between  the  two  arcs  S  and  7;  we  shall 

have 

cos.^  =:  cos.7Cos.^+  sin./siu.  tf.oos.  (v — p); 

designating  therefore  by  r .  (cos.  ^)  the  function 

cos  J  ^  —  ~|^7^-^  •  cos.*-«^  +  &c. ; 

the  radius  of  the  immoveable  spheroid  in  equilibrium,  which  we  hare  seen 
is  equal  to  a  [1  +  «  r.  (cos.  ^)||  will  be 

a  +  aar.  {cos^/.cos.  6+  sin./.sin.  ^cos.  (v — jS)}; 
and  although  it  is  a  function  of  the  angle  v,  it  belongs  to  a  solid  of  revo- 
lution, in  which  the  angle  ^  is  not  at  the  extremity  of  the  axis  of  revo- 
lution. 

Since  this  radius  satisfies  the  equation  of  equilibrium^  whatever  may  be 
a,  ^,  and  7,  it  will  also  satisfy  in  changing  these  quantities  into  a'^  ?)  h 
«">  ^'9  /'j  &c  whence  it  follows  that  this  equation  beiug  linear,  the  radius 
a  +  ^  a  !"•  {cos.  7  COS.  ^  +  sin.7  8in.^cos.  («  —  P)] 
+  a'  a  r .  {cos.  /  COS.  ^  +  sin.  /  sin.  0  cos.  (tr — fi^)] 
+  &c 
will  likewise  satisfy  it     The  spheroid  to  which  this  radius  belongs  is  do 
longer  one  of  revolution ;  it  is  formed  of  a  sphere  of  the  radius  a,  and  oi 
any  number  of  shells  similar  to  the  excess  of  the  spheroid  of  revolutioo 
whose  radius  is  a  +  a  a  r .  (m)  above  the  sphere  whose  radios  is  a,  these 
shells  being  placed  arbitrarily  one  over  another. 

If  we  compare  the  expression  of  r.  (cos.  ^)  with  that  of  P  ^^  of  No.  56T, 
we  shall  see  that  these  two  functions  are  ;5imilar,  and  that  they  differ  only 
by  the  quantities  7  and  /S,  which  in  P  ®  are.v  and  '^  and  by  a  fector  in- 
dependent of  m  and  w;  we  have,  therefore, 

"=V 315 J+       l-m'     +'l'+i)^l.'^f' 

It  is  easy  hence  to  conclude,  that  if  we  represent  by  a  Y  <*>  the  function 
a  .  r .  {cos.  7  COS.  i  +  sin.  7  sin.  i .  cos.  (w  —  P)} 
+  a' .  r .  {cos.  /  cos.  6  +  sin.  7'  sin.  i .  cos.  (v  —  P^\ 
+  &c   # 
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Y  (^)  will  be  a  rational   and  entire  function  of  m,  VI  —  m '  cos.  v, 

V  1  —  m  *  sin.  «,  which  will  satisfy  the  equation  of  partial  diflPerences, 

'd  Y  c»)^ 


l)Yt^; 


choosing  for  Y  %  therefore,  the  mo^t  general  function  of  that  nature,  the 
function  a  (1  +  «  Y  ^^))  will  be  the  most  general  expression  of  the  equili- 
brium of  an  immoveable  spheroid. 

We  may  arrive  at  the  same  result  by  means  of  the  series  for  V  in  555 ; 
for  the  equation  of  equilibrium  being,  by  the  preceding  No., 

const  =  V  +  a*  N; 
if  we  suppose  that  all  the  forces  extraneous  to  the  reciprocal  action  of  the  fluid 

/  1  \       3 

molecnles,  are  reducible  to  a  single  attractive  force  equal  to  f  <r.  ^^      , —  , 

placed  at  the  center  of  the  spheroid,  by  multiplying  this  force  by  the  ele* 
ment  — -  d  r  of  its  direction,  and  then  integrating,  we  shall  have 

r 
and  since  at  the  surface  r=sa(l  +  tty)  the  preceding  equation  of  equi- 
librium will  become 

c' 
const  =  V  +  J  a  «• .  —  (1  —  rt  y. 

a 

Substituting  in  this  equation  for  V  its  value  given  by  formula  (3)  of 
No.  555,  in  which  we  shall  put  for  r  its  value  a  (1  +  a  y),  and  by  sub- 
stituting for  y  its  value 

Y(o)  +  YC»)  +  Y»)  +  &c.; 
we  shall  have 

0  =    {(l_j)^+2}  Y»)  +  (l-e)jlY(«+  {(1_j)£;_|}y« 

the  constant  a  being  supposed  such,  that  const  =  |  fr  a*.  This  equation 
gives  Y  ^^>  =  P,  Y  (^^  =  0,  Y  ®  =  0,  &c.  unless  the  coeflScient  of  one  of  these 
quantities,  of  Y  (^)  for  example,  is  nothing,  which  gives 


(l-f)4r= 


2i  — 2 


a-       2i'+l* 


i  being  a  positive  whole  number,  and  in  this  case  all  these  quantities  ex- 
cept Y  ^^  are  nothing ;  we  shall  therefore  have  y  =  Y  %  which  agrees 
with  what  is  found  above. 

Thus  we  see,  that  the  results  obtained  by  the  expansion  of  V  into  a  se- 

VoL.   II.  s 
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TteSf  have  all  possible  generali^,  and  that  no  figure  of  eqdlibrium  has 
escaped  the  analysis  founded  upon  this  expansion ;  which  confions  what 
we  have  seen  d  priori^  by  the  analysis  of  555,  in  which  we  have  proved 
that  the  form  which  we  have  given  to  the  radius  of  spheroids,  is  not  arbi- 
trary but  depends  upon  the  nature  itself  of  their  attractions. 

573.  Let  us  now  resume  equation  (J)  of  No.  567.  If  we  therein  sub- 
stitute for  V  its  value  given  by  formula  (6)  of  No.  558,  we  shall  have  rela- 
tively to  the  different  fluid  shells 

/— =2«/f  da*+  4a«/^  d  {a*  Y^^^+^Y (« +—-¥(«>+ ^Y»)+&cj 

+|7/^da^+i^/fd{a'Y(«)+|lYa)+|p^ 

+  arMZ<«)+  Z<2)  +  rZC3)  +  r«ZW  +  &C.J;     •    .    .    .    (1^ 

the  differentials  and  integrals  being  relative  to  the  variable  a;  the  tw-o  first 
integrals  of  the  second  member  of  this  equation  must  be  taken  from  a  =  ato 
a  =  1,  a  being  the  value  of  a,  relative  to  the  leveled  ftmd  shell,  which  we  are 
considering,  and  this  value  at  the  surface  being  taken  for  unity :  the  two  la&t 
integrals  ought  to  be  taken  from  a  =:  0  to  a  =  a :  finally,  the  radios  r 
ought  to  be  changed  into  a  (1  +  ay)  after  all  the  differentiations  and  in- 
tegrations.    In  the  terms  multiplied  by  a  it  will  suffice  to  change  r  into 

a ;  but  in  the  term  -g — J*^  d  .  a^  we  must  substitute  a  (1  +  »  y)  for  r: 

o  r 

which  changes  it  into  this 

and  consequently,  into  the  following 

i^Jl  _  «  YW  —  a  Y")  —  «  Y<«>  — &cj.yf  d  a'. 
o  a 

Hence  if  in  equation  (I)  we  compare  like  functions,  we  shall  have 
/^^  =  2  ^-/f  d  a»  +  4  a  ^/^  d  (a«  Y^)  +^fs  d  a' 

—  ^^Y<Vf  d  a'  +'^^fs  d  (a'  Y^o))  +  «  a»  Z^'; 

the  two  first  integrals  of  the  second  member  of  this  equation  being  taUn 
from  a  =  a  to  a  =  1,  the  thr^  other  int^als  must  be  taken  from  r. 
=  0  to  a  =  a.  This  equation  determining  neither  a  nor  Y^^',  but  onlya 
relation  between  them,  we  see  that  the  value  of  Y  ^^  is  arbitrary,  and  m} 
be  determined  at  pleasure.  We  shall  have  then,  i  being  equal  to^  ^' 
greater  than  unity. 
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4«a'        ,   /Y0\       4* 


« "lirf-^'"- (.-)  -  If  ^  "'/^  ■" 


3 


+  (2rr^TMn-/e^('''+'Y0))  +  a'Z«);  .     .(2) 

the  first  integral  being  taken  from  a=:a,  toa=  ],  and  the  two  others 
being  taken  from  a  =  0  to  a  =  a.  This  equation  will  give  the  value  of 
Y  ^'^  relative  to  each  fluid  shell,  when  tlie  law  of  the  densities  ^  shall  be 
known. 

To  reduce  these  different  integrals  within  the  same  limits,  let 

2i+ l-^^^Va^-V  +  ^  2i+l^     ' 

the  integral  being  taken  from  a  =  0  to  a  =  1 ;  Z'  ^^)  will  be  a  quantity  in* 
dependent  of  a,  and  the  equation  (2)  will  become 

0  =  (2i+l)a'YVfda^+3a«*+^/^d(X^) 

—  S/e  d  (a  J  +  »  Y  ('))  —  3  a«  i+»  Z'  ^^; 
all  the  integrals  being  taken  from  a  =  0  to  a  =  a. 

We  may  make  the  signs  of  integration  disappear  by  differentiating  re- 
latively to  a,  and  we  shall  have  the  differential  equation  of  the  second 
order, 

/d^Y^.  _    fi(i+l)  6ga    \  Y  a)  _  Al^f^.^^^         4^ 

V  daW  ""     I       T^  fid  a'}  /f  d.a'  V  da   /•         f 

The  integral  of  this  equation  will  give  the  value  of  Y  ^^  with  two  arbi- 
trary constants ;  these  constants  are  rational  and  entire  functions  of  the 
oi-der  i,  of  m,  VI  —  m  * .  sin.  «^,  and  VI  —  m  * .  cos.  w,  such,  that  re- 
presenting them  by  U  ^\  they  satisfy  the  equation  of  partial  differences, 

„_^^{('-°-)-(^)}Vr-^) 

\  dm  y  1  - 


m« 


+  i(i+  1).U 


(i) 


One  of  these  functions  will  be  determined  by  means  of  the  function 
Z^  Ci)  which  disappears  by  differentiation,  and  it  is  evident  that  it  will  be  a 
multiple  of  this  function.  As  to  the  other  function,  if  we  suppose  that 
the  fluid  covers  a  solid  nucleus,  it  will  be  determined  by  means  of  the 
equation  of  the  surface  of  the  nucleus,  by  observing  that  the  value  of 
Y  '~'^  relative  to  the  fluid  shell. contiguous. to  this  surface,  is  the  same  as 
that  of  the  surface.  Thus  the  figure  of  the  spheroid  depends  upon  the 
figure  of  the  internal  nucleus,  and  upon  the  fofces  which  soUicit  the 
fluid. 

574.  If  the  mass  is  entirely  fluid,  nothing  then  determining  one  of  the 
arbitrary  constants,  it  would  seem  that  there  ought  to  be  an  infinity  of 
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figures  of  equilibrium.  Let  us  examine  this  case  pardcolarly,  which  is 
the  more  interesting  inasmuch  as  it  appears  to  have  subsisted  primi- 
tively for  the  celestial  bodies. 

First,  we  shall  observe  that  the  shells  of  the  spheroid  ought  to  decrease 
in  density  from  the  center  to  the  surface ;  for  it  is  clear  that  if  a  denser 
shell  were  placed  above  a  shell  of  less  density,  its  molecules  "would  pen&- 
trate  into  the  other  in  the  saqie  manner  that  a  pond^ous  body  sinks  into 
a  fluid  of  less  density ;  the  spheroid  will  not  therefore  be  in  eqiulibrium. 
But  whatever  may  be  its  density  at  the  center,  it  can  only  be  finite;  re* 
ducing  therefore  the  expression  of  f  into  a  series  ascending  relatively  to 
the  powers  of  a,  this  series  will  be  of  the  form  /3  —  y.a**  —  &c  ft  7  and 
n  being  positive ;  we  shall  thus  have 


a^.g      _  -  ny.a*         ^ 


II 


and  the  differential  equation  in  Y  C)  will  become 

(-dP-)=  i('-2)('  +  »)  +  (5T3):^-^''}-i^ 

6    f-        ny.a"     ,    ,     \      /dY®v 

To  integrate  this  equation,  suppose  that  Y  <^  is  developed  into  a  series 
ascending  according  to  the  powers  of  a,  of  this  form 

Y«  =a».U<*>  +  a''.U'W  +  &c.; 

the  preceding  differential  equation  will  give 

(s  +  i+S)(8  — i+2)a— «U^')+(s'+i  +  8)(s'— i  +  2)a«'-«U'«+&c. 

=  (l^qfip  ^(^  +  ^)  *'"*•  ^^  +  (^'  +  ^)  a-^-^'U'^  +  &cl  .  [^ 

Comparing  like  powers  of  a,  we  have  (s  +  i  +  3)  (s  —  i  +  2)  =  <^ 
which  gives «  =  i  —  2,  and  s  =  —  i  —  3.  To  each  of  these  valuesof 
s,  belongs  a  particular  series,  which,  being  multiplied  by  an  arbitrary,  «^" 
be  an  integral  of  the  differential  equation  in  Y  ^ ;  the  sum  of  these  two  in- 
tegrals will  be  its  complete  integral.  In  the  present  case,  the  series  whicli 
answers  to  s  =  —  i  —  3  must  be  rejected;  for  there  thence  results for^ 
Y  ® ,  an  infinite  value,  when  a  shall  be  infinitely  small,  wbidi  would  render 
infinite  the  radii  of  the  shells  which  are  infinitely  near  to  the  center.  Td'^- 
of  the  two  particular  int^rals  of  the  expression  of  Y  ® ,  that  which  ans^e^ 
to  8  r=  i  —  2  ought  alone  to  be  admitted.  This  expression  then,  cootaii^^ 
no  more  than  one  arbitrary  which  will  be  determined  by  the  Amotion  Z  '• 

Z  <»  being  nothing  by  No.  667,  Y  «  is  likewise  nothing,  so  that  th^ 
center  of  gravity  of  each  shell,  is  at  the  center  of  gravity  of  the  eo^^^' 
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spberoid.     In  &ct  the  differential  equation  in  Y  <*>  of  the  preceding  No, 
gives 


( 


d '  Y  Wx  _ /  2x      •    6fa»V,..        6fa«      /dY«)x 
da*;-Ua«>      JTSn^'f     ~jTd~^''\~3T)- 

^  TI(0 

We  satisfy  this  equation  by  making  Y  ^'>  =  — - ,  U  ('>  being  indepen- 
dent of  a.  This  value  of  Y  ^^^  is  that  which  answers  to  the  equaticm 
s  =  i  —  2 ;  it  is,  consequently,  the  only  one  which  we  ought  to  admit. 
Substituting  it  in  the  equation  (2)  of  the  preceding  No.,  and  supposing 
Z  ^^^  =  0,  the  function  U  ^^^  disappears,  and  consequendy  remains  arbitrary; 
but  the  condition  that  the  origin  of  the  radius  r  is  at  the  center  of  gravity 
of  the  terrestrial  spheroid,  renders  it  nothing;  for  we  shaU  see  in  the  follow- 
ing No.  that  then  Y^*^  is  nothing  at  the  surface  of  every  spheroid  covered 
over  vfdth  a  shell  of  fluid  in  equilibrium ;  we  shall  have,  therefore,  in  the 
present  case  U  ^'^  =  0 ;  thus,  Y  ^^)  is  nothing  relatively  to  all  the  fluid  shells 
which  form  the  spheroid. 

Now  consider  the  general  equation, 

Y(»)  =  a«.  U^*)  +  a^.U^)+&c; 
s  being,  as  we  have  seen,  equal  to.  i  —  2,  s  is  nothing  or  positive,  when  i 
is  equal  to  or  greater  than  2;  moreover,  the  functions  TJ'  %  U^'^^\  &c.  are 
given  in  U  %  by  the  equation  (e)  of  this  No. ;  so  that  we  have 

Y^)  =  h.U^'); 
h  being  a  function  of  a,  and  U  ^^^  being  independent  of  it.     If  we  substi- 
tute this  value  of  Y  <*^  in  the  differential  equation  in  Y  ^*^  we  shall  have 
d«h_    r.    .  .  6ga»     )      h  6ga*        dh 

"da^-  t^^*+  ^^~Jfd7^y  a«  ~/gd.a»  'Wl' 

The  product  i  (i  +  1)  is  greater  than  -yr-4 — 5-5  when  i  Im  equal  to  or 

p  a^ 
greater  than  2,  for  the  fraction  y-^ ;  is  less  than  unity;  in  fact  its 

denominator  f  ^A.  a '  is  equal  to  ga*  —  f  ^*  ^  h  ^^^  *^®  quantity 
—  fa^  d  ^  is  positive^  since  p  decreases  from  tfie  center  to  the  surface. 

Hence  it  follows  diat  h  and  ^ —  are  constantly  positive,  from  the 

Q  a 


center  to  the  surface.   To  show  this,  suppose  that  both  these  quantities  are 

positive  in  going  from  the  center ;  d  h  ought  to  become  negative  before  h, 

and  it  is  clear  that  in  order  to  do  this  it  must  pass  through  zero ;  but 

from  the  instant  it  is  nothing  d '  h  becomes  positive  in  virtue  of  the  pre^ 

ceding  equation,  and  consequently  d  h  begins  to  increase ;  it  can  never 

therefore  become  negative.     Whence  it  follows  that  h  and  d  h  always  pre* 
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serve  the  same  sign  from  the  center  to  the  sur&ce.  Now  both  of  these 
quantities  are  positive  in  going  from  the  center;  for  we  have  in  virtae  of 
equation  (e),  s'  —  2  =  8  +  n  —  2,  which  gives  s'  =  i  +  n  —  2;  hence 
we  hare 

whence  we  derive 

Tjm-         6(i-l)y.U0)        . 
-(n  +  8)(2i  +  n  +  l).(3' 
we  shall  therefore  get 

+  (n  +  8)(2i  +  n+  l)^'*"^''''' 

dh,  ,.,      6(i-l)(i  +  n-2)y.a^-H"-3    ,. 

TS""^       ^  +  (n+3)(2i+n  +  l)/3       ^^ 

7,  0f  n,  being  positive,  we  see  that  at  the  center  h  and  d  h  are  positive, 
when  i  is  equal  to  or  greater  than  2 ;  they  are  therefore  constantly  positive 
from  the  center  to  the  surface. 

Relatively  to  the  Earth,  to  the  Moon,  to  Jupiter,  &c.  Z  (')  is  nothing  or 
insensible,  when  i  is  equal  to  or  greater  than  8 ;  the  equation  (2)  of  the 
preceding  No.  then  becomes 

0=  J3a«»  +  yfd(jp^)— (2i+l)a»h/gda^+3/gd(a*+»h)!.U^ 

the  first  int^al  being  taken  from  a  =  a,  to  a  =  1,  and  the  two  others 
being  taken  from  a  s  0,  to  a  =  a.  At  the  surface  where  a  =  1,  thisequa- 
tion  becomes 

0=  {  — (2i+l)h/^d.a^+3/gd(a'+3h)J.  U^^^j 
\  an  equation  which  we  can  put  under  this  form 

•      0  =  {  — (2i  — 2)eh  +  (2i+l)h/aMe— V*''^^'*-^^^^  • 
d  f  is  negative  from  the  center  to  the  sur&ce,  and  h  increases  in  the 
same  interval;  the  function  (2  i  + 1 )  h/a »  d  f  —  3/ a  »■*■  3  h  d  g  is  therefore 

negative  in  the  same  interval ;  thus  in  the  preceding  equation  the  coeffi- 
cient of  U  ^^>  is  negative  and  cannot  be  nothing  at  the  surface ;  U  ^^  ougbi 
therefore  to  be  nothing,  which  gives  Y  ^*^  =  0 ;  the  expression  of  the  ra- 
dius of  the  spheroid  thus  reduces  to  a  +  a  a  {Y  ^®^  +  Y  («)J ;  that  is  to  say. 
that  the  surface  of  each  leveled  shell  of  the  spheroid  is  elliptic,  and  conse- 
quently its  exterior  surface  is  elliptic. 

Z  ^«),  relatively  to  the  Earth  is,  by  No.  567,  equal  to  —  ^  (m*  -  J)' 

the  equation  (2)  of  the  preceding  No.  gives  therefore 
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0=  {J^aVfdh— |*a«h./fda»+|*/fd(a»h)?U«-^a»(in«  — J). 

At  the  surface,  the  first  integraiy*^  d  h  is  nothing;  we  have  therefore  at 
tliis  surface  where  a  =  1, 

|T.h./^d.a«— J<r/?d(a^h)- 
Let  a  9,  be  the  ratio  of  the  centrifugal  force  to  the  equatorial  gravity  ; 
the  expression  of  gravity  to  quantities  of  the  order  a,  being  equal  to 
%  *^S %  d .  a';  we  shall  have  g  =  f  «•  a  ^fi  d .  a';  wherefore 

^^h      2    /g-d(a^h); 

comprising  therefore  in  the  arbitrary  constant  a,  what  w^  have  tnken  for 
unity,  the  function 

5  '  y^ .a*  d  a 
the  radius  of  the  terrestrial  spheroid  at  the  surface  will  be 

ah  9  (1  _m*) 


1  + 


5  '  y^.a*  da 


The  figure  of  the  earth  supposed  fluid,  can  therefore  only  be  that  of  an 
ellipsoid  of  revolution ;  all  of  whose  shells  of  constant  density  are  elliptic, 
and  of  revolution,  and  in  which  the  ellipticities  increase,  and  the  densities 
decrease  from  the  center  to  the  surfiice.  The  relation  between  the  ellip- 
ticities and  densities  is  given  by  the  difierential  equation  of  the  second 
order, 

d«h  _  6J1  /  ga'       x  _     ■2ga'        dji  *^ 

da*   ""    a'  V  Sy^a'da/      y^.a^da'da' 

This  equation  is  not  integrable  by  known  methods  except  in  some  par- 
ticular suppositions  of  the  densities  % ;  but  if  the  law  of  the  ellipticities 
were  given,  we  should  easily  obtain  that  of  the  corresponding  densities. 
We  have  seen  that  the  expression  of  h  given  by  the  integral  of  this  equa« 
tion  contains,  in  the  present  question,  only  one  arbitrary,  which  disappears 
from  the  preceding  value  of  the  radius  of  the  spheroid ;  there  is  therefore 
only  one  figure  of  equilibrium  differing  but  little  from  a  sphere,  which  is 
possible,  and  it  is  easy  to  see  that  the  limits  of  the  flattening  of  this  figure 

are  ^  and  f  a  f ,  the  former  of  which  corresponds  to  the  case  where  all 
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the  mass  of  the  spheroid  is  collected  at  its  center^  and  the  second  to  the 
case  where  this  mass  is  homogeneous. 

The  directions  of  gravity  from  any  point  of  the  surfiEice  to  the  center  do 
not  form  a  straight  line,  but  a  curve  whose  elements  are  perpendicular  to 
the  leveled  shells  which  they  traverse :  this  curve  is  the  orthogonal  tra- 
jectory of  all  the  ellipses  which  by  their  revolution  form  these  sheik  To 
determine  its  nature,  take  for  the  axis,  the  radius  drawn  from  the  center 
to  a  point  of  the  surface^  ^  being  die  angle  which  this  radius  fonns  with 
the  axis  of  revolution.  We  have  just  seen  that  the  g^ieral  expresskx)  of 
any  shell  of  the  spheroid  isaH-<>k.ah.(l  —  m*),  k  being  independent 
of  a :  whence  it  is  easy  to  conclude  that  if  we  call  a  y^  the  ordinate  let 
fall  from  any  point  of  the  curve  upon  its  axis,  we  shall  have 

a  y'  =  a  a  k .  sin.  2  ^  •{  c  —  f f  , 

c  being  the  entire  value  of  the  integral  / ,  taken  from  the  center  to 

the  surface. 

575.  Now  consider  the  general  case  in  which  the  spheroid  always  fluid 
at  its  surface,  may  contain  a  solid  nucleus  of  any  figure  whatever,  but  dif- 
fering but  little  from  the  sphere.  The  radius  drawn  from  the  center  of 
gravity  of  the  spheroid  to  its  surface,  and  the  law  of  gravity  at  this  sur- 
£ice  have  some  general  properties^  which  it  is  the  more  essential  to  con- 
sider,  inasmuch  as  these  properties  are  independent  of  eveiy  hypothesis. 

The  first  of  these  properties  is,  that  in  the  state  of  equilibrium  the 
fluid  part  of  the  sf^eroid  must  always  be  disposed  so,  that  die  fiinctioD 
Y^^)  may  disappear  from  the  expression  of  the  radius  drawn  from  the  cen- 
ter of  gravity  of  the  whole  spheroid  to  its  surface ;  so  that  the  center  d 
\  gravity  of  this  surface  coincides  with  that  of  the  spheroid. 

To  show  this,  we  shall  observe  that  R  being  supposed  to  represent  the 
radius  drawn  from  the  center  of  gravity  of  the  spheroid  to  any  one  of  its 
molecules,  the  expression  of  this  mcdecule  will  be^R*.  dR.dm.d*, 
and  we  shall  have  by  556,  in  virtue  of  the  properties  of  the  center  of 
gravity, 

0  =/^R».  d  R.dm.d«r.m; 

0  =/f  R».  dR.dm.d*.  V  1  —  m*.  sin.  w; 

0  =/^R3.  d  R.dm.dtr.  V  1  —  m «.  cos.  w. 
Conceive  the  integral  /g  R «.  d  R  taken  relatively  to  R  from  the  origin 
of  R  to  the  sur&ce  of  the  spheroid,  and  then  developed  into  a  series  of 
the  form 
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N  ")  being  whatever  i  may  be>  solgeot  to  the  equation  of  parUal  difTer- 
ences, 

we  shall  have  by  No.  556^  when  i  is  different  from  unity, 

0=/N^«.mdm.d«r;   0  ai/N(^\dm.d«.  V  1  —  m'.sin.*'; 
and 


.=(± 


0  =5/N<*>.dm.dfr.  V  1— m^coa** 
The  three  preceding  equations  given  by  the  nature  of  the  center  of 
gravity,  will  become 

0=:/N(*)mdm.d*;  0  =/N^i)dm.d**  V  1— m«,an.*; 

0  =/N^*>dm.d*.  VI— m«,cos.*. 
N  ^)  is  of  the  form 


Hin  +  H'.  V  1— m«.  sm,ir+H';  V  1  — m^cos.*r* 
Substituting  this  value,  in  these  three  equations,  we  shall  have 

H  =  0;   H'  =  0;   H''  =  0; 
where  N  ^^^  =  0 ;  this  is  the  condition  necessary  that  the  origin  of  R  is  at 
the  center  of  gravity  of  the  spheroid. 

Now  let  us  see,  what  N  ^^^  becomes  relatively  to  the  spheroids  differing 
little  from  the  sphere,  and  covered  over  with  a  fluid  in  equilibrium.  In 
this  case  we  have  R  =  a  (1  +  ^  y)»  c^d  the  integral y*^.  R^  d  R,  be- 
comes i/§  d.  {a*  (1  4-  4  a  y)],  the  differential  and  integral  being  rela- 
tive to  the  variable  a,  of  which  ^  is  a  function.  Substituting  for  y  its  va- 
lue Y^«)  +  Y<')  +  YOO  +  &C.,  we  shaU  have 

.    N"5  =  a/|d(a*Y(^)). 
The  equation  (2)  of  No,  579  gives,  at  the  surface  where  a  s=  1,  and 
observing  that  Z^^>  is  nothing 

/ed(a*Y">)=  Y^Vfd-aS 
the  value  of  Y  (')  in  the  second  member  of  this  equation,  being  relative  to 

the  surface ;  thus,  N  ^^^  being  nothing,  when  the  origin  of  R  is  at  the  cen- 
ter of  gravity  of  the  spheroid,  we  have  in  like  manner  Y  ^^^  =  0. 

576.  The  permanent  state  of  equilibrium  of  the  celestial  bodies,  makes 
known  also  some  properties  of  their  radii.  If  the  planets  did  not  turn  ex- 
actly, or  at  least  if  they  turned  not  nearly,  round  one  of  their  three  principal 
axes  of  rotation,  there  would  result  in  the  position  of  their  axes  of  rota- 
tion, changes  which  for  the  earth  above  all  would  be  sensible;  and  since 
the  most  exact  observations  have  not  led  to  the  discovery  of  any,  we  may 
conclude  that  long  since,  all  the  parts  of  the  celestial  bodies,  and  princi« 


282  A  COMMENTARY  ON    [Sect.  Xll.  &  XIII. 

pallj  the  fluid  parts  of  their  surfaces,  are  so  disposed  as  to  render  stabk 
their  state  of  equilibrium,  and  consequently  their  axes  of  rotation.  It  is 
in  fact  very  natural  to  suppose  that  after  a  great  number  of  oscillatioDs, 
they  must  settle  in  this  state,  in  virtue  of  the  resistances  which  they  snfiar. 
Let  us  see,  however,  the  conditions  which  thence  result  in  the  expression 
of  the  radii  of  the  celestial  bodies. 

If  we  name  x,  y,  z  the  rectangular  coordinates  of  a  molecule  d  M  of 
the  spheroid,  referred  to  three  principal  axes,  the  axis  of  x  being  the  axis 
of  rotation  of  the  spheroid ;  by  the  properties  of  these  axes  as  shown  m 
dynamics,  we  have 

0=/xy.dM;  0  =/xz.dM;  0  =/yz.dM; 

the  integrals  ought  to  be  extended  to  the  entire  mass  of  the  spheroid, 
R  being  the  radius  drawn  from  the  origin  of  coordinates  to  the  molecule 
d  M;  tf  bting  the  angle  formed  by  R  and  by  the  axis  of  rotation;  and 
w  being  the  angle  which  the  plane  formed  by  this  axis  and  by  R,  makes 
with  the  plane  formed  by  this  axis  and  by  that  of  the  principal  axes,  which 
is  the  axis  of  y;  we  shall  have 

x  =  Rm;y  =  RVI  — m*.  cos.tr;  z  =  R  v^  I  —  m*.  sin.w; 
dM  =  ^R*dRdm.dtr. 

The  three  equations  given  by  the  nature  of  the  principal  axes  of  rota- 
tion, will  thus  become 


0  =yf .  R*.  dR.dm.dtr.mV'l  — m*.  cos.  w; 


0  ^Ji*  R*.  dR.dm.dw.m  V  1  — m*.  sin.  t»; 
0  =/^.R*.  d  R.dm.dw.{I— m«)sin.2w. 

Conceive  the  integral y^  R*  d  R  taken  relatively  to  R,  from  R  =  0, 
to  the  value  of  R  at  the  surface  of  the  spheroid,  and  developed  into  a 
series  of  the  form  U  ^®)  +  U  (*>  +  U  ^*>  +  &c. ;  U  ^^^  being,  whatever  i  maj 
be,  subject  to  the  equation  of  partial  differences, 

0  =  V T y  + p  +  i(i  +  I).  U ^". 

\  dm  /I  —  m*^' 

We  shall  have  by  the  theorem  of  No.  556,  where  i  is  different  from  % 
and  by  observing  that  the  functions  m  v^  I — m*.  cos.  tr,  m  V  1 — ^m  *.  sin.  ir, 
and  (I  —  m*)  sin.  2  w,  are  comprised  in  the  form  U^*- ; 

0  =/U«>.  dm.dw.m.Vl  — m«.  cos.  w; 

0  =y*U^*J.  d  m.d  «r.m.  VI  —  m*.  sin.  «; 
0  =/U  ^\  d  m .  d  w.  (1  —  m «)  sin.  2  w. 
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The  three  equations  relative  to  the  nature  of  the  axes  of  rotation,  will 
thus  become 


0  =:yU^*^.  dm.dw.m.v'l  —  m*.  cos.  «r ; 
0  =/U^«\  dm.d  w.m.  V  1  —  m*.  sin.  tr; 
V  0  =/U(«^dm.dw.(l  —  m«)sin.  2w. 

These  equations  therefore  depend  only  on  the  value  of  U^^ :  this  value 
is  of  the  form 


H  (m«  —  J)  +  H'  m  V  1  —  m«.  sin.  tr  +  H''m  V  1  —  m*.  cos.  tr  + 

H'''  (1  —  m«)  sin.  2  w  +  H'"'  (I  —  m«)  cos.  2  w: 
substituting  it  in  the  three  preceding  equations,  we  shall  have 

H'  =  0;    H''  =  0;    H'"  =  0. 
It  is  to  these  three  conditions  that  the  conditions  necessary  to  make  the 
three  axes  of  x,  y,  z  the  true  axes  of  rotation  are  reduced,  and  then  U  ^ 
will  be  of  the  form 

H  (m«  —  i)  +  H""  (1  —  m»)  cos.  2  w. 
When  the  spheroid  is  a  solid  differing  but  little  from  the  sphere,  and 
covered  with  a  iBuid  in  equilibrium,  we  have  Rz=a(l+ay),  and  con- 
sequently 

fs  R\  d  R  =  i/id.  {a*.  (1  +  5  a  y)]. 
If  we  substitute  for  y,  its  value  Y  ^^5  +  Y  ^»)  +  Y  ^«)  +  &c. ;  we  shall 
have 

U^2)  =  a/f  d(a»Y«2)). 
The  equation  (2)  of  No.  573,  gives  for  the  surface  of  the  spheroid, 

Y  ^^  and  Z  ^  in  the  second  member  of  this  equation  being  relative  to  the 
surface ;  we  have  therefore, 

U^)  =  ^«Y^Vgd>a'  — ^,         . 

The  value  of  Z  ^^  is  of  the  form 


« 


o"(°**  —  J)  +8^™  ^  1  —  ™*-  si°«  *  +  g''ni  ^  I  —  ni*.  cos. 

+  g/'/(l_in«)sin.2*r+  g^'^'Cl  — m«)  cos.  2tr; 
and  that  of  Y  ^  is  of  the  form 


—  h(m«  — J)  +h'm  v^  1 —nl*.  sin.tr  +  h'^m  V  1— m«.cos,tr 
+  v.  (1  —  m*)  sin. 2*  +  h'^''(l  — m«)cos.  2w. 
Substituting  in  the  preceding  equation,  these  values,  and  H  (m^. —  ^) 
+  H^^^'(l  —  m«)  cos  2  tr,  for  U^);  we  shall  have 

Sl ^ .  K"  = ^ ^  r  h'''  =- J^ 


4»iry|.a*da'  4«'y'^.a*da'  4flry'g.a*da* 
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Such  are  the  conditions  which  result  from  the  supposition  that  the  sphe- 
roid turns  round  one  of  its  principal  axes  of  rotation.  This  supposition 
determines  the  constants  h',  h'',  h^^'  by  means  of  the  valnes  g',  g^',  ^*'; 
but  it  leaves  indeterminate  the  quantities  h  and  h!'"  as  also  the  funcdons 
Y<^),  Y(«,&c- 

If  the  forces  extraneous  to  the  attraction  of  the  molecules  of  the  Ce- 
roid are  reduced  to  the  centrifugal  force  due  to  its  rotatory  motioD ;  we 
shaU  have  g'  =  0,  g"  =  0,  g"'  =  0;  wherefore  h'  =  0,  h''  =  0,  h'"  =  0, 
and  the  expression  of  Y  ^%  will  be  of  the  form 

—  h(m»  — i)  +  h''''(l  — m«)cos.iw. 

577.  Let  us  consider  the  expression  of  gravity  at  die  surface  of  the 
spheroid.  Call  p  this  force ;  it  is  easy  to  see  by  No.  569,  that  we  dudl 
have  its  value  by  differentiating  the  second  member  of  the  equation  (i)  of 
573  relatively  to  r,  and  by  dividing  its  differential  by  —  d  r;  which  gives 
at  the  surface 

—  «r  {2  ZW  +  2ZW  +  Sr.  ZW+  4r«.  Z<*'.+  &c} ; 
these  integrals  being  taken  from  a  :=:  0,  to  a  s:  1.     The  radius  r  at  the 
surface  is  equal  to  1  +  «  y,  or  equal  to 

1  +  a  {YW  +  YW  +  Y  w  +  8tc.J ; 
we  shall  hence  obtain 

P  =  ^/ed.a»  — -l^nr^"  +  YM)  +  Y»)  +  fed/gd-a' 

+  4«ir/fd.  Ja^-YW  +  ?±! Y(')+  ?^Y  '«+  Stc] 

—  a  {2  Z<«)  +  2  Zf2)  +  3  Z<3)  +  4  Z(*)  +  &c.i. 
The  integrals  of  this  expression  may  be  made  to  disappear  by  means  ci 
equation  (2)  of  No.  573,  which  becomes  at  the  surface, 

^4^./fd.(a'+»Y«)  =  |»Y«/fd.a'-Z-'); 

supposing  therefore 

P=**/ga.a'  — ?^Y«»  +  4«<r/£d.(a»Y«')— 2«ZW; 

s 

we  shall  have 

p  =  P  +  a  P.  J  Y  <2J  +  2  Y  (3)  ^  S  Y  (4)  4. . . .  +  ( i  _  1 )  Y  «  +  &c  i 

—  «[5  Z<«>  +7Z«>  +9Z<*i  +...  +  (2i+l)Z^^  +  &c.}. 
By  observations  of  the  lengths  of  the  seconds*  pendulum,  has  been  re- 
cognised  the  variation  of  gravity  at  the  surface  of  the  earth.    By  dy- 
namics it  appears   that  these  lengths  are  proportional  to  gravity;    let 
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therefore  1,  L  be  the  lengths  of  the  pendulum  corresponding  to  the  gravis 
ties  p,  P ;  the  preceding  equation  will  give 

1  =  L  +  «L{YW  +  aYM  +  8 Y<«  +  . ..  +  (i  —  1) Y  ^'| 

-^^.{5  ZW    +7ZW  + +  (2i+l)Z0)|. 

Relatively  to  the  earth  a  Z<*>  reduces  by  567,  to  —  -§  (m*  —  |),  or, 

which  comes  to  the  same,  to  —  ^.  P.  (m'  —  |),  a  p  being  the  ratio  of 

the  centrifugal  force  to  the  equatorial  gravity;  moreover,  Z^%  Z^^\  &a 
are  nothing ;  we  have  therefore 

1  =  L  +  a  L,  |YW  +  2  YW  +  8  yw  +  . . .  +  (i  —  1)  YC»)} 
+  f  ap.L.(m«— J). 
The  radius  of  curvature  of  the  meridian  of  a  spheroid  which  has  for  its 
radius  1  +  a  y,  is 

/d.{(l-m«)(^)} 
-    ,      /d.my\  ,      I         '^  '\dm/  J 

*  +  •v-a^^')  + « V  — \ — rs 

designating  therefore  by  c,  the  magnitude  of  the  degree  of  a  circle  whose 
radius  is  what  we  have  taken  for  unity ;  the  expression  of  the  degree  of 
the  spheroid's  meridian,  will  be 

(-d^)+*\ — 3-s — ji 

y  is  equal  to  Y^  +  Y^ >  +  Y<*)  +  &c.  We  may  cause  YW  to  disap- 
pear, by  comprisiog  it  in  the  arbitrary  constant  which  we  have  taken  for 
the  unit ;  and  Y  <^>  by  fixing  the  ori^  of  the  radius  at  the  center  of  gravity 
of  the  entire  spheroid.    This  radius  thus  becomes, 

1  +  a  {YW  +  YW  +  YW  +  &c.i. 

If  we  then  observe  that 

the  expression  of  the  degree  of  the  meridian  will  become 

c  — «ci5YW+llYW+...  +  (i'+i— l)Y«+&c.} 
f  /d  Y<»)\  .  /d  Y<«)\  .   .     I 

/d»Y(»\  .  /d»Y<«x  .   . 


a  C.  — 


1  — m 
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If  we  compare  these  expressions  of  the  terrestrial  radius  with  the  length 
of  the  pendulum,  and  the  magnitude  of  the  degree  of  the  meridian,  we 
«ce  that  the  term  a  Y  ^'^  of  the  expression  of  the  radius  is  multiplied  bj 
i  —  I,  in  the  expression  of  the  length  of  the  pendulum,  and  by  iH^— ^ 
in  that  of  the  degree ;  whence  it  follows,  that  whilst  i  —  1  is  considerable, 
this  term  wDl  be  more  sensible  in  the  observations  of  the  length  of  the 
pendulum  than  in  that  of  the  horizontal  parallax  of  the  moon  which  is 

*t  proportional  to  the  terrestrial  radius ;  it  will  be  still  more  sensible  in  the 
measures  of  degrees  than  in  the  lengths  of  the  pendulum.  The  reason  of 
it  is,  that  the  terms  of  the  expression  of  the  terrestrial  radius  undergo  tvo 
variations  in  the  expression  of  the  degree  of  the  meridian ;  and  each  dit- 
fcrentiation  multiplies  these  terms  by  the  corresponding  exponent  of  m, 
and  this  renders  them  the  more  considerable.  In  the  expression  of  the 
variation  of  two  consecutive  degrees  of  the  meridian,  the  terms  of  the  t^- 
restrial  radius  undergo  three  consecutive  differentiations;  those  which 
disturb  the  figure  of  the  earth  from  that  of  an  ellipsoid,  may  thence  be- 

"^come  very  sensible,  and  the  ellipticity  obtained  by  this  yariation*niay  be 
very  different  from  that  which  the  observed  lengths  of  the  pendulum  give. 
These  three  expressions  have  the  advantage  of  being  independent  of  the 
interior  constitution  of  the  earth,  that  is  to  say,  of  the  figure  and  density 
of  its  shells ;  so  that  if  we  are  going  to  determine  the  functions  T^'^^  Y ', 
&c.  by  measures  of  d^ees  of  meridians  and  parallaxes,  we  shall  hare 
immediately  the  length  of  the  pendulum ;  we  may  therefore  thus  ascertain 
whether  the  law  of  universal  gravity  accords  with  the  figure  of  the  earth, 
and  with  the  observed  variations  of  gravity  at  its  surface.  These  remadc- 
able  relations  between  the  expressions  of  the  degrees  of  the  meri(^  ^ 
of  the  lengths  of  the  pendulum  may  also  serve  to  verify  the  hypothes^ 
proper  to  represent  the  measures  of  degrees  of  this  meridian :  this  wllbe 
perceptible  from  the  application  we  now  proceed  to  make  to  the  hypothe- 
sis proposed  by  Bouguer,  to  represent  the  degrees  measured  northvaiJ 
in  France  and  at  the  equator. 

Suppose  that  the  expression  of  the  terrestrial  radius  is  1  +  «  Y^*  + 
a  Y^%  and  that  we  have 

YW  =  -A(ra'--J);  Y^^)  = -B  (m^_f  m«+ ^); 

it  is  easy  to  see  that  these  functions  of  m  satisfy  the  equations  of  f&^^^^ 
differences  which  Y  W  and  Y  ^^^  ought  to  satisfy.  The  variation  of  the  de- 
grees of  the  meridian  will  be,  by  what  precedes, 

ac-[3  A  — i??B}      '+  16acB.m\ 
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Bouguer  supposes  thb  variation  proportional  to  the  fourth  power  oftlie 

sine  of  the  latitude,  or,  which  nearly  comes  to  the  same,  to  m  ^ ;  the  term 

multiplied  by  gi  *,  therefore,  being  made  to  disappear  from  the  preceding 

function,' we  shall  have 

7 
■R  —  —    A- 

thus  in  this  case  the  radius  drawn  from  the  center  of  gravity  of  the  earth 
at  its  surface,  will  be  in  taking  that  of  the  equator  for  unity, 

l-^(4m^  +  m*). 

The  expression  of  the  length  1  of  the  pendulum,  will  become,  denoting 
by  L,  its  value  at  the  etjuator, 

L  +  fap.Lm«— ^^^^(16m'^  +  21m*). 

Finally,  the  expression  of  the  degree  of  tlie  meridian,  will  be,  calling  c 
its  length  at  the  equator, 

c  +  -^-r- .  a  A  •  c .  m  *. 

We  shall  observe  here,  that  agreeably  to  what  we  have  just  said,  the 

term  multiplied  by  m^  is  three  times  more  sensible  in  the  expression  of 

the  length  of  the  pendulum  than  in  that  of  the  terrestrial  radius,  and  five 

times  more  sensible  in  the  expression  of  the  length  of  a  degree,  than  in 

that  of  the  length  of  the  pendulum;  finally,  upon  the  mean  parallel 'it 

would  be  four  times  more  sensible  in  the  expression  of  the  variation  of 

consecutive  degrees,  than  in  that  of  the  same  degree.    According  to  Bou- 

959 
guer,  the  difference  of  the  degrees  at  the  pole  and  equator  is  q-  ;  it  is 

the  ratio  which,  on  his  hypothesis,  the  measures  of  degrees  at  Pello,  Paris 

105 

and  the  equator,   require.     This  ratio  is  equal  to  -^y- .  a  A ;  we  have 

therefore 

a  A  =  0.  0054717. 
Taking  for  unity  the  length  of  the  pendulum  at  the  equator,  the  va- 
riation of  this  length,  in  any  place  whatever,  will  be 

■ 

By  No.  563,  we  have  a  p=0.  00345113,  which  gives  |  a  p=0.  0086278, 
and  the  preceding  formula  becomes 

0.  0060529.  m «  —  0.  0033796.  m  \ 
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At  Pello,  where  m  =  sin.  Ti^".  28^,  this  fonnulA  giv«9  0. 0OS7016  for 
the  variation  of  the  length  of  the  pendulum.  According  to  the  obserra- 
tionsythis  variation  b  0.00446259  and  consequently  much  greater;  thus, 
since  the  hypothesb  of  Bouguer  cannot  be  reconciled  with  the  observations 
made  on  the  length  of  the  pendulum,  it  is  inadmissible. 

578.  Let  us  apply  the  general  results  which  we  have  just  found,  to  the 
case  where  the  spheroid  is  not  sollicited  by  any  extraneous  forces,  and 
where  it  is  composed  of  elliptic  shells,  whose  center  is  at  the  center  of 
gravity  of  the  spheroid.  We  have  seen  that  this  case  is  that  of  the  earth 
supposed  to  be  originally  fluid :  it  is  also  that  of  the  earth  in  the  hypo- 
thesis where  the  figures  of  the  shells  are  similar.  In  bet,  the  equatimi 
(2)  of  Na  573  becomes  at  the  surface  where  a  ==  1, 

0=Y«/fa«da-^/ed(ai+»YW)-^. 

The  shells  being  supposed  similar,  the  value  of  Y  t*)  is,  for  each  of 
them,  the  same  as  at  the  surface;  it  is  consequently  independent  of  a,  and 
we  have 


YCV.a«da{l-^,.a.}  = 


4  «"  ' 

When  i  b  equal  to  or  greater  than  3,  Z  ^^>  is  nothing  relatively  to  the 

i  +  3 
earth;  besides  the  factor  I  —  o    +  I  •  *  *  '*  always  positive ;  therefore  Y 

is  then  nothing.  Y^^  is  also  nothing  by  No.  575,  when  we  fix  the  origin 
of  the  radii  at  the  center  of  gravity  of  the  spheroid.  Finally,  by  Na  577, 
we  have  Z  ^^  equal  to 

— -fCm*— 4)4T/^.a*da;    Yn=_|..  (^«_j)/^aMa: 
we  have  therefore 

'       l(m*-i)/^a«da 

/^a«da(l— a»)    " 

Thus  the  earth  is  then  an  ellipsoid  of  revolution.  Let  us  consider  there- 
fore generally  the  case  where  the  figure  of  the  earth  is  elliptic  and  of  re- 
volution. 

In  this  case,  by  fixing  the  origin  of  terrestrial  radii  at  the  coiter  of 
gravity  of  the  earth,  we  have 

Y0)  =  0;     YO»>  =  0;     Y^*^  =  Q;  &c. 

Y»)=-h(m«-i), 
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b  being  a  fancdon  of  a ;  moreover  we  bave 

Z<')  =  0;     ZWsO;     Z'*'  =  0;  &c 

«ZW=:_f^%m«-i).l?/fd.a»; 

the  equation  (2)  of  No.  573  will  therefore  give  at  the  surface 

0  =  6./^d(a'h)  +  6.  (p  — 2h)/fd.a»  ...  (1) 
*  This  equation  contains  the  law  which  ought  to  exist  to  sustain  the  \ 
equilibrium  between  the  densities  of  the  sheik  of  the  spheroid  and  their 
eUipticides;  for  the  radius  of  a  shell  being  a  [l+a  Y^^  —  a  h  (^b '  —  ^)} ; 
if  we'  suppose,  as  we  may,  that  Y^^^  =  — ^  h,  this  radius  becomes 
a  (1  —  ah,  fi^)i  and  a  h  is  the  ellipticity  of  the  shell. 

At  the  surface,  the  radius  is  1  — •  a  h .  At  * ;  whence  we  see  that  the  de- 
crements of  the  radii,  from  the  equator  to  the  poles,  are  proportional  to 
^ ',  and  consequently  to  the  square  of  the  sines  of  the  latitude. 

The  increment  of  the  degrees  of  the  meridian  from  the  equator  to  the 
poles  is,  by  the  preceding  No.,  equal  to3«lic.f6%  c  being  the  degree 
of  the  equator;  it  is  therefore  also  proportional  to  the  square  of  the  sine 
of  the  latitude. 

The  equation  (1)  shows  us  that  the  densities  being  supposed  to  decrease 
from  the  center  to  the  surface,  the  ellipticity  of  the  spheroid  is  less  than 
in  the  case  of  homogendtVj  at  least  whilst  the  ellipticities  do  not  increase 
from  the  surface  to  the  center  in  a  greater  ratio  than  the  inverse  ratio  of 

the  square  of  the  distances  to  this  center.    In  fact,  if  we  suppose  h  =  — ^9 

a 

we  shall  have 

ygd(a^h)=/^d(a'u)  =  u/fd.a^+/(du./a»d^). 

If  the  ellipticities  increase  in  a  less  ratio  than  -^,  u  increases  from  the 

center  to  the  surface,  and  consequently  d  u  is  positive ;  besides,  d  ^  is  ne- 
gative by  the  supposition  that  the  densities  decrease  from  the  center  to  the 
surface;  thus,y*(  d  uy*a^  d  f)  is  a  negative  quantity,  and  making  at  the 
surface 

/fd(a»h)  =  (h_f)/fd.a', 
f  will  be  a  positive  quantity.     Hence  equation  (1)  will  give 

5^_6f 

»*  =  — 4r-' 

a  h  will  therefore  be  less  than  — ^ ,  and  consequently  it  will  be  less  than 

Vol.  II.  T 
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in  the  case  of  homogeneity,  where  d  ;  being  equal  to  nothing  f  is  also  equal 
to  zero. 

Hence  It  follows,  that  in  the  most  probable  hypotheses,  the  fiatt^ung  d 

the  spheroid  is  less  than  — -r--^;  for  it  is  natural  to  suppose  that  the  shells 

of  the  spheroid  are  denser  towards  the  center,  and  that  the  eUipticities 

increase  from  the  surface  to  the  center. in  a  less  ratio  than  — r ,  this  ratio 

a* 

giving  an  infinite  radius  for  shells  infinitely  near  to  the  oentert  which  is 
absurd.  These  suppositions  are  the  more  probable,  inasmuch  as  thev 
become  necessary  in  the  case  where  the  fluid  is  originally  fluid;  then  the 
denser  shells  are,  as  we  have  seen,  the  nearer  to  the  center,  and  the  eUip- 
ticities so  far  from  increasing  from  the  surface  to  the  center,  on  ihe  con- 
trary, decrease. 

If  we  suppose  that  the  spheroid  is  an  ellipsoid  of  revolution,  covered 
with  a  homogeneous  fluid  mass  of  any  depth  whatever,  by  calling  a'  the 
semi-minor  axis  of  the  solid  ellipsoid,  and  a  hf  its  ellipticity,  we  shall  have 
at  the  sur&ce  of  the  fluid, 

/g  d  (a «  h)  =  h  —  a'*  h'  +/^  d  (a  ^  h) ; 
the  integral  of  the  second  member  of  this  equation  being  taken  relatively 
to  the  interior  ellipsoid,  from  its  center  to  its  surface,  and  the  densi^  of 
the  fluid  which  covers  it  being  taken  for  unity.     The  equation  (1)  vrill 
give  for  the  expression  of  the  ellipticity  a  h,  of  the  terrestrial  spheroid, 

^u_5«PU— a'^+/gda'l— g«h^a''+6«/fd(a"h). 

4— 10a'»  +  lO./^d.a^ 

the  integrals  being  taken  from  a  ==  0  to  a  =r  a^ 

Let  us  now  consider  the  law  of  gravity,  or  which  comes  to  the  samei 
that  of  the  length  of  the  pendulum  at  the  elliptic  surface  in  eqoiiibriuiii. 
The  value  of  1,  found  in  the  preceding  No.,  becomes  in  this  case 

1=:L  +  «LUp  — hj(m«  — i); 

making,  therefore,  L'=L  — ^  a  L  (|  f  —  h),  we  shall  have,  in  neglecting 
quantities  of  the  order  a  *, 

1  =  L'  +  aV{if  —  h)fi'; 
an  equation  from  which  it  results  that  U  is  the  length  of  the  seconds' 
pendulum  at  the  equator,  and  that  this  length  increases  from  the  equator 
to  the  poles,  proportionally  to  the  square  of  the  sine  of  the  latitude. 

If  we  call  a  t  the  excess  of  the  length  of  the  pendulum  at  the  pde  above 
its  lengdi  at  tlie  equator,  divided  by  the  latter,  we  shall  have 

a  f  =:  a  (f   p  —  h) ; 
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and  consequently 

a  i  +  ah  ^  ^  a  fi 
a  remarkable  equation  between  the  ellipticity  of  the  earth  and  the  yaria- 
tion  of  the  length  of  the  pendulum  from  the  equator  to  the  poles.     In  the 
case  of  homogeneity  a  h  =  |  cb  p ;  hence  in  this  case  a  f  =  a  h ;  but  if 
the  spheroid  is  heterogeneouSf  as  much  as  aYais  above  or  beUm  |  «^  f 9  so 
much  is  a  s  ahi^oe  or  below  the  same  quantity. 

579.  The  planets  being  supposed  covered  with  a  fluid  in  equilibrium^  it 
is  necessary,  in  the  estimate  of  their  attractions,  to  know  the  attraction  of 
spheroids  whose  surface  is  fluid  and  in  equilibrium :  we  may  express  it 
very  simply  in  this  way.  Resume  the  equation  (5)  of  No.  558;  the  signs 
of  integration  may  be  made  to  disappear  by  means  of  equation  (2)  of  Na 
573,  which  gives  at  the  surface  of  the  spheroid, 

thus  fixing  the  origin  of  the  radii  r  at  the  center  of  gravity  of  the  spheroid 
which  makes  Y  ^^  disappear;  then  observing  that  Z  ^^>  is  nothing,  and  that  Y  ^'^ 

being  arbitrary,  we  may  suppose  -5-  Y^  ; —  Z^®^  =  0,  the  equation  (5) 
of  558,  will  give 

an  expression  in  which  we  ought  to  observe  that  -q-/^  d .  a '  expresses  the 

mass  of  the  spheroid,  since,  in  the  case  of  r  being  infinite,  the  value  of  V 
is  equal  to  the  mass  of  the  spheroid  divided  by  r.     Hence  the  attraction 

of  the  spheroid  parallel  to  r  will  be  —  (rr^)  »  ^^  attraction  perpendicu- 

VI  —  m* 
lar  to  this  radius,  in  the  plane  of  the  meridian  will  be — 

^^JL^ ;  finally,  the  attraction  perpendicular  to  this  same  radius  in  the 
direction  of  the  parallel  will  be 

r  V  I-m*' 
The  expression  of  V,  relatively  to  the  earth  supposed  elliptic,  becomes 

V  =  —  +^-^73 M^m*  — i); 

M  being  the  mass  of  the  earth. 

T2 
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580.  Although  the  law  of  attraction  in  the  inverse  ratio  of  the  square 
of  the  distance  is  the  only  one  that  interests  ns,  yet  equation  (1)  of  554 
affords  a  detennination  so  simple  of  the  gravity  at  the  sur&ce  of  homoge- 
neous spheroids  in  equilibrium}  whatever  is  the  exponent  of  the  powa  of 
the  distance  to  which  the  attraction  is  proportional,  that  we  caniiot  here 
omit  it*  The  attraction  being  as  any  power  n  of  the  distance,  if  we  de- 
note by  d  m  a  molecule  of  the  spheroid,  and  by  fits  distance  &om  the 
point  attracted,  the  action  of  d  m  upon  this  point  multiplied  by  the  element 
— :d  f  of  its  direction,  will  be  —  d  fib  f^d£  The  intend  of  this  quantity, 

d  ifc  f  *  +  » 
taken  relatively  to  f,  is ^    ,  and  the  sum  of  these  integrals  ei- 

V 

tended  to  the  entire  spheroid  is x~T  »  supposing,  as  in  554i,  that  V  = 

/f  *  +  1  d  AC. 

If  the  spheroid  be  fluid,  homogeneous,  and  endowed  with  rotatory  mo- 
tion, and  not  soUicited  by  any  extraneous  force^  we  shall  have  at  the  sor- 
fiuse,  in  the  case  of  equilibrium,  by  No.  567, 

V 

const  =  —  j~|  +  i  g  r*  (1  —  m«), 

r  being  the  radius  drawn  from  the  center  of  gravity  of  the  spheroid  at  its 
sur&ce,  and  g  the  centrifugal  force  at  the  distance  I  from  the  axis  of  ro- 
tation. 

The  gravity  p  at  the  surface  of  the  spheroid  is  equal  to  the  difierential 
of  the  second  member  of  this  equation  taken  relatively  to  r,  and  divided 
by  —  d  r,  which  gives 

Let  us  now  resume  equation  (l}of  554,  which  is  relative  to  the  sur- 
face*  ' 

(^  Vn  _  ,,       (n+l)A      (D+1)V. 

this  equation,  combined  vith  the  preceding  ones,  gives 

p  =  const  +  {^i^^  -  l}  g  r  (1  _ m •). 

At  the  surface,  r  is  very  nearly  equal  to  a;  by  making  them  entirely co* 
for  the  sake"  of  simplicity,  we  shall  have 

p  =  const  +  g  (1  —  m  ') 

Let   P  be   the   gravi^   at   the   equator  of   the  spheroid,   and  a   ^ 
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the  ratio  of  the  centrifugal  force  to  gravity  at  the  equator;    ve  shall 
have 


p  =  p{l  +  ?^«p.m«}; 


whence  it  follows  that,  from  the  equator  to  the  poles,  gravity  varies  as  the 

square  of  the  sine  of  the  latitude.    In  the  case  of  nature,  where  n  =  —  2, 

we  have 

p  =  P  U  +  ia(f>.m^; 

which  agrees  with  what  we  have  before  found. 

But  it  is  remarkable  that  if  n  =::  3,.  we  have  p  =:  P,  that  is  to  say,  that 
if  the  attraction  varies  as  the  cube  of  the  distance,  the  gravity  at  the  sur- 
face of  homogeneous  spheroids  is  every  where  the  same,  whatever  may  be 
the  motion  of  rotation. 

581.  We  have  only  retained,  in  the  research  of  the  figure  of  the  celestial 
bodies,  quantities  of  the  order  a ;  but  it  is  easy,  by  the  preceding  analysis, 
to  extend  the  approximations  to  quantities  of  the  order  a  %  and  to  superior 
orders.  For  thai  purpose,  consider  the  figure  of  a  homogeneous  fluid 
mass  in  equilibrium,  covering  a  spheroid  differing  but  little  firom  a  sphere, 
and  endowed  with  a  rotatory  motion ;  which  is  the  case  of  the  earth  and 
planets.  The  condition  of  equilibrium  at  the  surface  gives,  by  No.  557, 
the  equation 

const  =  V  —  -|-  r  •  (m*—  i). 

The  value  of  V  is  composed,  1st,  of  the  attraction  of  the  spheroid  co- 
vered by  the  fluid  upon  the  molecule  of  the  surface,  determined  by  the 
coordinates  r,  0^  and  «r;  2dly,  of  the  attraction  of  the  fluid  mass  upon  this 
molecule.  But  the  sum  of  thes^  two  attractions  is  the  same  as  the  sum  of 
the  attractions,  1st,  of  a  spheroid  supposing  the  density  of  each  of  its  shells 
diminished  by  the  density  of  the  fluid;  2dly,  of  a  spheroid  of  the  same  density 
as  the  fluid,  and  whose  exterior  surface  is  the  same  as  that  of  the  fluid. 
Let  V  be  the  first  of  these  attractions  and  V  the  second,  so  that 
V=V'-fy^';  we  shall  have,  supposing  g  of  the  order  a  and  equal  to  a  g', 

const  =  V  +  V'  — ^.r«.(m«— i). 

We  have  seen  in  553  that  V  may  be  developed  into  a. series  of  the  form 

U.)      ua)      u.)      ^^^ 

r      ■      r*  r' 

*  U  ^'^  being  subject  to  the  equation  of  partial  differences, 

/d{(l-m«)(lU^)}\       (d^)v 


d  m 


T3 


r 

r 


294  A  COMMENTARY  ON    [Sect,  XII.  &  XUL 

and  by  Ae  analysis  of  561,  we  may  determine  U  ^%  with  all  the  aocnracy 
that  may  be  wished  for,  when  the  figure  of  the  spheroid  is  known. 
In  like  manner  V  may  be  developed  into  a  series  of  the  fonn 

U^  ^'>  bdng  subject  to  the  same  equation  of  partial  differences  as  U  ®*   If 
we  take  for  the  unit  of  density  that  of  the  ^uid,  we  have,  by  561, 

^/      -  (i  +  8)  (2  i  +  1  •  ^     ' 
r  1 + '  being  supposed  developed  into  the  series 

ZW  +  ZW  +  ZW  +&C 
in  which  Z  ^^  is  subject  to  the  same  equation  of  partial  difierences,  as  U  ''• 
The  equation  of  equilibrium  wiU  therefore  become 

const  =  H-  +  ±2-  +  2.     *    -^  UO)  +  __J^r,__ZCO \ 
T  r  r*+'i  ^  (1  +  8)  (2 1+1)       J 

—  ag'r«(m«— i); 
i  being  equal  to  greater  than  unity. 

If  the  distance  r  from  the  molecule  attracted  to  the  center  of  Ae  sphe- 
roid were  infinite,  V  would  be  equal  to  the  sum  of  the  masses  of  the  sphe- 
roid and  fluid  divided  by  r;  calling,  therefore,  m  this  mass,  we  hare 
U^^^  +  U^(®)  =  m.   Carrying  the  approximation  only  to  quantities  of  the 

order  a\  we  may  suppose 

r  =  1  +  ay  +  a«y'; 

which  gives 

ri+'==l  +  (i+3)«y+^i±^|^^a*.y«+(i+S)««.y'. 

Suppose 

y  =  Y(')  +  Y(2)  +  Y®  +&C- 
y  =  Y'^i)  +  Y'^  +  Y^  +  &c 
y''=  M(")  +  M(»  +  M«  +  &c. 
Y  %  Y'  %  and  M  ^>  being  subject  to  the  same  equation  of  partial  differ- 
ences as  U  (*^;  we  shall  have 

Z^'^  =  (i+8)aY(«)+  0+^)0  +  ^)  a«M('«>  +  (i  +  3)«»Y''. 

Then  observe  thafU  ^^  is  a  quantity  of  the  order  a,  since  it  would  be 
nothing  if  the  spheroid  were  a  sphere ;  thus  carrying  the  approximaUon 
only  to  terms  of  the  order  a%  U  <">  will  be  of  this  form  a  U'  ^>  +  «'  U'^" 
Substituting  therefore  these  values  in  the  preceding  equation  of  equik' 
brium,  and  there  changing  r  into  1  +  a  y  +  «»  /,  we  shall  have  to  quan- 
tities of  the  order  a ', 
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const.  =  n  {I  — ay  +  a*y»  —  «*y'} 

a  U' «  +  «*  U"  ®  —  (i  +  1)  a*  y  U' « 


+  2 


2i+l*  2 


(i+1) 


4a 


i  +  1       y  *      ^2i  +  l 


Y  «) 


• 


4a«4r(i  +  2) 


Mffl 


^     2(2i+l) 


Equating  separately  to  zero  the  terms  of  the  order  a,  and  those  of  the 
we  shall  have  the  two  equations, 
4*    x„..      -"".j^l^^.^ 


a  , 


order 


«; 


2 


yY»); 


-g'y(m*-i); 
C  being  an  arbitrary  constant.     The  first  of  these  equations  detects  Y  ^> 
and  consequently  the  value  of  y.     Substituting  in  the  second  member  of 
the  second  equation,  we  shall  develope  by  the  method  of  No.  560.  in  a 
series  of  the  form 

NW  +  N(»>+  NW  +  &C. 
N  ^'^  being  subject  to  the  same  equation  of  partial  diCTerences  as  U  ^^\  and 
we  shall  determine  the  constant  C  in  such  a  manner  that  N  ^^^  is  notHing; 
thus  we  shall  have 

N<^ 


Y'0)z= 


fA  


4* 


2i+  I 


and  consequently 

Y'  = 


+  &c. 


N^')  NW  NW 

fk  — fflr  "^^  — i^  (^  —  ^* 
The  expression  of  the  radius  r  of  the  surface  of  the  fluid  will  thus  be 
determined  to  quantities  of  the  order  a  \  and  we  may,  by  the  same  process, 
carry  the  approximation  as  far  as  we  wish.  We  shall  not  dwell  any  longer 
upon  this  object,  which  has  no  other  diflSculty  than  the  length  of  calcula- 
tions; but  we  shall  derive  from^tlie  preceding  analysis  this  important  con- 
clusion, namely,  that  we  may  affirm  that  the  equilibrium  is  rigorously  pos- 
sible, although  we  cannot  assign  the  rigorous  figure  which  satbfies  it ;  for 
P  we  may  find  a  series  of  figures,  which,  being  substituted  in  the  equation  of 
equilibrium,  leave  remainders  successively  smaller  and  smaller,  and  which 

become  less  than  any  ^ven  quantity. 

T4 
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COMPARISON  OF  THE  PRECEDING  THEORY  WITH  OB8BRTATIOS8. 

582.  To  compare  with  observations  the  theory  we  have  above  kid  down, 
we  must  know  the  curve  of  the  terrestrial  meridians,  and.  those  whidi  we 
trace  by  a  series  of  geodesic  operations.  If  through  the  axis  of  rotatioo 
of  the  earth,  and  through  the  zenith  of  a  plane  at  its  surface  we  imagine 
a  plane  to  pass  produced  to  the  heavens ;  this  plane  will  trace  a  great  dr- 
de  which  will  be  the  meridian  of  the  plane :  all  points  of  the  sur&ce  of 
the  earth  which  have  their  zenith  upon  this  circumference,  will  lie  under 
the  same  celestial  meridian,  and  they  will  form,  upon  this  surface,  a  curve 
which  will  be  the  corresponding  terrestrial  meridian* 

To  determine  this  curve,  represent  by  u  =  0  the  equation  of  the  sui&ce 
of  the  earth ;  u  being  a  function  of  three  rectangular  coordinates  x,  y,  z. 
Let  x',  j\  z',  be  the  three  coordinates  of  the  vertical  which  passes  through 
the  place  on  the  earth's  surface  determined  by  the  coordinates  x,  y,  z;  we 
shall  have  by  the  theory  of  curved  surfaces,  the  two  following  equations. 

Adding  the  first  multiplied  by  tKe  indeterminate  X  to  the  second,  we 
get 

d  z' =:_^l^£___Hy: .  d  X' -- X  d /. 

This  equation  is  that  of  any  plane  parallel  to  the  said  vertical :  this  ver- 
tical produced  to  infinity  coinciding  with  the  celestial  meridian,  whilst  its 
foot  is  only  distant  by  a  finite  quantity  from  the  plane  of  this  meridian, 
may  be  deemed  parallel  to  that  plane.  The  difierential  equation  of  this 
plane  may  therefore  be  made  to  coincide  with  the  preceding  one  by  suita- 
bly determining  the  indeterminate  X. 

Let 

d  z'  =  a  d  x'  +  b  d  y', 
be  tlie  equation  of  the  plane  of  the  celestial  meridian;  comparing  it  with 
the  preceding  one,  we  shall  get  \ 

{ji)-(li)-'?0=<>=  ••■••(•) 

To  get  the  constants  a,  b,  we  shall  suppose  known  the  coordinates  of 
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the  foot  of  the  vertical  parallel  to  the  axes  of  rotation  of  the  earth  and  that 
of  a  given  place  on  its  sur&ce.  Substituting  snccessively  these  coordi- 
nates in  the  preceding  equation,  we  shall  have  two  equations,  by  means  of 
which  we  shall  determine  a  and  h.  The  preceding  equation  combined 
with  tliat  of  the  surface  u  =  0,  will  give  the  curve  of  the  terrestrial  ineri* 
dian  which  passes  through  the  given  plane. 

If  the  earth  were  any  ellipsoid  whatever,  u  would  be  a  rational  and 
entire  function  of  the  second  degree  in  x,  y,  z ;  the  equation  (a)  would 
therefore  then  be  that  of  a  plane  whose  intersection  with  the  surface  of  the 
earth,  would  form  the  terrestrial  meridian :  in  the  general  case,  this  me- 
ridian is  a  curve  of  double  curvature. 

In  this  case  the  line  determined  by  geodesic  measures,  is  not  that  of 
the  terrestrial  meri^an*  To  trace  this  line,  we  form  a  first  horizontal 
triangle  of  which  one  of  the  angles  has  its  summit  at  the  origin  of 
this  curve,  and  whose  two  other  summits  are  any  visible  objects.  We  de- 
termine the  direction  of  the  first  side  of  the  curve,  relatively  to  two  sides 
of  the  triangle,  and  to  its  length  from  the  point  where  it  meets  the  side 
which  joins  the  two  objects.  We  then  form  a  second  horizontal  triangle 
with  these  objects,  and  a  third  one  still  &rther  firom  the  origin  of  die 
curve.  This  second  triangle  is  not  in  the  plane  of  the  first ;  it  has  nothing 
in  common  with  the  former,  but  the  side  formed  by  the  two  first  objects ; 
thus  the  first  side  of  the  curve  being  produced,  lies  above  the  plane  of 
this  second  triangle ;  but  we  bend  it  down  upon  the  plane  so  as  always  to 
form  the  same  angles  with  the  side  common  to  the  two  triangles,  and  it  is 
easy  to  see  that  ibr  this  purpose  it  must  be  bent  along  a  vertical  to  this 
plane.  Such  is  therefore  the  characteristic  property  of  the  curve  traced 
by  geodesic  operations.  Its  first  side,  of  which  the  direction  may  be 
supposed  any  whatever,  touches  the  earth's  sur&ce ;  its  second  side  is  this 
tangent  produced  and  bent  vertically ;  its  third  is  the  tangent  of  the  se- 
cond side  bent  vertically,  and  so  on. 

If  thicough  the  point  where  the  two  sides  meet,  we  draw  in  the  tangent 
plane  at  the  sui&ce  of  the  spheroid,  a  line  perpendicular  to  one  of  the 
sides,  it  is  clear  that  it  will  be  perpendicular  to  the  other ;  whence  it  follows^ 
that  the  sum  of  the  sides  is  the  shortest  line  which  c^n  be  drawn  upon  the 
surface  between  their  extreme  points.  Thus  the  lines  traced  by  geodesic 
operations,  have  the  property  of  being  the  shortest  we  can  draw  upon  the 
surface  of  the  spheroid  between  any  two  of  their  points;  andp.2d4,Vol.L 
they  would  be  described  by  a  body  moving  uniformly  in  this  sur&ce. 
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L>et  X,  75  z  be  the  rectangular  coordinates  of  any  part  whatever  of  the 
curre  ;x-f-dx,  y  +  dy,  z  +  dz  will  be  those  of  points  infinitely  near  to 
it  Call  d  s  the  element  of  the  curve,  and  suppose  this  element  produced 
by  a  quantity  equal  tods;x  +  2dx,  y  +  2dy,  z+2dz  will  be  the 
coordinates  of  extremi^  of  the  curve  thus' produced.  By  bending  it  ver- 
tically, the  coordinates  of  this  extremity  will  become  x4-  2dx  +  d's, 
y  +  2dy  +  d*y,  z  +  2dz  +  d*z;  thus  —  d*x,  —  d*y,  —  d*x 
will  be  the  coordinates  of  the  vertical,  taken  from  its  foot ;  we  shall  there- 
fore have  by  the  nature  of  the  vertical,  and  by  supposing  that  a  =  0  is 
the  equation  of  the  earth's  surface, 

d  u\    , .  /d  U' 


equations  which  are  different  from  those  of  the  terrestrial  meridian.  In  these 
equations  d  s  must  be  constant;  for  it  is  clear  that  the  production  of 
d  s  meets  the  foot  of  the  vertical  at  an  infinitely  small  quantity  of  the  founh 
order  nearly. 

.  Let  us  see  what  light  is  thrown  upon  the  subject  of  the  figure  of  the  earth 
by  geodesic  measures,  whether  made  in  the  directions  of  the  meridians,  or  in 
directions  perpendicular  to  the  meridians.  We  may  always  conceive  an  ellip- 
soid touching  the  terrestrial  surface  at  every  point  of  it,  and  upon  which,  the 
geodesic  measures  of  the  longitudes  and  latitudes  from  the  point  of  contact, 
for  a  small  extent,  would  be  the  same  as  at  the  surface  itself.  If  the  entire 
surface  were  that  of  an  ellipsoid,  the  tangent  ellipsoid  would  erery  where 
be  the  same ;  but  if,  as  it  is  reasonable  to  suppose,  the  figure  of  the  meri- 
dians is  not  elliptic,  then  the  tangent  ellipsoid  varies  from  one  country  to 
anotlier,  and  can  only  be  determined  by  geodesic  measures,  made  in  diffe- 
rent directions.  It  would  be  very  interesting  to  know  tlie  osculating  ellip 
soids  at  a  great  number  of  places  on  the  earth's  surface. 

Let  u=:x'-f-y'4-z'  —  1  —  2au^,  be  tlie  equation  to  the  soriace 
of  the  spheroid,  which  we  shall  suppose  very  litde  different  from  a  sphere 
whose  Tadius  is  imity,  so  that  a  is  a  very  small  quantity  whose  square  mar 
be  neglected.  We  may  always  consider  u'  as  a  function  of  two  variables 
X,  y ;  for  by  supposing  it  a  function  of  Xj  y,  z,  we  may  eliminate  z  bj 
means  of  the  equation  z  =  V  1  —  x*  —  y*.  Hence,  the>  three  equa- 
tions found  above,  relatively  to  the  shortest  line  upon  the  earth's  sur&ce, 
become 
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d  u\  , .  /d  n\ 


xd«y  — yd«x  =  «(g^)d«y  — «(gy)d'xr 
xd*z  — zd*x  =  a(-t — )d*z; 


du' 


(O) 


yd*z  —  zd*y  =  a  (-j — ) .  d  *  z. 

This  line  we  shall  call  the  Geodesic  line. 

Call  r  the  radius  drawn  from  the  center  of  the  earth  to  its  surface,  ^  the 
angle  which  this  radius  makes  with  the  axis  of  rotatioUi  which  we  shall 
suppose  to  be  that  of  z,  and  f  the  angle  which  the  plane  formed  by  this 
axis  and  by  r  makes  with  the  plane  of  x,  y ;  we  shall  have 

X  =  r  sin.  ^.  cos*  f ;  y  =  r  sin.  6  sin.  p;  z  =2  r  co$.  tf ; 
whence  we  derive 

r*  sin,"  ^.dfrsxdy  — ^ydx; 
—  r*  d  tf  =  (x  d  z  —  z  d  x)  cos.  p  +  (ydz  —  zdy)  sin.  9 
ds«  =:dx«+dy*+dz*=dr«+r*d^*+r*d9*sin.«tf. 
Considering  then  u^  as  a  function  of  x^  y,  and  designating  by  4  the  lati- 
tude ;  we  may  suppose  in  this  function  r=r  1,  and  •v)/=  100<'-*  &y  which  gives 

X  =  COS.  '4'  cos.  9 ;  y  =  cos.  '^  sin.  f ; 
thus  we  shall  have 

but  we  have 

X*  +  y*  =  cos.'  -v^;   2-  =  tan.  9; 

whence  we  derive 

,,     xdx  +  ydy  ,    xdy  —  ydx    ,^ 

d4/  = : — r-^ — 1  >  d©  =  ^ — ^ •  COS.*  9. 

^      sm.  S/  cos.  -sj/    '^       X* 

Substituting  these  values  of  d  ^l^  and  of  d  f  in  the  preceding  differential 

equation  in  u',  and  comparing  separately  the  coefficients  of  d  x  and  d  y ; 

we  shall  have 

(d  u\  __       cos,  y  /dn\       sin,  p    fdn\ 
dx^-"  ""sin.%}."\dTi;;~^5M;'va~;' 

(d  u\  ^        sin.  »   /d  u\       cos,  p    /d  u\  ^ 
dy  /  ""        sin.  'v)/'vd>l//  "*"  cos. -^ * \3~p} ' 
which  give 

/du^x 

(d|)d«y-(^>«x  =  -   ■  \r^^  ^.(xd«y-yd«x) 
\a  X  /      ''       ^d  y  /  sm.  •>)/  cos.  -^    ^         '       •' 

(— ) 
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But  neglecting  quantities  of  the  order  d,  we  have  xd'y  —  yd*x  =  0; 
and  the  two  equations 

xd*z  —  zd*x  =  0,  yd*z  —  zd*y=iO, 
give 

x*  +  y«      , 
and 

x*+y«  +  z*  =  1 
gives 

xd*x  +  yd"y  +  2d*z  +  ds*  =  0; 
substituting  for  z  d  *  z^  its  preceding  value^  we  shall  have 

xd*x  +  yd»y  =  — (x«  +  y«)d8*=:— ds*cos.*4; 
wherefore 

feV-J-(l7)-""(jT)-"-- 

The  first  of  equations  (O))  will  thus  give  by  integration, 

r*  d  f  sin.*  ^  =  c  d  s  +  a  d  syd  sTt — ); (p) 

c  being  the  arbitrary  constant 
The  second  of  equations  (O)  ^ves 

d.(xdz  —  zdx)  =r  a(g — )d*z; 

but  it  is  ea^  to  see  by  what  precedes,  that  we  have 

d*z  =  —  ds*.  sin.  -4/ ; 
we  have  therefore 

d  (x  dz  —  zdx)=  —  ads  •(-? — ^sin.  4^ 

in  like  manner  we  have 

d(ydz  —  zdy)  =  —  ads  '(^ — )sin.  >|/; 

we  shall  therefore  have 
r'dtfsc'ds  sin.  f  +  c''  d  s  cos.  p 

—  ads  cos.  fyd  s-|  (jTr)^^^-  f  +  C^ — \mL  f  tan.  >|/  > 

—  ads  sin.  f/d  s<  (Tj;)sin«  9  — (x©")^^*^  '  *"^  ^  I »  *   (^ 

First  consider  the  case  in  which  the  first  side  of  the  Geodesic  line  b 
parallel  to  the  corresponding  plane  of  the  celestial  meridian.  In  this  case 
d  f  is  of  the  order  a,  as  also  d  r ;  we  have,  therefore,  neglecting  quantitia 
of  the  order  a^ds  :=  —  rd^  the  arc  s  being  supposed  to  increase  from 
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the  equator  to  the  poles.     >)/  expressing  the  latitude^  it  is  easy  to  see  that 
we  have  tf  =  100®  —  ^^  —  (g— ^ ,  which  gives 

we  have  therefore 

d«=d>f..{i+«u'+«(jif;)}. 

Thus  naming  t  the  difference  in  latitude  of  the  two  extreme  points  of 
the  arc  s,  we  shall  have 

•  =  '  +  -{»/+(0')}  +  r^{(||)+(^)}  +  ^= 

u/  being  here  the  value  of  u'  at  the  origin  of  s. 

If  the  earth  were  a  solid  of  revolution,  the  geodesic  line  would  be  al- 
ways in  the  plan^  of  the  same  meridian;  it' departs  from  it  if  the  parallels 
are  not  circles ;  the  observations  of  this  deflection  may  therefore  dear  up 
this  important  point  of  the  theory  of  the  earth.  Resume  the  equation  (p) 
and  observe  that  in  the  present  case,  d  f  and  the  constant  c  of  this  equa- 
tion are  of  the  order  Oy  and  that  we  may  there  suppose  r  =  1,  d  s  =:  d  >)', 
^  =  160^  — *-  -v)/ ;  we  shall  thus  get 

d  f  C08.  *-4/  =  cd'vf/ot-  ad  -vj/y  d  -^  Tt — J . 

However,  if  we  call  V  the  angle  which  the  plane  of  the  celestial  meri- 
dian makes  with  that  of  x,  y,  whence  we  compute  the  origin  of  the  angle 
p;  we  shall  have  d  x'  =  tan.  V  =r  d  y';  x^  y\  %'  being  the  coordinates 
of  that  meridian  whose  differential  equation^  as  we  have  seen  in  the  pre- 
ceding No.,  is 

d  z'  =  a  d  x'  +  b  d  y'. 

Comparing  it  with  the  preceding  one,  we  see  that  a,  b  are  infinite  and 

such  that j-  =  tan.  V,  the  equation  (a)  of  the  precedmg  No.  thus 

gives 

whence  we  derive 

_  0  =  xtan.  V  — y  — «(g-^)tan.  V  +  a(^^y). 

We  may  suppose  V  =  p,  in  the  terms  multiplied  by  a;  moreover 

•^  =  tan.  9 :  w   have  therefore 
X  ^* 
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COS.  40  COS.  0  Jtan.  o  —  tan.  Y]  = r-^ — -• , 

^  ^  *  ^  *  COS* -4/  COS.  f ' 

which  gives 

COS.*  4 

The  first  side  of  the  Geodesic  liney  being  supposed  parallel  to  the  plane 
of  the  celestial  meridian,  ,the  differentials  of  the  angle  V,  and  of  the  dis- 
tance (9  —  V)  COS.  >{/  from  the  origin  of  the  cunre  to  the  plane  of  the 
celestial  meridian  ought  to  be  nothing  at  this  origin ;  we  have  tberefore 
at  thb  point 

gr^j;  =  (y -  V)  tan.  ^  =        J^*^-i 
and  consequently,  the  equation  (p)  gives 


= <Ti) 


tan.  4/^ 


9 
n^  and  ^^  being  referred  to  the  origin  of  the  arc  s. 

At  the  eztrdnity  of  the  measured  arc,  the  side  of  the  curve  makes  with 
the  plane  of  the  corresponding  celestial  meridian  an  an^e  very  nearly 
equal  to  the  differential  of  (^  —  V)  cos.  4",  divided  by  d  4^  V  being  sup- 
posed constant  in  the  differentiation ;  by  denoting  therefore  this  ai^e  by 
«>  we  shall  have 

»  =  j;?«)s.  4  —  (f  —  V)  an.  4- 

do. 
If  we  substitute  for  -r^  its  value  obtained  firom  the  equation  (p),  and  &: 

f  —  V,  its  preceding  value,  we  shall  have 

the  integral  being  taken  from  the  origin  of  the  measured  arc,  to  its  extre- 
mity. Call  •  the  difference  in  latitude  6[  its  two  extreme  points ;  f  being 
supposed  suffid^atly  small  for  f  *  to  be  rejected,  we  shall  have 

ai  tan.  4  J /^tt'x*^      i    .  /    d*  u'  \  \ 

in  which  the  values  of  4^  ^-1 — V  andf^ — -v-j-^mnst  be  referred,  for  the 
greater  exactness  to  the  middle  of  die  measured  arc  The  ang^e  w  must  be 
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supposed  positive,  when  it  quits  the  meridian,  in  the  direction  of  th^  in- 
crements of  f. 

To  obtain  the  difference  in  longitude  of  the  two  meridians  correspond- 
ing to  the  extremities  of  the  arc,  we  shall  observe,  that  u/,  V,,  -s}/^,  and 
P/f  being  the  values  of  u ,  V,  %}.,  and  9,  at  the  first  extremity,  we  have 

^  /d  u/x  ^  /d  u\ 

but  we  have  very  nearly,  neglecting  the  square  of  1, 

CI  /d  u/\ 

we  shall  have,  therefore, 

whence  results  this  very  simple  equation, 

(V-V,)sin.>}.,  =  w; 

thus  we  may,  by  observation  alone,  and  independently  of  the  knowledge 
of  the  figure,  determine  the  difference  in  longitude  of  the  meridians  cor-^ 
responding  to  the  extremities  of  the  measured  arc ;  and  if  the  value  of  the 
angle  w  is  such  that  we  cannot  attribute  it  to  errors  of  observations,  we 
shall  be  certain  that  the  earth  is  not  a  spheroid  of  revolution. 

Let  us  now  consider  the  case  where  the  first  side  of  the  Geodesic  line 
is  perpendicular  to  the  corresponding  plane  of  the  celestial  meridiap.  If 
we  take  this  plane  for  that  of  x,  y,  the  cosine  of  die  angle  formed  by  this 

V  d  x*  +  d  z** 
side  upon  the  plane,  will  be -p-^- ;  dius  this  cosine  being  no- 
thing at  the  origin,  we  have  d  x  =:  .0,  d  z  =  0,  which  gives 

d  •  r  sin.  0  cos.  f  =:  0 ;    d  •  r  cos.  ^  =  0 ; 
and  consequently 

r  d  ^  =  r  d  9  sin.  $  •  cos.  ^ .  tan.  f ; 
but  we  have,  to  quantities  of  the  order  a^ds^rdp  sin.  tf;  we  shall 
have,  therefore,  at  the  origin, 

d  6  ^  tan,  y .  cos.  ^ 
d  s  "*  i?  * 

The  constant  c",  of  the  equation  (q),  is  equal  to  the  value  of  x  d  z  — = 
z  d  X,  at  the  origin  ;  it  is  therefore  nothing,  md  the  equation  (q)  gives  at 
the  origin, 

dtf        c'    . 

J-  =  — r  sm.  p; 
s       r  *         ^ 
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we  have^  therefore,  observing  that  f  is  here  of  the  order  a,  and  that  thus 
neglecting  quantities  of  the  order  a  \  we  have  sin.  f  =:  tan.  f, 

» 

c'  =  r,  COS.  ^^  • 

the  quantities  r^  and  6,  being  relative  to  the  origin ;  therefore,  if  we  coo 
sider  that  at  this  origin  the  angle  f  is  what  we  have  before   called  it, 

^^  —  V^,  and  whose  value  we  have  found  equal  to tl7^  ^^  ^^ 

liave  at  this  point 

ds  xdTf /cos.*>^/ 

The  equaticm  (q)  then  gives 

d^,  _  cos.tf^    d^  fdW\. 

ds«"-"?r'ds  ~    'vr^J' 

but  we  have 

i—  =  —^l    r,=  l+au/;    4  =1000-4.,  — a(^'); 
ds       r^sm.^,      '         t^      /  >     /  x/         \d>}//* 

we  shall  get  therefore 

^'  =  (1  -  2  «  u/)  tan.  ^,  +  «{^^)tan. «  4^ 
Observing  that  at  the  origin, 

ds       r, sin,tf,      €Os.>|/,  t        ^  ^d-sl//         ^'J 

the  equation  (p)  gives 

c  =r  r,  sin.  ^,; 
whence  we  get 

-It  Sa.-j^^        2.3— 'cos.  ^,        a  (-j^) 

d*  y,  _  d  s  d  s  '  Vd  f/ 

d  s*  ""         r,  sin.  ^^  r,  sin. •  tf,     "*"  cos. "  >l/,    * 

and  consequently 

d '  ^^ /du/\    2  —  cos.'^}/, 

ds*   ""  V  dp  /        COS.*  >!/, 

The  equation 

gives,  by  retaining  amongst  the  terms  of  the  order  sS  only  those  which  are 
independent  of  a,  ^ 

!         1    —  ^  ^/       1    «    d*  tf,  ft  s      /  d'u/  \ 
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wherefore 

The  difference  of  latitudes  at  the  two  eKtremities  of  the  measured  arc, 
will  therefore  give 

It  is  remarkable,  that  for  the  same  arc,  measured  in  the  direction  of  the 

meridian,  this  function,  by  what  precedes,  is  equal  to      ^     ;  it  may  thus 

be  determined  in  two  ways,  and  we  shaU  be  able  to  judge  whether  the 
values  thus  found  of  the  difference  of  latitudes,  or  of  the  azknuthal 
angle  «r,  are  due  to  xhe  errors  of  observations,  or  to  ^  excentricity  of  the 
terrestrial  parallels. 

Retaining  only  the  first  power  of  ^  we  have 

P  —  p^  is  not  the  difference  in  longitude  of  the  two  extremities  of  the  arc 
s ;  this  difference  is  equal  to  V  —  V^ ;  but  we  have,  by  what  precedes, 

which  gives 

/   d*  u/  \       ^    /d'  u/\ 
XT       /^        fr\  xdo.ds/  Vdfij*/ 

wherefore 

'       COS.  4/1  '  ^     \d  ^z  /         ^        COS.  *  4^  ) 

For  greater  exactness,  we  must  add  to  this  value  of  V  —  V^  the  term 

depending  on  s  \  and  independent  of  a,  which  we  obtain  in  the  hypothesis 

tan  '  "^ 
of  the  earth  beiqg  a  sphere.     This  term  is  equal  to  —  is*.  — '—^' ; 

thus  we  have 

It  remains  to  determine  the  azimuthal  angle  at  the  extremity  of  the 
arc  s.     For  that  purpose,  call  x^,  and  y',  the  coordinates  x,  y,  referred  to 

Vol,  II.  U 
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the  meridian  of  the  last  extremity  of  the  arc  s ;  it  is  easy  to  see  tliat 


cosine  of  the  azimuthal  angle  is  equal  to g .    If  we  refer 

the  coordinates  x,  y,  to  the  plane  of  the  meridian  correspondiDg  to  the 
first  extremity  of  the  arc;  its  first  side  being  supposed  perpendicular  to 
die  plane  of  this  meridian,  we  shall  have 

s  ds  '    d  8 

wherefore,  retaining  only  the  first  power  of  s, 

dT  ""  ^'"ar^v  ds  -  ^*  dT«^ 

but  we  have 

x'  =  X  cos,  (V  —  V,)  +  y  sin,  (V  —  V,); 

thus  V  —  V^  being,  by  what  precedes,  of  the  order  a,  we  shall  have 

TI'-''-  ds«  +  (^  — ^J  ds- 

Again,  we  have 

X  =  r  sin.  6  cos.  p ;     z  =  r  cos.  tf ; 

we  therefore  shall  obtain,  rejecting  quantities  of  the  order  a*  and  obsezr* 

d*  o  d  ^ 

ing  that  9^,  ^— ^9  and  -r-^  are  quantities  of  the  order  oe^ 

OS  U  9 

d«x,  d*u/   .      .  ^        d»^,         ^  .      ,    df/ 

-3—^  =  a .  —1 — fr  sin,  tf,  +  r, .  -3 — {  cos.  d,  —  r,  sin.  tf, .  -?- V . 

ds*  d  s*  '    d  s*  '         '  '    ds' 

Thence  we  have 

'd*u/i 


taD.Y/' 


«  d«u/^  /d'u/xdp/  /du/x  d'^,^"(dfO  /duA 
"•  ds«""  Vdf  Vds*  Vd>l/y'ds«""  cos.•^^,~  VcH.; 
moreover,  d  s  =  r^  sin.  tf^ .  d  f , ;  we  shall,  therefore,  have  by  subsUtnting 

for  r^,  ^y,  -r^ ,  and  ^ — ^ ,  their  preceding  values, 

d*x.      ,.  ,.    sin.* -J/,    ,      /du/\.      •  ,     •      1 


COS.  4^      I  '^       \d^J  ^'f  COS.Y, 

Neglecting  the  superior  powers  of  s,  we  have,  as  we  have  seen, 

COS.  >!.,  ^  1  -  «  u/ +  «(j^)  tan.  ^/,  - -^^^r^J 


and  T^  =  1 :  we  therefore  have 
d  » 
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in  like  manner  we  shall  find 

the  cosbe  of  the  azimutbal  aagl^  at  the  extremity  of  the  arc  s,  will  thus 
be 


s  tan. 


■^l-«u/+«(^)tan.>|.,--33^J 


This  cosine  being  very  small|  it  may  be  taken  for  the  complement  of 
the  azimuthal  angle,  which  consequently  is  equal  to 


100^ 


—  Stan. -vj/J,  ,,     /du/x^        ,        "vd^O  t. 


For  the  greater  exactness,  we  must  add  to  this  angle  that  part  depend- 
ing on  s',  and  independent  of  a,  which  we  obtain  in  the  hypothesis  of  the 
earth's  sphericity.  This  part  is  equal  to  ^  s'  (^  +  tan.*  -vj/J  tan.  •4^^  Thus 
the  azimuthal  angle  at  the  extremity  of  the  arc  s  is  equal  to 

lOOo-stan.  >}/ J  ,  ,,     /du/.^      .       ""^T^)      ,,,,,      ...I. 

V-^<+ndi:)^'^~  ^^^,^^  -is'atan.'>}.,)J 

The  radius  of  curvature  of  the  Geodesic  line,  forming  any  angle  what- 
ever with  the  plane  of  the  meridian,  is  equal  to 

ds« 
V  (d«x)*  +  (d«y)«+  (d«z)«' 
d  s  being   supposed  constant;    let  R  be  this  radius.     The  equation 
X*  +  y«  +  z«  =  I  +  2a\x'  pves 

xd*x+  yd*y  +  zd*z  =  — ds*  +  ad*u'; 
if  we  add  the  square  of  this  equation  to  the  squares  of  equations  (O),  we 
shall  have^  rejecting  terms  of  the  order  a*, 
(x«+y»  +  z«)  {(d«x)*+  (d«y)«  +  (d«z)«}=ds*  — 2«ds«d«u' 

whence  we  derive 

d « u' 
R=  1  -h  au'  +  «-gp^- 

In  the  direction  of  the  meridian,  we  have 

d«u'       '    /d«u'- 


a. 


ds«  ""       \d-^ 
wherefore 


us 
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In  the  dkeotion  perpendicular  to  the  meridian,  we  have  by  what  pie- 
cedes, 

/d'uA 

wherefore 

R  :^  1  +  «u/-«  (!*^)  lan.,^, +-14^. 

V  d  4»  /  C06.  *  >!/, 


s 


If  in  tlie  preceding  expression  of  V  —  V, ,  we  make-^  =  s',  it  takes 

this  very  simple  form  relative  to  a  ^here  of  the  radios  R, 

V  — V,  =  —51-.  /i_4.8'«.tan,«.|/,L 
'       cos.  ^,     I         8  ^' J 

The  expression  of  the  azimuthal  angle  becomes 

1000  —  s'  tan.  >J/,  {1  —  S  s'*  {i'+  tan.«  ^^,)}. 

Call  ^9  the  angle  which  the  first  side  of  the  Qeodesic  line  finrms  with  the 

plane  corresponding  to  fhe  <!eleslia1  meridian,  we  shall  have 

d«u'_  /du;;\*£  .  /dn\d*>}/     /d'uVd^       /d«ii^xd;»d>}/     /^\d^ 
ds« ""  Vd  f^ds*^  Vd+zai^"*"  Vd  p«/ds«"*"    \3pdUp^ds  ds+  \d4;«Jds-* 

But  supposing  the  earth  a  sphere,  we  have 

dp,  _  sin,  X  ,  d'f,  ^  2sin.  Xcos.  X  ^^    ,  ^ 
d  s       COS.  4'/    d  s  *  cos  >!//  '    '  * 

d-J/y  ^         d*   >}/.  •  •    ^     ^  1 

-,-'=:  COS.  X;  -T — ^=  -^sm.'  X  tan.  •o/.; 

wherefore, 

d*u/     ^sin. XCOS.X/ /du/\^        ,    ,  /d*u/\1         •    «^  ^  _    ,  /dn\ 

.    /d •  u/\  sin. *  X        /d*  u/\         , . 

the  radius  of  curvature  R,  in  the  direction  of  this  Geodeiic  ttne,  is  thcie- 
fore 

/d*u/\     sin.*X  .  *     /d*u/\         ,^ 
To  abridge  this,  let 


/d  *  n/x 
Vd»»^ 


K  =  1  +«u/-i«tan.+,  (5^)  +i. -55^  +  4.(3^) 
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A  s 


•{(l^)-*  +  (^)}^ 


COS.  >}//    I  \ d  p  /  ^'  ^  Vd p  d>I/ 


we  shall  have 

R^K  +  Asm.  2X+B  cos,  2  X. 
The  observations  of  azunuthal  angles^  and  of  the  difference  of  the  lati- 
tudes at  the  extremities  of  the  two  geodesic  litiesy  one  measured  in  the 
direction  of  the  meridian,  and  the  other  in  the  direction  perpendicular  to 
the  meridian,  will  give,  by  what  precedes,  the  values  of  A,  B  and  K ;  for 
the  observations  give  the  radi^  of  curvalMre  in  tlj^se  two  directions.  Let 
R,  and  R'  be  these  radii ;  we  shall  have 

K  =z  5;  "^  ^'- 


B  = 


2 
R'  —  R 


// 


2       ' 

and  the  value  of  A  will  be  determined,  either  by  the  azimuth  of  the  ex- 
tremity of  the  arc  measured  in  the  direction  of  the  meridian,  or  by  the 
difference  in  <Iatitade  of  the  two  extremities  of  the  arc  measured  in  a  di- 
rection perpendicular  to  the  meridian.  We  shall  thus  get  the  radius  of 
curvature  of  the  geodesic  Une^  whose  first  ude  forms  any  angle  whatever 
with  the  meridian. 

A 
If  we  call  2  E,  an  angle  whose  tangent  is-^,  we  shall  have 

R  =  K  +  VA«  +  B«.  COS.  (2  X  —  2  E) ; 

the  greatest  radius  of  curvature  corresponds  with  X  =z  E ;  the  correspond- 
ing geodesic  line  forms  therefore  the  angle  E,  with  the  plane  of  the  me- 
ridian. The  least  radius  of  curvature  corresponds  with  X  =  100^ -f-  E; 
let  r  be  the  least  radius,  and  r'  the  greatest,  we  shall  have 

R  =  r  +  (r'  —  r)  cos.«  (X  —  E), 
X  — ^  E  being  the  angle  which  the  geodesic  line  corresponding  to  H,  forms 
with  that  which  corresponds  with  r . 

We  have  already  observed,  that  at  each  point  of  the  earth's  surface, 
we  may  conceive  an  osculatory  ellipsoid  upon  which  the  degrees,  in  all 
directions,  i^re  sensibly  the  same  to  a  small  extent  around  the  point  of  os- 
culation.    Express  the  radius  of  this  ellipsoid  by  the  function 

1  —  a  sin. » "^  n  +  h  COS.  2  (f  +  /5)], 

the  longitudes  f  being  reckoned  from  a  given  meridian.     Tlie  expression 

U3 
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of  the  terrestrial  meridian  measured  in  the  direction  of  the  meridian, 
will  be,  by  what  precedes, 

t  —  ^^  {I  +  h  COS.  2  (f>  +  /8)}  .  n  +  3  COS.  2  4  —  3  «  sin.  2  >}/}. 

If  tlie  measured  arc  is  considerable,  and  if  we  have  observed,  as  in 
France,  the  latitudes  of  some  points  intermediate  between  the  extremity; 
we  shall  have  by  these  measures,  both  the  length  of  the  radius  taken  for 
unity,  and  the  value  of  «  {1  +  h  cos.  2  (p  +  jS)}.  We  then  have,  by 
what  precedes, 

_     ,         tan.  *  4  (1  +  COS. "  -si/)     .     _  ,      .    ^. 

COS.  s^  \r    1    I  / » 

the  observation  of  the  azimuthal  angles  at  the  two  extremities  of  the  arc 
will  give  a  h  sin*  2  (p  +  l^)«  Finally,  the  degree  measured  in  the  <lirec- 
tion  perpendicular  to  the  meridian,  is 

P+  P.a{l  +hcos.2(f»  + jS)Jsin.«>I/+  4*.  ahtan.' >J/Cos,  2  (f>+ ^; 
the  measure  of  this  degree  will  therefore  give  the  value  of  a  h  sin.  2  (f +3). 
Thus  the  osculatory  ellipsoid  will  be  determined  by  these  several  mea- 
sm*es :  it  would  be  necessary  for  an  arc  so  great,  to  retain  the  square  of  s 
in  the  expression  of  the  angle  w;  and  the  more  so,  if,  as  it  has  been  ob- 
sen'ed  in  France,  tlie  azimuthal  angle  does  not  vary  propordonally  to 
the  measured  arc:  at  the  same  time  we  must  add  a  term  of  the  form 
«  k  sin.  ^  cos.  -4/  sin.  (f  +  /S'),  to  get  the  most  general  expression  of  thb 
radius. 

583.  The  elliptic  figure  is  the  ny>st  simple  after  that  of  the  sphere :  we 
have  seen  above  that  this  ought  to  be  the  figure  of  the  earth  and  planets, 
on  the  supposition  of  their  being  originally  fluid,  if  besides  they  have 
retained  their  primitive  figure.  It  was  natural  therefore  to  compare 
with  this  figure  the  measured  degrees  of  the  meridian ;  but  this  compari* 
son  has  ^ven  for  the  figure  of  the  meridians  difierent  ellipses,  and  which 
disagree  too  much  with  observations  to  be  admissible.  However,  before  we 
renounce  entirely  the  elliptic,  we  must  determine  that  in  which  the  greatest 
defect  of  the  measured  degrees,  is  smaller  than  in  every  other  elliptic 
figure,  and  see  whether  it  be  within  the  limits  of  the  errors  of  observaticnsL 
We  arrive  at  this  by  the  following  method. 

Let  a  ^^),  a^^  ^  a  (%  Sec.  be  the  measured  degrees  of  the  meridians ;  p  ^, 
p  (%  p  (^,  Slc.  the  squares  of  the  sines  of  the  corresponding  latitudes : 
suppose  that  in  the  ellipse  required,  the  degree  of  the  meridian  is  expressed 
by  the  formula  z  +  p  y ;  calling  x  ^*^,  x  ^%  x  ^^  &c.  the  errors  of  observation, 
we  shall  have  the  following  equations,  in  which  we  shall  suppose  that  p^^^, 
p  <%  p  (3)^  &c.  form  an  increasing  progression. 
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a^*)  — z  — pWy  =  x^) 

a(«)_z  — p(«)y  =  xW (A) 


a^n)  —  2 p^"^  y  =s  x^^ 

n  being  the  number  of  measured  degrees. 

We  shall  eliminate  from  these  equations  the  unknown  quantities  z  and  y, 
and  we  shall  have  n  —  2  equations  of  condition,  between  the  n  errors 

X  ^\  x^^j X  ^°l    We  must,  however,  determine  that  system  of  errors, 

in  which  the  greatest,  abstraction  being  made  of  the  signs,  is  less  than  in 
every  other  system. 

First  suppose  that  we  have  only  one  equation  of  condition,  which  may 
be  represented  by  f 

a  =  m  x^^)  +  n  x^^J  +  p  x'^  +  &c. 
a  being  positive.  We  shall  have  the  system  of  the  values  of  x  ^\  x  ^,  &c. 
which  gives,  not -regarding  signs,  the  least  value  to  the  greatest  of  them; 
supposing  them  all  nearly  equal,  and  to  the  quotient  of  a  divided  by  the 
sum  of  the  coefficients,  m,  n,  p,  &c«  taken  positively.  As  to  the  sign 
which  each  quantity  ought  to  have,  it  must  be  the  same  as  that  of  its  co- 
efficient in  the  proposed  equation. 

If  we  have  two  equations  of  condition  between  the  errors,  the  system 
which  will  give  the  smallest  value  possible  to  the  greatest  of  them  will  be 
such  that,  signs  being  abstracted,  all  the  errors  will  be  equal  to  one  ano- 
ther, with  the  exception  of  one  only  which  will  be  smaller  than  the  rest, 
or  at  least  not  greater.  Supposing  therefore  that  x  ^'^  is  this  error,  we 
shall  determine  it  in  function  x  ^\  x  ^%  &c.  by  means  of  one  of  the  proposed 
equations  of  condition ;  then  substituting  this  value  of  x  ^^^  in  the  other 
equation  of  condition,  we  shall  form  one  between  x  (^,  x  (^,  &c ;  which  re* 
present  by  the  following 

a  =  mx^*J  +  nx^  +  &c. 
a  being  positive;  we  shall  have,  as  above,  the  values  of  x^^,  x^,  &c.  by 
dividing  a  by  the  sum  of  the  coefficients  m,  n,  &c.  taken  positively,  and  by 
giving  successively  to  the  quotient  the  signs  of  m,  n,  &c  These  values  sub- 
stituted in  the  expression  of  x  ^^)  in  terms  of  x  ^,  x  ^>,  &c.  will  give  the  value 
of  x^^>;  and  if  this  value,  abstracting  signs,  is  not  greater  than  that  of  x^^ 

this  system  of  values  will  be  that  which  wQmust  adopt;  but  if  greater,  then 

<  '  ... 

the  supposition  that  x  ^')  is  the  least  error,  is  not  legitimate^  and  we  must 
successively  make  the  same  supposition  as  to  x  (^,  x  %  &c.  until  we  arrive 
at  an  error  which  is  in  this  respect  satisfactory. 

If  we  have  three  equations  of  condition  between  the  errors ;  the  system 
which  will  give  the  smallest  value  possible  to  the  greatest  of  them,  will  be 

U4lf 
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such*  that,  abstracdng  signs,  all  &€  enorr  will  be  equal,  with  fntopfirion  of 
tw<s  which  will  be  less  than  die  others. 

Sapposing  therefore  thai  x^,  x^  are  these  two  errors,  we  shall  elimi- 
nate them  from  the  third  of  the  equations  of  conditicHi  by  means  of  the 
other  two,  and  we  shall  have  an  equation  between  die  errors  x  ^,  x  ^,  &c: 
fiyrcacnt  ic  by 

a  =r  ra  x<^  +  n  xf*>  +  kc 
a  bcn^  pootrre.  We  shall  have  the  values  of  x^,  x^\  &e.  fay  dividing 
a  bj  the  sum  c^  the  coefficients  m,  n,  &c.  taken  positiv^,  and  by  giving 
soooessivdy  to  the  quotient,  the  signs  of  m,  n,  &c.  These  values  suhsti- 
tnted  in  die  eiqpresdons of  x<^,  and  of  x^')  in  terms  of  x^*,  x-^,  &c  will 
give  the  values  ^  jl^\  and  of  x'%  and  if  these  last  vahies,  afastnctii^ 
agns,  do  not  suipass  x^,  we  shall  have  the  system  of  errors,  which  we 
o^gfat  to  adopt;  but  if  one  of  these  values  exceed  x^,  the  suj^iositieD  diat 
x^\  and  X ^  are  the  smallest  errors  h  not  legitimate,  and  we  mnst  use 
the  same  supposition  upon  another  ccmibinatioa  of  errors  x  ^»  x  ^,  &c. 
taken  two  and  two,  until  we  arrive  at  a  combination  in  whidi  this  sn{fx>- 
sation  is  legitimate.     It  is  easy  to  extend  this  mediod  to  the  case  where 

we  should  have  fijor  or  more  equations  of  condition,  betwe^i  the  errors  X  s 
X  ^,  Sec    These  errcxs  being  thus  known,  it  will  be  easy  to  obtain  the 

values  of  z  and  y. 

The  method  just  exposed,  ^pUes  to  all  questions  of  the  same  nature; 
thus^  having  the  number  n  o(  observations  iqpoD  a  comet,  we  may  by  diis 
means  determine  that  parabolic  orbit,  in  whidi  the  greatest  enor  is,  ab- 
stracting signs,  less  than  in  any  other  parabolic  orbit,  and  thence  recog- 
nise whether  the  parabolic  hypothesis  can  represent  these  ohservation&. 
But  when  the  number  cf  observations  is  considerable,  this  mbc^jhwI  be- 
oomes  too  tedious,  and  we  may  in  the  present  problem,  easity  arrive  at 
the  required  system  of  errors,  by  the  ibllowing  method. 

Conceive  that  x'""-,  abstracting  agns,  is  the  greatest  of  the  enon 
x^\  x^"^,  &C.;  we  shall  first  observe,  that  therein  must  exist  another  error 
x^,  equal,  and  having  a  contrary  sign  to  x  *^;  othenroe  we  mig^  bv 
making  z  to  vary  prc^rly  in  the  equation 

a  J^  —  a  —  p  ^.  y  =  X  ^^, 
diminish  tha  errar  x ^,  iHainiug  to  it  the  piopeity  of  being  llbe  mum 
error,  vdiich  is  against  the  hypothesisw  Next  we  shaE  ohwiife  that  x  ~ 
and  x^^  being  the  two  fTtrpaM^  ertats^  one  positive,  and  the  oAenncga- 
tiv^  and  eqaal  to  one  another,  there  o^g^  to  exist  a  Aird  cnor  x  '^. 
eqpal,  abstmoti^g  signs,  to  x  ^.     In  &c^  if  we  take  the  cqwtkm  oone- 
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spoadiiig  Uf-x^  from  the  equation  correspondbg  to  x  ^%  we  ahall 

have 

aCO_aO)_fpW_pO)j.y  =  x(>^— x«. 

The  second  member  of  this  equation  is,  abstracting'  signs,  the  sum  of 
the  extreme  exton^  audit  is  dear^  that  in  varying  y  suitably,  we  may  di- 
minish it,  preserving  to  it  the  property  of  being  the  greatest  of  the  sums 
which  we  can  obtain  by  adHing  or  subtracting  the  errors  x  %  x  <*5,  &c. 
taken  two  and  two ;  provided  there  is  no  third  error  x  ^  equal,  abstract- 
ing signs,  to  X  ^*5 ;  but  the  sum  of  the  extreme  errors  being  diminished^ 
and  these  errors  being  made  equal,  by  means  of  the  value  of  z,  each  of 
these  errors  win  be  diminished,  which  is  contrary  to  the  hypothesis. 
There  exists  therefore  three  errors  x  %  x  ^,  x  ^*^  equal  to  one  another, 
abstracting  signs^  and  of  difFerent  signs  the  one  from  the  other  two. 

Suppose  that  this  one  is  x  ^ ;  then  the  number  i^  will  fall  between  the 
two  numbers  i  and  y\  To  show  this,  let  us  imagine  that  it  is  not  the 
case,  and  that  i'  is  below  or  above  both  the  numbers  i,  i'^  Taking  the 
equation  corresponding  to  i',  successively  from  the  two  equations  corre- 
sponding to  i  and  to  V\  we  shall  have 

aO)  _  aOO  _  (p  0)  _  pOO)  y  =  X  «0  —  ^^; 

a(n«^a(*^— (p(»'0_p(«^)y  =  x^—x^\ 
The  second  members  are  equal  and  have  the  same  sign ;  these  are  also, 
abstracting  signs,  the  sum  of  the  extreme  errors;  but  it  is  evident,  that 
varying  y  suitably,  we  may  diminish  each  of  these  sums,  since  the  coeffi- 
cient of  y,  has  the  same  sign  in  the  two  first  members ;  moreover,  we  may, 
by  varying  z  properly,  preserve  to  x^*^  the  same  value;  x  **^  and  x^*^  will 
therefore  then  be,  abstracting  signs,  less  than  x^^  which  will  become  the 
greatest  of  the  errors  without  having  an  equal;  and  in  this  case,  we  may, 
as  we  have  seen,  diminish  the  extreme  error;  which  is  contrary  to  the  hy- 
pothesis.    Thus  the  number  i'  ought  to  &li  between  i  and  V\ 

Let  us  now  determine  which  of  the  errors  x  ^^\  x  ^%  &c.  are  the  extreme 
errors.     For  that  purpose,  take  the  first  of  the  equations  (A)  successively 
from  the  following  ones,  and  we  shall  have  this  series  of  equations, 
aC«  —  a  w  _  (pOb  _  pCD)  y  =  x^  —  x»), 
a»)_a»)  — (pW  — pW)y  =  x»>  — xW;  ••     .     ..(B) 

Suppose  y  infinite;  the  first  members  of  these  equations  will  be  nega« 
tive,  and  then  the  value  of  x  ^^^  will  be  greater  than  x  ^,  x  ^,  &c. :  dimin- 
ishing y  continually,  we  shall  at  length  arrive  at  a  value  that  will  render 
positive  one  of  the  first  members,  which^  before  arriving  at  this  state,  will 
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be  nothing.   To  know  which  of  these  members  first  becomes  eqaal  to  zero, 

we  shall  form  the  quantities, 

a<^  — a^^)     a^  — a<^)     a^^j— a^^ 
p(«)_p(i)'  p(S)_p(i)»  p(4)_pa)>  ^^ 

a  ^ a  ^^ 

Call  |3  W  the  greatest  of  these  quantities,  and  suppose  it  to  be  — ^ ^  : 

if  there  are  many  values  equal  to  P^\  we  shall  consider  that  which  cor- 
responds to  the  number  r  the  greatest,  substituting  P^^^  for  y,  in  the 
(r  —  1)^^  of  the  equations  (B),  x  ^'^  will  be  equal  to  x^^),  and  diminishiDg 
y,  it  will  be  equal  to  x  ^'^\  the  first  member  of  this  equation  then  becoming 
positive.  By  the  successive  diminutions  of  y,  this  member  will  increase 
more  rapidly  than  the  first  members  of  the  equations  which  precede  it; 
thus,  since  it  becomes  nothing  when  the  preceding  ones  are  still  n^a- 
tive,  it. is  clear  that,  in  the  successive  diminutions  of  y,  it  will  always  be 
the  greatest  which  proves  that  x^'^  will  be  constantly  greater  than  x'^, 
x<^,  . .  .  x^-'),  when  y  is  less  than  p^^\ 

The  first  members  of  the  equations  (B)  which  follow  the  (r  —  1)^  will 
be  at  first  negative^  and  whilst  that  is  the  case,  x^'  +  ^^,  x('  +  ^,  &c.  wiU  be 
less  than  x^^),  and  consequently  less  than  x^*),  which  becomes  the  greatest 
of  all  the  errors  x  ^^\  x  ^, . . .  x  ^^\  when  y  begins  to  be  less  than  /3 1'>.  Bui 
continuing  to  diminish  y,  we  shall  get  a  value  of  it,  such  that  some  of  the 
errors  x  ^  +  ^^,  x  ^'  +  *5,  &c.  begin  to  exceed  x  *'\ 

To  determine  this  value  of  y,  we  shall  take  the  r'*'  of  equations  (A)  suc- 
.cessively  from  the  following  ones,  and  we  shall  have 

a<'  +  i)  —  afr>  —  {p('  +  i) pW}y  =  x>  +  *>  — x^; 

aCr  +  2)_a(r)_  Jp(r  +  2)_p(r)Jy   =    xCr+2)_xW 

Then  we  shall  form  the  quantities 

a^'  +  i) a^')     a^'+*) a^"^     « 

p(r+l)  ptr)5     p(r  +  2)  p(r)>   ^^• 

Call  ^^%   the  greatest  of  these  quantities,   and   suppose  tliat  it  is 

aC»0 a^'> 

—j^ ^  :  if  many  of  these  quantities  are  equal  to  jS  ^*5,  we  shall  suppose 

that  t'  is  the  greatest  of  the  numbers  to  which  they  correspond.  Then  x  ^'^ 
will  be  the  greatest  of  the  errors  x  ^^\  x  ^*5,  &c. . . .  x  ^°^  so  long  as  y  is  com- 
prised between  jS  (^),  and  /3  (^ ;  but  when  by  diminishing  y,  we  shall  arrive  at 
8^1  then  x  ^^  will  begin  to  exceed  x  ^\  and  to  become  the  greatest  df  the 
errors. 

To  determine  within  what  limits  we  shall  form  the  quantities 

a^^+i) a^*^     a^*'**)  —  a^ 

Let  fi^^  he  the  greatest  of  these  quantities,   and  suppose  that  it  is 
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■  (^  .  x'     — (PI :  if  several  of  the  quantities  are  equal  to  i8(%  we  shall  sup- 

pose  that  i/'is  the  greatest  of  the  numbers  to  which  they  correspond,  x(''> 
will  be  the  greatest  of  all  the  errors  from  y  =  pw,  to  y  =  /8W.  When 
y  =  fi(%  then  x^*^  begins  to  be  this  greatest  error.  Thus  proceding,  we 
shall  form  the  two  series, 

xO):  x«;   x<'');  xW;...x<'») 
oo;   i3(»>;    /3W;    jSW  ;  .  • .  jSC^;— od  ;     .....     (C) 

The  first  indicates  the  errors  x^'^,  x('>,  x^'O,  &c.  which  become  succes- 
sively the  greatest :  the  second  series  formed  of  decreasing  quantities,  in- 
dicates the  limits  of  y,  between  which  these  errors  are  the  greatest;  thus, 
x('>  is  the  greatest  error  from  y  =  od,  to  y  =  jS^*) ;  x^'^  is  the  greatest  er- 
ror from  y  =  P^%  to  y  =  jS^*^;  x^"^  is  the  greatest  error  from  y  =  P^\ 
to  y  =  jS^*),  and  so  on. 

Resume  now  the  equations  (B)  and  suppose  y  negative  and  infinite. 
The  first  members  of  these  equations  will  be  positive,  x  ^^^  will  therefore  then 
be  the  least  of  the  errors  x^'\  x(*>,  &c.:  augmenting  y  continually,  some 
of  these  members  will  become  negative,  and  then  x^^^  will  cease  to  be  the 
least  of  the  errors.  If  we  apply  here  the  reasoning  just  used  in  the  case 
of  the  greatest  errors,  we  shall  see  that  if  we  call  X<')  the  least  of  the 
quantities 

aW_a<«)     aW  — a<'>     a^  —  a^^)     . 

pW_pa)»     p(3)_p(l)»     p(4)_p(0»    *^' 

ii(«) a(i) 

and  if  we  suppose  that  it  is  — t;t ^^ ,  s  being  the  greatest  of  the  num- 

bers  to  which  X<')  corresponds,  if  several  of  these  quantities  are  equal  to 

X(^\  ^W  ^iU  be  the  least  of  the  errors  from  y  =  —  oo,  to  y  =  X<*>.     In 

like  manner  if  we  call  X<^>  the  least  of  the  quantities 

a(»+» a(*^     af''+*^  —  a^">     « 

p(«  +  i)_p(»)»  'p(*+«)_p(»)5  ^^' 

a(sO a(0 

and  suppose  it  to  be  — t^jj ^ ,  s'  being  the  greatest  of  the  numbers  to 

which  xW  corresponds,  if  several  of  these  quantities  are  equal  to  xW;  x^*^ 
will  be  the  smallest  of  the  errors  fi-om  y  r=  \i^\  to  y  =  xW  •  and  so  forth. 
In  this  manner  we  shall  form  the  two  series 

x<*>;  xW;  x(''^;.x(^''>;...x^P> 

—  oo;  X0>;   xW;    XW;...X<*«'>;  00  ; (D) 

The  first  indicates  the  errors  x^*),  x^">,  x^*'^,  &c.  which  are  successively 
p^e  least  as  we  augment  y  :  the  second  series  formed  of  increasing  terms, 
indicates  the  limits  of  the  values  of  y  between  which  each  of  these  errors 
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is  the  least;  thus  x^*>  is  tlie  least  of  the  errors  from  y  =  —  go»  toy  =  x^) 
x^^  is  the  least  of  the  errors,  from  y  =  >.^\  to  y  =:  X^>^  and  thus  of  the 


Hence,  tlie  Talue  of  y  which^  to  the  requited  dUiipse,  wiU  be  one  of  the 
quamilMa.  0(%  /9»>»  p('h  &c.  h^^y  x(^,  &c ;  it  viU  be  in  the  first  aeries, 
if  the  two  extreme  errors  of  the  same  sign  are  positive^  la  fiict,  tb^e 
two  errors  being  then  the  greaitesl;>  they  are  in.  the  series  x^^9  x^'^,  x^^, 
Ite. ;  and  sinc^  one  and  the  same  value  of  y  i;ender$  them  equal  they 
aogfat  to-  ba.  eoDaeentbrc^  and  die  value  of  y  vMdi,  suits  then^  can  only 
be.  one  of  the  quantities  fi^^j.  fi^*\  &c.;  beeauae.twOfof  these  eiEiors  cannot 
at.  the  same  twe  be  made  equal  and  the.  greatest,  except  by  one  only  of 
these  quantities.  Here^  howeva*^  is  »  method  of  dHenuining- that  oF  the 
quanfebdes  ^^%  P^r  tffi*  which  ought  to  be  taken  fbi:  y. 

Conceive,  for  example,  that  |3(^>  is  this  value ;  then  there  ought  to  be 
fomid  by  what,  precedes  between  x  ('^,  and  x  ^^>^  an  error  which  will  be  the 
mninutm  of  alt  the  errors,  since  x^'^^and  x^''^  will  be  ii^maxma  of  these 
emxrs  ;  thus  in  the  series  x^^^,  x^'V  ^c^^^,  &c  soma  one  of  the  numbers 
s^  $'9  Sec  will  be  comprised  betweec^  r  and  r'^  Svqppose  it  to  be  s^  That 
x^  may  be  tb^  last  of  the  value  of  y^  ijt  ought  to  be  comprised  between 
X^)  andx^^^;  therefore  if  |3(^  is  co^prisfod  by  the^  limits,  it  will  be  the 
value  sought  of  y,  and  it  will  be  useless  to  seek  others.  In  fiurt,  suppose 
we  take  that  of  the  equations  (A),  which  answers,  to  x.^*^  successively  from 
the  two  equations  which  respond  to  x^*^  and  to  x^*^;  we  shall  have 
aCi^— .a^*)  — {p(«^  — pWjy  rrx^  — x«; 
a(»-)— aW_  jp(i*)_pWj  y  =  x^«^  — xW. 

All  the  members  of  these  equations  being  positive,  by  supposing 
y  =  P^^f  it  is  clear,  that  if  we  augment  y,  the  quantity  x^  —  x^>  will 
increase ;  the  sum  of  the  extreme  errors,  taken  positively,  will  be  there- 
fore augmented.  If  we  diminish  y,  the  quantity  x^"^  —  x^>  will  be  aug- 
mented, and  consequently  also  the  sum  of  their  extremes ;  /3  ^)  is  therefore 
the  value  of  y,  whidi  gives  the  least  of  diese  sums;  whence  it  follows  that 
it  is  the  only  one  which  satisfies  the  problem^ 

We  shall  try  in  this  way  the  values  of  i3^*>,  P^%  (5^,  &c,  which  is  easily 
done  by  inspection ;  and  if  we  arrive  at  a  value  which  folfils  the  precede 
ing  conditions,  we  shall  be  assured  of  the  value  required  of  y. 

If  any  of  these  values  of  /3  does  not  fulfil  these  conditions,  then  this 
value  of  y  will  be  some  one  of  the  terms  of  the  series  x^^  x^^  &c.  Con- 
ceive, for  example^  that  it  is  X^^,  the  two  extreme  errors  x^")  and  x^  will 
then  be  negative,  and  it  will  have,  by  what  precedes,  an  intermediate  enror 
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which  wiU  be  a  vummum^  and  which  will  fall  consequently  in  the  series 
X  W,  X  ^\  X  ("^j  &c.  Suppose  that  this  is  x  <'),  r  bemg  then  necessarily 
comprised  between  s  and  s',;  XW  ^ught,  therefore,  to  be  comprised  be- 
tween ^  t^)  and  /S  («>•  If  that  is  the  case,  this  wiU  be  a  proof  that  X  »)  is  the 
value  required  of  y.  We  shall  try  thus  all  the  terms  of  the  series  X  C^,  X  <?), 
X  ^*^y  &c.  up  to  that  which  fulfils  the  preceding  conditions. 

When  we  shall  have  thus  determined  the  value  of  y,  we  shall  easily  ob- 
tain that  of  z.  For  this,  suppose  that  ^^^  is  the  vdue  of  y,  and  that  the 
three  extreme  errors  are  x^'\  x  W,  x  ^) ;  we  shall  have  x  ^^  c=  — x  <^),  and 
consequently 

a  W  _  2  —  P  ^'^-  y  =  X  W  ; 

a  «  —  z  —  p  (•)•  y  =  —  X  ('); 
whence  we  get 


z  =: 


a  (')  +  a  ^^       p  ^^  +  p  f'^ 

— 5 ^ — c       -y; 


2  -d 


then  we  shall  have  the  greatest  error  x  ^\  by  means  of  the  equation 

584.  The  ellipse  determined  'in  the  preceding  No.  serves  to  recognise 
whether  the  hypothesis  of  an -elliptic  figure  is  in  the  limits  of  the  errors  of 
observations ;  but  it  is  not  that  which  the  measured  degrees  indicate  with 
the  greatest  probability.  This  last  ellipse,  it  seems,  should  fiilfil  the 
following  conditions,  viz.  1st,  that  the  sum  of  £he  errors  commftted  in  the 
measures  of  the  entire  measured  arcs  be  nothing :  2dly,  that  the  sum  of 
these  errors,  all  taken  positively,  may  be  a  minimum.  Thus  considering 
the  entire  ones  instead  of  the  degrees  ^hich  have  thence  been  deduced, 
we  give  to  each  of  the  degrees  by  so  much  the  more  influence. upon  the 
ellipticity  which  thence  results  for  the  earth,  as  the  corresponding  arc  is 
considerable,  as  it  ought  to  be.*  The  following  is  a  very  simple  method 
of  determining  the  ellipse  whidi  satbfies  these  two  conditions. 

Resume  the  equations  (A)  of  689,  and  multiply  them  respectively 
by  the  numbers  which  express  how  many  degrees  the  measured  arcs 
contain,  and  which  we  will  denote  by  i  ^^\  i  ^^,  i  ^^  &c  Let  A  be  the  sum 
of  the  quantities  i^).  a^^^,  i^.  a^^  &c.  divided  by  the  sum  of  the  numbers 
i^^^i^y-ftc. ;  let,  in  like  manner,  P  denote  the  sum  of  the  quantities 
i^^.  pCi),  i^.  ptt),  &c.  divided  by  the  sum  of  the  numbers  i^^^,  i^%  &c ; 
the  condition  that  the  sum  of  the  errors  i^^^  x^^^,  i^^.  .x^%  &c«  is  nothing, 
gives 

0  =  A  —  z— P.y. 
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If  we  take  this  equation  from  each  of  the  equations  A  of  the  preceding 
No.,  we  shall  have  equations  of  the  following  form : 

b»-q».y  =  x«( 

b«_q».y  sxW"^*  ^ 

&C. 

Form  the  series  of  quotients  —^^ »  — ^,  &c.  and  dispose  them  according 

to  their  order  of  magnitude,  beginning  with  the  greatest ;  then  multi[dy 
the  equations  O,  to  which  they  respond,  by  the  corresponding  numbers 
id),  i(s),  ^c. ;  finally,  dispose  these  thus  multiplied  in  the  same  ord«  as 
the  quotients. 

The  first  members  of  the  equations  disposed  in  this  way,  will  form  a 
series  of  terms  of  the  form 

ha)y_cCi).  hWy — c»);  hWy  — cW;&c  ••.(?) 
in  which  we  shall  suppose  h  ^'),  h  ^^  positive,  by  changing  the  sign  of  the 
terms  when  y  has  a  negative  coeflScient.  These  terms  are  the  errors  of 
the  measured  arcs,  taken  positively  or  negatively. 

Then  it  is  evident,  that  in  making  y  infinite,  each  term  of  this  series 
becomes  infinite ;  but  they  decrease  as  we  diminish  y,  and  end  by  bdng 
negative — at  first,  the  first,  then  the  second,  and  so  on.  Diminishing  y 
continually,  the  terms  once  become  negative  continue  to  be  so,  and  de- 
crease without  ceasing.  To  get  the  value  y,  which  renders  the  sam  of 
these  terms  all.  taken  positively  a  mm/mtan,  we  shall  add  the  quantities 
h  ^^\  h  (^,  &C.  as  far  as  when  their  sum  begins  to  surpass  the  senii-«um  ot^ 
all  these  quantities ;  thus  calling  F  this  sum,  we  shall  determine  r  such 

that 

hW  +  hW  +  hW  + +  hC')  >  i  F; 

hO)  +  hW  +  h(«)  + +  h('-i)<iF. 

We  shall  then  have  y  =  r-^ ,  so  that  the  error  will  be  nothing  rek- 

« 

tively  to  the  same  degree  which  corresponds  to  that  of  the  equations  (O), 
of  which  the  first  member  equated  to  zero,  gives  this  value  of  y. 

To  show  this,   suppose  that  we  augment  y  by  the  quantity  d  y,  so  that 

r-jg  +  ^  y  may  be  comprised  between  .  ^^^^^  and  r-^jj .     The  (r —  1)  first 

c^'> 
terms  of  the  series  (P)  will  be  negative,  as  in  the  case  of  y  =  r-^;  but  in 

taking  them  with  the  sign  +9  their  sum  will  decrease  by  the  quantity 

{h(«>  +  hW h('~'>|  ay. 
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The  first  term  of  this  series,  which  is  nothing  when  y  =  r^ ,  will  be- 
come positive  and  equal  to  h^'^  d  y ;  the  sum  of  this  term  and  the  follow- 
ing, which  are  positive^  will  increase  by  the  quantity 

jh<')+  h(»  +  »>  +  &c.|  dj; 

but  by  supposition  we  have 

h<i)  +  hW h('-»)<h(')  +  hC'  +  »  +  &C-; 

the  entire  sum  of  the  terms  of  the  series  (P),  all  taken  positivelyy  will 
therefore  be  augmented,  and  as  it  is  equal  to  the  sum  of  the  errors 
i(i).  x(*^  +  i^^K  x^\  8cc.  of  the  entire  measured  arcs,  all  taken  with  the 

^^S^  +9  this  last  sum  will  be  augmented  by  the  supposition  of  y=r-7;^4-^y* 

It  is  easy  to  prove,  in  the  same  way,  that  by  augmenting  y,  so  as  to  be 

C^'^""*>         c^'~*^  c^'""*>         c^'  —  ^^ 

comprised  between  >  ^^^^^  and  ,  ^^_^^ ,  or  between  l  ^^^^^  and  ofhsJ  >  &c. 

the  sum  of  the  errors  taken  with  the  sign  -f'  will  be  greater  than  when 

Now  diminish  y  by  the  quantity  3  y  so  that  r-^  —  ^  y  niay  be  comprised 
between  c-j^j  and  yr(rzTj »  the  sum  of  the  negative  terms  of  the  series  (P) 


will  increase,  in  changing  their  sign,  by  the  quantity 

{h^>  +  hW  + h(')}  dy; 

and  the  sum  of  the  positive  terms  of  the  same  series  will  decrease  by  tlie 
quantity 

{hC'+i)  +  h<'+*>  +  Sec]  ay; 

and  since  we  have 

h^)  +  hW  + h«  >  hC'+»>  +  h<'+»)  +  &c., 

it  is  clear  that  the  entire  sum  of  the  errors,  taken  with  the  sign  +,  will  be 
augmented*     In  the  same  manner  we  shall  see  that,  by  diminishing  y,  so 

that  It  should  be  between  ^(r^\)  ^^  h5>^ '  ^^  between  ^^j^^)  and  ^^,^3^, 
&c.  the  sum  of  the  errors  taken  with  the  sign  +  is  greater  than  when 
y  =  r-77T ;    this  value  of  y  is  therefore  that  which  renders  this  sum  a 


mtnttnum. 


S20 
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The  value  of  y  gives  that  of  z  by  means  of  the  equation 

z  =  A  — P.y. 

The  pneceding  aaalyas  being  founded  on  the  ivariatian  of  die  degrees 
from  the  equator  to  the|KiIfis,  being  propordonal  to  the  square  of  the  one 
of  the  latitude,  and  this  law  of  variation  subsisting  equally  fbr  gravity,  it 
is  clear  that  it  applies  also  to  observations  upon  the  length  of  the  seconds' 
pendulum.  ^ 

The  practical  application  of  the  preceding  iheory  will  fully  establish  its 
wmndness  and  utility.  Fcr  this  purpose,  ample  scope  is  afibrded  by  tbe 
actual  admeasurements  of  arcs  on  the  earth's  surfirce,  which  have  been 
made  at  different  times  and  in  different  countries.  Tabulated  below  you 
have  such  results  as  are  most  to  be  depended  on  for  care  in  the  ohsenra- 
tions,  and  for  accuracy  in  the  calculations. 


LftUtudcs. 


of 


00.0000 
37.0093 
43  .5556 
47 .7968 
51.3327 
53 .0926 
73 .7037 


25538".85 
25666 .65 
25599 .60 
25640 .55 
25658 .28 
^688.30 
25832 .25 


Wb^re  made. 


Peru. 

Cape  of  Gk>od  Hope 

Pennsylvania. 

Italy. 

France. 

Austria. 

Laponia. 


By  wbomcDade. 


Bouguer. 
LaCaiUe. 
Mason  &  Dixon. 
Boscovich  &  le  Maire. 
Delambre  &  Mechain. 
Lie^anig.  j 

Clairaut,  &c.  j 


SUPPLEMENT 


TO 


BOOK  III- 


FIGURE   OF   THE  EARTH. 


585, 1?  a  fluid  body  had  no  motion  about  its  axis,  and  all  its  parts  were 
at  rest,  it  would  put  on  the  fonn  of  a  sphere ;  for  the  pressures  on  all  the 
columns  of  fluid  upon  the  central  particle  would  not  be  equal  unless  they 
were  of  the  same  length.  If  the  earlli  pe  supposed  to  be  a  fluid  body, 
and  to  reyolve  round  its  axi%  each  particle^  besides  its  gravity,  will  be 
urged  by  a  centrifugal  force, ,  by  which  it  will  hate  a  tendency  to  recede 
from  the  axis.  On  this  fM^cpuftf^-  Sir  Isapo  Newton  condnded  that  the 
^arth  must  put  op  a  sfphelpidioal  formy  the  polar  diameter  being  the 


shortest.  Let  P  E  Q  represent  a  section  of  the  earth,  P  p  the  axis,  E  Q 
Ae  equator,  (b  m)  thie  centrifugal  force  of  a  part  revolving  at  (b).  This 
force  is  resolved  into  (b  n),  (n  m),  of  which  (b  n}  i^raws  fluid  from  (b) 
^  Q»  and  therefore  tends  to  diminish  P  O,  and  increases  £  Q. 

It  must  first  be  considered  what  will  be  the -form  of  the  curve  P  E  p, 
and  then  the  ratio  of  P  O  :  G  O  may  be  obtained. 

Vou  II.  X 
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586.LEBCMA)  Let  E  A  Q^  e  a  q,  be  similar  and  concentric  ellipses,  of 
which  the  interior  is  touched  at  the  extremity  of  the  minor  axis  by  P  a  L ; 
draw  a  f,  a  g,  making  any  equal  angle  with  a  C  ;  draw  P  F  and  P  G  re- 
spectively parallel  to  a  f,  a  g ;  then  will  PF+PO  =  af+ag. 
For  draw  P  K,  F  k  perpendicular  to  E  Q,  and  F  H,  k  r  perpendicular  to 
P  K,  .-.  F  E  =  E  K,  •%  H  D  =  D  r  and  PD  =  D  K,  .-.  PH  =  Kr; 
also  F  H  =  K  r,  •*.  if  K  k  be  joined,  K  k  =  P  F;  draw  the  ^iftni#>»^r 
M  C  z  bisecting  K  k,  G  P,  a  g,  in  (m),  (s).  (z). 
Then 

Km:Kn::Ps:Pn::az:aC::ag:ab. 
/.  Km  +  Ps:Kn  +  Pn::ag:ab 

but 

Kn+  n  P=KP=2PD=:2aC=:ab/.  Km+Ps=ag. 
.*.  2  K  m  +  2Ps=2ag,  or  P  F+P  G=a  g+a  f. 
Cor.     PH  +  PI=2aL     For 

PF:PH::PG:PI;:ag:aL 
/.PF  +  PG:PH  +  PI::ag:ai::2ag:2aL 
but 

PF+PG=:2ag,  .-.  PH+PI  =  2aL 
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587.  The  attraction  of  a  particle  A  towards  any  pyramid,  the  area  of 
whose  base  is  indefinitely  small,  a  length,  the  angle  A  being  given,  and 

the  attraction  to  each  particle  varying  as  ■,,       — 5  • 

For  Jet 

a    =  area  (v  x  z  w) 
m    =  (A  z) 
X   =  (A  a) 

Then  section  a  b  =  section  v  x  z  w    (A  a) '       axf 

(Az)«  m« 

.%  p'  •  attraction  =  5_^ — 
attraction  = 


a  x"  x'    _^  a  x' 
m  *  X  *     "  ni  '^ 

a  X 


m«" 


•*.  attractions  of  particles  at  vertices  of  similar  pyramids  a  lengths. 

5  88.  If  two  particles  be  similarly  situated  in  respect  to  two  similar  solids, 
the  attraction  to  the  solids  a  lengths  of  solids. 

For  if  the  two  solids  be  divided  into  similar  pyramids,  having  the  par* 
tides  in  the  vertices,  the  attractions  to  all  the  corresponding  pyramids 
cc  their  lengths  oc  lengths  of  solids,  since  the  pyramids  being  similarly 
situated  in  the  two  similar  solids,  their  lengths  must  be  as  the  lengths  of 
the  solids :  .*.  whole  attractions  a  lengths  of  the  solids,  or  as  any  tvfo 
lines  similarly  situated  in  them. 

Cor.  1.  Attraction  of  (a)  to  the  spheroid  a  q  f :  attraction  of  A  to 
A  Q  F : :  a  C  :  A  C. 

Cob.  2.  The  gravitation  of  two  particles  P  and  p  in  one  diameter  P  C  are 
proportional  to  their  distances  from  the  center.  For  the  gravitation  of  (p) 
is  the  same  as  if  all  the  matter  between  the  surfaces  A  Q  E,  a  q  e,  were 
taken  away  (Sect  XIII.  Prop.  XCI.  Cor.  3.)  .*.  P  and  p  are  similarly  si* 
tuated  in  similar  solids,  .*.  attractions  on  P  and  p  are  propordonal  to 
P  C  and  p  C,  lines  similarly  situated  in  similar  solids. 

589.  All  particles  equally  distant  from  E  Q  gravitate  towards  E  Q  with 
equal  forces. 

XS 
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For  P  G  and  P  F  may  be  considered  as  the  axes  of  two  very  slender 
pyramids,  contained  between  the  plane  of  the  figure  and  another  plase, 
making  a  very  small  angle  with  it.  In  the  same  manner  we  may  conceive 
of  (a  f )  and  (a  g).  Now  the  gravity  of  P  to  these  pyramids  is  as 
P  F  +  P  G ;  and  in  the  direction  PdisasPH-fPL  Agam,  the 
gravity  of  (a)  to  the  pyramids  (a  f ),  (a  g)  is  as  (a  f  -f  &  g))  or  in  the  di- 
rection (a  i)  as  2  a  i ;  bat  PH4-PI=:2ai:.*.  gravity  of  P  in  the  di- 
rection P  d  =  gravity  of  (a)  in  the  same  direction. 

It  is  evident,  by  carrying  the  ordinate  (f  g)  along  the  diameter  from  (b) 
to  (a) ;  the  lines  (a  f ),  (a  g)  will  diverge  firom  (a  b),  and  the  pyramids  of 
which  these  lines  are  the  axes,  will  compose  the  whole  surfiBtce  of  the  io- 
terior  ellipse.  The  pyramids,  of  which  P  F,  P  G  are  the  axes,  will,  in 
like  manner,  compose  the  surface  of  the  exterior  ellipse,  and  this  is  true 
for  every  section  of  the  spheroid  passing  through  P  m.  Hence  the  at- 
traction of  P  to  the  spheroid  P  A  Q  in  the  direction  P  d  equals  the  at- 
traction of  (a)  to  the  spheroid  (p  a  q)  in  the  same  direction. 

590.  Attraction  of  P  in  the  direction  P  D  :  attraction  of  A  in  the  same 
direction  :  :  P  D  :  A  C. 

For  the  attraction  of  (a)  in  the  direction  P  D  :  attraction  of  A  in  the 
same  direction  : :  P  D  :  A  C,  and  the  attraction  of  (a)  =  attraction  of  P. 
.-.  attraction  of  P  :  attraction  of  A  :  :  P  D  :  A  C. 

Similarly,  the  attraction  of  P  in  the  direction  £  C  :  attraction  of  A  in 
the  direction  E  C  : :  P  a  :  E  C. 


591.  Draw  M  G  perpendicular  to  the  ellipse  at  M^  and  with  the  radius 
O  P  describe  the  arc  P  n. 
Then  Q  G :  Q  M : :  Q  M :  Q  T 

•  OG-*^^' 
'^^-ITT' 


JA. 
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And 


O  Q :  O  P  : :  O  P :  O  T 

O  P* 
•'♦  O  Q  =  ■  ^  fp  • 

.*.  Q  G  ;  Q  O  :  t  ^  m  t  tv^f 


but 


OT:  OQ::  OP»:  QO» 
.•.  O  T  :  T  Q  : :  O  P» :  O  P*—  O  Q* 

::  OP*:nQ» 

: :  O  P» :  P  Q .  Q  p  : :  O  E» :  Q  M* 
OT  _  OE* 

.-.QG:  QO::OE»:OP* 
.•.QG  =  g^.QO. 

592.  A  fluid  body  will  preserve  its  figure  if  the  direction  of  its  gravity,  at 
every  point,  be  perpendicular  to  its  surface ;  for  then  gravity  cannot  put  its 
surface  in  motion. 

593*  If  the  particles  of  a  homogeneous  fluid  attract  each  other  with  forces 
varying  as  ^     — 5 ,  and  it  revolve  round  an  axis,  it  will  put  on  the  form 

of  a  spheroid. 

T 
P 

Q 


For  if  P  E  p  P  be  a  fluid,  P  p  the  axis  round  which  it  revolves,  then 
may  the  spheroid  revolve  in  such  a  time  that  the  centriftigal  force  of  any 
particle  M  combined  with  its  gravity,  may  make  this  whole  force  act  per- 
pendicularly  to  the  sur&ce.     For  let  E  s=   attracdon  at  the  equator, 

P  =  attraction  at  the  pole,  F  =  centrifugal  force  at  the  equator. 

X3 
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Then  (590), 

attraction  of  M  in  the  direction  M  R  :  P  :  :  Q  O  :  P  O 

.'.  attraction  of  M  in  the  direction  M  R  =  ■    p^     • 

Similarly,  the  attraction  of  M  in  the  direction  M  Q  =      '  ^^ . 

(J  ill 

But  the  centrifugal  force  of  bodies  revolving  in  equal  times  oc  radiL 

^       V*         c« 


r     ^r.P« 

QC 


P* 

(and  P  being  given)  a  r 

-••  centrifugal  force  of  M  =  — TTir'" 

.•.  whole  force  of  M  in  the  direction  M  O  =  ^ —    ^  p . 

lelogram,  and  M  q  will  be  the  compound  force;  O  E  and  O  P  •*•  roust 
have  such  a  ratio  to  each  other  that  M  q  may  be  always  perpendicular  to 
the  curve.  Suppose  M  q  perpendicular  to  the  curve,  then,  by  similar 
triangles,  q  g  or  M  r  :  M  g  :  :  Q  6  :  Q  M. 

.P.QO.(E-F)OR..OE« 

•     PO     •  OE         ..0-pi-^v7.  v/«. 

.  JPQO-OR  ^  .p       p^    O  R    O  E«        ^ 
•  FD -(*^--*)-5rE'OT«'^ 

•.P  =  (E-F).g-^ 

.-.  P :  E  —  F  :  :  O  E  :  O  P, 

in  which  no  lines  are  concerned  except  the  two  axes;  •*•  to  a  spheroid 
having  two  axes  in  such  a  ratio,  the  whole  force  will,  at  every  point,  be 
perpendicular  to  the  surface,  and  .*.  the  fluid  will  be  at  rest 

P  M  R 
594,  The  attraction  of  any  point  M  in  the  direction  M  R  =  • — ITTJ"  > 

.*•  if  P  be  represented  by  P  O,  M  R  will  represent  the  attraction  of  M  in 
the  direction  M  R,  and  M  v  will  represent  the  whole  attraction  acting 
perpendicularly  to  the  sur&ce. 
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£ 


T 

a 

P 

^^y 

I 

F 

Z^ 

l\ 

f 

:^^ 

V 

\ 

y 

} 

0  SC      i     /  ■ 

t 

\ 

I 

6 

"^'^  / 

I 

'\ 

\y 

' 

x^ 

^ 

•a 

Draw  (y  c)  peipendicular  to  M  O. 
Then 

MO:Ma::Mv:Mc:  '.attraction  in  the  direction  Mv  :  MO. 


•*•  attraction  in  the  direction  M  O  = 


Mv.Ma       OP* 


MrD~-"Ho  ^sro' 


By  similar  triangles  T  O  y,  M  v  R,  (the  angle  T  O  y  being  equal  to  the 
angle  v  M  R.) 

T  O  :  O  y  : :  V  M :  M  R 
.-.  TO.MRsOy.vMsMa.MvrzTO.OFsOP'- 
SQS.  Required  the  attraction  of  an  oblong  spheroid  on  a  particle  placed 
at  the  extremity  of  the  major  axis,  the  excentricity  being  veiy  small. 

Let  axis  major  :  axis  minor  : :  1  :  1  —  n.     Attraction  of  the  circle 
N  n  (Prop  XC.) 

,_EL       , X 

^  EU  ^  *        Vn«+(1  — n)«(2n  — n«) 

a  1— X  {2x  — n.(4x  — J8n*;j     * 

OBl— x{(2x)""*+  |-{2x)'^n.(4n  — 2n«)} 


n 


1 


tt  1  — ^ iU,.(4  Vl^  — 2x*^) 

V  2       4  V  2    ^ 

.-.  A'  a  x'  —  5^ 5«, .  (4  X  *  X'  —  2  X  ^  xO 

V  2       4  V  2    ^  ' 


.•.A   ax rr— .  X 


\  n         /8xJ 4  x» 

4  V^'  ^3  6 


) 


X4 
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Let  X  =  2  E  O  z=  2, 

8        4V2^3  5/ 

£_8n  4n 

3         16    *  5  ' 

.*.  attraction  of  the  oblong  spheroid  on  E :  attraction  of  a  drciim- 
scribed  sphere  on  E  : :  (since  in  the  sphere,  n  =  0.) 

1       4  n    - 
5 

596.  Required  the  attraction  of  an  oblate  spheroid  on  a  particle  placed 
at  the  extremity  of  the  minor  axis* 

Let  axis  minor  :  axb  major  : :  1  :  1  -f  n« 

.    ^f    QC  x'  l  1 <  ^^'     »'     -      -   I 

I  Vx*  +  (1  +n)«.(2x— x*)i 

a  x'/ 1  -  ^  A 

\  V  2x+ 4nx  — 2nx*/ 

oc  x'  {l— X  ((2x)"*  — i-(2x)"*4nx  — 2nx«)} 
,       x^x'       nx*  x*       nx*x' 

OC    X     —  «=•    +  = —  ==: 

V2  V2  2V2 

V"i.  x*^       V"2 .  n  X ■       nxj 
••.  A  «  X  g         +  3  ^^- 

.*.  whole  attraction 


^        4        4n       4n        2    .    8n       «    .   4n 
«^-8   +-8^ --6"*  F+T6  *^+-r 


qphere 


scribed  on  P : :  1  +  -=- :  I. 


Since  these  spheroids^  by  bypotbesisi  approximate  to  spheres^  chcj  mar, 
without  sen^Ue  error,  be  assumed  for  ^hores^  udthdr  attractions  will  be 
nearly  proportional  to  their  quantities  of  matter.  But  oUong  qdiere 
:  oblate  : :  oblate :  circumscribed  ^here.  .%  A  of  oblong  sphere  on  £ :  A' 
of  oblate  on  E  : :  A' :  A''  of  drcumscribed  qpbere  on  E. 


.\A':A"::A;A'::  VA:  VA''::    /l— ^:1::I— ~:1 
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Also 

att".  of  oblate  sph.  on  P :  att",  of  insd*.  sph.  on  P  : :  1  +  — :  1 

att^.  of  insc^.  sph.  on  P :  att^ofcircum8<^•sph.onE: :      1        : 1  +  n 

2  n 
att^  of  circumsc'.  sph.  on  E :  attr^.  of  obkte  sph.  on  E  : :       1        : 1 — ^ 

.-•  attraction  of  the  oblate  sphere  on  P  :  attraction  of  the  oblate  sphere 

«       ,    ,   4  n    -J — ;; —    -       2  n 
onE::  1  +"5"*  1  +  n.l g- 

::l  +  -^:l  +  -^:sl+  ^'^  nearly. 

n 

T 

n        8n« 
5   "**    25 
_8n» 
25 

.♦.  P  :  E  : :  1  +  -y  :  1 ; 

but  (698),    P:E  —  F::OE:OP  ♦ 

::l+n:I::P  +  F:E  neariy 

r+n.E— F  =  P 
.-.TirS.  E  — F  — nF  =  P 

.-.  r+n .  E— n  F=  P  +  F 
and  since  (n)  is  very  small,  as  also  F  compared  with  E, 

.-.  l~+n^  E  =  P  +  F 
.♦.1  +  n:l::P+F:E 

...  P  =  E  +  ^ 

...  E+  H^+F:E::l  +  n:l 
6 

...E  +  5J  +  F  =  E  +  nE 

T,       4nE 
...F  =  _g- 

_  O! 

•*•  "  -  4  E 

.*.  4E:6F::  I  :n 
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or  ^  four  times  the  primitive  gravity  at  the  equator  :  five  times  the  ceDtri- 
fugal  force  at  the  eqaator  :  :  one  half  polar  axis :  excentricity." 

597.  The  centrifugal  force  opposed  to  gravity  a  cos.'  hititiide. 


in     n 


Let  (m  n)  =  centrifugal  force  at  (m),  F  =  centrifugal  force  at  £. 

•*.  (n  r)  b  that  part  of  the  centrifugal  force  at  (m)  which  is  opposed  to 

gravity. 

Now 

F :  m  n  : :  O  E  :  K  m 

and  r  ::r*        :  co8.*lat 

m  n  :  n  r  :  :Om:  K  m 


/•'.  F:  n  r : :  Om*:  Km* 
I  : :  r*        :  co8.'k 


•*.  m  r  Qc  cos.  *  lat 

598.  From  the  equator  to  the  pole^  the  increase  of  the  length  of  a  de- 
gree of  the  meridian  a  sin. '  lat. 


P^M 


nr:Ms::nO:MG::CP:CR::  1— n:l. 
.•. n  r  =  1— n •  M  S  =  1  -^n.  f  sin.  tf  =  1  —  n .  cos.  * . ^ 
ro  r  =  8  t  =  f'.  COS.  ^  s=  —  sin.  tf.  / 
••.  mr*=  sin.*  0.  i  * 

.'.mn«=  nr«  +  mr*  =  /*.sin.«^  +  (1  —  n)*.  coj.'^^' 
=  f*.  (sin. «  ^  +  1  — 2n.  cos.*  0) 
=  ^*(sin.«tf  +  cos.*^  — 2n.cos.*^) 
=  ^•.  (1— .gn.cos.*^) 
.*•  m  n  =  ^.  (1  —  n  •  cos.  •  0) 
>'•  at  the  equator,  since 

^  =  0;  m'n'  =  ^  (1— n) 
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•••  increase  =  tf'  (1  —  n.oos**  ^  —  1  +  n)  z=  ^.  n  (]  — cos.*  B) 

=  ^.  n  sin. '  By 
•*•  increase   cc  n  ^.  sin.  *  B 

oc  sin.  *  ^,  a  sin.  *  latitude* 

599*  Given  the  lengths  of  a  degree  at  two  given  latitudes,  required  the 
ratio  between  the  polar  and  equatorial  diameters. 

Liet  P  and  p  be  the  lengths  of  a  degree  at  the  pole  and  equator,  m  and 
n  the  lengths  in  latitudes  whose  sines  are  S  and  s,  and  cosines  C  and  c. 
Then  as  length  of  a  degree  oo  radius  of  curvature,  (for  the  arc  of  the  me- 
ridian intercepted  between  an  abgle  of  one  degree,  which  is  called  the 
length  of  a  degree,  may  be  supposed  to  coincide  with  the  circle  of  curva- 
ture for  that  degree,  and  will  .*•  oc  radius  of  curvature.) 

CD* 
oc 

PF* 
Now  at  the  pole  C  D*  becomes  A  C*,  and  P  F  becomes  B  C 

A  C*        a* 
.-.  length  of  a  degree  «  -g-g-*.*  -^ ; 

similarly  the  length  of  a  degree  at  the  equator 

»BC»    ^b« 

J- 

P  :  p  : :  ^* :  —  : :  a» :  b» : :  1  :  (1  —  n')'. 

Now 

m  —  p  :  n  —  p.(598) : :  S«  :  s«, 

.'.  m  —  n  :  n  —  p  ::  S* —  s*  :  S*, 

m  —  n.S* 
-°~P=    S'-s*    ' 
but 


P<i  o       •        n  ni  —  n.  S* 

—  p  ;  n  —  p  : :  1 » :  8» : :  P  —  p  :    «,_,,   » 


S*  — 8/ 


Pm  —  n 
—  P  =  St 


P,    m  — 


m  —  n 


-s 


m  —  n.s* 
S«-s*    ="-P* 


-^  m  —  n.  S* 

-P  =  °—    S*  — s«    ' 
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""  S«  — s«  -    S«  — s*  ' 

P          J-  m  —  n       n  S*  —  ms*  +Tn  —  p 
.%  r  =:  p  -h  st_s«  =  s«  — 8* ' 

""  S*  — s«  ^ 

mc»  — n  C» 
^     8^  —  8*     • 

n  S*  —  m  8* 


.  p.p..  mc*>-iiC^ 


8 


S«— 8 


::  mc*  — nC* :  nS«  — m8« ::  1  :  (1  — nO» 
.-.  (m  c«  —  n  C*)  J  :  {n  S*— m  s«) J  : :  1  :  1  —  n'. 

600.  The  Tariation  in  the  length  of  a  pendulum  a  sin.  *  latitude. 
Let  1  =  length  of  a  pendulum  vibrating  seconds  at  the  equator* 

L  =  length  of  one  vibrating  seconds  at  latitude  ^ 
The  force  of  gravity  at  the  pole  =  1,  a  the  force  of  gravity  at  the  equitor 
=  1  —  F,  and  the  force  of  gravity  in  latitude  ^  (60S)  =  1  —  F.  cos.*  i^ 

.\  L  :  1 : :  1  —  F.  cos.  *  ^  :  I  —  F  (smce  a  «  «  a  F) 
.-.  L  —  1 : 1 : :  F.  (1  —  cos.«  4)  :  1  —  F  : :  F.  sin.*  6:  1  —  F, 

T        ,       1  F.  Sin  •  ^  _    .    .  . 
.•.  L  —  1  =  — ,  J^^     «  sm. *  0. 

From  the  poles  to  the  equator,  the  decrease  of  the  length  of  a  pendn- 
lum  always  vibrating  in  the  same  time,  a  cos* '  latitude. 

Let  U  =:  length  of  a  pendulum  vibrating  seconds  at  the  pole^ 

.•.  L' :  L  ::  1  :  1  — F.  cos*^, 
.•.  L' :  L'  —  L  : :  1  :  F.  cosH 
.••  L'  —  L  a  COS.  •  ^. 

601.  The  increase  of  attraction  from  the  equator  to  the  pole  gc  sin. '  1st 

Let 

OE  :  OP::  1  :  1  — n.  p 

Let 

M  O  s  a,  the  angle  M  O  E  =  ^ 

.-.  M  R«  =  ^|.  {O  E«  —  O  R«}, 

or 

a«.sin.M=:  (1— n)*.  (1  — a«cos.«0 

=  1  _2n.  (1  — a*cos.«^) 

.•.  a*.  {  sin. «  ^  +  1  — 2n.  cos.  M}  ss  1  —  2  n 
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s  » 


1  —  2n  1  — 2n 


**•  *    ""  sin. *  ^  +  COS.  •  tf  —  2  n.  COS.*  tf       1  —  2  n,  cos. «  &* 

1  —  n  ,    •       1+n.cos.*^       = ,,  ,  ,.v 

/.  a  =  •= r^=  1 — ^•TT^ — < T^  =  1  — n.(l+ncos.*^)i 

1 — ^n.cos.*^  1* — ^n*.cos.*tf  ^  ' 

=  1 — n  (1  —  cos. ^  f)  =  1  «-«  n.  sin.  *  tf, 

a        1  —  n .  suL  *  tf  MO 

but  (594)  the  attraction  in  the  direction  M  O  a  jj-^ » 

,\  attraction  in  the  direction  M  O  (A)  :  attraction  at  £  (AO 

: :  1  •(•  n .  sin.  *  tf  :  1, 
.♦.A  —  A' :  A'::  n.sin.**  :  1, 
.•.  A  —  A'  =  A',  n .  sin.  •  i, 
.'.  Increase  of  attraction  oc  sin.  *  4  oc  sin.*  latitude. 

602.  Given  the  lengths  of  two  pendulums  vibrating  seconds  in  two 
known  latitudes ;  find  the  lengths  of  pendulums  that  will  vibrate  seconds 
at  the  equator  and  pole. 

Let  L,  1  be  the  lengths  of  pendulums  vibrating  seconds  at  the  equator 
and  pole. 

U,  Y  be  the  lengths  in  given  latitudes  whose  sines  are  S,  %  Coones  C,  c 
.♦.  L'  — L  :  1— L  ::  S*:  s* 

.-.L's*— Ls*=  I'S*  — Ls» 

.-.  L.  (S^s*)  =  F  S»—  L'  s% 

.J  _  rs*~L^s* 

•  •  ^  -      S*  — s«      • 
Again 

L'  — L  :  1  — L  ::  S' :  1, 

.-.  L'  — L  =:1S*  —  LS», 

_L'      (FS*  — L^s«)(l  — S') 
"S'"  S«.  (S«  — B»)  ' 

_  U  S«  — U  a*  —  V  S«  +  V  S*+U  a*  —  U  S*  s« 
"■  S».  (S»--s«)  ' 

L^  S*  —  K  S'  +  r.  S*  -  U.  S*  s« 
"^  S».(S»  — s«)  ' 

_  u.(i  — s«)  — F.(i  — s*)  _  L^c*  — rc* 
-      :      s»  — s*  -    s*--s*    • 
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603.   Given  the  lengths  of  two  pendulums  vibrating  seconds  in  two 
known  latitudes;   required  the  ratio  between  the  equatorial  and  pokr 


Since  the  lengths  oc  forces,  the  times  being  the  same, 
•*•  L  :  1  : :  force  at  the  equator  :  force  at  the  pole 

: :  (10)  \  :  ~1 —  ::1  —  n:l::OP:Oi; 

xJi       J.  ^""  n 
.*.  O  P :  O  £  : :  pokr  diameter  :  equatorial  diameter 

::  L  :  1  ::  r  S«  — L's«  :  L'c«— 1' C«. 

604.  To  compare  the  space  described  in  one  second  by  the  force  of  gra- 
vity in  any  given  latitude,  with  that  which  would  be  described  in  the  same 
time,  if  the  earth  did  not  revolve  round  its  axis. 

The  space  which  would  be  described  by  a  body,  if  the  rotatory  motioQ 
of  the  earth  were  to  cease,  equals  the  space  actually  described  by  a 
body  at  the  pole  in  the  same  time ;  and  if  the  force  at  the  pole  equal  1, 
the  force  at  the  latitude  i  (597)equal  I »  F  •  cos. '  ^,  and  since  S  =  m  F  T*, 
and  T  is  the  same,  .*.  S  oc  F. 

.*•  space  actually  described  when  the  earth  revolves  :  space  which 
would  be  described  if  the  earth  were  at  rest  : :  1  —  F.  cos*^  4  :  1* 

605.  Let  the  earth  be  supposed  a  sphere  of  a  given  magnitude^  and  to  re- 
volve round  its  axis  in  a  given  time ;  to  compare  the  weight  of  a  body 
at  the  equator,  with  its  weight  in  a  given  latitude. 

V*       4  «•*.  r 
The  centrifugal  force  =  —  =  — p^  =   F  equal  a  given  quantity, 

since  (r)  and  P  are  known.  Now  the  force  at  the  equator  =1  —  F, 
and  the  force  at  Lititude  ^  =  1  -*  F  •  cos. '  ^,  and  the  weight  «  attractiTe 
force 

.-.  W  :  W  ::  1  —  F  :  1  — F.cos.«^. 

606.  Find  the  ratio  of  the  times  of  oscillation  of  a  pendulum  at  the 
equator  and  at  the  pole,  supposing  the  earth  to  be  a  sphere,  and  to  re- 
volve round  its  axis*^  in  a  given  time. 

L  «  F  T«  but  L  is  constant,  .-.  T *  a  -„  , 

•*•  T*  oscillation  at  the  pole  :  T.  oscillation  at  the  equator 
: :  V  force  at  the  equator  :  V  force  at  the  pole 
::  V  J  — F  :  1. 
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607.  If  a  apherical  body  at  rest  be  acted  upon  by  some  other  body,  it 
may  put  on  the  form  of  a  spheroid. 


Let  P  E  p  be  the  earth  at  rest;  (S)  a  body  acting  upon  it ;  (O)  its  cen* 
ter;  (M)  a  particle  on  its  surface. 

^  "^         ^    •  1  r  attraction  on  the  earth. 
±j  =  equatorial,  J 

Then  the  attraction  on  M  is  parallel  to  M  Q  =  ■  (%  y  ■  - 

Similarly  the  attraction  on  M  is  parallel  to  M  R  =  — l^  p^  • 

Let  (m)  =  mean  addititious  force  of  S  on  P. 
(n)  =  mean  addititious  force  of  S  on  E. 
Now  since  the  addititious  force  (Sect.  XL)  oc  distance, 

.•.  the  whole  addititious  force  of  S  on  M  =  — ^^-tt —  •  ^ 


and 


m.  MO 
•    PC 


PO 


:  addititious  force  in  the  direction  M  R  : :  M  O  :  M  R, 


,•.  addititious  force  in  the  direction  M  R  =  — U^x —  =  — *p(\ 

Again,  since 

m  :  n  :  :  P  O  :  E  O, 
m  n 


•  PC  ""  EO* 

.%  whole  addititious  force  of  S  on  M  = 


n.MO 
£0 


886 


A  COMMENTARY  ON 


[Book  IIL 


.-.  addititious  force  in  the  direction  M  Q  s  — ^-r^ —  =  — pwy-  > 
•-.  whole  disturbing  force  of  S  on  M  in  the  direction  M  Q  =  twice  tlie 
addititious  force  in  that  direction,  and  is  negative  = ^-p — • 

•*•  whole  attractioii  of  M  in  the  direction  M  Q  =  {E  —  2  &}•  ytV^ 

and  the  whole  attraction  of  M  in  the  direction  M  R  =  {P  +  m}.  ?y-^* 

OR 


Take 


Mg=|E-2nl.g^) 
Mr  =  fP  +  m}  .  §^3 


complete  the  parallelogram  (m  q),  and  produce  M  q  to  meet  P  p  in  G. 

Now  if  the  surface  be  at  rest^  M  G  will  be  perpendicular  to  the  sur- 
face. 

•\Mr:Mg::gq:gM::GQ:QM, 
or 

lP+«nl.g^:iE-2njg^::g^;0Q0R. 

.•.  P  +  m  :  E  —  2  n  : :  O  E  :  OP, 
•%  figure  may  be  an  ellipse. 

608.  Suppose  the  Moon  to  move  in  the  equator;  to  find  the  greatest  ele- 
vation of  tide. 

Let  A  B  C  D  be  the  undisturbed 
sphere;  M  P  m  K  a  qpherdd 
ibrmed  by  the  attraction  of  the 
Moon;  M  the  place  to  whidi  the 
Mocm  isverticaL 

Let 


JAE=1         I 

<EM=  1   +a> 

(e  F  =  1  —p) 


• « 


Hien  since  the  sfdiere  and  sfbenid  have  the  same 
4*.(AE)»  _4y.EM.(FE)« 


•  T"-  s  = s 
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.-.1  =  1  +a  — 2)3  — 2a/3  +  /8«  +  a/S« 

=  1  ^  a  —  2/3  nearly,  (a)  and  (/S)  being  very  small, 
.\  a  =  2  j3  or  greatest  elevation  =  2  X  greatest  depression. 

614.  To  find  the  greatest  height  of  the  tide  at  any  place^  as  (n) . 
Let 

EP  =  ^  — z^PEM  =  d  — a  +  /S  =  ^  =  EM  — EF  =  M, 
.•.PN»  =  ^«.sin.«d  =  |^,.{EM«  — EN«} 

(1  —0)* 

Now  7i — ; — 7T-.  by  actual  divbion  (all  the  terms  of  two  or  more  dimen- 

sions  being  neglected)  =1  —  2.(«  +  i8)  =  l  —  2M, 

.-.  PN*  sf'.sin.**  =  (1  — 2M).  |1  +  2  «— j*.  cos.' tf| 

(since  2  «  =  1?.  I  =-1m)  =  (1  —  2  M)  U  +  ^— f*-  «».*'}• 

.-.  f«.  |sin.*tf  +  (l-.2M)co8.MJ  =  (1  —  2  M)  .  (l  +-^^) 

.  2M  ,       2M 

...  «.  =  . 8  =  8 

sin.  *  i  +  COS.  *  i  —  2  M .  cos.  *  «       I  —  2  M .  cos.  *  tf, 

1—  — 

M 
=  1  +  M  •  COS.  *  tf  —  -g^ , 

.-.  p  —  1  =  M  •  CO*.  '^ ^-s:  EP  —  En  =  Pn  =  elevation  re- 

9 

quired. 

M 
616.  Similarly  if  the  angle  M  E  p  =  /,  .•.  E  p  =  1  +  M  cos.«^ —, 

M 
•••1  —  E  p  =  p  n'  =  depression  =  -q-  —  M .  cos.  *  ^ 

=  M  —  M.co8.«^  —  ?^  =  M  8in.«^  — ^ . 

616.  B  M  =  a  =  ~ , 

.-.  BM— Pn=^+M.6in.«d—  i|? 

=  M .  sin. '  ^  Qc  sin. '  ^,  ^ 

Vol-  II.  Y 
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•*.  greatest  elevation  a  sin. '  horizontal  angle  from  the  time  of  high  tide. 
617-  At  (O)  P  n  =r  0, 

••.  M  .  COS.  *  tf  —  —  zz  0, 

.••  M .  COS. «  tf  =  — , 
.  _       1 

•     •     COS.     V       SSS  SBUVf 

Hitherto  we  have  considered  the  moon  only  as  acting  on  the  spheroid. 
Now  let  the  sun  also  act,  and  let  the  elevation  be  considered  as  tbat  pro- 
duced by  the  joint  action  of  the  sun  and  moon  in  their  different  posidim 

Let  us  suppose  a  spheroid  to  be  formed  by  the  action  of  the  sun,  whose 
semi-axis  major  =  (1  +  a),  axis  minor  =  (1  —  b). 
6ia  Let  (a  +  b)  =  Sy  (f>)  =  the  angular  distance  of  any  place  from  the 
point  to  which  the  sun  is  verdcal.     It  may  be  shown  in  the  same  maoiKf 
as  was  proved  in  the  case  of  the  moon,  that 


and 


S .  cos. '  f  — ^  =  elevation  due  to  the  sun, 


2  S 
S  •  sin. '  ^  -• — ^  =  depression  due  to  the  sun, 


3 

(^)  being  the  angular  distance  of  the  place  of  low  water  from  the  point  to 
which  the  sun  is  vertical, 

.•.  M .  cos. «  tf  +  S .  cos.  •  p ^^—  =  compound  devaliou. 

SimUarly  M.  sin.*  ^  +  S.  sin.*  f'  —  |  M  +  S  =  compound  depres- 
sion. 

619.  Let  the  sun  and  moon  be  both  vertical  to  the  same  place, 

.-.  tf  =  f  =  0, 

.-.  M  +  S  —       J^      =-|-M  +  S  =  compound  elevation, 

and 

^  =  ^'  =  90O, 

.-.  M  +  S  —  |.  M+  S  =  i  M+  S  =  compound  depression, 
.*.  compound  elevation  +  compound  depression  =  M  +  S  =  height  ot 
spring  tide. 

620.  Let  the  moon  be  in  the  quadratures  with  the  sun,  then  at  a  P^ 
under  the  moon, 

(6)  =  0,  and  (9)  =  900, 
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.•.  compound  elevation  z=  M  —       "^     . 

3      * 

'also  {f)  -  90,  and  (fO  =  0, 

.•.  compound  depression  =  M  —  f .  M  +  S, 
.•.  height  of  the  tide  at  the  place  under  the  moon  =  2  M  —  M  +  S 

^  M  +  S  =  height  of  neap  tide. 

Similarly  at  a  place  under  the  sun,  height  of  tide  =  S M. 

621.  Given  the  elongation  of  the  sun  and  moon,  to  find  the  place  of  com- 
pound high  tide. 

Compound  elevation  =  M  cos.  *  ^  +  S 


cos.*f 


M  +  S_ 


maximum  at  high 


water. 

.*•  —  2  M  cos.  0  sin.  tf  ^  —  2  S 
cos.  f  sin.  ^  ^'  =:  0, 
but 

(0  +  f)  ss  elongation  s  E 
s=  constant  quantity, 
-    .•.  ^  +  f'  =  0 

•••  2  M  COS.  0  sin.  ^  =:  2  S  cos.  f  sin.  f', 
.*.  M  sin.  2^  =  8  sin.  2  f, 

.-.  M  :  S  : :  sin.  2  f :  sin*  2  ^, 
.*•  M  +  S  :  M  —  S  : :  sin.  2f  +  sin.  2  0  :  sin.  2  f  —  sin.  2  ^, 

: :  tan.  (p  +  ^) :  tan.  (p  —  0% 
and  since  (f  +  6)  is  known,  .-•  {p  —  ^}  is  obtained,  and  •••  (p)  and  {$)  are 
found,  i.  e.  the  distance  of  the  sun  and  moon  firom  the  place  of  c(»npound 
high  tide  is  determined. 

622.  Let  P  be  the  place  of  high  tide, 

P  the  place  of  low  water,  90^  distant  from  P, 
Pm  =  ^  —  Pml  =  90  +  *  =  ^  —  Ps  =  f  —  Fs 

=  90  —  9  =  p'. 
Now  the  greatest  depression  =  M  sin,  *  ^  +  S  sin.  *  ^  —  |  M  +  S, 
but 

sin.*  ^  =  sin.  *  (90  +  ^)  =  sui.*  supplemental  angle  (90  —  ^)  =  cos.*  ^, 
and 
sin.*  f  =  sin. ■  (90  —  p)  =  cos.  *  ft 

.•.  the  greatest  depression  =  M  cos.  •  ^  +  S  cos.  *  f  —  |  M  +  S, 
and  the  greatest  elevation  =  M  cos.*  ^  +  S  cos.*  f  —  i  M  +  S, 

••.  the  greatest  whole  tide  =  the  greatest  elevation  +  greatest  depression 

Y2 
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=  2  M  co8.«  ^  +  2  S  COS.*  9  —  M  +  S, 
:^  M  {2  cos.«  ^  —  1}  +  S  (2  cos.*  P  —  1) 
=  M  COS.  2  ^  +  S  COS.  2  f. 
628.  Hence  Robison's  construction. 

A 


Let  A  B  D  S  be  a  great  circle,  S  and  M  the  places  to  which  the  sun 
and  moon  are  vertical ;  on  S  C,  as  diameter,  describe  a  cirde,  bisect  S  C 
in  (d);  and  take  S  d  :  d  a  : :  M  :  &  Take  the  angle  S  C  M  =  [f¥l 
and  let  C  M  cut  the  inner  circle  in  (m),  join  (m  a)  and  draw  (h  d)  par- 
allel to  it;  through  (h)  draw  C  h  H  meeting  the  outer  circle  in  H;  then 
will  H  be  the  place  of  high  water. 

For  draw  (d  p)  perpendicular  to  (m  a)  and  join  (m  d). 
Let  the  angle  S  C  H  =:  p,  and  the  angle  M  C  H  =  ^. 

l^oe  M  :  S  : :  S  d  :  d  a 
.•.  M+S  :M  —  S::  Sd  +  da:Sd~da 

dm+da:dm  —  da 


tan. 


tan. 


d  a  m  +  d  m  a 


2 


tan. 


dam  —  dma 


Sdm 
2 


2 


tan. 


dam  —  dma 


: :  tan.  S  C  M :  tan. 


Sdh  — mdh 
2 


* . 


tan.  S  C  M  :  tan.  (S  C  H  —  H  C  M) 
tan.  (f  +  i)  :  tan.  {f  —  ^) 
.*.  H  is  the  place  of  high  water  621. 
Also  (m  a)  equals  the  height  of  the  whole  tide.  For  (a  p)  =  a  d.  cos.  p  a 

=  &cos.Sdh  =:&cos.2f 
and 

(p  m)  =:  m  d.  cos.  p  m  d  =  M. cos. md  h  =:  M.  oos.  S 


d 
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A  a  m  =  a  p  +  p  m  =  M«  cos.  2  ^  -f  S.  cos«  2  f  =:  height  of  the  tide. 

At  new  moon,  ^  =  ^  =  0  1       ^. ,         nir   ,    o  •      -l-j 

A^  £  11  A      n  ion<«  f  •••  tide  =  M  +  S  =  spring  tide. 

At  full  moon,  ^  =  0,  9  =:  ISO^  )  ^  r     © 

When  the  moon  is  in  quadratures,  (m  a)  coincides  with  C  A, 

.%  ^  =  0,  p  =:  900, 

•••  tide  =  M  —  S  =  neap  tide. 

624.  The  fluxion  of  the  tide,  L  e.  the  increase  or  decrease  in  the  height 
of  the  tide  a  f.  (m  a)  oc  f.  {M.  cos.  20  +  S*  cos.  2  f}.  But  the  sun 
for  any  place  is  considered  as  constant, 

•*.  f.  (m  a)  a  —  M.  sin.  2  ^.  2  ^, 

.*.  ^.  (m  a)  b  a  maximum  at  the  octants  of  the  tide  with  the  moon 

oc  —  M.  sin.  2  0 
since  at  the  octants,  2  4  =  90^. 

The  fluxion  of  the  tide  is  represented  in  the  figure  by  (d  p). 

For  let  (m  u)  be  a  given  arc  of  the  moon's  synodical  motion,  draw  (n  v) 
perpendicular  on  (m  a),  .%  (m  v)  is  the  difierence  of  the  tides. 

Now  mu:my::md:dp  and  m  u  and  m  d  are  constant,  •*. 
m  V  oc  d  p  and  d  p  is  a  maximum,  when  it  coincides  with  (d  a),  i.  e.  when 
the  tide  is  in  octants ;  for  then  2  (m  a  d)  =:  90<». 

625.  At  the  new  and  full  moon,  it  is  high  water  when  the  sun  and 


moon  are  on  the  meridian ;  L  e.  at  noon  and  midnight.  At  the  quadra- 
tures of  the  moon,  it  is  high  water  when  the  moon  is  on  the  meridian, 
because  then  (m)  coincides  with  C. 


For  let  M.  COS. «  ^  +  S.  cos.«  p  — 


M  +  S  _ 


=  maximum;  then  since 


in  quadratures  (p  +  0  =  ^^y  •••  f  =  ^^  —  ^> 

.-.  M.  COS.*  4  +  S.  sin.*^  —  JM  +  S  =  maximum, 

.-.  2  M.  COS.  6.  sin.  4.  ^  =s  2  S.  sin.  6.  cos.  4.  ^» 

...  M  — S.  2.  sm.  0.  COS.  0  =  M— S.  sin.  2^  =  0,  .•.  sin.^*  ==  0, 

.\  4  =:  0,  that  is,  the  moon  is  on  the  meridian. 

Y3 
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626.  From  the  new  moon  to  the  quadratareSf  the  place  of  ligli 
tide  follows  the  moon,  L  e.  is  westward  of  it ;  since  the  moon  mores 
from  west  to  east,  from  the  quadratures  to  the  fiiU  moon,  the  place  of 
high  tide  u  before  the  moon.  There  b  therefore  some  place  at  which  its 
distance  from  the  moon  (^)  equals  a  maximum. 

Now  (621)  M  :  S  : :  sin.  2  f :  sin.  2  ^ 

.%  M.  sin.  2  ^  =  S.  sin.  2  f 
.\  M.  2  ^.  COS.  2  i  =:  S.2f.cos.2fsz0 
.\  cos.  2^  =  0,.-.^  =  45^. 

627.  By  (621)  M.  sin.  2  ^  :±  S.  sm.  2  ip 

.*•  f.  M .  COS.  2  ^  =  ^.  S .  cos,  2  f 
but 

^  +  ^  =  e,  .-.  f/  +  d'  =  e',  .-.  ^  =  e'  —  f 

.*.  (e'  —  fO  M . COS.  2  ^  =  ^.  S.  COS.  2  f 

.*.  e'.  M.  COS.  2  ^  =  f'.  {8.  cos.  2  ^  +  M.  cos.  2  d} 

e^.  M .  cos.  2  i 

•*•  ^  ""  M.cos.  2/+  S.  cos.  2  9' 
Next,  considering  the  moon  to  be  out  of  the  equator,  its  action  on  die 
tides  will  be  aflPected  by  its  declination,  and  the  action  of  the  son  wiQ  not 

be  considered. 

M 

By  Art  (614)  the  elevation  s  M  cos.  *  ^ ^ 

.*.  eleyation  above  low  water  mark  =  M .  cos.  *  ^  —  -q-  +  ^ 


now 


,        a        M 
*^=  2  =T 


•*.  elevation  above  low  water  =  M  •  cos.  *  6 

=:  magnitude  of  the  tide. 
Let  the  angle  Z  P  M  which  measures  the  time  from  the  moon's  pass- 
ing the  meridian  equal  t 

Let  the  latitude  of  the  place 
=  90<»  _PZ  =  1 

Let  tlie  declination 
=  90^  — PM=  d 

^  9- PH  -  <^«  ZM-^os.Z  Pcos. P M 

sin.  Z  P  sin.  Z  M 
or 

.        COS.  i  —  sin.  1  sin.  d 

COS.  t  =  1 j 

COS.  1  COS.  d 

.  COS.  i  =:  COS.  t  COS.  1  COS.  d   +  sin.  1  sin.  d 
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••.  magnitude  of  the  tide  =  M.  Jcos.  t  cos.  1  cos  d  +  sin.  1  sin.  d]  * 
•-•  for  the  same  place  and  the  same  declination  of  the  moon,  the  magni- 
tude of  the  tide  depends  upon  the  value  of  (cos.  t).  Now  the  greatest 
and  least  values  of  (cos.  t)  are  (+  1)  and  (—  1),  and  since  the  moon  only 
acts,  it  is  high  water  when  the  moon  is  on  the  meridian,  and  the  mean 
. ,     _  greatest  +  least 

greatest  =  M.  {sin.  1  sin.  d  +  cos.  1  cos.  d}  ^ 
least  ==  M.  {sin.  1  sin.  d  —  cos.  1  cos.  d^  * 

.-.  S!Hi!!L±J^=  M.  lsin.Msin.«d  +  cos.Mcos.^d} 

2  sin.  *  1  =  1  —  COS.  2  1 

2  sin. '  d  =  1  —  COS.  2  d 

.*.  4.  sin.*  1  sin. '  d  =  1  —  {cos.  2  1  +  cos.  2  dj  -|-  cos.  2  1  cos.  2  d 

2.  COS.  *  1  =  COS.  2  1  +  1 

2.  cos. '  d  =  COS.  2  d  +  1 

.*.  4.  COS.*  1  COS. '  d  =  1  +  (cos.  2  1  +  cos.  2  d)  +  cos.  2  1  cos.  2  d 

.'.  4.  {sin.  *  1  sin.  *  d  +  cos.  *  1  cos.  *  d}  =  2  +  2.  cos.  2  1  cos.  2  d 

.-.  mean  tide  =  M.  sin. '  1  sin.  *  d  +  cos.  *  1  cos.  *  d 

^,   1  +  COS.  2  1  COS.  2  d 
=  M. g 

It  is  low  water  at  that  place  from  whose  meridian  the  moon  is  distant 

90®,  .'.  COS.  ^  =  0,  .'.  for  low  water 

sin.  1  sin.  d  .       i  .        i 

COS.  t  = « J  =  —  tan.  i  tan.  d. 

COS.  1  COS.  d 

When  (1  +  d)  =  90o,  .-.  tan.  1  tan.  d  =  tan.  1  tan.  (90°  -».  1) 

-      ^  ,       tan.  1       _ 

=  tan.  1  cot.  1  =  T i  =  1 

tan.  1 

.  cos.  t  =  —  1,  .*.  t  =  180®,  .*.  time  from  the  moon's  passing  the  meri- 
dian in  this  case  equals  twelve  hours,  .*.  under  these  circumstances  there 
is  but  one  tide  in  twenty-four  hours. 

When  1  =  d,  .•.  cos.  t  =  —  tan.  *  1 
and  the  greatest  elevation  =  M  {cos.  t  cos.  1  cos.  d  +  sin.  1  sin.  d]  * 

(since  Cos.  t  =  1)  =  M.  {cos. « 1  +  sin.'  1}  =  M. 

When  d  =  0,  .*.  greatest  elevation  =  M  cos.  *  1. 

When  1  =  0,  .•.  greatest  elevation  =  M  cos.  *  d. 

At  high  water  t  =  0,  .*.  greatest  elevation  when  the  moon  is  in  the 

meridian  above  the  horizon,  or,  the  superior  tide  =  M  {cos.  1  cos.  d  + 

sin.  1  sin.  d}  *  =  M  cos. »  (1  —  d)  =  T. 

For  the  inferior  tide  t  =  180®,  .-.  cos.  t  =  —  1, 

T4 
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.*.  inferior  tide  =  M  {sin.  1  sin.  d  —  cos.  1  cos.  d|  * 

=  M  { —  1  (cos.  1  cos.  d  —  sin.  1  sin.  d)}  • 
=  Mcos.«(l  +  d)  =  T. 
Hence  Robison's  constmcticMu 
With  C  P  s  M,  as  a  radios,  describe  a  circle  P  Q  p  £  representing 

P 

Z 


a  terrestrial  meridian;  P,  p,  the  poles  of  the  earth;  E  Q  theeqaator; 
(Z)  the  zenith ;  (N)  the  nadir  of  a  place  on  this  meridian ;  M  the  place 
of  the  moon.     Then 

Z  Q  latitude  of  the  place  =  11       *t  «  *i.         -.i.  j-^  i     A 

njr  r\  ji    r  \:  jf  •*•  Z  M  the  Ecnith  distance  =  1  —  0. 

M  Q  dedmation  =  d  J 

Join  C  M,  cutting  the  inner  circle  in  A  ;  draw  A  T  parallel  to  E  Q 
Join  C  T  and  produce  it  to  M';  then  M'  is  the  place  of  the  moon  after 
half  a  reyolutiou,  .*•  M'  N  =:  nadir  distance 

=  ME+EN=MQ+ZQ  =  1  +  A 

Join  C  Z  cutting  the  inner  drde  in  B;  join  B  with  the  center  0 
and  produce  it  to  D;  join  A  D,  B  T,  A  B,  D  T;  and  draw  T  K,  A  F 
perpendiculars  on  B  D. 

£.ADB  =  /.BCA=:ZQ-MQ=l-d      1^^^^        lesBAD, 
^TDB  =  180»_^TCB=^MCN=l+d/*^         ^ 
B  T  Z  are  rigbt  angles 

BD:DA::DA:DF==g^'=:^P'g^"P^=BD.co«.'M 

=r  M  COS.*  (1  —  d)  =  height  o(  the  soff.  ^- 
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Again 

BD  "  BD 


BD:DT;:DT:DK=£X'  =  °°*-^!:°°'^  =  BDcos.r+B 


=  M  COS.  1  4-  d  =  point  of  the  inferior  tide. 

If  the  moon  be  in  the  zenith,  the  superior  tide  equals  the  maximum. 

For  then  1  —  d  =  0,  .*.  cos.  I  —  d  =  maximum,  and  B  D  =  D  F. 

If  the  moon  be  in  the  equator,  d  =  0,  .•.  D  F  =  D  K. 

The  superior  tide  =  M  cos.*  (1  —  d)  =  T 

The  inferior  tide  =  M  cos. « (I  +  d)  =  T. 

Now  T  >  T',  if  (d)  be  positive,  L  e.  if  the  moon  and  place  be  both  on 
Ihe  same  side  of  the  equator. 

T  <  T'  if  (d)  be  negative,  i.  e.  if  the  moon  and  place  be  on  different 
sides  of  the  equator. 

If  (d)  =  90O  —  1,  .%  D  K  =  Mcos. « (1+  90«  —1)  =  M  cos.« 90«=0. 

If  (d)  =  90^  -f  I,  aijd  in  this  case  (d)  be  positive,  and  (1)  negative, 
.%  D  F  =  COS.*  (d  — 1).  M  =  Mcos.«(90^  +  1  —  1)  =  M  cos.«90o=0. 
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Prob.  L  The  altitude  ¥  "R.  of  the 
pole  is  equal  to  the  latitude  of  the  place. 

For  Z  E  measures  the  latitude. 

=  P  R  by  takingZ  P  from  E  P and 
ZR. 

pROB.  2.  One  half  the  sum  of  the 
greatest  and  least  altitudes  of  a  cir^ 
cumpolar  star  is  equal  to  the  altitude  of 
the  pole* 

The  greatest  and  least  altitudes  are  at 
X,  7  on  the  meridian. 

Also 
xR+yR=xy+2y  R=2(Py+Ry)=2.  altitude  of  the  pole. 

Prob.  8.   One  half  the  difference  of  the  surCs  greatest  and  least  meridian 
altitudes  is  equal  to  the  inclination  of  the  ecliptic  to  the  equator. 

The  sun's  declination  is  greatest  at  L,  at  which  time  it  describes  the 
parallel  L  r. 

.*.  L  H  is  the  greatest  altitude^ 

The  sun's  declination  is  least  at  C,   when  it  describes  the  parallel 
sC.  . 

•*.  s  H  is  the  least  altitude, 
and 

i.(LH  — sH)  =  iLs  =  LE. 

« 

Pbob.  4.     One  ka^the  sum  of  the  mn's  greatest  and  least  meridian  al' 
titudes  is  equal  to  the  coiatitude  qfthejiaee. 

i(LH  +  sH)  =  i(HE  +  EL+HE  —  Es) 

=  H2  H  E)  =  H  E. 
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Prob«  6.    The  angle  which  the  equator  makes  with  the  horizon  is  ejjuito 
the  eolatftude  =  E  H. 

Pbob.  6.  When  the  sun  describes 
b  a  in  twelve  hourSf  he  will  describe  c  a 
in  six ;  if  on  the  meridian  at  a  it  be 
noon,  at  c  it  will  be  six  o'clock.  Also 
at  d  he  will  be  due  east  He  travels  15^ 
in  one  hour.  The  angle  a  P  x,  mea- 
sured by  the  number  of  degrees  con- 
tained in  a  X  (supposing  x  equals  the 
sun's  place),  converted  into  the  time  at 
the  rate  of  15^  for  one  hour,  gives  the 
timejrom  apparent  noon^  or  from  the 
sun's  arrival  at  a. 

Peob.  7.    Given  the  sun's  decUnatiofh  and  laiUude  i^the place sfadtk 
time  qfrisingj  and  azimuth  at  that  time.- 

Given  Z  E,  •*•  Z  P  =:  colat  given. 
Given  be,   .*•  P  b  =  codec  ^ven. 
Given  b  Z  =  90». 

Required  the  angle  Z  Pb,  measuring 
a  b,  which  measures  the  time  from  sun 
rise  to  noon. 

Take  the  angles  adjacent  to  the  side 
90^,  and  complements  of  the  other  three 
parts,  for  the  circular  parts. 

.-.  r .  COS.  Z  Pb=cot. Z Pcot  Pb 

or 

r  •  COS.  hour  ^=:tan.  lat  tan.  dec 
.-.  log.  tan.  lat  +  log.  tan.  dec  —  10  =  log.  cos.  hour /.  required. 
Also  the  angle  P  Z  b  measures  b  R,  the  azimuth  referred  to  the  nortb 

and 

r .  cos.  P  b  =  COS.  P  Z .  cos.  Z 

—       r .  cos.  p 

•%  COS.  id  Z2  ; f —  • 

9U1.  L. 

Prob.  7.  (a)  r.  cos.  hour  C  =  ton.  latitude  tan.dedination,/^^'*'^' 

2.tan.lat_tMhi!St 
Hence  the  length  of  the  day  =:  2.  cos.  hour  r-  = 
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h  may  be  found  thus,  from  zi  Z  P  b  cos.  h=:^^"-  ^ '^  Zl'^'^'S^^'^  ^ 
•^        ^  sm.  Z  P .  sin.  P  b 

=  (8inceZb=900,)_!?ILL  ^  cos^    ^^  ^       j^ 

^  '     COS.  L    sin.  p '  ^       ' 

—  COS.  h  =  -*-  tan.  L  •  cot  p,  or  cos.  h  =  tan.  L .  cot  p. 

and  the  angle  P  Z  b  may  be  similarly  found, 

COS.  P  b  —  COS.  Z  P .  cos.  Z  b 


r .  COS.  Z  =: 


sin.  Z  P.  sin.  Z  b 


^  COS.  p 

""  COS.  L  * 

Prob.  8.    Find  the  surCa  altitude  at  six  ddoch  in  terms  oftht  latitude 

and  declination. 

The  sun  is  at  d  at  six  o'clock.     The  angle  Z  P  d  =  right  angle. 

Z  p  =  colat     P  d  =  codec     Required  Z  d  (=  coalt) 

r  •  COS.  Z  d  =:  cos.  Z  P .  cos.  d  P 
or 

r .  sin.  altitude  =  sin.  latitude  x  sin.  declination. 

Prob.  9.     Find  the  time  wlien  the  sun  comes  to  the  prime  vertical  (that 

vertical  v>hose  plane  is  perpendicular  to  the  meridian  as  well  as  to  the  hori* 

zanjy  and  his  altitude  at  that  time^  in  terms  of  the  latitude  and  declination. 

Z  P  =  colatitude.  Pg  =  codeclination.  The  angle  P  Zg=:  right  angle. 

Required  the  angle  Z  P  g. 

.%  r  •  cos.  Z  P  g  =:  tan.  Z  P .  cot  P  g. 

=  cot  latitude  tan.  declination. 
Also  required  Z  g  equal  to  the  coaltitude^ 

r  •  COS.  P  g  =:  cos.  P  Z .  cos.  Z  g. 
r .  sin.  declination 
sin.  latitude 


•  • 


ss  sin.  altitude. 


Pbob.  10.  Given  thelatitude^  declina* 
tion^  and  altitude  of  the  sun  :  Jind  the 
hour  and  azimuth. 

Let  s  be  the  place. 

Criven  Z  P,  Z  s,  P  s.  Fmd  the  angle 
ZPs. 

Let  Z  P,  Zs,  P  s  =:  a,  b, c,  be  given,    H 

to  find  B. 

2r 


sin.  B  = 


sm.  a .  sin.  c 


V  8 .  (s  —  a) .  (s  —  b) .  (s  —  c) 
a  +  b  +  c 
""  2         • 


where  s  s= 


s&o 
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Also  find  C.  V 


sin.  C  = 


2r 


(Or  by  Nap.  Isi  and  2d  AnaL) 


sin.  a .  sin.  b  ' 


2r 


Similarly,  sin.  A  =  sin.  u  of  position  =  ^^  ^ 


sin.  G 


Prob.  1 1.     Given  the  error  in  the  altitude^    Find  the  error  inthetme 

in  terms  of  latitude  and  azimuth. 

Let  m  n  be  parallel  to  H,  and  n  x  be  ^ 

the  error  in  the  altitude.  ^'^^^F^^^  ^ 

•%  ^  m  P  X  =  error  in  the  time  =:  y  z. 

y  2 :  m  X : :  rad. :  cos.  m  y 

m  X  :  X  n  : :  rad.  :  sin.  n  m  x 
.*•  y  z  :  X  n  : :  r  *     :  cos.  my.  sin.  n  m  x    ^| 
or 


y2  = 


T\  n  X 


cos,  m  y .  sm.  n  m  x 
r*.  n  X 


but 


COS.  m  y .  sin.  Z  x  P ' 

sin.  Z  X  P       sin.  Z  P 


sin.  X  Z  P 
.%  sin.  Z  X  P  = 


sin.  P  X 

sin.  P  Z .  sin,  x  Z  P 

COS.  m  y 

r*.  n  X 


'  *  ^     ""  COS.  L.  sin.  azimutC* 

CoE.  Sin.  of  the  azimuth  is  greatest  when  a  z  =  90^,  or  when  the  snn 
is  on  the  prime  vertical,  .*.  y  z  is  then  least. 

Also,  the  perpendicular  ascent  of  a  body  is  quickest  on  the  pnme 
Tcrtical,  for  if  y  z  and  the  latitude  be  given,  n  x  «  azimatb,  vhich 
is  the  greatest 

Pros.  12.  Given  the  latitude  and 
declination.  Find  the  time  when  twilight 
begins. 

(Twilight  begins  when  the  sun  is  IS^*       £; 
below  the  horizon.) 

h  k  is  parallel  to  H  R  and  18P  below    hI 
HR.  hi 

,\  Twilight  begins  when  the  sun  is  in 
hk. 

.%  Z  s=90»  + 16^,  P  s=D,  Z  P=cokL 
Find  the  angle  Z  P  s. 
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Pros.  13.  Find  the  time  when  the 
apparent  diurnal  motion  of  a  Jixed  star 
is  perpendicular  to  the  horizon  in  terms  of 
the  latitude  and  declination. 

Liet  a  b  be  the  parallel  described  by 
the  star. 

Draw  a  vertical  circle  touching  it  at 

5. 

•*•  8  is  the  place  where  the  motion  ap- 
pears perpendicidar  to  H  R. 

.-.  Z  P,  P  s,  and  ^  Z  S  P=90«  is  given. 
Find  Z  P  s. 

Pros.  14.     Find  the  time  of  the  shortest  twilight,  in  terms  of  the  latitude 
and  declination' 

a  b  is  parallel  to  H  R  18<>  below  H  R. 
The  parallels  of  declination  c  d,  h  k, 
are  indefinitely  near  each  other. 

The  angles  v  P  w,  s  P  t,  measure 
the  durations  of  twilight  for  c  d,  h  k« 

Since  twilight  is  shortest,  the  incre- 
ment of  duration  is  nothing. 
.*.  V  P  w  =  s  P  t 

.•.  V  r  =  w  z 
and  r  8  =  t  z 
and  the  angle  v  r  s  =  right  angle 

=  wz  t 
.-.  Z.  r  V  s  =r  z  w  t,  and  ii  Z  w  c  =  90»  —  z  w  t  =  90®  —  Z  w  P. 
.•.  i:.  z  w  t  =  Z  w  P. 
Similarly, 

z-rvs  =  ZvP 
.•.  Z  w  P  =  Z  a  P. 

Take  v  e  =  90®.    Join  P  e.     Draw  P  y  perpendicular  to  Z  c. 
In  the  triangles  ZPw,  Pve,  Zw  =  ev,  Pw=Pv,  and  the  angles 
contained  are  equal,**  •*.  Z  P  =  P  e. 

.*.  In  the  triangles  Z  P  y,  P  e  y,  Z  P  =:  P  e,  P  y  com  ;  and  the 
angles  at  y  are  right  angles. 
.*•  Z  e  is  bisected  in  y. 

r  •  COS.  P  V  =  COS.  P  y .  cos.  v  y 
r .  COS.  P  e  sr  cos.  P  y .  cos.  y  e. 
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.*•  COS.  P  V  :  COS.  P  e  : :  cos.  v  y  :  cos.  y  e 
(but  V  y  is  greater  than  90®,  •*•  therefore  cos.  v  y  is  n^atiye*}  . 

— -  cos*  ( — compL  y  e) :  cos.  y  e 
sin.  y  e  :  cos.  y  e 
tan.  y  e  :  r. 

sin.  L.  tan.  y  e       ^^'  ^  ^^'  T       sin.  L  tan,  y 

.*.  COS.  p  =  «^—  =  f-'  =  ' • 

*^  r  r  r 

P  Z  is  never  greater  than  90o,  Z  y  is  equal  to  9, .%  P  y  is  never  greater 
than  90®,  •*.  cos.  Py  is  always  positive;  v  y  is  always  greater  than 9(F) 
.%  COS.  ▼  y  b  always  negative,  .*.  cos.  P  ▼  is  negative,  .%  the  son's  decli- 
nation is  south. 

ALkh  if  instead  of  R  b  =  18®,  we  take  it  equal  to  2  s  equal  the  son's 
diameter,  we  get  fixnn  the  expression  sin.  D  = Ac  ^ 

when  the  sun  is  the  shortest  time  in  bringing  his  body  over  the  horizoa 

Pbob.  15.     Find  the  duration  of  the  shortest  twilight> 

iLwPZ  =  vPe,    .•.iLZPe  =  vPw. 

.*•  2  Z  P  e  is  equal  to  the  duration  of  the  shortest  twilight 

r.  sin*  Z  y  =  sin.  Z  P.  sin.  Z  P  y 
or 

.     ,,  Tfc  sin.  90® .  r 

sm.  Z  P  y  =  7 —  , 

•^  cos.  L. 

which  doubled  is  equal  to  the  duration  required. 

Pbob.  (A).  Given  the  sun's  amnuth  at  sixy  and  also  the  time  vhen 
due  east.     Find  the  latitude. 

From  the  triangle  Z  P  c, 

r .  COS.  L  ==  tan.  P  c .  cot  P  Z  c 

From  the  triangle  Z  P  d. 


r  .  COS.  h      cot  L  •  cot  P  d 

.*.  tan.  P  c 

= 

COS.  L 
cot  Z 

cot  Pd 

s 

COS.  h 
cot  L 

.•.  tan.  P  d 

= 

cot  L 
COS.  h 

COS.  L 
•*•  obtTZ 

= 

cotL 
COS.  h 

.*.  sin.  L 

■^ 

cot  Z 
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Pros.  16.  Find  the  declination  when 
it  is  just  twilight  all  night, 

Dec.  bQzQR  —  bR 

=  colat 18® 

=  90®  —  L  —  18® 
=  72®^L 

Pros.  17.  Given  the  declination, 
find  the  latitude,  the  sun  being  due  east, 
when  one  half  the  time  has  elapsed  be- 
tween his  rising  and  noon. 

Given  ii  Z  Pc,  and  Z  P  d  =  J  Z  Pc. 

Given  also  P  d  =  p, 
and  ^  P  Z  d  right  angle. 

•••  by  Nap. 

r  •  cos.  h  =  tan.  Z  P .  cot  p 

^  r        r .  cos.  h 

•••  cot  L  =  ' . 

cot  p 

If  the  angle  Z  P  c  be  not  given. 

From  the  triangle  Z  P  d, 

.  COS.  Z  P  d  =:  tan.  Z  P .  cot  p. 
From  the  triangle  Z  P  c, 
r .  COS.  Z  P  c  =  cot  Z  P .  cot  p, 

or.        COS.  h  =  cot  X.  cot  pi 
cos*  2  h  =:  tan.  X.  cot  p  j 

=  2cos.*h  —  1  =  2cot  *X.  cot  *p  — 1  = 

,•.  tan. '  X.  cot.  p  =:  2  cot  *  p  —  tan. '  >. 

.'.  tan. '  X  -I '- 2  cot  p  =  0, 

cot.  p  ' 

fi*om  the  solution  of  which  cubic  equation,  tan.  X  is  found. 

Pros.  18.     Given  the  angle  between 
two  and  three  o'clock  in  the  horizontal 
dial  equal  to  a.     Find  the  longitude. 
From  the  triangle  P  R  n, 
r .  sin.  P  R=tan.  R  n .  cot  30 
=:tan.  Rn.  VS- 
From  the  triangle  P  R  p, 
r .  sin.  P  R=tan.  R  p .  cot  45 
=:tan  R  p. 
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.-.  tan.  n  p  =  tan.  a  =  tan.  R  p  —  R  n 
_    tan.  R  p  —  tan.  R  n 
""  1  +  tan.  R  p  .  tan.  R  n 


sin.  X 


(•-7-s) 


1      + 


sin« 


sin.x.(v^8— 3) 
""     V  S  +  sin. »  X 


VS 


Pbob.  19.  In  what  longitude  is  the 
angle  between  the  hour  lines  of  twelve 
and  one  on  the  horizontal  dial  equal 
to  twice  the  angle  between  the  same 
hour  lines  of  the  vertical  sun  dial  ? 

From  the  triangle  P  R  n, 
sin.  X  =  cot  15  •  tan.  R  n 

From  the  triangle  p  N  m, 

sin.  p  M  :=  cot  15  •  tan.  N  m 

R  n 


=:  cos.  X  =  cot  15  *  tan. 
sin.  X 


2 

tan.  Rn 


cos.  X 


tan.    R  n 
"2" 


Rn 


=  tan.  X 


Rn 


tan.  ~-  +  tan    ^ 


2 


1  — tan. 


Rn 
2 


tan. 


,Rn' 


tan. 


"EiT 


Prob.  20.   Given  the  altitude^  latitude^  and  declination  of  the  sun^  Jnd 
the  time. 

cos.  Z  S  —  cos.  Z  P .  COS.  P  S 
sin.  Z  P .  sin.  P  S 


COS.  h  =: 


it . 


—  shi.  A  —  sia.  L .  cos,  p 
""  COS.  L .  sin.  p 

•  1    I  1.      cos.  L.  sin.  p  +  sin.  A -—sin.  L.  COS.  p 

•  •  1  +  COS*  n  SI  #      « 

cos*  Li  •  sm.  p 


or 


^  sin,  (p  —  L)+siP'  A 
~        cos.  L .  sip.  p 


<9..  cos 


««».'t= 


( 


A  +  p 


2 


') .  sin.  f 


A  +  L  —  p 


2 


) 


COS.  L  •  sin.  p 


FOR  VOLUME  III. 


355 


.'.  COS. 


,  h  ^  /COS.  ( 
2  ""V 


).  sin.  ( ) 


j  the  form  adapted  to  the  Lo 


garithmic  computation,  or,  see  Prob.  (18). 

Pros.  21.  Given  a  star's  right  ascen- 
sion and  declination.  Find  the  latitude 
and  longitude  of  the  star. 

Given 

yb^bS,  i^Sb^  right  angle 

.*.  find  ^  S  7  b  and  S  7. 

.-.  ^  Sya  =  Syb— Obi. 

.%  S  7  is  known,  /.  S  7  a  is  known 

and  S  a  7  is  a  right  angle, 

.*•  find  S  a  =  latitude 

7  a  =  longitude. 

Given  the  sun's  right  ascension  and 
declination.  Find  the  obliquity  of  the 
ecliptic 

P  S  being  known  P  7  =  90°,  £.  S  P7 

=  ilA, 

.*.  in  the  A  S  P7,  ^  S7  P  is  known. 

.-.  obliquity  =  90^  —  S  7  P  is 
known. 

Prob.  22.  In  what  latitude  does  the 
twilight  last  all  night  ?  Declination 
given. 

(Twilight  begins  when  the  sun  is  18® 
below  the  horizon  in  his  ascent,  and 
ends  when  he  is  there  in  his  descent, 
lasting  in  each  case  as  long  as  he  is  in 
travelling  18<^.) 

R  Q  =:  H  E  =  colat  =  b  Q  +  b  R 

=  D  +  18^ 
.-.  90«  —  18  —  D  =  L 

-  721  _  D. 
(See  Prob.  16.) 
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Find  the  general  equatbn  for  the  hour  at  which  the 

Z 


t  begins. 


Let  the  aides  PZ,PS,  ZS^beabc. 

'a  +  b  +  c       ^\  _..  /a  +  b  +  c 


Then  sin.*  ^  s 


sm.  ( • 


2 


sm.  f 


sin.  a .  sin.  b 


_b) 


or 


.    /colat  +  P  +  108^ 
in.  I  f  —M 


sm. 


V 

( 


/sin,  cotan.  +  p  +  lOffl 
sm.  *  ^  = 


2 


2  ~~  COS.  L .  sin.  p 

Pros.  24.    Given  the  difference  be- 
tween the  times  of  rising  of  the  stars, 
and  their  declinations:  required  the  lati-       ^ 
tude  of  the  place. 

Given  P  m,  P  n,  and  the  ii  m  P  n 
included.  H 

From  Napier's  first  and  second  ana- 
logies, the  ^.  P  m  n  is  known, 
.*•  P  m  C  =  complement  of  P  m  n  is 
known, 

.%  P  C  =r  90**,  P  m  is  given,  «nd  the 
z.  P  m  C  is  found, 
•%  P  R  =  latitude  is  known. 

Prob.  25.  Given  the  sun  in  the  equa- 
tor, also  latitude  and  altitude:  find  the    ^ 
time. 

Given 
ZP,  ZS»PS=:0(y>findtheiLZP& 
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Prob.  26.  The  sun's  declination  =  8^ 
south,  required  the  latitude,  when  he 
rises  in  the  south-east  point  of  the 
horizon,  and  also  the  time  of  rising. 

PS  =  9ao  +  »»,  ZS  =  90»,z.SZP 
=  45<>  +  900. 

Find  Z  P,  and  the  ^.  Z  P  S. 

Pros.  27«  Determine  a  point  in  E  Q, 
that  the  sum  of  the  arcs  drawn  from  it 
to  two  given  places  on  the  earth's  sur- 
face shall  be  minimum. 

Let  A,  B,  be  the  spectator's  situations, 
whereof  the  latitude  and  longitude  are 
known. 

Let  E  Q  be  the  equator,  p  the  point 
required;  a  b  =  difference  of  the  lon- 
gitudes is  known.     Let  a  p  =  x. 
.*.  p  b  =  a  —  X.    Let  L,  L'  be  the  la- 
titudes. 

In  A  A  a  p^  r .  cos.  A  p  = 
COS.  ls\  cos.  X. 

In  A  B  b  p,  r.  cos.  B  p  s 
COS.  U*  COS.  a  —  X, 
.%  COS.  L .  COS.  X  -f  COS.  U.  COS.  (a— -x) 
=  max. 

.*.  COS.  L .  (  —  sin.  x)  •  d  X  +  cos.  U.  x 
sin.  (a  —  x).  ( —  d  x)  c  0, 
.%  —  COS.  L .  sin.  X  =  cos.  L^  sin.  a.  cos.  x  —  cos.  L'.  cos.  a.  sin.  x. 

Let  sin.  x  =  y 

.•.  —  COS.  L .  y  s  COS.  L'.  sin.  a.  V  1  —  y  *  —  cos.  L'.  cos.  a.  y 
.-.  tnuisposiiig  and  squaring 

cos.  •  L.  y  *  —  2.  COS.  L.  cos.  U.  cos.  •  y  *  +  cos.  *  L'.  cos.  ■  a.  y « 
=  C06.'L'.  sin.* a  —  cos.*  L'.  sin.* ay*, 

.*•  y  *  s  &C.  =  n.  and  y  =  V  n. 

Prob.  28.  To  a  spectator  situated  within  the  tropics,  the  sun's  atzi- 
muth  will  admit  of  a  maximum  twice  every  day,  from  the  time  of  his  leav- 
ing the  solstice  till  his  declination  equal  the  latitude  of.  the  place.  Re- 
quired proo£ 

a  b  the  parallel  of  declination  passing  through  capricom. 

Z3 
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From  Z  a  circle  may  be  drawn  toacb-  . 
ing  the  parallel  of  the  declination  till 
this  parallel  coincides  with  Z.  .*.  every 
day  till  that  time  the  sun  will  have  a 
maximum  azimuth  twice  a  day^  and  at 
that  time  he  will  have  it  only  once  at  Z. 

(Also  the  sun  will  have  the  same  azi- 
muth twice  a  day,  i.  e.  he  will  be  twice 
at  f.) 

Prob.  29.  The  true  zenith  distance 
of  the  polar  star  when  it  first  passes  the 
meridian  is  equal  to  m,  and  at  the  se- 
cond passage  is  equal  to  n.  Required 
the  latitude. 

Given  bZ=:m,aZ  =  u, 

Z  P  =  colat  =  i.  m  +  n« 

Prob.  30.    If  the  sun's  declination 
£  e,  is  greater  than  £  Z,  draw  the  cip- 
de  Z  m  touching  the  parallel  of  the  de- 
dinadon, 
.\  R  m  is  the  greatest  azimuth  that  day 

If  Z  V  be  a  straight  line  drawn  per- 
pendicular to  the  horizon,  the  shadow 
of  this  line  being  always  opposite  the 
sun,  will,  in  the  morning  as  the  sun 
rises  firom  i^  recede  from  the  south  point 
H,  till  the  sun  reaches  his  greatest  azi- 
muth, and  thai  will  approach  H ;  also 
twice  in  the  day  the  shadow  will  be  upon 
every  particular  pcnnt,  because  the  sun 
has  the  same  azimuth  twice  a  day,  in 
this  situation*  •«%  shadow  will  go  back- 
wards upon  the  horizon. 

But  if  we  consider  P  p  a  straight  line  or  the  earth's  axis  produced,  tbe 
sun  will  revolve  about  it,  •'.  the  shadow  will  not  go  backwards. 

r.  cot  Z  P  q  =  tan.  P  q.  cot.  P  Z, 
or 
C3t.  (time  of  the  greatest  azimuth)  =  tan*  p.  tan.  L. 

AU  the  bodies  in  our  system  are  elevated  by  refraction  33^,  and  depreft- 
ed  by  parallax. 


.-.  at  tbeir  nse  Ouy  wiU  be  distaat  trom  Z,  90^  +  SS*  —  horizontal  pa- 

A  fix  d  star  has  no  parallax,  .■.  distance  Jrotn  Z  : 

Pros.  SI.  Given  two  altitudes  and 
the  time  between  them,  and  the  decli- 
nation.    Find  the  latitude  of  the  place. 

Given  ZcZd,  PcPd,  icPd. 

From  A  c  P  d,  find  c  d,  and.^  Pd  c 

From  A  Z  c  d,  find  ^  Z  d  c, 
.•.Zdp  =  cdP  —  cdZ, 
.-.  From  z^  Z  P  d,  find  Z  P  =  coIaL 

Prod.  32.  To  find  the  time  in  which 
the  sua  passes  the  meridian  or  the  bori- 
sotital  wire  of  a  telescope. 

Let  m  n  equal  the  diameter  of  tlie  sun 
equal  d"  in  space. 

V  V  :  m  n  : :  r  :  co^e  declination, 


.  Vv  I 


-  radius  1; 


cosine  declination 
=  d".  second  declination  in  se- 
conds of  spac^ 

.-.  16"  ID  space  :  1"  in  time 

.  d"  second  dec 


:  d"  second  dec.  : 


15' 


=  time  in  seconds  of  passing  the  merid 
Hence  the  sun's  diameter  in  R  A  s  V  v  =  d".  second  declination, 
(n  X  =E  d"  =  sun's  diameter) 


Vv 

m  n 


.-.  V  V  = 


sin.  P  n .  sin.  Z  n  P 
r'.  d' 


Pn 
in.  X  n  P 

P  n .  sin.  Z  n  P, 

r'  n  X 

'  sin.  ZP.  sin.  P  Z  n 


cos.  X.  sin.  aumutit 

.'.  time  of  describinc  V  v  =  tttt t~-—- = c 

°  lor.  COS.  X .  Sin.  azmiuth 

which  also  gives  the  time  of  the  sun's  rising  above  the  horizon. 
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Prob.  88.  Flamtteati  method  of  determining  the  right  ascension  of  a 

star* 

Lemma.  The  right  ascension  of  stars 
passing  the  meridian  at  di£Perent  times, 
differs  as  the  difference  of  the  dmes  of 
their  passing. 

For  the  angle  a  Pb measures  the  dif- 
ference of  the  times  of  passings  which  is* 
measored  byab  =  a/  —  b/. 

Hence,  as  the  interval  of  the  times 
of  the  sQCoeeding  passages  of  any  fixed 
star  :  860  (the  difference  of  its  right 
ascensions  between  those  times)  : :  the 

interval  between  the  passages  of  any  two  fixed  stars  :  to  the  difference  of 
their  right  ascensions. 

Let  A  G  c  be  the  equator,  ABC 
the  ediptic,  S  the  place  of  a  star,  S  m 
a  secondary  \.o  the  equator.  Let  the  sun 
be  near  the  equinox  at  P,  when  on  the 
meridian. 

Take  C  T  =  P  A,  .-.  the  sutfs  de- 
clination at  T  =  that  at  P.  Draw  P  L, 
T  Z)  perpendicular  to  A  O  c. 

.*.  Z  L  parallel  to  A  C. 

Observe  the  meridian  altitude  of  the 
sun  at  P,  and  the  time  of  the  passage 
of  his  center  over  the  meridian. 

Observe  what  time  the  star  passes  over  the  meridian,  thoice  find  the 
apparent  difference  of  their  right  ascensions. 

When  the  sun  approaches  T,  observe  his  meridian  altitude  on  one  day, 
when  he  is  close  to  T,  and  tiie  next  day  when  he  has  passed  through  T, 
so  that  at  t  it  may  be  greater,  and  at  e  less  than  the  meridian  altitude  at 
P.    Draw  t  b,  and  e  s,  perpendiculars. 

Observe  on  the  two  days  before  mentioned,  the  differences  bm,  s  m,  of 
the  sun^s  right  ascension,  and  that  of  the  star. 

Draw  s  v  parallel  to  A  C. 

Considering  the  variation  of  tiie  right  ascension  and  declination  to  be  uni- 
form for  a  short  time,  v  b  (change  of  the  meridian  altitudes  in  one  day)  :  o  b 
difference  of  the  declinations)  :  :  sb  (=  sm  —  bm)  :  Zb.  Whence  Z  h. 
Add  or  substract  Z  b  to  or  from  T  m.     Whence  Z  m.    Add,  or  take  the 


difference  (^  (according  to  (nrcumstances),  Z  m,   L  m,  whence  Z  L, 
.•. = gives  A  ^  the  son's  right  ascension  at  the  time  of  the  first 


Whence  the  right  a 


obserraUoD. 

.*.  A  L  +  L  m  =  the  star's  right  a 
sion  of  all  the  stars. 

Pbob.  34.  Given  the  altitudes  of  two  known  stars.     Find  X. 
Right  ascensions  being  known,  .*.  a  b  ^ 

=s  the  difference  of  right  ascensions,  is 
known, 

■■.  ^  a  P  b  is  known. 
■*.  From  AsPa,  ^saPis  known, 

and  I  a. 
From  &Z  s  e,  e.  sirZis  known, 
.:  i.  Z  9  P  is  known, 
.*■  from  ^  Z  «  P,  Z  P  ia  known. 


Pbob.  S5.  Given  the  apparent  diameter  of  a  planet,  at  the  nearest  and 
iDOstdistantpoints  of  the  earth's  orbit.  Kequired  the  radius  of  the  planefs 
orbit 


D  X  T. i  D  createst,  ly  nearest  diameter. 

distance        ° 

.•.  D  :  IV  i :  E  P  :  "   " 


.-.  D  C  P  +  D  E  C 

.-.  cp  =  EC  grrrD- 


E'  P 

E  P  — EC  :  CP+  EC, 
D'  C  P  —  ly  E  C 
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Prob.  S6.  Given  the  sun's  greatest  apparent  diameta',  and  leasts  as  101 
and  100.     Find  the  excentricity  of  the  earth's  oiiit. 

D  flc  —J ;  the  sun  at  S,  P  F  the  earth's  orbit. 

14)0:  101::SP:  SF::CP  —  CS:  CP+CS 
.-.  100  C  P  +  100  C  S  =  101  C  P  —  101  C  S     . 

.-.  201  C  S  =  C  P 


.-.  C  S  = 


C? 

201 


,  on  the  same  scale  of  notatkm. 


Pros.  87.  Two  places  are  on  the  same  meridian. 

Find  the  hour  on  a  given  day,  when 
the  sun  will  have  the  same  altitude  at 
each  place. 

Z  Tm\  two  zeniths  of  places,  •*.  Z  Z^  is 
known,  S  the  place  of  the  sun  in  the 
parallel  a  b»  Z  S  =  S  Z'. 

From  S  draw  perpendicular  S  D, 
.-.  Z  D  =  Z'  D, 

Z  27 

.'.  P  Z  +  -5-  =s  P  D,  is  known, 

P  S  is  known,  ii  S  D  P  right  l, 
.*.  z.  D  P  S  =  hour  is  known. 


Prob.  88.  Find  the  time  in  which 
the  sun  passes  the  vertical  wire  of  a  te- 
lescope. 

Meridian  =  the  vertical  wire, 
.*.  the  time  of  passing  the  meridian  = 
the  time  of  passing  the  vertical  wire. 

Take  m  n  =  the  sun's  diameter  =  d. 
V  V  :  m  n  :  r  :  cos.  declination, 

...  V  V  =      ^'^ 

cos.  dec. ' 

•*.  V  V  converted  into  the  time  at  the 
rate  of  16'  for  1®  =  the  time  required. 

Prob.  40.  If  a  man  be  in  the  arcdo  circle,  the  longest  day  =  84  boors, 
the  shortest  =r  0. 
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P  Z  =  obIi(}aity  =  Q  R, 
.%  Z  R  =  P  Q  =  90 

Z  H  =  P  Q  =  90« 
.*.  H  R  is  the  horizon,  and  the 
nearest  parallel  touches  at  R, 

•••  the  day  =5  24  hours,  and  the  far- 
thest parallel  touches  at  H, 
.-.  the  day  =  0  hours. 

Prob.  41.  Given  the  sun's  meridian 
altitude  =  62^,  midnight  depression 
=  22°.  Find  the  longitude  and  declina- 
tion. 

Qa  =  bQ 
orHa  —  HQsRQ— Rb 

=  HQ— Rb, 

Ha+Rb  _  tx  o  ^  ^^^  . 

,\  5 =    M  i^  CS   COS.  A 

=r  42®,  .-.  X  =  480, 
...  D  =  62  —  42  =:  20. 

Prob.  42.Given  the  sun's  dedinatiou, 
apparent  diameter,  altitude,  and  longi- 
tude. Find  the  time  of  passing  the 
horizontal  wire  of  a  telescope. 

s  =  the  place  of  the  sun. 

Take  s  n  in  a  vertical  circle  =  the 
sun's  diameter  =  d. 

Draw  n  9  parallel  to  the  horizon, 
V  V  :  ff  s  :  :  r  :  cos.  dec. 
0  s  :  n  s  :  :  r  :  sin.  n  s  P, 

.*.  V  V  :  d  :  :  r  *  :  sin.  P  s  sin.  n  s  P 
::  r«:  sin.  Z  P  sin.  P  Z  s, 

d  r' 

.-.  V  V  =  -: —-, ; — jr-  con- 

sm.  cos.  X  sm.  azimutn, 

verted  into  the  time,  gives  the  time  re- 
quired 


/ 
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Prob.  48.  Given  the  longitude, 
rigbt  ascension,  and  declination  of  two 
stars;  find  the  time  when  both  are 
on  the  same  azimuthal  circle^  and  also 
of  the  azimuth* 

Given  P  S,  P  S',  and  ii  S  P  S'  = 
difierence  of  right  ascension* 
/.  z.  P  S  S'  is  known, 
A  ^  P  S  Z  is  known, 
and  Z  P  given,  and  P  S  given^ 
.-.  ^  P  Z  S,  is  known  =  azimuth, 
and  Z  P  S  =:  time  for  the  first  star, 
or  (Z  P  S  +  S  P  SO  =  time  for  the 

second  9tar. 


Prob.  44-  Given  the  longitude  and 
declination,  find  the  time  when  the 
sun  ascends  perpendicular  to  H  R* 

D  must  be  greater  than  X,  or  a  Q 
greater  than  Z  Q- 

Draw  the  vertical  circle  tangent  to 
the  parallel  of  declination,  at  d. 

P  Z  given,  P  d  given,  z.  P  d  Z  is  a 

right  z., 

.*•  z^  Z  P  d  is  known. 


Prob.  45.  Find  the  length  of  the 
longest  day  in  longitude  =  46*^. 

Q  d  =  obliquity, 
.-.  P  d  =  90  —  obliquity  =  P  c, 

Z  P  =  45, 

Z  c  =  90, 
\  2  hours  is  known- 
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Fbob.  46*  Find  the  right  ascension 
and  declination  of  a  star,  when  in  a 
line  with  two  known  stars,  and  also  in 
another  line  with  two  other  known 
stars. 

The  star  is  in  the  same  Ime  with  Ss  ^9 
and  in  the  same  line  with  5,  c^ 
.-.  in  the  intersection  g. 


Pros.  47.  The  least  error  in  the  time  due  to  the  given  error  in  altitude 
=  V\     Find  the  longitude, 
n  X  is  the  given  error  in  altitude, 
V  V  :  m  n  : :  r :  cos.  declination, 
m  n  ;  n  z  : :  r  :  sin.  x  n  P. 

V  y  :  n  X  : :  r  * :  sin.  P  n  sin.  Z  n  P, 


Vv  =^ 


n  X  r 


sin.  P  n  sin.  Z  n  P 

__  n  X  r* 

""  sm.  Z  P  sin.  P  Z  n 
n  X  r* 


cos.  X  sin.  azimuth' 
.*.  V  V  is  least  when  the  sin.  azimuth 
is  greatest,  or  the  azimuth  s  90^,  i.  e.  the  prime  vertical. 


.•.b  = 


n  X  r' 

COS.  X  * 


.%  COS.  X  = 


n  X  r 


Prob.  48.  Given  two  altitudes,  and 
two  azimuths  of  the  sun.  Find  the  longi- 
tude. 

Z  Sis  known,  Z  S' is  known,  /.  S  Z  S' 
=  di£Perence  of  the  azimuth, 

•••  z.  Z  S  S'  is  known, 

.•.2:.  ZSP  =  ZSS'  — 90«isknown, 

.-.  Z  S  P,  Z  S^  S  Z  P,  known, 
find  Z  P. 


/ 


sft 


PROBLEMS 


Pros.  49.  Near  the  solstice,  the  declinatioa  oc  loDgitad^ 

r  sin.  D  =  sin.  L  sin.  7, 
.-.  r  d  (D)  COS.  D  =  sin.  y  d  (L)  cos.  L 
d  (D)  _  sin,  y  cos.  L 
•'•'  d(L)  "^      COS.  D 
_^  sin,  y  cos.  90  -  d  (L)      ^.^^  jj 

COS*  y 
may  be  considered  the  measure  of  y, 
=7  tan.  y  sin.  d  (L) 
=:  tan.  y  d  (L),  since  d  (L)  small, 

...  .^(P)    =i*i?i2  =  constant  quantity, 
d  (L)*  r 

-.  d  (D)  ad  (L)  nearly. 

Peob.  60.  Given  the  apparent  time  T  of  the  revolution  of  a  ^  od 
the  sun's  surface,  find  the  real  time. 

Considering  the  spot  as  the  inferior  planet  in  inferior  conJunctioD, 

T  =  y^    where  P  equals  the  earth's  periodic  tim^  p  equak  tbcplwefs, 
P  — p 

.-.  TP  —  TprrPp, 

TP 


Prob.  61.  The  sun's  declination  equal  8  south,  find  the  latitude  of  the 
place  where  tie  rises  in  the  south  east  point,  and  ako  the  time  of  te 
rising. 


Z  c  =  90«,  P  c  =  98®,  z.  cZ S  =  133^» 
whence  Z  P,  and  z.  h 
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Prob.  52.     How  high  must  a  man  be  raised  to  see  the  sun  at  mid- 
night? 

Z  P  =  R  Q.    Take  P  d  =  Q  b 

.•.  b  d  =  90». 
Draw  X  d  to  the  tangent  at  d, 
•*.  if  the  person  be  raised  to  Z  x,  he  will 
see  the  sun  at  b^ 

z.  d  C  b  =  9(y>  =  X  C  R, 
.\  X  C  d  =:  R  C  b  measured  by  R  b 
given. 
.*.  in  the  rectilinear  AxdC,  ^xdC 

=  right  angle, 
z.  X  C  d  being  known  from  the  dec 
C  d  =  radius  of  the  earth. 
•*•  C  X  being  known, 
,•.  C  X  —  90\  or  Z  X  is  known. 

Prob.  53.    Given  the  latitudes  and 
longitudes  of  two  places,  find  the  straight 
line  which  joins  them.     They  lie  in  the        i 
same  declination  of  the  circle. 
V  V  :  A  B  : :  I  -:  cosine  declination, 
•*.  A  B  is  known, 
and  the  straight  line  joining  A,  B,  is  the 

chord  of  A,  B,  =  2  sin.  —5—  • 

Prob.  54.    A  clock  being  properly  adjusted  to  keep  the  sidereal  time^ 
required  to  find  when  7  is  on  the  meridian. 

P 


Observe  the  sun^s  center  on  the  meridian,  when  the  declination  =  z  y, 
is  known. 


,^ 


f 


368 


PROBLEMS  FOR  VOL.  UL 


^  X  y  7  =  right  angle 
X  7  y  =  I,  being  known, 
X  y  is  known* 
Whence  y  7  =  time  from  noon  to  7  being  on  the  meridian,  or  from  7 
b^g  on  the  meridian  to  noon,  whence  two  values  of  7  y  are  {nukL 
If  the  declination  north  and  before  solstice  the  ^  valae  gives  the  time, 
_»........— ^^—^_^^_  after  < 

If  the  declination  south  and  before 12+< — 

after 12+> 


Pbob.  55.    Given  the  sun's  declina- 
tion and  longitude,  find  his  right  ascen- 
sion, his  oblique  ascension,  his  azimuth 
and  amplitude,  and  the  time  of  hb  rising, 
and  the  length  of  the  day. 
7  C  is  giyen,  fit>m  a  c  Cd,  cdis given; 
L  and  right  angle,  find  c  d. 
•%  C  7  =  R  A,  C  d  =  oblique  asc^. 
and  C  d  measures  ^.  C  P  c^ 

• .  90^  -f  C  P  c  s  time  of  rising, 
2{9(fi  +  C  P  c)  =  length  of  the  day. 


(TUwilL) 
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To  show  that  (see  p.  16.) 

xdy  —  ydx    .  dx  d  y 

2.  At  X  2- A* ^-^ +  2.A^yX2.i»^^— 2.MXX   2A-V^ 

_^^^^^  |K-x)(d/-dy)-(y^-y)(dx^-dx)l 

Not  considering  the  common  factor  -rry  we  have 

2./t  X  2.A&(xdy  —  ydx) 

=  (A*  +  A^'  +  A*''  +  • . .)  {fA  (x  dy  — y  d  x) 

+  At'  (x'  dy'  —  y'  dx')  +  m''  (x"  dy"  —  y"  dx")  +  &c.| 
=  /*«(xdy  —  ydx)  +  a^'*  (x' d/ —  y' dx') 
+  fi''*  (x"  dy"  — y"  dx")  +  &c. 
+  A&/  (xdy  —  ydx  +  x'dy'^—y'  dx') 

+  A^At"  (xdy  — ydx  +  x^' d  y"  —  y"  d  x")  +  &c. 
+  At' A*"  (x'dy'  — /dx')  +  (x"d/'  — ydx")      • 

+  A*'/6"'(x'dy'  — y'dx'+x'"dy'"  — y'"dx"')  +  &c 
+  A*''  A*"'  (x"  d  y"  — y"  d  x';+  x'"  d  y'"  — y'"  d  x'")  +  &c. 
&c. 
tne  taw  of  which  is  evident 

Again» 

2.A*yX2,AAdx  —  2.A*xX2.A6dy 

=  (i=*y +/*'/  + ^"y''  +  ••••)  (A*dx  + A*'dx'  +  A*" d x"  +  ..i.  &c.) 
—  (Atx  +  At'x'+A*"x"  +  ....)  (Atdy  +  At'dy'  +  At"dy"+....0 
=  _^«  (x  d  y  —  y  d  x)  —  A*'*  (x'd  y'  — y'd  x')  —  &c. 
+  A*  a'  (y  d  x'-—  X  d  y'  +  y'  d  X  —  x'  d  y) 

+  A^A*"  (ydx"  — xdy"  +  y"dx— x"dy)+&c. 
+  A*V  (/dx"—  X'  dy"  +  y"  dx'  —  x"  dy') 

+  A*V'(/dx'"— x'dy'"  +  y'"dx'— x'dy)  +  &c. 

+  &C.  2  a 

Vol-.  II.  . 
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Hence  by  adding  together  these  results  the  aggregate  is 

/bb/*'(xdy  —  ydx  +  x'dy'  —  y'dx'  +  ydx'  —  xd/  +  y'dx— I'dvi 

+  /*  j»"  (x  dy  —  y  d  X  +  &c.)  +  &c, 
m'/'(x  d/  —  /  dx'  +  x"  dy''  — /'  dx"  +  y^  dx"-.x'dy'' 

+  y''dx'  — x"dy')  +  &c 
&c 

But     , 

xdy.  —  y  dx  +  x'dy'  — y'dx'  + ydx'  —  xdy'  + y'dx— x'dy 
=  dy(x  — x')  +  dx(y'  — y)  +  d/(x'  — x)  +  dx'{y-j1 
=  (x'  —  x)  d  /  —  d  y)  —  (/  —  y)  (d  x'  —  d  x) ; 

and  in  like  manner  the  coefficients  of  fi  ttf*^  ft,  tif" y!  fi!\  i^'  A 

kc.  are  found  to  be  respectively 

(X"  —  x)  (d  y"  —  d  y)  —  (y"  —  y)  (d  x'^  —  d  x), 
(x'"  —  x)  (d  y"'  —  d  y)  —  (/"  —  y)  (dx'"  — dx), 

(X''  — x)dy"  — d /)  —  (/'  — y')(dx"-dx'), 
(i'"  —  x')  (d  y'"  —  d  y')  —  (y'"  —  /)  (d  x'"  -  d  x') 
&a 

Hence  then  the  sum  of  all  the  terms  in  fufif^  (l^"  ...» fiV^/*'^'"" 
/i"  /*%  ^'  p!'"  „„.  is  briefly  expressed  by 

2  .M^'  {(X'  —  x)  (d  y'—  d  y)  —  (y'  —  y)  (d  x'-dx)j 
and  the  suppressed  coefficient  -r-  being  restored^  the  only  difficulty  «^ 
16  will  be  fully  explained. 

That  2  •  (i^)  =  0»  &c  has  been  shown. 


2.  Toshow  that/(2  2.j(ftdx  x  s.A^d^x)  =  (2./»dx)* 

page  17. 

3./*d*x  =  A*d«x  +  /tA'd«x'  +  8tc. 

=  d  .  /E*  d  X  +  d  .  Afc'  d  x'  +  &c^ 
=  d(/*dx  +  A'dx'  +  &c.) 
=  d  .  2  •  A*  d  X. 

Hence 

/(22.A*dx  X  2./t*d*x)  =/2.I/*dx  X  d.3./*dx 

=  (2  .  A*  d  X  j  * 
being  of  the  fonny*2  n  d  u  :s  u  *• 


••• 
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8.  To  show  that  (page  17). 

2  .M  X  2  ./t  (d  X*  +  dy*  +  d  z') 

—  {(2./tdx)»  + (2./«dy)»  + (2./»dz)'|     . 
=  2.(»/*'  {(dx'— dx)»  +  (dy'  — dy)»  +  (dz'  — dz)*]. 

Sinc^  tbe  quantities  are  similarly  inTolved,  for  brevity,  let  us  find  the 
value  of 2  ./*  X  2  ./tdx*  —  (2.i*dx)«. 

It  =  (**  +  i»'  +  i»"  +  ....)  (i»  d  x»  +  /*'  d  x'«  +  /»"  dx"»  +  ....) 
—  (i»dx  +  Ik' dxf  +  p."  dx" +  ....)*; 

Consequently  when  the  expression  is  developed,  the  terms  /E4*dx% 
l/^  diLf^f  fif'*  dx''\  &c.  will  be  destroyed,  and  the  remaining  ones  will 
be 

/*/*'(dx«  +  dx'*  —  2dxdxO  =t  a*A*' (di'  — d  x)« 
fkiif'idx*  +  dx''*— 2dxdx'')  =:AiA*"(dx''  — dx)« 

/*V"  (d  x'«  +  d  x''«  —  2  d  X'  d  Ji")  =  ft:  iJ*  (d  x:'  —  d  x')* 
/*V"(dx'«  +  dx'"«  — Sdx'dx"^)  =  it*V'(dx'''  — dxO* 

i»"A*'"(dx"«  +  dx"'«  — 2dx^dx'")  =  a*'>'"  (dx'^'  —  d  x'O* 
&c. 

Hence,  of  the  partial  expression 

'S  , ^  X  2  . ^  d  X  *  —  (2  .i»  d  x)  *  =  2  .  ^  f*'  (d  x''-^  d  x)  •• 

In  like  manner 

2./»  X  2.A*dy*  — (2.A*dy)«  =s  2  ./»j»' (d/  — dy)« 
2.AA.X  2./»dz* —  (2.A^dz)*  =  2  .A^jt*'  (d  z' — i- d  z)  * 

and  the  aggregate  of  these  three,  whose  first  members  amount  to  the  pro- 
posed form,  is 

2./*/  {(dx'  — dx)«  +  (dy'  — dy)«  +  (dz'  — d2>«} 


4.  To  show  that  (p.  19.) 


2.-.  -^x 


V   -= 


nearly. 
It  is  shown  already  in  page  19  that 

3  4  9 
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P  =  (^»  ~  (^*  ^'''  *'  +  /  7/  +  *'  */)• 

But  since  x,  =  x  —  x\  y,  =  J  —  y\  z,  =  2  —  2\  by  snbsdtutior 
and  multiplying  both  members  by  /x,  we  get 

At  X       /*  X       8  X  V  ^  ,     ^  ,     .         .   ,    8  x^ 

'Y'^W~W^     -A*  X  +  y\^y  +  2^  .^z)  +  -^^.p.  .^ 

nearly. 

Similarly 

A*'x'       /x'x'       8x\  ^      ;    ,    ,     ^     ,    ,    ,     ^      ,  3x'    . 

nearly.  \ 

Hence 

But  by  the  property  of  the  center  of  gravity. 
Hence 

/bb  X  3  X^ 

S  •  -p-=  7^  X  2  ^  nearly. 

5.  To  show  that  (p.  22.) 

^d*x+^d«y  +  ^d«z  =  d*f  —  edv*cos.«^  — fd^* 

and  that 

x_  /d  Qv       -y  /dQx   .    z  /d  Q\   _  /d  Q\ 

.    f  vdx/"*"  ^  vd  y  y  "*"7  v-gn;  -  vd}/' 

First,  we  have  i 

xd«x  +  y  d*y  +  zd*z 
=:d(xdx  +  ydy  +  zdz)— (dx«  +  dy»  +  dz*). 


But 


and  because 


x«+  y«  +  z«  =  f*, 
xdx  +  ydy  +  zdz  =  fdf 

X  :=  ^  COS.  ^  X  COS.  y 
y  =  ^  COS,  ^  X  sin.  v 
z  =  ^  sin.  ^.  • 


NOTES.  3<r3 

.'.  d  X*  +  dy •  r:  fd  (f  cos.  $)  .  cos.  v  —  f  cos.  <  X  d  v  sin.  v}  • 

+  {{i  cos-  0  sin.  V  +  g  cos.  ^  d  v  cos.  v]' 
=  (d  .  ^  COS.  ^)*  +g*dv*  COS.  *  tf, 

.-.  d  x*  +  dy*  +dz*=  (d.gsin.  d)*+  fd.fcos.  0«  +e'dv*cos.S 

=  d^'  +  i^d6*  +  j*d  v*cos.*^. 

Hence,  since  also 

d.gdf  =  df»  +  fd*^, 

^^'^  +  y^'y  +  ^^''  =  d'g-gdv«cos.>^-^d^^ 

Secondly,  since  ^  is  evidently  independent  of  the  angles  ^  and  v,  tlie 
three  equations  (I),  give  us 

/d  x\  .  X 

f  -r-  J    =  cos.  6  cos.  V  = p 

f  v--^   =^  COS.  ^  sin.  y  :;:  ^, 
Vdg/  f 

/d  Z\  .        ^  2 

I  J— )   =    sm.   0  =r  — 

\d  g/  § 

Hence 

]  \dx)  ^1  Vdy^  ^  g  Vdz/ 

=  (^)0  +  (^)(ai)  +  ('^)(d-:)- 

But  since  Q  is  a  function  off  (observe  the  equations  1),  and  ^  is  a  func- 
tion  of  X,  y,  z,  viz.  Vx  *  +  y  *  +  z  •, 

=  «-0(rS  +^'('^)0  +^^(^)(j|)- 

But 

^  '  O  (a^)  =  ^  -  ( j^)  =  ^ « (af )  Cal) 

and  like  transformations  may  be  effected  in  the  odier  two  terms.     Conse- 
quently we  have 

« «  =  0 « O  (if )  +  ^  r  (af )  (af )  + "'  ('ai)  ia?> 

Hence  and  from  what  was  before  proved,  we  get 


sn  NOTES. 


d 

a" 

dQ 


=  (^) 


6.  To  show  that  xd*y  —  yd*x  =  d  (^'dv  cos,*  #),  and  that 

First,  since 

xd'y  =  d.xdy  —  dxdy 
yd*x  =  d.ydx  —  dxdy, 
••.  xd'y-— yd'x=:d.(xdy  —  ydx). 

But  from  equations  (1),  p.  22, 

d  y  =  sin.  v  .  d  (g  cos.  0  +  f  cos,  d  .  cos.  v  d  v 
.1  X  =  sin.  V  •  d  (^  COS.  ^  •—  f  cos.  S  .  sin.  y  d  v, 

1              •                       d  (p*cos.*^)    .      ,         »  .  •      J    " 

.".  X  d  y  =  sm.  v  cos.  v  .  — ^ +  g  •  cos.  *  $  cos.  •  v  d  t 

J             •                      d  (g^eos.M)  1  4    •     ,     J 

y  d  X  =:  sm.  v  cos.  v  .  — ^^ —  f    cos. '  S  sm.  •  v  d  v 

the  difference  of  which  is 

f*  COS.*  ^  X  d  V. 

Ck)nsequently 

xd*y  —  y  d*x  =  d  .(g*  d  v  cos.*  tf). 

Secondly  by  equations  (1)  p.  22,  we  have 

r  j-^  1   sr  ^  cos.  i  COS.  V  =  X 

[^)  =  —  f  COS.  tf  sm.  V  =  —  y, 

•  ■  -  (if)  - '  (il) = d-^)  c^)  +  o  (II)- 

But  since  dividing  the  two  first  of  the  equations  (1)  p.  22,«we  hare- 

=  tan.  V,  V  IS  a  function  of  x,  y  only.     Consequently,  as  in  the  note  pre* 
ceding  this  it  may  be  shown  that 


Hence 
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\dv)  ~  \dv)\dyJ  +  Vd  J\dx) 

.       _     ai \dr)' 

4 

7.  To  find  the  value  of  (;jy)i°  terms  off)  ▼,  tf,  (see  the  last  line  but 

two  of  p.  22) 

Since  tf  is  a  function  of  x,  y,  z,  we  have 

But  from  equadons  (1)  p<  22,  we  get 

( J  J)  =  —  e  sin.  <  sin.  v 

Hence  multiplying  the  values  of 

/d  Qv  /d  Qn  /d  Qx 

to;*       VJ7^»       Vdi;* 

•  t 

VJX. 

dT^*  dl^'  3^  (see  p.  22), 

by  the  partial  difierences  we  get 
T— rj)  =  -rrtW *  z  f  COS.  ^  —  d  *  y  •  f  ^^^  ^  sin.  v  —  d *  x  ^  sin,  i  cos,  v| 

Now  the  first  term  gives 

f  COS.  tf  .  d  •  z  =  f  {d  *  f  sin.  9  cos.  ^  +  2  d  f  d  tf  cos.  •  I 
+  f  cos.  ■  ^  d  *  i>  —  f  d  ^  *  sin.  tf  cos.  tfj, 

and  the  two  other  terms  gives  when  added,  by  means  of  the  equations  (1) 
p.  22, 

"cos^J'^^''y  +  ^^^'^)  =  -clVtf^^(y^ 
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But 

d(ydy  +  xdx)  =  Jd.(d.x*'+  y*)  =  i  d*  (j«  oos.*^); 

=  d  [f  COS.  A  d  (^  COS.  i)} 

==  (d  .  ^  COS.  ^)  *  +  C  ^s*  ^  ^ '  (c  <^^  0 
and 

dx*  +  dy*  =  (d.f  COS.  0*  +  f*  cos.*  ^  .d  v*. 
Hence 

= ^  U COS.  ^  d*  (^  cos.  0  — f  *  COS. •  ^  d ▼*! 

•COS.^      *  \6  /  6  i 

=  —  g  sin.  ^  id  •  (g  COS.  ^)  —  ^  cos.  tf  d  v  *} 
=  —  ^  sin.  Md  *  f  cos.  ^  —  2  d  f  d  tf  sin.  6  —  d  *  ^  f  sin.  ^ 

—  d  tf*  +  d  v*^cos.  ^J. 
.Adding  this  value  to  the  preceding  one  of  the  first  term^  we  have 

(^)   =  j^.  X  Jg  d«  d  +  2  d  f  d  ^  +  ^  d  V«  sin.  ^  COS.  1} 

^    dU  ^     ,dv*   .     s         M  ^  2gdf  d^ 

the  value  required. 

8.  To  develope  ^ — ; .  in  terms  of  the  cosines  of  0  and  of  iumd- 

*^    1  +  e  cos.  9 

tiples,  see  p.  25. 

If  c  be  the  member  whose  hyperbolic  logarithm  is  unity,  we  know  tbt 

COS.  I  =  i^ 

which  value  of  cos.  I  being  substituted  in  the  proposed  expression,  ve 
have 


1  _  2  c*  ^-^ 

1  +  e  cos.  0  ""  ec^*  ^-*  +  2  c*  ^"^  +  e 

2c*"'^^^^^  1 

'  o 

But  since 

;    c««  v^  +  ^c^"^^*  +  1  =  0 

e 
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» 

gives 

e  —  Ve*  ^e+  e/ 

and  since,  if  we  make 


-  (1  _  VI  —  e«^  =  X  which  also  =  ^  ^  vi  — e«* 
ire  also  have 


-(1+  Vl-e')  =  -^, 


tbe  expression  proposed  becomes 

_  j^  \^ 

1  +  e  cos.  tf  e 


(C'^-'  +  x)  (c «>'-'+  ^) 

__  2X  _  1  ^ 

"   e     ^  (l  +  X  c»^-')  (1  +  ?t  c-»"*^0 

_  2X  f  1  >^<=-'^"'      > 

-  e  (1  —  X';  ^  \i  +  xc»*'-*      1  +  x6-i^^) 


But 


e       1  +  Vl  _e» 


and 


1-.X«=     2^'-e' 


1  +  ^1— .e'* 

"1  +  ecos.i       V{i  — e»)       U  +  Xc**^-'       l  +  Xc"*,*^^}' 
which  when  4  =  »  —  «  is  the  same  expression  as  that  in  page  26. 
Again  by  division 

j-^^p^^=l_Xc»^'  +  X«cM^i_ae. 


nnd 

Y4'!"*'l"g-i   =  X  c  -*  *^  —  X«  c -»»  V=T^&^ 

l+AC""'^""* 

Taking  the  latter  from  the  former,  we  get 

J    +  e  cos.  B  ^  /    I         \ 

=  1  —  9  X  cos.  tf  +  2  X*  COS.  2  i  *-  2  X'  cos.  3  ^  +  &c. 
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and  sqbstitatmg  for  i  the  value  v  —  «,  we  get  the  expression  in  page 
25. 


9.  To  demonstrate,  the  Theorem  of  page  28. 

Let  us  take  the  case  of  three  variables  x,  y,  z.     Tbaci  our  sjstem  d 
differential  equations  is 

0=Hz  +  gJ-^+F^^ 

in  which  F,  G,  H,  are  symmetrical  functions  of  x,  y,  z ;  that  is  surh  ss 
would  not  be  altered  by  substituting  x  for  y,  and  y  for  x ;  and  so  on  for 
the  other  variables  taken  in  pairs ;  for  instance,  functions  of  this  kind 


Vx*+  y*+z*+t«,  (xy+  xz+xt  +  yz+yt  +  zl)^, 

(x  y  1  +  x  z  t  +  y  z  t), 
log.  (x  y  z  t)  and  so  on* 

Multiply  the  first  of  the  equations  by  the  arbitrary  Oy  the  second  by  ^ 
and  the  third  by  /  and  add  them  together;  the  result  is 

0=H(«x  +  ^y+yz)  +  G(«^^  +  ^iy  +  ri^) 


„  /    d*x        -d«y  d»z\ 


Now  since  a,  j8,  7,  are  arbitrary,  we  may  assume 

/»x+^y  +  yz=0, 
which  gives 

dx        ^dy  dz 

*dT  +  ^dt  +  ^dl  =  ^*' 

d'x.^d'y,       d*z 

d'  X     d' X 
iid  substituting  for  x,  -j — ,    -5 — r- ,  their  values  hence  derived  In  the  fiN 

°  u  t      d  t* 

()f  the  proposed  equations,  we  have 
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^  X  0  — 21  X  0  =  0. 


at  a 

In  the  same  it  will  appear  that 

verifies  each  of  the  other  two  equations.     It  is  therefore  the  integral  of 
each  of  them,  and  may  be  put  under  the  form 

z  =  a  X  +  h  y 
in  valuing  only  two  arbitraries  a  and  h,  which  are  sufficient,  two  arbitra* 
ries  only  being  required  to  complete  the  integral  of  an  equation  of  the 
second  order. 

In  the  equations  (0)  p.  27. 

~zz  H,    G  =  0    and  F  =  1 

and  ^'  being  =:  (x*  +  y*  +  z*)*  is  symmetrical  with  regard  to  x,  y,  z. 

Hence  the  theorem  here  applies  and  gives  for  the  integral  of  any  of  the 

equations  0 

z  =  a  X  +  b  y,   ^ 

see  page  28. 

Again,  let  us  now  take  four  variables  x,  y,  z,  u ;  then  the  theorem  pro- 
poses tlie  integration  of 

0  =  Hy+G-^f +  F^ 

0  =  Hz  +  G^+F^4f 

^       ««  ^  d  u       « d*  u 

O^Hu  +  Gj^+Fg^. 

Multiplying  these  by  the  arbitraries  a,  /3,  7,  3  and  adding  them  we  get, 
as  before 

0=H(ax  +  i8y  +  7Z  +  au) 

dx^dy  ^^  _i_  x^  ^' 


.^/ux.^ay,       az.^aux 


380  NOTES. 

Assume 

ax  +  /3y  +  72  +  iu=:0. 

and  upon  trial  it  will  be  found  as  before,  that  this  equation  satisfies  each 
of  the  four  proposed  equations,  or  it  is  their  integrals  supposing  them 
to  subsist  simultaneously.  As  before,  however,  there  are  more  arbitraries 
than  are  necessary  for  the  integral  of  each,  two  only  being  required. 

Hence  the  integral  of  each  will  be  of  the  form 

x  +  y  +  7Z  +  3u  =  0. 

This  form  might  have.been  obtained  at  once,  by  adding  the  tw(^Iastof 
the  proposed  equations  multiplied  by  7  and  d  to  the  two  first  of  them,  ad 
assuming  the  coefficient  of  E[  =  0,  as  before. 

In  the  same  manner  if  we  have  (n)  differential  equations  ofthei-th  order, 
the  order  involving  the  n  variables  x  ^^\  x  (')...  •  x<°),  and  of  the  geoenl 
form 

we  shall  find  by  multiplying  i  of  them  (for  instance  the  i  wherein  firtf 

s  ==  1, 2 . . .  •  i)  by  the  arbitraries  a ('),  a^\ »  CO .  adding  these  resalts 

together  and  their  aggregate  to  the  sum  of  the  other  equations ;  and  as' 
auming  the  coefficient  of  H  =  0,  that 

«(»)x('>  +  «<^x^  +  ....  a^x<?>  +  x'+»  +x4»  +  .....x'^  =  0 

IK  ill  satisfy  each  of  the  proposed  differential  equations  subsisting  slmalta- 
neously ;  and  since  it  has  an  arbitrary  for  every  integration,  it  roust  be 
the  complete  integral  of  any  one  of  them. 

This  result  is  the  same  in  substance  as  that  enunciated  in  the  tbeorem 
of  p.  28,,  inasmuch  as  it  is  obtained  by  adding  together  the  equaUODS 
whose  first  members  are  x('\  x^'^  &c.  and  making  such  arrapgcnwnts  as 
are  permitted  by  a  change  of  the  arbitraries.  In  short  if  we  had  multi- 
plied the  i  last  equations  instead  of  the  i  first  by  the  arbitraries,  aD 
added  tlie  results  to  the  n  —  i  first  equations,  our  assumption  vould  bare 
been 

which  is  derived  at  once  by  adding  together  the  n  —  i  equatioD'  w  ?V 
28. 
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If  we  wish  to  obtain  these  n  —  i  equations  from  the  equati\n  (a),  it 
may  be  eflected  by  making  assumptions  of , the  required  form,  provided  by 
so  doing  we  do  not  destroy  the  arbitrary  nature  a  ^%  a  W, . , . , .  a  ^\  The 
uecessary  assumptions  do,  however,  evidently  still  leave  them  arbitrary^ 
Those  assumptions  are  therefore  legitimate,  and  will  give  the  forms  of 
Laplace. 
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